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Thus, F is bounded = T + F are bounded = H; and H; are
both bounded.

Proof of (¢): We know that all of these limits exist for bounded and
increasing functions. Thus, they exist for H; and Hj, and so
they exist for F' = H; H,.

Proof of (d): We know that H; and H, are continuous except at a
countable set by Theorem 3.23 = F' = H; — H, is continuous
except for at most countably many points.

Proof of (¢): Argue as (d) using Theorem 3.23.

Recall that if ' € BV and TF is a total variation, then F' = (T + F')/2 —
(Tr — F)/2. This decomposition of F'is called the Jordan decomposition
of F, and (Tr + F)/2is called the positive variation of F' and (Tr — F')/2
is called the negative variation of F'.

Definition: A function F' : R — C is absolutely continuous ifforalle > 0,
there exists § > 0 such that for all n and for all disjoint intervals (a,, b, ),

(a,,b,), - - -,(a_ b )whenever> (b, —a,) <6, > |F(b,)— F(a,)| <e.
i=1 i=1

We say that F' : [a, b] — C is absolutely continuous if the above holds for
all (a,,b,) C [a,b]. Note: absolute continuity = uniform continuity

2) FG AC D F+46 AC, A AC

Proposition 3.32: Let H : R — R be increasing, bounded and right
continuous. Then, u,< m if and only if H is absolutely continuous.
Proof ( = ): Let 4, < m. Then, by Theorem 3.8 (The Lebesgue-
Radon-Nikodym Theorem), there existsf > 0 such that
H(b) — H(a)= [, fdm forall a and b. Now, since H is

bounded, liin H(z) = H(4+00) < 400 and lir_n H(z) =

H(—00) < —00 = [pfdm = H(4+00) — H(—00) < 400 =
f € L*(m). By Theorem 3.5 or Corollary 3.6, if f € L'(m)
and given € > 0, there exists § > 0 such that m(E) < § =

| [zfdm| < e. Now, given (a,,b,), (a,,b,), - - -, (a,,b,)

disjoint and > (b, — a,) < 6. Let E = | (a,,b,), then
i=1 i=1
m(E) <6 = |[pfdm| <e. But, [pfdm =3[, , fdm =
=1 "

i.—_ilH(bi) —H(a,) = z—élH(b) — H(a,)| < €. Thus, H is

absolutely continuous.
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Proof ( <= ): Conversely, suppose that H is absolutely continuous, then
given € > 0, let 6 > 0 such that for all n and for all disjoint

intervals (a,, b,), (a,,b,), - - -,(a,,b )and ) (b, —a,) <6
i=1

n? n

= $SHG) - H) < e = S ((e,b]) = 1,0a,b)

< €. Thus, m(U(a;,b]) <6 = 1,(U(a;;b]) <e and so
=1 i=1

R

;& m by Theorem 3.5.

Note: Let F': R — R defined by F(z) = z. Then, F is absolutely
continuous (to see this, let € = 6), but F' ¢ BV

Lemma 3.34: If F' is absolutely continuous on [a, b], then F' € BV ([a, b]).
Proof:  Let F be absolutely continuous on [a, b]. Lete = 1.
Then, there exists § > 0 such that > (b, — a,) < 6 =

=1

Y |F(b,) — F(a,)] <1. Now, find M suchthata + M6 <b
i=1
< a+ (M +1)6. Given any partition,a =z, <z, < - -
<z, =b,> |F(x;) — F(x;-1)| goes up if we add more
i=1

points, so include the points a + k6 where M < k < M + 1;
o=z, <z, <z, <a+é6<z, <+ <a+ké<z =0
The sum of the length of these intervals must be most , and
also for an example |F(z,) — F(z,)| + |F(z,) — F(z,)| +

|F(a+6) — F(,)| < 1. Thus, izz";]F(xi) — F(zia)| <

M +1=[(b—a)/6] + 1 where [(b — a)/d] is the greatest
integer of (b — a)/é.

Lemma: Let F be absolutely continuous on [a, b], then Tr(x) is also
absolutely continuous.
Proof:  Let F be absolutely continuous on [a, b]. Given e > 0, pick the
& > 0 that works for F' and €/2. Suppose that (a,,b,), (a,,b,),

1771

- - -,(a,,b,)are disjoint and ) (b, — a,) < 6. Without loss of
i=1

generality, considera < a, <b, <a,<b, < - - <b <b
andtake a, =z <z} < + - - <z’ =1b, such that
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(T (b) — Tr(a,)] < %F(ﬂi) Pt )| +¢/2n =

imr(bi) Tr(a,)| <

(;JZIF( ") — F(wj_l)l)+e/2<e/2+e/2=e. Thus, T is

bsolutel ' : - ‘
absolutely continuous Z /VS 2 /K) T 3.22- 3. /} 3, 2 |

Theorem 3.35 (The Fundamental Theorem of Calculus for Lebesgue
Integrals): If —oco < a < b < +oo,and F : [a, b] — C, then the following
are equivalent:

(a) F is absolutely continuous on [a, b].
(b)  There exists f € L([a,b]) such that F(a:) F(a) = f[a fdm, v o s x<h
(c) F'existsa.e., F' € L' and F(z) — f[axF’dm, v asxeh
Proof of (a) = (b): Let F' be absolutely continuous on [a, b], then
F € BV ([a,b]) by Lemma 3.34. So, write F' = (Tr + F')/2
— (Tr — F)/2 = Hy — Hy. Then, H; and H, are increasing
on [a, b] and absolutely continuous by the previous Lemma.
Now, extend these H;s to R by setting
N Hi(a) ifz<a
Hi(z)={ Hi(z) ifa<z<b
H(b) ifz>bh
Then, ﬁi is increasing, absolutely continuous and bounded =
pg, << m. So, there exist f,, f, € L(m) such that pg (B) =

fEfdm Let f = f, — f,. Then, f(am)fdm f(awfdm_
gz Fodm = (i (z) — Hi(a)) — (Ha(z) — Ha(a)) =

(H, (z) - H>(x)) - (Hi(a) — Ha(a)) = (H — Hy)(=) -
(H: — H,)(a) = F(z) - F(a).
Proof of (b) = (c)

i) — F(a',)| +¢/2n) =

i=1 j=
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Proof of (c) = (a): Suppose that F” exists a.e. and F' € L', and F(z) —

F(a) = f[a,w]F/dm = |F(b,) — F(a,)| < f(ai’bi)]f|dm where

f = F'. Since |f| € L', by Corollary 3.6, given € > 0, there
exists 6 > 0 such that m(E) < 6§ = [;|f|dm. So, take E =

U(a,,b,), then m(E) = 3b, — a, < 6 = 3|F(b,) - F(a,)|
=1 i=1 g=1

= Z_=lef(ai,bi)lwdml = izzlf(%bi)w/ldm = fu(ai,bi)lF’ldm < e.

Thus, F is absolutely continuous on [a, b].

. /
AW /homn 3,
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3.6 Applications of Absolute Continuity

Definition: A function F : [a, b] — R is Lipschitz with a constant M
provided that for all z,y € [a,d], |F(y) — F(z)| £ M|y — z|.

Proposition: A function /' : [a, b] — R is Lipschitz with a constant M if
and only if F' is absolutely continuous and |F'(z)| < M a.e.
In particular, if F' is Lipschitz, then F'(z) exists a.e. and F(z) — F(a) =
f[a . F'dm.

Proof (< ): Givene > 0,let 6 = ¢/M. Then, for any (a,,b,), (a,, 2)

-, (a_, b ) disjoint intervals w1ch(bz. —a,)<6=>
=1

EIF() F(a)|<ZM|b——a|<M §=M- ¢/M =ce.

Thus F is absolutely contlnuous This implies that F” ( )
exists a.e., and at any point where F'(x) exists, |F'(z)| =
lim](F( ) — F(z))/(y — z)|. But, by Lipschitz condition,

IF(y) F(z)| < M|y — =|. Thus, |F'(z)] < M.
Proof ( = ): Suppose that F' is absolutely continuous and |F'(z)| < M.
- Then, |F(y) — F(z)| < |f$ g F'dm| <f[ |F|dm <
M -m([z,y]) = M|y — a:| Thus, F is Llpschltz with constant
M. :

Definition: A function F' : (a,b) — Ris convexifforalla < s <t <b
and0 <A <1, F(As+ (1= A)t) < AF(s)+ (1 — A F(¢).

Lemma 1: Let F': (a,b) — Rbe convex,and a < s < r <t < b, then
(F(r) = F(s))/(r —s) < (F(t) - F(s))/(t — s).

Proof: Writtr=XAs+(1-A)t=>r—t=As—t)=> A=
(r—t)/(s—t)=@t—-r)/(t—s)=>1-A=
1—(t—r)/(t—s)=[{t—s)—({E-7)]/(t—s)=
(r—s)/(t—s). Thus, (F(r) — F(s))/(r —s) <
[AF(s) + (1 = NF@®)]/(r —s) = [-(1 = A)F(s) +
1 =NF@®)]/(r—s) =[(F(t) - F(s))(1 = A)]/(r —s) =
[(F(t) = F(s)) - (r = 5)/(t = )]/(r —5) =
(F'(t) = F(s))/(t = s).

Lemma 2: Leta, < b, < a, <b,. Then, (F(b,) — F(a,))/(b; —a,) <
(F(bz) - F(a'z))/(bz - a’z)' :



