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Figure 5.11. PRO BABILITY MOD ELLING: Cont inuous Unifo rm Distr ibutions

The con tin uou sun ifor mdist rib u t ion can be use d(as the word unifo rm im p lies) to model the shape of a dat aset which has
(a pprox imately) the sa m efrequen cy at all value s; i.e.., a‘flat’ or ‘re ct ang u lar’ dis tribution. Unli ke the nor mal dis tribution, the
cont inuou sun ifor m dist rib u t ion is not often useful in pract ice as a probability model for the shape of a dat adist rib u t ion,
alt hou gh its discreteanalo g ueis wid ely use das the basis for int roduct ory probability calc u lat ion s.

1. Shape: The p.d.f. of the con tin uou sun ifor m dist rib u t ion is re cta ngu lar in shape; its equ ation and graph (fo r the random
variable Y) are:

f(y) =
1

υ − λ
; λ < y ≤ υ

0 ; ot he rwise
-----(5.11 . 1)
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NO TES: 1. The not ation isλ (lowe r case Greek lambda) for the lo wer value of the random variable at which the
p.d.f. becomes non -zero, and υ (lowe r case Greek upsilon) for the cor responding upper value; els e-
where, you may see other symbols (e.g., a and b) ins tea dof λ andυ.

• If the random variable Y has a con tin uou sun ifor mdist rib u t ion on (λ,υ], we write: Y∼U(λ,υ].

• The p.d.f. graph above is shown withλ negat ive andυ posit ive, but bot hcould be negat ive or bot h
posit ive, provide donly that υ >λ.

2. Like the nor mal dis tribution, the con tin uou sun ifor m dist rib u t ion has two parameters but, unli ke µ
andσ, λ andυ arenot the mean and standard dev iat ion of the dist rib u t ion; thes etwo charact e ris tics
of the con tin uou sun ifor mdist rib u t ion are dis cus s ed bel ow.

3. We see(from geometr ical con sid eration s) from eit her equ ation (5.11 . 1) or the graph giv en above for
the p.d.f. that, as requi red for any p.d.f., the are aun d er the con tin uou sun ifor m dist rib u t ion is 1(the
normalizatio n requ irement).

4. The p.d.f. of the con tin uou sun ifor m dist rib u t ion als o reminds us of some pro per ties (summaris ed in
Ta ble 5.9.1 at the bottom of the fourth sid eof Fig ure 5.9) of all p..d.f.s; e.g., its domain is (−∞,∞), its
rang eis f(y) ≥ 0 [he re, speci fi cal ly: 0≤ f(y) ≤1/(υ −λ)], and f(−∞) =0, f(∞) = 0.

2. C.d.f.: The equ ation and graph of the (cumu lat ive) dis tribution fun ction for the con tin uou sun ifor m dist rib u t ion on (λ, υ]
(fo r the random variable Y) are:

F(y) =

0 ; y ≤ λ
y −λ
υ −λ ; λ <y ≤υ

1 ; y >υ

-----(5.11 .2)
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NO TE: 5. The c.d.f. of the con tin uou sun ifor m dist rib u t ion, like its p.d.f., rem inds us of pro per ties com mon to
all cont inuou srandom variable s; e.g., the domain of the c.d.f. is (−∞,∞), its range is 0 ≤F(y) ≤1,
and F(−∞) = 0, F(∞) =1. Als oremember thatF(y) = Pr(Y≤ y).

• Also recall [from the fourth sid e (page 5.24) of Fig ure 5.9] that the c.d.f. is the in teg ral of the
p.d.f. and the p.d.f. is thederiva tiveof the c.d.f.

3. Mean: The mean of the con tin uou sun ifor mdist rib u t ion on (λ, υ] (fo r the random variable Y) is giv en by:

µ ≡ µY ≡ E(Y) = ∫
−∞

∞
y.f(y)dy = ∫

λ

υ

y. 1
υ −λ dy = 1

2(υ 2 −λ2). 1
υ −λ = 1

2(υ +λ). -----(5.11 .3)

NO TE: 6. This res ult, der ive dby int egrat ion from the defin ition of the mean, cou l dals obe obtaine dusing the
sy mmetr y of the con tin uou sun ifor m p.d.f. and the fact that its cen tre is at ½(υ +λ), half way along
the int e rval whe re the p.d.f. is non -zero.

