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Figure 5.1. MODELL ING THE SHAPE OF DATA DISTRIBUTIONS

Figues4l and 48 d theseCaurse Materals deat with numeiical meauesof the location and he variation of a chtase;
we now tirnto a nodel ©r ideaizatior) for ane shape of a datadistibuton.

1. Normal Distributions

Althouch a lrge rumbe of shaes is possble for the
distibution of a chtasd, in practice it is doseved (by e
amining diteble histagrans, br exanple) tha mary distri-
butons fall into e d a limited rumber of categries A common shape tas a en-
trd peak wth a roughly symmetiical falling avay on dther sde — for instance see
Figues 2.8b (pgpe thiknessresilts) and 29b €dn weighty. A mahenatical
madd (or idealzation) of this dgpe & the normal (prabability) distibution, whose
probability densty fundtion (or p.df) is equdion (510 at he iight sbove The gaph
of this fundion is iged like the aosssedion of a inveted tell — in mary texs,
is descibed as asymnetical bdl-shgped airve The @udion has tvo paameers, y
u and g, which (indgpendenly) detemine e pstion of ts ente (4) and the vidth i
of its peak ¢ — the larger o, the wide the peak. The mrameer u is called thre meanof the dstibution and o'is its (proba-
bilistig standrd deviation. The valie of i is the @nte o the gaph — the y-value of ts Hghest pint; the valie of o can ke
roughy assessedby e/e beaue it is the dstancefrom the mean toitmer int of infledion. As the daglam ndicdes, he
pat of the rormal pd.f. we typically seecovers an ntewval o about 3o either $de of 1 or ebaut 60in total

f(y) = %We—%[¥]z . —w<y<ow - (519
N20) (072, B— (512

o)

Probabiities ae estmated in practice by propations beaug poporions ae repeentedby bar areasin higogrars,
and lecau® we nodel datahistayrans by pobability distribuions, t is areaunde a pd.f. tha represents pobability.

2. \Variates and Random Variables

A vaiateis a haracteistic as@datedwith each dement d a popuation — \ariates may ke cat@arical (like olour o sex
or maital status) ut aur cacen here is with variates (ike lergth or weight) that iake nunerical values. In databased
invesigatirg, vanate valuesare wisudly measted for a sampleof dements sleded fom an g@propriatestudy popuation; if
the sanple omnkins n é&ements, ve cenok these(respone) \arate valuesby subgriptedlowercase Rman kters y;, V,, Vs,
....a Y (OF, more @mpectly, y, j=1,2,..... n.

When we wse a pobability distribuion to model the $igpe d the dstiibution of a \ariate the vaialde in the eudion of
the madd is called arandom vaiable; for exanple, y in the rormal pd.f. (51.) aboveis (the value o) a rormal random
variade. We ae famiiar with the term‘varialle from dgebra and catuus the aldtion of he aljective random for a
varialde in a gobability distribution can &ne to iemind us ha, by the at d modelling, we haveasseted trere is a poba-
bility asodatedwith each value he vaialle takes m; theseprobabiities ome in part, from the mahod of ®leding the
elementsvhich comprisethe sanple and whichyield the déa. It is the & of the Plan for an nvesigaton (proper sleding
and proper measting, €c.) to provide a easnalle bass for regading varate valuesas \aluesof a mandom vaale.

As sumnairized n Tteble 51.1 4 the ight, the usid notaion mn- Table 5.1.1
venton is o use a§bsaipted lower-caseitalic letery (or y;) for Dala  romn | Model talc
the valug9 of a random vaialde and anuppe-caseitalic letter Y
(orY) for the random vaalde(s. When the random viable Y has
anormal distibuion with parameers ¢ and g, we wite ymbdically
Y N(y, 0), shown as equaion (51.2) above. Letters for random vaiadesare wsudly chosan from near the endof the aphabet,
sibject o the caed, to assst prodem sdving of usingletters whase dentty is easy to remenbe — for inseince W for weight,
L for lergth, T for time letters rea the beginning of the aphabet are sudly keptfor events(see Fart7 of the urse Materals.

The characteistic of a mndom vaiadle comnorly of inteest & aprobability; for insancethe pobability the random va-
adeYis geder than 4 [.e,, ymbdically, Pr(Y> 4}, or the pobability the random vaale Z takesthe valuez[i.e, Pr(Z=2).

