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1. The LP-spaces
1.1 Minkowski-Holder inequality

Definition: Let (X, 2, 1) be a measure space. We let £P(X, 2, u), for
1 < p < + o0, denote the set of measurable functions on X such that
[y fIPdp < + oo. For f € LP(X, 2, ), we set || f||, = ([l f[Pdp)"/”.
Then, || - ||, is called the p norm of f.

Definition: Let f : X — R® be measurable, we say that f is essentially
bounded if there exists M > 0 such that u({z : |f(z)| > M}) = 0. The least
such M is called the essential supremum of f, denoted by || f||c = ess

sup |f].
zeX
Examples:
B . . _J1/z  ifzx#0
(1) LetX—]R,f.Xa]R,f(ac)-—{ Yoo ifz=0

Notice that A({z : |f(z)| = + oo}) = 0. But, f is not essentially
bounded because given any M > 0, A({z : |f(z)| > M}) =
M(=1/M,1/M)) =2/M > 0.
1 if zisirrational
@ LetX =R, f(z) = { x if z is rational
Then, f is not bounded, but f is essentially bounded and ess sup | f]|
= +1.

Definition: £%°(X, 2, p) is the set of essentially bounded measurable
functions.

Definition: Let1 < p< +ooand1 < g < + oo. Then, p and q are called
the Holder conjugates if 1/p+ 1/g = 1.
Special cases: p=1,g= +o0orp= +o00,g=1
p=2,9=2
p=3,9=3/2

p=p,q=p/(p—1)
l/p+1/g=1=>qg+p=pg=>q—pg=-p=>(1—p)g=
—-p=>q=-p/(l—p)=>q=p/(p—-1)
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() Lemma: If1/p+1/¢g=1,a>0andb > 0,thena-b < a?/p+bl/q.

Proof: Let h(t) =t?/p+ b%/q — tb where t > 0 (show that & is
nonnegative and so the minimum value is nonnegative.)
Rt)=t1—b=0stP! =b s t=>b""D s the critical
value.
h'(t) = (p—1)t*"% > 0since p > 1and ¢t > 0. So, the
absolute minimum occurs at t = b/#~1) and A (pY/-1) =
(Y@ D)P) /p+b1/q — bPDb = b4(1/p+1/q) — b7 =
b4(1/p+1/g—1)=0bP-0=0.

Theorem (Holders Inequality):
Letl <p,g< +o0andl/p+1/g=1. If f € LP(X, 2, u) and
g€ L(X, 2, ), then £ - g € L1(X, %, 1) and || £glls < [I£1l, - lglle
Proof: Casep=1landg= +
Now, g € L®. Let C = ||g|co-
Then, pu({z : |9(z)| > C}) =0.
Let N = {z : |g(z)| > C},so forz € X\N,
l9(z)| < C.
() So, [|fglli = [x|f(@)g(@)ldp = [x\y|f(2)9(x)ldp <
- Lo ClE@du = C [yl f @)ldn = Oyl £(a)ld =
C-I71lx = llgllo - [I£1l1-
Similar for the case p = + ocoand g = 1.
Casel < p,g< + 00
Seta = |f(z)|/||fll, and b = |g()|/l|glls-
Then, by Lemma, (| (z)|lg(z)[)/ (|| f]l5/l9ll¢) <
(Uf@IP/If115) 2+ (l9()1?/19l12)/a.
So, [x(IF @)llg(=))/ (11 f1lsllgllg)dp <
Jxl(F@)P/IF1E)/ 2+ (l9(=)19/11g11g)/ a)dw
= 1/(|1f1lpllglle) x| f (z)g()|dp <
1/p||F1I5 [x|f (@) Pdu + 1/qllgllf [x|9(z)|*dp
= [|7gll/(If1pllgllg < 1/p+1/q=1
= [I£gll < lI£1lpllgllq
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Proposition: For1 < p < + oo, LP(X, %, ) is areal vector space. (i.e.
f.gelP = f+ge LP;af € LPforany o € R.)

Proof:

Let f € £? and o € R (show af € L?.)
Suppose that p # + oo.Then, [ |f|Pdu < + oco. Hence,
[xlefPdp = |a? [ f|Pdu < + oo, and so af € LP.

= llafllp = lof - [l
Suppose that p = + oo, then f € L. Then, there exists M
such that y({z : |f(z)| > M}) =0
= u({z: |af(z)| > |a|M}) =0. So, af is essentially
bounded by |a|M.

= ||afllo = |e]| fl]oo
Let f, g € LP (now, show that f + g € L?.)
If p = + o0, then there exist M; and M such that
p({z : |f(x)] > Mi}) = 0and p({z : |g(z)| > Ms}) =0 =
p({z : |f(z) + g(z)| > My + Ms}) = 0.
So, f + g is essentially bounded by M; + M,. Thus,
frg€ L= f+ge L™

= ||f + 9llo < | f]loo + 11900
If p < +o00, note that

£(@)] +1£(@)| when |£(s)| > lg()]
160) o1 < { (2} ool e o) > /60
» 2P| f(x)|P when |f(x)| > |g(z

So |f(@) +g(@)” < {2”lg(w)1p when |g(z)] > |£(z)|
Thus, | f(z) + g(z)[? < 27| (z)|P + 27|g(z) "
So,if f, g € LP, then [, |f(z)+ g(z)|dp <
Jx2P(| ()P + |9(z)|P)dp < + oo. Thus, f+ g € LP.

