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Functionsof a Real Variable P

14 L? — L?Duality (1 < p,g< +00,1/p+1/g=1)

Definition: A linear map 7" : L?(X,%, ) — R is called a linear functional. If
there exists M > 0 such that |T'(f)| < M||f||, for all [f] € LP, then T is called a
bounded linear functional (b.1.f.). The least such M is called the norm of 7",
denoted by ||1']|-

Proposition: Let g € £9. Then setting T, : LP(X, A, u) — Rvia Ty([f]) = [y fgdp
defines a b.l.f. with ||T}|| = ||g||,- Moreover, T, = T, ifand only if g; = gs a.e.pu
(That is [g1] = [g2])

Proof: By Holder's inequality, if f € £?, then | Iy fgdu' < 1 1lllglle- So,

[x fgdp is a finite number for all f € LP. If [f1] = [fo] =
fi—fo=0aep= [x(fi — fo)gdu=0= [y figdp = [xfogdu
This shows that T is a well-defined map. |
Check for T, Linear: Let [fi], [fo] € LP = [f1] + [f2] = [f1 + fol.
So, To([f1 + fo]) = [x (fi + fo)gdp = [ frgdu + [y fo9dp =
To(lA]) + To([fe]). Similarly, Ty(a[f]) = «Ty([£])-
Check for T, bounded: Apply Holder, |T,([f])| = ‘ Ixf gd/,Ll <
|1 71lplgllg- Thus, Tj is bounded by [|glly = ||T,[| < |lgll,-
Casel <p< +ooandl < ¢ < +o0: Let f(z) =
sgn(g(z))lg(z)|*"". Then, f(z)g(z) = sgn(g(x))g()|g(z)|*"* =
|g(@)|?. Thus, ||gll§ = [xlgI*dp = T,(f) < ”Tg”“/pr =
- I

1Tl xl F@)Pdp) " = 1Tl ([xla(@) @7 dp) ™ =

1 —
1Tl [y la@)ldm) ™™ = (1T lllall§” = 11alls™" <|ITll =
glle < Tl endso llgll, = 1Tl |
Finally, if g; = g2 a.e.p, then |[g1 — g2|| = 0 — ||T(4,—g)|| = 0 =
T(gl—gz) = 0 for all f. fo(gl - 92)d,uf =0, fxfgldﬂ = fog2d,Lb,
Tor) = Lgypy forall f. So, g1 = ge a.e.u = Ty =T,
But, Ty, =Ty, = [Ty, — Ty,|| = 0 = || Ty, — Ty || = [|91 — g2llg =0
= g1 = go G.€.4. ) ,

Proposition: Let 7" : LP(X, %, u) — Rbe b.l.f, then T is continuous.
Proof:  Givene > 0,let§ = ¢/||T'||. Then,if||[f1] — [f2]||, < 6, then
IT((AD =T (D] = 1T([fr = £DI < TN - [Ilfr = falllp < [ITN] - 6

= €. So, in fact, 7" is uniformly continuous.
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Theorem (Riesz Representation Theorem):
Letl < p< + oo andlet (X,%, u) be o-finite. If T : LP(X,A, u) — Risb.l.f,
then there exists unique [g] € L?(X, %, ) such that T' = T, and ||g||, = ||T'||.
Proof: Case u(X)<t+oo: Then, forall £ € 2,
Jx|Xe|Pdp = p(E) < p(X) < +oo= Xg ¢ LP forall E C 2.
Thus, 1'([Xg]) € Ris defined.
Define v : 2 — Rviav(E) = T([XEg]).
Claim: v is a signed measure.
Proof of Claim:
First |v(B)| = [IT(Xp)|| < [IT]||Xzll, < HTH/J(X)”Z’ < +oo.

Let B = U E,, a disjoint union. We need v(E) = Z V(En)

n=1 n=1

Note that if E1 and Fs are disjoint then Xp,ug, = Xg, + X By
- So, if F},, UEn,thenXF —ZXE ||Xg — Xr, ||p—

el Xe(2) — X, @) = ([l (o) Pdps) " =
1(E\F,,)?. We know, since u(X) < + oo = u(E) <+ 0o =

llm/.L(Fm) = u(E) = hm,u(E\F ) = hm(u(E) p(Fm).

So, ||Xg — Xk ||, = 0asn — + oo. T is continuous by the last

proposition. So, v(E) = T([Xg]) = limT([XF 1) =

hmZT([XE])—hmZV(En) and so v(E) = 3 v(Ey), Thus, v is

» n=1

a 51gned measure.

Recall Hahn-Decomposition: There exist A UB=X , A-positive,
B-negative, vt (E) =v(ENA),v (E) =v(ENB),thenv' and
v~ are positive measures, and v(E) = vt (E) — v~ (E).

Let w(E)=0= u(ENA) =0= [Xgna] = [0]. Thus, |
vi(E)=v(ENA) =T([Xena]) =0, and vt < p. Similarly
v .