Variatevalue yory | Random vaialle value y ory;
Rendom vaialde YorY

3. Attributesand Model Paramete's. Estimating

The focus d Sedion 2 aloveis onindvidual eementsand heir Target
variates, whose \alueswe nodel as the valiesof random vaiabes popuation popuation

In this Sedion 3 we baus a threegroups of dements

* thetarget pppubtion: the goup d elements to vhichthe investigabr(g
wantAnswels to the Questdn(9 to gppy;

(true \aluey
* the study ppubtion: agraup d elementsavdlable to an nvestigaton;
* the sample the goup d elements sleded fom the stidy popuation and actually usedin an investigaton

Sampk
(meauwedvalue3
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A schama slowing hesehreegraups, nduding the dstinction between true and meauedvariatevalues,is gven overeaf o page
5.3at he bwerright; the \erical linein the mdde o this £hema reninds us he sarple is asubsé of the stidy popuation

Asodatedwith thesethreegroups of dements ae:
* attributes quantties déined as a €indion of he egpaonse(@nd perhgps explanaory) variates oserthe group of dements
Familiar (simple) dtributes ae averayes,proportons, maliars and sndad deviations. The importanceof attributes is hat:

o Answelg to Questongg are wsudly phrasedn terns of dtributevalues,as llustraed ty the rewspapr aticlesreprinted
in Part4 of the Gurse Materals;

o five of our Sx cate@ries & error are defined n terms of dtributes.

A (probabilty) madd paraméer is a ongant (usualy denoed ly a Greekletter) in a (probabilty) model tha represerts a
study popuation attribute. Model-basedmehods of analysis in datistics uise dtafrom a sanple o esimate valuesof model
paameers whichthen epreent easnalle valuesfor study popuation attibutes and, hence for Answer(§ to Questbn(9 of
interest We dstinguish:

* apant esimae: asirglevalue br an esimae; AND: 1 .
* aninterval esimate: an interval of valuesfor an estnae RZaTlLVJV;:d i Imagnation

Fora anple of (r_esponse vanatevabesyvhenf: the rormal distibu- POPULATION Todd
tion is @ gopropriatemodd, the mearnu is esimaed ty the sarple remaant sty
aveage y ando is esimaed ly the sarple dandad deviation s — e
; " MoDEL

theseare both pant estmates. We @an hink graphically of the po-
cess @ estimaing u by y ando by s & gproximating the histaggram
of a catasd by the rormal pd.f tha has he sameéentre’ and he
samewidtH as the hstagram.

_ , _ SAMPLE
All mahemdical modds are ideaizationsand all @#e produds d

the intdled and the imagination It may ke helgful to think of the nodel s alink beween the sampleand he study pu
lation; apictorial repreeentdion of this icka 5 iown & the light above

The mattes dsaussd in this Sedion 3 and h the Apgendk on the bg sde of the Fgure, page5.6) look aheadto the ue
of probability modelsin gatistics, whichis pursted n Part6; aurimmaealiate concen in Part5 is to kecome imiiar with the
properiesof continubusprobabiity models.

NOTE: 1 To maintan the dstinction tetween the real wdd (epreentedby the dég and the nodel, we wse df erent wads
— ‘avaageé and mean — for their meastes of locdion; unbrtunael, we do rot have tis gtion for the wo
meastes of varation, which are both called standad deviationl In the ealy stagesof leaning ddistics, t is
hdpful to, at keastin our minds, ald the egective adedivesdatd and ‘probabilistic to dstingush the o uses b
standed ceviation This er Table 5.12: Attribute | Red World Model
mindogy is simmarized

in Tate 51.2at te fight. Locaton | Aerae . Man -
Variation | (Datg sandad deviation (Probabilsti standad deviation

4. Using the Normal Distribution
To be ale © use the mrmal distribution, we reed wo ills.

152

— 1 A3
* First, we lean t look up atablke of the sandad normal distii- f@=ze Te<zZ<e e (613
buion [derotedN(0, 1), whase pd.f is gven as gudion (51.3
at e iight]; such atable furnshes us vith areaswhich we use asprobabilities Y-H ON©O,) (51.4)
(see Hgure 54 d the urse Materals, and aso mges T-2, T-3 the hg line of o ’

page F11 and the font flyleaf d the &xj.

* Seond we lean sout standrdizing so we Pry>y = e K > oA = N, ) > oF 515
can ttain probabilities or the N(0, 1) distri-
buion; if YLN(y, o), the esut (51.4) at he iight above — h which we subtract the man and divide by he sancard
deviation — holds; we then can wite equdion (51.5, in which we have standadized b corvert a probability for the
N(y, o) distribuion to the guivalent gobability for the N(0,1) distibuon The kter Z is comnonly usedfor a andom
varialle with the dandard normal distiibution.