= || +gllp < 2°[lIf115 + llglI5]

= [1f +gll» < 2[l1£115 + lgl12]"
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Theorem (Minkowski's Inequality):
Letl<p< +o0. If f,g€ LP(X, U, u), then f + g € LP(X, 2, 1) and

f + gllp < [ £1lp + [lllp-
Proof:  Case when p = + oo was done previously in Proposition.

When p =1, [|f + gll. = [x|F(2) + g(z)du <
Jx (£ @)+ lg(@))dp = [|f]]s + |lgllx
When 1 < p < +oo, ||f + 4|5 = [x|f(2) +g(z)[Pdu <

Jxl (@) + 9@~ (1 (@)| + lg(@)]Vdp <
JxIF @) f (@) + g(@)P dp + [xlg(@)||f(2) + g(z)[P~ dp
< Jxlf @) ([ (1 (@) + o) P~)dp) /* +

(Jlg@)[Pdp)"? ([ (17 (@) + g(@)[P~1) dp)
Recallthatg+p=pg=p=pg—qg=p= (p— 1)q.

So, || +4l2 < (IIf 11y + llglls) Sy £ (2) + g(z)|Pdu) /e =
([l f(@) + gl@)[Pdp)' <

(171l + 119l2) S| £ (@) + g(@)|Pdp) VT =

(Sl £ (@) + g(@)Pdu) = < |If1], + llgll, =

([l f (@) + g(@) ) < [ £lo + Il =
17 + gl < 1£1lp + llgll

Note: Let f € LP(X, 2, 1). Then, ||f||, =0« [4|f(z)|Pdy =0«
|f(z)|]P =0a.e.u < f=0a.epu. So,||fll,=0& f=0a.e.pu.
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1.2 Convergence and completeness (Riesz-Fischer)

Definition: Let V' be a vector space over R. Then a function || - || : V — Ris called
anorm on V provided:
0 |
i) |lv||=0svtorallve V
(i) ||av|| = |a|||v|| foranya € Randv € V
iv) ||jv+w|| < || + ||w|| Triangle Inequality

Example: LetV =R™ = {v = (21,29, ...,2Z,) : ; € R}. Then Euclidean norm,

n 1/2
l|v]| = (Z]sz) satisfies above properties.

i=1
Note: A norm is good for defining a distance or a metric on a vector space.

Proposition: If || - || is a norm on V, then setting p(v, w) = ||v — w|| defines a

metricon V, cqlbn #e MWMW%; 1A, hpvym

Proof: (i) p(v,w) > 0is true since ||v — w|| > 0.
() p(v,w) =0 & v =w by (ii) of the definition of norm.
(i) p(v,w) = [lv—wl|| = [|(-1)(w —2)|| = |-1[|jw — || =
= oll = pw,v).
) plo,w)=v-wl|=|v-2+2z-w| <

[lv = 2[| +[|z — wl| = p(v, 2) + p(2,w)

Note: Metrics that are defined by norms are translation invariant (preserve

distance.)
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Note: p-norm satisfies (i), (iii) and (iv) of the definition of norm. So, make p-norm

into a norm, we need to introduce an equivalence relation:

(1) Given f,g € LP(X, A, u), wewrite f ~g< f—g=0a.e.p.

Then: f ~ f since f — f = 0 reflexive
fr~ge f—g=0aepueg—f=0aecus g~ fsymmetric
f~gandg~h=f—-—g=0aepuandg—h=0a.epu=
f—h=(f—-9) +(g—h)=0aep= f~ htransitive

So, ~ is an equivalence relation.

(2) Next,let f ~gandlet N = {z : f(z) — g(z) # 0}. Then, u(N) = 0.

If1 <p < +oo,then ||f|f = [x[f(@)IPdp = [y yIf(2)IPdp +

lef(w)lpdﬂ = fX\N|f(x)lpd,U' = fX\N|g(x)|pd,u = ||g||£-

So, f ~ g = |1l = llgllp-

Similarly, f ~ g = || f|lcc = ||gfloo-

(3) Finally, let f1 ~ g1, fo ~ g2, N1 = {z : fi(z) # g1(z)},

~and Ny = {z : fa(z) # go(z). Then, u(N7) = pu(N;) = 0. So,
{z: fi(z) + falz) # 91(z) + g2(z)} € N1 U Ny = f1 4 fo ~ g1 + g

Definition: LP(X, %, pu) = {[f] : f € LP(X, %, p)} where [f] ={g: f ~ g},
equivalence class of f. '

Note: If we set [fi] + [f2] = [f1 + f2] by (3) above, this 1s a well-defined addition.

Similarly, if « € Rand f ~ g = af ~ ag. Set a[f] = [af]. These operations make

LP(X, U, 1) a vector space.

Note: Also, setting ||[f]||, = || f ||p- This is well-defined by (2)

@ Al =1171lp 2 |

i [f ]Ilp—OﬁHfllp—0<i>f=0a-e-u<i>[f] =[0]

(@) el |[l£]ll, = ledl| fllp = [lefllp = llaf]ll, = e/l

@) |f]+ gl = lIlf +glll, = I|f+g|lp < |1Fllp + llgll> =
171l + 119l

Thus, (LP(X, 2, 1), || - ||p) is a normed space.