Therefore, by Radon-Nikodym, There exist g* and g~ such that -
vH(E) = ng+du and v~ (E) = [g dp, and so v(E) =

Jelg™ —g7)du = [xXB(g" — g7)du.
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Let g =g" — g~. Then, T(XE JxXrgdp, and so if
P = ZakXEkathen T(y) = EakT(XEk) = ZfXXEkgd/'L =

i) szgd,u Now, we want to show g € LY

Take @, simple, 0 < ¢y << ¢p < ... < g". Then, limg,(z) = g* ().
Similarly, take 1, simple, 0 < ¢ <Y <... < g~

Let v, = ¢%? — /. Then, v, is simple. Now, T'(7,) = [ mgdu

= [, ( q/p q/p)(g g )du = [ q/pg _Hpq/p “)dp.
By the MCT, limT () fX (gH)"P(g%) + (97)*(97))dp =

[ ((g" q“’“+(g )P dp = [ |g|PHdp = [y |g|%dp.
But, ||7a|, = (fxl%lpdu P = ([o(62 + ¥2)du)” —

By MCT
(S ((g")7 + (7)) "” = ([ylgldp)"”.
Now, [T (v.)| < ||T] - H%llp So, llgllf = [xlgl*dp <
17119l = Nlglls™*" < |T1| = llglly < |IT]|, in particular,
ge Lq Since g € L? = T, is b.1.f. by the proposition.
T,(¥) = [xvgdu = T(¥), 1,!) simple, T, and T'b.l.f. = T, and T are
contlnuous by the previous proposition.
By Density Theorem, the simple functions are dense in L?. So, two
continuous functions are equal on dense set = They are equal
everywhere.
(Recall simple dense = If f € LP, then there exists {v,bn} such that
||f = ¥nl||lp — 0. If T and T, are continuous, then T'(f) = 117;LnT(1pn)

= HmT, () = T,(f))
g is unique a.e. follows from the earlier proposition.

General Case X: X is o-finite = X = [ X,,, X, disjoint and

n==1

w(Xy) < + oo.
Now, if f € LP(X,,, 2, 1) and define f : X — R by

¥ (2) = {g("’) ifz ; §“ thenf € £P(X,%, 1) and

17 1lp = [1/1l5-

~J ™~ N
Given fi, fo € LP(Xn, 2, ), then Ji + f5 = fi + fo,and afy =
afi . (Think of LP(X,,, %, 1) as a subspace of LP(X, A, 1))
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Define T, : L?(X,,, 2, 1) — Rby To([f]) = T((F ]).
Now, |T([fD = 1T((F DI < IT1| - 1[F 1l = IT1] - || fllp- So, T is
b.l.f. on LP(X, 2, p). Since p(X,) < + oo, by the first case, there
exists g, € L9 (Xn,Ql p) satisfies for all f € LP(X,,, 2, 1), Tn( f)
f,( fuyndp. Define g : X — R® by

gi(z) ifze Xy

o) = g2(z) ifz e Xy

If we take f; € L£P(X;, 2, 1), and let ?; € LP(X, %, 1), then
T (}:?;- ) =Y T(F;) = LT5(8) = 3. Jx Figsdn =
=1 j=1 =1 =1

[x(fi +fa 4.0 + Fo)gdp.

So, T'(f) = [y fgdu as long as f is nonzero only on finitely many X
Let

( g1 (:13) ifzx e X;

g(z) ifzxe Xy

hm(z) =< - -

B gn(z) ifz e X,

0 ifz ¢ UX;
=1

\

Then, |hm(z)[t / |g(z)[}, and if F, = BIXJ-, then hy, = g+ Xp, .
=

Let frn(z) = sgn(g(z))|hm ()|,
We need to show: (1) If g(z) = g,(z) for z € X then [g] €
L4(X, %, p). (2) For [f] € LP(X, 2, ), T([f] fxfgdu

Now, f., = sgn(g)|g|*’? X, which is nonzero only on Uan.
n==

S0, f = 32.39m(9)|g[*7 X, and T(f) = 3T (sg(s)lol""%x,)

= afxsgn(g)lgl‘””?fxnd# = 21 [lgl?/®t 2y dp =

Jxlglm X, du < TN fmllp = IT1|(Sx |91 %r,d) . So,
(legquFmdu)l_l/p < ||T|| for all m. Let m — + oo and use
MCT, then (fy |gldg)"* < ||T1| = [|gll, < ITI-
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Finally, we know that Ty (f) = [y fgdpisab.lLf. If f is only

nonzero on, say Xn, then Ty(f) = [y fgdp = [y fgndp =
[x f(9Xx,)du = T(f). Hence, by taking sums, if f is only nonzero

on F,, = @lxn, T,(f) = T(f).
Finally, given any f € £?, by MCT, f&Xr, ﬁ—ﬁ f. So,

T,(f) = T, (f X,) = hmT( X,) = T(f).