A numeical ilustrgion of eqiaion (51.9 is: if YLIN(8, 6) andZ [IN(0, 1), then f@ NG
Priy>1) = Pr(Yo4 > 828) = pN@,) > 0.9 = Pr{z>0.5; a

this probability is repreentedby the aeaunde the sandad normal pd.f. to theright
of 0.5 shown with olid shaling in the dagiam a the ight. We lean in Fgure 53
how to lodk up this probability from the N(0, 1) table in Agure 54. s 2 a4 ob1 2 3

z
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Figure 5.1. MODELL ING THE SHAPE OF DATA DISTRIBUTIONS ¢ortinued 1)

5. Benefts d Using a Normal Model
Three kendits arisefrom usingthe rormal distiibution.

® Firg, it provides adata sumnary — inseadof having © work with adata st we @an ornvey a rumber (but wsudly not
all) of its esential chaacteistics by sying merely tha the déa has anormal distribution with a pecified neanand a
speified stadard deviation. This @n ke a fgynificantconvenience paricularly in the cae d large ditasds. [It is under
stood, d course tha the rormality is only approximate; asqg the bcation and vaiation parameers of the rormal distii-
buion can ke on hdr valuesindependenty — tha is, the vale of ore dbes rot influene the valie of e ohef

® Seond we @n eadly conbine nomal distibutons; the random vaalle repreentedby ary linea combination of nor-
mal random vaiales hasa normal distibuion, provided tte cmponent random veales are probabilistically indepen-
dent. The Inear mmbinatbnsof gredest kelevane to datisticalmehods of dataanaysis ae sums differences and aver-
ages This natteris taken p in Fgure 514

e Third, the dstibuton of a inear mnbinaton Gud as a em a an aerge of non-normal random veales tends to a
nomal distibuton If thee is an infinite number d components, he dstributon of the @mbinaton isexadly nomal a
theaetical resdt known & the Central Limit Theorem In practicg thee ae aly finite conbinatons whose dstributions
thelefore exhibit only approximate nomaity (urless the @mponents ae hemselves rormally distributed. How dose the
appoximation is b exad nomalty depends on oththe rumbe of components n the Inear @nbinaton and o, the digpe
of thdr distibuion(§ — the nore symnetical it is, the maller the rumbe of conponents reeced for easnale
appoximatenomalty. This hird matteris a @ntralthemeof Figure 516 @ndsomelater Rarts) d the Gurse Materals.

It is inteesing to gpecuate on he easn§ behird the mathemdical and pactical bendits that acarue from normal
modelling. It may be aly coincicencethat the mathemdics of rormal theory works © convenenty in mary insancesand
nat only in gatistics). Alterratively e=27188 B284 ....is a qiantity tha, in a ®rse natue bringsto aur dtention as for
exanple, he Imit as n- o, of (1+1/n) It is theedre posdble tha the wide apgkability of normal distibuion theay is a
refledion of he hamory tha resdts when the ratremaics we enploy comegponds properly with someagect(§ of the
undelying srudure d the physcal warld. The matteris hghlighted n a quatation from Gabiiel Lippmam, the Fench1908
Nobel Lauratein physcs: Eveybody kelieves h the hormal approximation], the expaimenters becawse hey think it is a
mahenatical theorem the natheanaiciansbecawse hey thinkit is an eperimental fact Paradbxically, bah béiefs ae ca-
rect which reminds us of ¢her ®emingly contadctory aspeds d experience like the waveparicle dudity of dedromag-
netic radation sich as ight.

6. Using Random Variablesin Probability

We use random vaiadesto desribe 6r madd) quantities ha take on dfferent valiesacordng to chance one citerion
we Lse b dedde which probability model is gopropriatein a paricular stuaion is he dgree d agreeament ketween the shape
of the pd.f of the nodel and the bape d the ditibuton of the déa @s assesedfrom a hstagram,for exanple). The
siochastic behaviour d repansevariates in air madds aises beaue d equprobable (or randbm) sekcing of dements fom
the relevantpopuation Someinformal desciptions of wha is meant by thedrm‘random vaialle (or its valig are:

* a quantity whichtakeson dff erent real valesacordng to dhance

* a rumeical aitcomeof a $ochast phenomeno;

* a tharacteistic which chaigesfrom dement to éement n a anple dotainedby equiprobalde sleding.

In addtion © aur cacen with distibution shape in choodng an g@propriate probability model, we wsudly aso needto take
acourt of:

- the meanof the dstibution (or of the random wvaale, Y sa&), denokd 1, or E(Y);

- the standird deviation of the ditibution, denoed o, or s.d(Y).
Fomall, arancom vaiable is a findion whichasggns a eal nunber © ead point of the sarple pace (9); i.e., a andom
variale is a Lindion with doman S axd rarge R — it is a nappng from the samle gace b the real nmbers.

