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Corollary 2.2: Let X and Y be topological spaces (or metric spaces), BQO
and B@be Borel sets. If f : X — Y is continuous, then f is (B, BY)-
measurable.

Proof:  Let X and Y be topological spaces (or metric spaces), B, and
B, be Borel sets and f : X — Y be continuous. Let & be the
collection of open subsets of Y. Then, £ generates B,. Let
U € &, then f~1(U) is open in X because f is continuous.
This implies that f~}(U) € B,. Thus, by Proposition 2.1, f is
(B,, B,)- measurable.

Shorthand: Let (X, M) be a measurable space and f : X — R, then we say
that f is M-measurable or measurable to mean that f is (M, B, )-
measurable. Thatis f~!(B) € M for B, the Borel sets of R.

Proposition 2.3: Let (X, M) be a measurable space and f : X — R. Then
the following statements are equivalent:

(a) fis M-measurable.

® f((a,+0)) € Mforalla € R.

© fYa,+o0)) € Mforalla € R.

(@ f((~o0,a)) € Mforalla € R.

€) f1((—o0,a]) € Mforalla € R.

‘Proof:  ((a) = (b)) Suppose that f is (M, B, )-measurable. Then,

(a, + o) € B, implies that f~1((a, +00)) € M.
((b) = (a)) We have shown earlier that the sets of the form
& ={(a, + ) : a € R} generate B,. Thus, by Proposition
2.1, f is (M, B, )-measurable.
Note: The rest of the proofs are similar. Use that fact that the
. given collections generate the Borel sets.
tion
Note 1: Suppose that f, g : R — R, and they are both B, -measurable. This
means that if B € B,, then f71(B),g7*(B) € B;. Then,if fog: R— R
and B € B, then (f 0 9)7Y(B) = g~ }(f~}(B)) € B,. Thus, f o gis B,-
measurable.

Note 2: Let £ be the collection of Lebesgue sets. Supposethat f,g: R — R
and they are both £-measurable. That is if B € B,, then f~1(B),g 1(B) €
L. Now consider fog: R — Randlet B € B;. Now, (fog)"}(B) =

g Y (f~Y(B)) and f~1(B) € L, but f~1(B) may not be a Borel set. Thus, in
general, (f o g)71(B) = g7 (f}(B)) ¢ L. Thatis, f o g need not be L-

measurable. Tm M atth WT@ Lk .
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Definition: Let £ C X. Then the function x, : X — R defined by
1 ifzeFE
Xs(@) = {o ifz ¢ B
is called the characteristic function of the set £.

Proposition: Let (X, M) be a measurable space, and £ C X. Then,
Xz : X — Ris M-measurable if and only if E € M.
Proof:  x, is measurable < x;'(B) € M forall B € B,. But,
0 . .0 ¢8
e , ot
x;(B) = ge  Thus, x; is measurable < B, E° € M
) oeB, (¢
X, 5o, 13< R
& EeM.

/Example: Recall A(z) = z + f(x) where f is ternary, and h : [0.1] —
[0.2] is a homeomorphism. If C C [0, 1] is a Cantor set, then h(C)
has measure 1.
So, there exist £ C h(C) such that E is non-measurable. Pick £
suchthat0 ¢ Eand2 ¢ E. Let B= h~!(E) C C. Then, Bis
measurable, 0 ¢ Band1 ¢ B. So, h™! : [0,2] — [0, 1] is continuous
and can be extended to b : R — R defined by

0 ifz <0
OMIT b(z) =< hl(z) if0<z<2
1 if2<zx

Thus, b is continuous on R implies that b is (B,, B, )-measurable.
Note that 5, is (£, B, )-measurable. Now, consider (x, o b)"*({1})
={z:(x,0b)(z)=1}={z:b(zx) e B} ={z:h!(z) e B} =
(h~1)71(B) = h(B) = E which is non-measurable. Thus, x, o b is
not (L, B, )-measurable.

Idea of Finite Products: Given measurable spaces (Y7, N7) and (Y3, A3).
We want a o-algebra on the product space Y; x Y5. To define such a o-
algebra, look at the o-algebra generated by all sets of the form {B; x By :
B; € N7 and B, € N,}. This o-algebra is denoted by N1 ® M.
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Proposition: LetY; = Yo = Rand N1 = N, = B,. Then, Y; x Y; = R?

and B, ® B, = B,,.

Proof:

[Show that B, C B; ® B;.]

