Functionsof a Real Variable

Proposition 1.13: Let .4 C P(X) be an algebra of sets and ube a
premeasure on A. If u* is the outer measure from g and ./\/&= {A: Ais p*-
measurable}, then:
(@ p(A)=pylA)foralAc A
(b) Every A € Ais p*-measurable, that is 4 C Me,
Proof of (a): First A= AUPUQU...,sou*(A) < u(A4) + u(d) +
p(0) +... = p(A). Thus, p*(A) < u(4).
[Now, show that it doe not get any smaller.]
00 n—1
TetAC |J A, whereeach 4, ¢ A.TetB, = AN (AU A)).
j=1

n=1

Then, B, € A and B,s are all disjoint. Also, notice that A =
U B,,. Thus, u(A) = Eu(Bn) < Zu(An), and so p(4) <

znf{z,u( n) ACUA and A, EA} p*(A). Thus,

p(A ) p(A) for all A € A
Proof of (b) Let A€ Aand E € X. (We need to show that pu*(E) >
p(ENA)+ p*(EnNA°).)

Let B; € Aand € > O such that E C | J B, and p*(E) <
=1

éu(Bj) < p*(E) +e. Now, u(B;) = u(B; N A) +
H(B; N A%). So, " (B) +¢ > Lu(By) = i’éu(Bj n4)+

> u(B;N 4% 2 (0 (By N ) + (0 (B 4) 2
J= J= j=1

p(ENA)+ p*(EnN A°). Thus, p*(E) = p*(ENA) +
p*(E N A°), and so every A € A is p*-measurable.
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F’l‘ile\b m 1. 14%Let A C P(X ) be an algebra of sets, 4 be a premeasure on

b al ebra generated by A. Then, ,u p, | isa easu\ion
) for all \)\r
\' M 4 +oo \1sa Nmeas ejsuch thétq/(A -»

( and V(E) >Z(E) when B(E)< +0® fo}\a I

. If pNg o-fin te, th I‘ll/\( N= ZZ\(E) I'EeM.

Proof: By :‘:kopos\ir\) 1. 3\&) b), we know thateyery setin A 1 \;{‘}’!
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by Carathec dory's Theorem
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1.5 Borel Measures on R

M tivation: Suppose that we had a ﬁnlte measure on the Borel sets of

|
Ifz \és,thenhmF(mn) — lin) p((=o0 mn])»— ﬂ‘('\;oo i\ i
|
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\ = = !
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Now, |(—oo, z] = (—-oo a:)U {}; S0((~ o0, a:])}%é,u((—oo ,2) up {‘5;\}).

Thus, [if u({z})-# 0, then F is not continuous fromthe left at 2\ N

will really only 160K}

Let F: R — Rbei 1ncreas1ng and nght contmuous Let A be an algebra
generated by sets of the form (a, b], (—o0, b] and (a, +0c0). (Note that they
are called h-lntervals ) Set F(+00) = hm F(a:) and F'(—oo) = lim F(z).

Now, for any h-interval, set u,((a, b]) = F(b) F(a), uo((a, +00)) =
F(+00) — F(a) and pt,((—00,b]) = F'(b) — F(~00).

So,-when we do Lebesgue-Stieltjes outer measure

A=

Proposition 1.15: Let F be right continuous and increasing. For U (a
7=

€ A, algebra, which are all disjoint, set ,uO(U (a7, b)) = ZF( ) — F(a;).

§? J]

Then, p, is well-defined, and is a premeasure on A.
Proof:  [Show that y, is well-defined.]

First suppose that (a,b] = |J (a,, b,] where each (a;, b,] is
j=1
dlSJOlnt After relabeling (a,,b]asa =a,,b =a,,b, =a,,

1571
n

b =agh = b (U e, b) = SF0) - Fla,) =
F(5) ~ F(a) + F(b) ~ Fa) + ... + F() ~ F(a,) =
F(b) ~ F(a,) = F(5) - Flo).
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Next, let A = | (a,,b)] = Ulc,,d,]. LetJ; = (a;,b,] and I; =
=1 '
(c,,d,], then {J; N I; : 4, j} is a collection of disjoint sets.

e

Now, J; = {J(J;N L;), and let J; N I; = (e, f,]. By the first

3=1

case, P(b) — F(o) = (U (73N 1) = 35P(1) - Fle,)

1=
n m

Thus, éF(bj) - F((lj) = E IF(fij) - F(PU) -

=li=
;F (d.) — F(c,). Thus, p, is well-defined.

[Show that p, is a premeasure on A.]
0

Case: (a,0] =U (a,,b,]

Since b € (a, b, there exists ¢, such that b € (a, , b, |, that is

= b, . Relabel i, with 1 so thatb, = b, = b, a, = a, and
a < a,. Now, a, € (a,b] implies that there exists ¢, such that
a, € (a,,b, ], thatis b, = a,. Relabelb, =b,,a, =a,and
(a,,b,] with b, = a,. Continue relabeling with this manner, we

0.0

see that (a,b] =J (a_,b | where b, =b, b, =a,,...,
n=1

b=a,_,anda, >a,>... >awithlima =a.

n—oo

(We need to show that p1,((a,b]) = io:,uo((an, b.1).)
n=1

The RH.S. = 3 p,((a,,b,]) = lim 3", ((a;, b]) = lim [F(5,)
n=1 00 =1

n—oo

— F(a,) + F(b,) = F(a,) + ... + F(b,) = F(a,)] =
lim [F(b,) = F(a,)] = lim [F(0) - F(a,)] = F(b) — F(a) =

t,((a,b]). Thus, p, is a premeasure on 4.

General case: Use case (a,b] = J (a, bn], double indexing
n=1 .

and the similar argument.
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