7. Distributions Other Than the Normal Distribution
Althouch the rormal distibution is widdy usedas a nodel for datadistibuions, oherusdul modelsare:

e the unform dstibuion (which repre®ents the cse ¢ equiproballe values,as n equiprobabe <leding, and thushasa
p.df. whichis redargular) — see Rgure 511;

o the exponential distribution (whosep.df. is like an @ponential decg, and is isedto model falure ime$ — e Fgure 512,

e the log normd distribution (where te logarithm of the random uaalle has a namal distibuton; it is utsedto nodel
biologcal chaacteistics which ha/e a bwercutoff at zero but which ae rot, at lkeastin theory, limited n the high values
they @n ake m).

(continued weled)
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In paticular methods of cataanaysis, @ well as he normal distibuion, we lateruseof thet, K andx? distibutons ¢f Figures
6.4, 66 and 2.250f the Gurse Materalsand the éxt page F11).

8. Appendix: Regponse Models

Equation (51.2 shavs the usid notaion in probability for stding the YON(y,0) - (512
distibuion of a lmandom vaale, Y in this irstance In stafstics the
equvalentexpression (51.6) at he iight, called arespase nodel, is more Y=p+R, RUNQO,0), EPS - (516)

convenient Its orm suggests we think of two components naking up he
random vaiale Y which, unde an gpropriate Plan br an invesigaton jnduding equiprobalde sleding (@s EPSat the end
of the nmodel gatanent(51.6) reminds g, is sedto model the valiesof a egponsevariateof an dement:
* astuctual conponentwhich (in generd) modds the dfed on the eponsevariateof spedfic explanaory varatgs);
- in the cae d equdion (51.6), whichis the simplst reponsemodd, the stucturd component is merely a mngant (1)
and ontains ro explicit explanaory varates;
* asibcasticconpanentwhich modelsvariation atoutthe grudura component;
- in equdion (51.6), the vaiation of Y about the grudura component o the nodel (¢ in this instanckis mocelled ly a
normal distribuion with mean 0 and ahdad deviation o
Using the eponsemodd (51.6) to find aninterval estimate for each of the model parameers i and g, repreening the stidy
popuation average reponse¥ and eponse(dad standrd deviation S, is pursted n Part6 of the Gurse Materals.

NOTES: 2. The foreging dsaus$on useshe word ‘modd’ i n two srses:
e the dvision of Yintoa grudura component and a stchast component;
e the rormal model for the gochastc component.
Only the seondof thesemodds involves pobahility.

3. The ug of aprabability distibution (hele, hie normal distibuton) to model the stehast component of a
reponsemodd illustraes ae easn why probability is usdul in statistics.

4. g‘ég‘g’;f;g ncf;]”eqtﬁa?én Y=u+R, j=12..n, RONO,0), indpendent EPS - (517)
(517) at the ight, to model repansevariatevaluesfrom a sinple of n dements sleded euiprobaldy from a
study popuation; ike the ecuirement br equiprobalde sleding, the nodelling assumption of probabilistic
indepadene of the Y5 has mplicationsfor Plan @mponents which addresshow the d#a ae © be o©llected

5. Theformd deinitionsof the ymbds in egietion (517) are:
Y is a endom vaalde whose dstributon refresents the psdble valuesof the meauedreponsevariate
for the jth dement n the sarple of n dements sleded fom the stidy popuation
if the ®leding and meauing processe were to be epeded averand oer

u is a model parameer €alled tre mean whichrepresents he average of the meauedreponsevariate
of the dements @ the stidy popuation

R is a endom vaiatle alled tre residual) whosedistibuion repreents the psble differences
from the stucturd component o the nodel, of the meauredvalue of he egponsevariate
for the jth dement n the sarple of n dements gleded fom the stidy popuation,
if the ®leding and meauing processe were to be epeded werand aer

o the (probabilistig standrd deviation of the rormal model for the dstribuiion of the resdud, is a
modd paraméer wlich represents thedasg standird deviation of the meauedreponsevariateof
the dements @ the stidy popuation; tis sandard deviation @nd hence o) quantifiesthe veriation
of the meauedreponsevariateof the dements dthe stidy popuation — & this \aration ircreases,
so des the stidy popuation @lag sandad deviation @nd hence so eso).

6. Anaher way d writing the epansemodd (51.6) is equa-

tion (51.8), whee the nodel for Ris now stancard nomal Y=p+oR RONOD, EPS ---- (518

SOURCE: The Gabiielle Lippmam quatation in Sdion 5 on he hird dde of the Rgure is taken fom Freednan D., Fisanj
R. and R Purwes Stdistis First Edition, W, W. Norton & Company, New York, 198Q page275.

Geage EP Box, a well-known stdistician is quated & saying: 'All models are wong, ©meare wselll" Give an eplana-
tion, whichcould be indestood by an ntdligent but nontedhnical audene, d wha Dr. Box meant

0204-06-20