Let O € R? be open. Look at rectangles (p,,q,) X (p,,q,) € O
such that p,, g, € Q. Since Oisopen, O = U {(p,,q,) X (»,,4,)
:p,,q, € Qand (p,, q,) X (p,,q,) € O}. Then, thisisa
countable union. But, (p,,q,) € By = (p,,q,) X (,,4,) €

By ® By = O € B; ® By. Since open sets generates B,,,

B, C B, ®B,.

[Show that B, ® B; C B,,.]

It is enough to show that if By, By € By, then By X By € B,.
Let A={ECR:ExReB,}. Notethat) € A, R € A,
andEec A= ExReB,= (ExR)eB,. Bu,
(ExR)=E°xR= E°€ A.

Finally, E, € A= E, xR € B, = U (B, xR) € B,. But,
L#(Enx]R)z(%JEn) xR = L#EneA.

Thus, A is a o-algebra.

If we do the following: (a,b) xR € B, = (a,b) € A. Thus,
By C A. Hence, if B € B;, then B x R € B_,. Similarly, if
B € By, thenR x B € B_,. Hence, By X By = (Bi xR)N
(R x By) € B,,. This shows that B, ® B, C B,,, and s0

B, ® By = B,,.

Proposition 2.4: (Case n = 2) Given (X, M), (Y1, M), and (Y2, N2), and
also f,: X = Yiand f, : X — Yy, define f : X — Y} x Yo by f(z) =
(f(z), f,(z)). Then, fis (M,N; ® A/'g)-measurable if and only if f, is
(M, N;)-measurable for each i = 1, 2.

Proof:

(=) Given B; e/\f1=>B1 ><Y26N1 X Ny =

f7H(B1 x Yz) € M. But, f~1(By x Y2)

{z: f(z) € B x Ya} = {z: (£(z), f,(z)) € B; x Y2;

{z: f(z) € Bi} = f7'(B1). Thus, f1(B1) € M, and so f,
is (M, N1)-measurable. Similarly, f, is (M, Nz)-measurable.
(<) LetA={BeY; xYy: f}(B) € M}. Itis easy to
show that A is a o-algebra. Let B; € N;. Then, B; X By =
(Bl X 1/'2) N (}/1 X Bg) = f_l(Bl X BQ) = f”—l(Bl X 1/2) N
F71(Y1 x By). Now, fH(By x Y;) = {z: f(x) € By x Ya}
={z: f(z) e Bi} =f}(Bi) e M= B xY; € A and
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C similarly Y1 X By € A = B; x By = (B; x Y2) N (Y7 X By)
€ A. Thus, N1 ® N3 C A,andso f1(E) € Mforall E €
N1 ® Ns. Therefore, f is (M, N1 ® N3)-measurable.

Proposition 2.6: Let (X, M) be measurable. If f,g : X — R are (M, B,)-
measurable, then f + g and fg are (M, B, )-measurable.
Proof: Lookat F : X — R? defined by F(z) = (f(z), g(z)). By

Proposition 2.4, F' is (M, B, ® B )-measurable.
Let s : R? — R be defined by s((z,y)) = = + y. Then, sis
continuous. This implies that s is (B,,, B, )-measurable by
Corollary 2.2. But, B; ® B, = B,,. So,s0 F': X — Ris
(M, B, )-measurable, and (s o F)(z) = s((f(z), 9(z)) = f(z)
+ g(z). Thus, f + gis (M, B, )-measurable.
Next, p : R? — R be defined by p((a, b)) = ab. Then, pis
continuous. By Corollary 2.2, pis (B,,, By )-measurable. So,
po F : X — Ris (M, B, )-measurable , and (po F)(z) =
p(f(z),9(x)) = f(z)g(z). Thus, fgis (M, B;)-measurable.

( General Product

Let (Y,, N,) where o € A be measurable spaces. Then, Y =[] Y,

acA
={y:y=(y,),.,andy, € Y} Also, the product o-algebra,
denoted by N = Q) N,, is the o-algebra generated by all sets of the

f acA
| following form:
i Pick countably many a's, say {c_}.
Oi/\ fl [7 For each n, pick E, € N, .
Let E = {y = (y,) : y, € E, forall n} which is called
countable windows.
Another set that generates N
, Pick one o, say o, and By € N, .
Let E={y = (y,) : ¥, € Ex}.
They are the same set because:
{v=(v.): v, € Enforalln} = ﬂl{{y = (¥.) 1 4., € En}.
(" Proposition 2.4: Let (X, M) and (Y,, NV, ) be measurable spaces, and
- f,: X —=Y,. Define f : X — [[Y, by f(z) = (f,(z)). Then, fis
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( N Extended Reals
]Ra— RU {+oo} U {—oo}
B(R) @,={BcR:BNReB)
Note that B_ is a o-algebra, and B € B if and only if B = By,
B U {+oo} By U{—o0}, or B;U {—i—oo} U {—oc} where B; € B,.