• By sym met ry, ½(υ +λ) is also themedi an of the con tin uou sun ifor mdist rib u t ion. -----(5.11 .4)

4. S.d.: To find the standard dev iat ion of the con tin uou sun ifor mdist rib u t ion, we must first findE(Y2) as fol low s :

95 -04 -20 (co ntinued overleaf )



Un ive rsity of Wat e r loo STAT 220 –W. H. Che rry

#5. 30

4. S.d.:
(c ont.)

E(Y2) = ∫
−∞

∞
y2.f(y)dy = ∫

λ

υ

y2. 1
υ −λ dy = 1

3(υ 3 −λ3). 1
υ −λ = 1

3(υ 2 +υλ +λ2);

henc e: σ ≡ σY ≡ s. d .(Y) = E[Y−E(Y)]2 ≡ E(Y2) − [E(Y)]2
= 1

2√3
(υ −λ). -----(5.11 .5)√ √

NO TES: 7. We see from equ ation s(5.11 .3) ov erleaf and(5.11 .5) abov efo r E(Y) ands. d .(Y) that the parameters,υ
andλ, of the con tin uou sun ifor m dist rib u t ion det e rmine both it s mean and standard dev ation; how-
ev er, it is only our choic e of parameter ization for the con tin uou sun ifor m dist rib u t ion that makes its
mean and standard dev iat ion appear to be depen d en t. Like the nor mal dis tribution, its value s fo r
cent re and sprea dareunrela ted .

8. Thevarian ceof the con tin uou sun ifor mdist rib u t ion is 1
12(υ −λ)2

.

5. Prob ability: If the random variable Y∼U(λ,υ], then:

Pr(a<Y≤ b) = ∫
a

b

f(y)dy = ∫
a

b
1

υ − λ dy = b − a
υ − λ = length of interval (a, b]

length of interval (λ,υ] ;

e.g., if (λ,υ] is (−1, 9], the probability Y lie s in any in ter val of lengt h3 wit hin (λ,υ] is 3
10 = 0.3.

If (a, b] lie spar tly ou tsi de (λ,υ], Pr(a<Y≤ b) is the lengt hof the int e rval (a, b] which is insi de (λ,υ],
divide dby the lengt hof the int e rval (λ,υ].

e.g., if (λ,υ] is (−12, −6] and (a, b] is (−9, 0],

Pr(−9 <Y≤ 0) ≡ Pr(−9 <Y≤ −6) = 1
2

[becaus ePr(−6 <Y≤ 0) = 0].

-----(5.11 .6)
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NO TES: 9. The expre ssi on (5.11 .6) abov efo r Pr(a<Y≤ b) fo r theU(λ,υ] dis tribution shows its in ter quartile
ra nge(IQR) is 1

2(υ −λ) [w hich is about 70% larger than the standard dev iat ion]. -----(5.11 .7)

10. The expre ssi on (5.11 .6) abov e fo r Pr(a< Y≤ b), toget her with the res ults (5.11 .3) and (5.11 .5) fo r the
mean and standard dev iat ion of the con tin uou sun ifor m dist rib u t ion on (λ,υ], show that the int e rval
µ ± σ cont ains 1/√3 −−∼ 0. 5774 (i.e., about 58%) of the are aun d er this p.d.f.

• This res ult rem inds us the68–95–99.7 rule (e.g., see Fig ure 5.3) is only fo r the nor mal dis tribution.

6. APPENDIX: The Continuous Unifo rm Distr ibution on (0, 1]
A not able speci a l case of theU(λ, υ] dis tribution is theU(0, 1] dist rib u t ion; its p.d.f. and c.d.f., for the random variable Z,

are:

f(z) =
1 ; 0 < z≤1

0 ; ot he rwise
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The mean and the median of theU(0, 1] dist rib u t ion are bot h 1
2, its standard dev iat ion is 1

2√3
and its IQR is 1

2. -----(5.11 .8)

In Not e3 ove r leaf on page 5.29, just ify the stat ement that the are aun d er the p.d.f. of theU(λ,υ] dis tribution is1.1

Re fer ring to Not e5 ove r leaf on page 5.29, obtain the c.d.f. of theU(λ,υ] dis tribution from its p.d.f. by int egrat ion, and its
p.d.f. from its c.d.f. by dif feren tiat ion.

2

Re fer ring to Not e6 ove r leaf on page 5.29, obtain the res ult (5.11 .4) fo r the medi an of theU(λ,υ] dis tribution from bot h it s
p.d.f. and its c.d.f.

3

Fo r the res ult (5.11 .5) give nabov e fo r the standard dev iat ion of the U(λ,υ] dis tribution, show the details of the alg ebraic
ma n ipula tio ns for E(Y2) ands. d .(Y).

4

Ve rify the res ult (5.11 .6) fo r Pr(a<Y≤ b) give nabov efo r theU(λ,υ] dis tribution.5

In Not e9 above, ver ify the res ult (5.11 .7) fo r the IQR of theU(λ,υ] dis tribution.6

Re fer ring to Not e10 above, find the are as unde rthe p.d.f. of theU(λ,υ] dis tribution in the int e rvals µ ± 2σ andµ ± 3σ.

• Compare and con trast the res ults for all th reein ter vals wit h thos efo r the nor mal dis tribution.

7

Ve rify the res ults (5.11 .8) give nabov ein the Appen d ix for the mean and standard dev iat ion of theU(0, 1] dist rib u t ion.8
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