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Figure5.11. PROBABILITY MODELLING: Continuous Uniform Distributions

The @ntinwusuniform distibution can ke wsed(as the wad uniform implies) b model the $igpe d a datasd which ha
(aproximady) the samefrequeny & all vaues; i.e., aflat or ‘rectangubr distribution. Unlike the rormal dstribution, the
continuous uniform distibution is not often usdul in practice @& a pobability model for the dgpe d a datadistibution,
althoudh its discrete andogueis widdy usedas he tkass for introductary probability calcubtions.

1. Shape The p.d.f. of the ontinbusuniform distibution is redargular in shape; ts equaion and gaph (for the random

2. Cdf.:

3. Mean:

4, Sd.
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variale Y) are: f(y)

—1_; A<ysvu
f(y):{u A — (613 he’grtul_ﬂ{

0 ;. othewise

0 7 y
NOTES 1 The rotdion isA (lower case Geek lambda) far the lower vaue of he random viaalde & which the
p.d.f beaomes wnzeo, and v (lower case Geek upsion) for the mrregponding uppe vaue; dse
whele, you may fe dgher ymbds g, a ad b instadof 4 andv.
e If the random v@ale Y has a ontinwusuniform distibution on (4, v], we write: 'Y LJU(QA, u].
® The pd.f grgph dove s fhowvn with A negative and v positive, but both cauld be regatve a both
positive, providedonly tha v > A.

2. Like the rormal dstribution, the @ntinwus uniform distibution has wo parameers kut, urlike u
and g, A andv arenot the mean and sindad ceviation of e dstiibution; thesetwo chaacteistics
of the @ntinwusuniform distibution are dsaussd below

3. We =e (from geamericd consderationg from éther equdion (511.) or the graoh gven ebove or
the p.d.f. tha, as equired for ary p.d.f, the aeaunde the ®ntinwbusuniform distibution is 1(the
normalization requiremen).

4. The pd.f. of the ontinwusuniform distibution dso reminds us of sme poperties 6ummarised in
Talbe 591 & the ottom d the burth sde of Figure 59 of al p..d.f.s; eg, its donain is oo,), its
rangeis f(y) =0 [hee, speifically: 0<f(y) <1/(v—-A), and f(-00) =0, f(c0) = 0.

The equdion and gaph d the cumulative) distribution fundion for the mntinwusuniform distibution on (4, v]

(for the random vaialde Y) are: o)
0 7 y<A
_y=a o
F =124 a<ysy 012
1 ;y>u 2 y

NOTE: 5. The cd.f. of the @ntinubusuniform distibutian, like its pd.f., remnds us of popertes omnon b
all continuousrandom vaiabes eg, the donain of the cd.f. is (o,), its rarge is O <F(y) <1,
and F(-o) = 0, F(0) =1. Alsoremember that F(y) = Pr(Y<y).

e Also reall [from the burth sde (page 524 of Figure 59 that the cd.f.is the integral of the
p.d.f and the pd.fis the deivaive of the cd.f.

The mean & the ontinubusuniform distibution on (4, u] (for the andom vaiade Y) is gven by:

p=py=E(Y) =jy-f(y)dy = jy- Lidy=30-A) gy =50t (613

=
NOTE: 6. Ths resut, derved by integration from the dénition of he meanoould alsobe dtainedusng the

synmmery of the @ntinwusuniform p.d.f and the &a tha its ente i & Y +1), half way dong
the inteva wheee the pd.f.is nonzeo.

® By symmetty, (v +1) is al® the median of the ontinwusuniformdistibutian. - (6114

To find the sindad deviation of he ontinwusuniform distibution, we rrust first fnd E(Y?) as bllows:

(cortinued aeled)
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4, Sd.
(cont.)

hence

v—A

[ v
E(Y?) =ly2-f(Wdy :J‘yz-ﬁdy: =X)L = L +ur +09);

o=o,=s.dY) = JE[\-EY) =JEV) -[EV) = Lp-». e (5115)

273

NOTES 7. We se fom eudions(5113) ovaleaf and(5115) above for E(Y) ands.d(Y) that he mrameers,u

andj, of the ontinwobusuniform distibution detemine bath its mean and ahdad devaion; Fow-
eve, it is only our chaice of parameerizaion r the cntinwusuniform distibution tha makes ts
mean and ahdad deviation apper to be dependent Like the rormal dstribution, its vdues for
centre and preadareunrdated.

8. Thevariane of the ontinwusuniform distibutian is (v - A):

5. Probability: If the random vaalde Y LIU(A, o], then:

b

p _ b 1 _ b-a _ length of intervald, 4 . (5116)
ra<yYsb —J’f(y)dy—J‘ dy=2"8-~-"_— ===

v—2A v -2 ~ length of interval {, u]’

eg, if (1, 0] is (-1, 4, the pobability Y liesin ary interval of lergth 3 within (1, o] is 5 = 0.3
If (a, B lies party outsice (4, u], Pr(@<Y<b) is the ergth of the ntewvd (a, § which isinside (4, o],

dividedby the ergthof the ntevd (4, u]. ol
eg, if 1, dis(-12,-6] and &, 8 is (-9, 4, -y
Pr-9<Y<0) =Pr(-9<Y<-6) =1 [becausePr(-6<Y<0)=0. T en

NOTES 9. The epresian (511.6) abovefor Pria<Y < b) for the U(A, u] distribution $hows ts intercuartile

range((QR) is (v —A) [which is dout 70% larger than the sindad deviatonl. ~ ----- (5117)

10. The epresion (5116) above for Pra<Y<b), togetter with the resuts (511.3) and (5115) for the
mean and andad deviation of he @ntinwusuniform distibution on (1, 4], show tha the nteva
u+ ocontans Yv3 L10.577 (.e, abaut 3% of the aeaunde this pd.f.

® This resut reminds us he 68—-95-99 rule (eg., e Fgure 53 is only for the normal dstribution.

6. APPENDI X: The Continuous Uniform Distribution on (0, 1]
A notéble pecial case d the U(4, o] distribution is he U(0, 1 distibution; its pd.f. and cd.f, for the mndom vaialle Z,

are:
"o 0 ; z<0 F@
1, O<z<1 1 i
f@ = . F@=<z ; o<zs1
0 ; othewise
‘ z 1 ; z>1 ‘ ‘ z
0 1 0 1
The mean and the ndian d the U(0, 1 distributian are both 3, its sandad deviation is ;- and its QR is3. - (5118

In Note 3 overkaf o page 529 justfy the satenent tha the aeaunde the pd.f. of the U(), u] distribution is1

Rekriing to Note5 overkeaf o page 529 obtain the cd.f. of the U(1, u] distribution from its pd.f. by integration, and its
p.d.f from its cd.f by differentation.

Retriing to Note 6 overkaf o page 529 obtain the lesut (5114) for the median of the U(1, 4] distribution from othiits
p.d.fand its cd.f.

For the resut (5115) given above for the sandad deviation of tie U(4, o] distribution, show the désils of the dgebraic
manpuations for E(Y?) ands.d(Y).

Verify the lesut (5116) for Pra<Y < b) givenalovefor the U(4, u] distribution.

@ In Note9 ebove, verify the esut (5117) for the IQR of he U(4, o] distribution.

Regriing to Notel0 dove, find the aea uinderthe p.d.f of the U(1, ] distribution in he ntevas u + 20 andy + 3.
e Compare and @ntast the esuts for dl threeintenals with thosefor the normal dstribution.

Verify the esuts (511.8) givenabovein the Apgendk for the mean and sindad deviation of he U(0, 1 distributian.
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