Proposition: Let (X, M) be a measurable space and f : X — ﬁé Then,
following statements are equlvalent
- (TN, B(Ry))-rmeaahradly

(1)
() (a, +oo]) € M for alla € R
(3) [a, +00]) € M foralla € R

f- (
=
4) fY(-co,a)) € Mforalla € R
5) fY]-o0,a]) € Mforalla e R
Proof:  ((1) = (2)) Recall that (a, +o0] = (a,+00) U {+0o0}, and
(a, +00) € B, implies that (a, +00) U {400} € Bg. Since f is
(M, By)-measurable, f~((a,+oc]) € M foralla € R.
Similarly, (1) = (3), (1) = (4), and (1) = (5).
" ((2) = (1) - sketch) The set of the form (a, +00] generates Bg,
N and (a, +00]® = {—o0}. Now, {B: f}(B) € M}isao-
o algebra, and a generating set for Bz. So, it must contain Bg.
| Thus, B € B, then f~1(B) € M, and so f is (M, Bg)-
measurable.
Similarly, (3) = (1), (4) = (1),and (5) = (1) because [a, +oo]
[—00, a) and [—o0, a] also generate By.

Proposition 2.7: Let (X, M) be a measurable space, and f, : X — R be all
(M, By)-measurable. Then, g, (x) = sup f,(z), g,(z) = inf f;(2), g,(z)
J J

= lim sup f,(z) and g,(x) = liminf f,(z) are all (M, Bg)-measurable.
If litrjl f; (JLI}) exists for all z, thenJ it ijs also (M, Bg)-measurable.
PJroof: [Show that g, is (M, Bg)-measurable.]
g ((a, +o0]) = tjfj“l((a, +0o0]) € M because each
fj_l((a, +o0)) EJ./_\il. Thus, g, is (M, Bz )-measurable.
[Show that g, is g, is (M, Bg)-measurable.]
éﬁ/ g, ([~00,a)) = ij‘l([——oo, a)) € M because each
Y ([~o0,a)) Ej./_\il. Thus, g, is (M, Bg)-measurable.

J
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[Show that g, is (M, Bg)-measurable.]
Let h,(z) = sup f,(x), then i?l;af h,(z) = limsup f,(z). By
>k J

the first argument, b, is measurable for all k. This implies that
’I,’I’;I, f h,(z) = limsup f,(z) = g,(x) is measurable. Thus, g, is
g

(M, Bg)-measurable.

[Show that g, is (M, Bg)-measurable.]

Sitiilatly, let I, () = inf f,(x), then sup l(«) = linin f f ()
P>k J

= g,(z). Thus, g, is (M, Bg)-measurable.
Finally, if lim f,(x) exists for all z, the it is the same as
. j

li§n sup f,(z) = li§n inf f,(z), and so lim f,(x) is (M, Bg)-
J

measurable.

Corollary 2.8: Let (X, M) be a measurable space, and f,g: X — R be
(M, Bg)-measurable. Then, maxz{f, g} and min{f, g} are both (M, Bg)-

measurable.

Note: Let (X, M) be a measurable space and £ € M. Then, M, =
{BNE : B € M} is ao-algebra of subsets of E.

Corollary 2.9 (This says more than the text): Let (X, M) be a measurable -

space, and suppose that f, : X — R be all (M, B;)-measurable. Then,

E = {z : limf,(z) exists} is a measurable set. Moreover, if we define
j

f: E = Rby f(z) = limf,(z), then f is (M, B_)-measurable.
J

Proof:

Let E = {z : limf () exists} = {x : limsup f,(z) =
i J

liminf £,(@)} = {2 : 9,(2) = 9,(@)} = {2 : 9,(2) = 9,(@) =

0} = (g9, — g,)"*({0}). Since g, — g, is (M, Bg)-measurable,

(g, — 9,) 1 ({0}) = E € M, that is E is a measurable set.

On E, limf,(z) = g,(z) = g,(x). So, limf,(x) is measurable
J J

on E. Thus, if define f : E — R by f(z) = limf,(x), then f
J
is (M, B, )-measurable.



