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Functionsof a Real Variable Bagess

Definition: A function F : [a,b] — C is said to be of bounded variation if
VF([a’7 b]) = Sup{Z|F(:Ej) - F(xj—-l)l =2, <z, < <Z, = b}
=1

over all partitions, is finite. We let BV ([a, b]) denote the set of all functions
on [a, b] of bounded variation.
More generally, a function F' : R — C is said to be of bounded variation if

Ve(R) = sup{3.|F(z,) - F(z,,)| i3, <, < - - - <a,}overall
partitions, is ﬁ1311=tle We let BV denote the set of all such functions.

Let Tr(z) = sup{Y.|F(z,) - F(z,.) i@, <z, < - - - <3, =a} for
F € BV. Then, Tj::ils called the total bounded variation of F'.

Note that 0 < Tr(z) < Vr(R) < +00. Ifz < y, then Tp(z) < Tr(y).

Examples:
(1) Let F(z) = z. Then, F ¢ BV,but F € BV ([a, b]), and for any

la, 8], V([a,b]) = |b — al.

. N F(a) ifz<a
(2) Given F € BV ([a,b]),let F (z) = F(z) ifa<z<b
| F@b) ifb<z

N

Then, ¥ € BV, and Vig(R) = Vi([a, b]).
(3) Let F: R — R be increasing and bounded. Then, lim F(z) =

T—-00

F(+00) exists and lim F(z) = F(—o0) exists, and ' € BV and
Vr(R) = F(+00) — F(—00).

[F is increasing, so ) |F(z,) — F(x,_,)| is telescoping.]
=1
4) IfF,G e BVanda,beC, thenaF +bG € BV, and V,rpc(R)

< |a|Vr(R) + |b|Ve(R) = BV is a vector space.
(5) Ifhe L'(R),andset F(z) = [___  hdm, then F € BV and Vi (R)

< Jglhldm.
Proof:zllF(xj) — F(z, )| = lef[:c 1,mj]hdml < Zlf[x 21| ldm
=1 7" J=

g, _1’
J= J J

= f[zo’xn]lh|dm < fglhldm < +oco since h € L'(R).

—00,Z)
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Lemma 3.26: Let F be areal valued function and F' € BV, Then, T + F
and T — F are both increasing.
Proof: ILetzx<yandz, <z, < .- - <z, =z <y. Then,

élF(wf) — Flz.)| + |F(y) = F(x)| < Tr(y). This implics

that sup{é|F(a:j) —Fla, )z, <z, < - <z, =z}
+|F(y) — F(z)| < Tr(y) = Tr(z) + |[F(y) — F(=z)| <
Tr(y). Thus, Tr(z) + F(y) — F(z) < Tr(y) and Tr(z) +
F(z) — F(y) < Tr(y) = Tr(z) — F(z) < Tr(y) — F(y) and
Tr(z) + F(z) < Tp(y) + F(y) = Tr — F and Ty + F are
both increasing.

Theorem 3.27:

(@) F € BV & ReF € BVandImF € BV.

(b) IfF:R— R,then F € BV & F = H; — Hy where each H; is.
increasing and bounded. . _

(c) IfF € BV,then F(z+) = lim F(y), F(z—) = lim F(y), lilll F(y)

Y—T . y—z~ T—+400

= F(+o0) and lim F(y) = F(—o0) all exist.

(d) If F € BV, then the set of points where F' is discontinuous is at most
countable. then

() IfF € BV apdset@@) & P+ raenly @l I exist a.c. 2

et

Proof of (2): 3.|ReF(z,) — ReF(x,.,)| < 3:|F(z,) — F(x,,)| and
=1 =1

J:
n

S| ImF(z,) — ImF(z,.,)| < Jé [F(z,) - F(z,,)|. Thus, if

J=1
F € BV, then ReF,ImF € BV. Also, ) |F(z,) — F(z,_,)|
=1

J:

< Y |ReF(x,) — ReF(z,_)| + |ImF(x;,) — ImF(z,,)|. So,
=1
if ReF',ImF € BV, then F' € BV.

Proof of (b): Let Hy(z) = (Tr(z) + F(z))/2 and Ha(z) =

(Tr(xz) — F(x))/2. Then, by Lemma 3.26, H; and H are both
increasing, and H; — Hy = F. We know that 0 < Tp(z) <
Vr(R) < 400, and thus, Tr is bounded. Fix z, = 0, then
|[F(z) = F(0)] £ Vr(R) = |F(z)| < Vp(R) + [F(0)] < +o0.
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Thus, F' is bounded = T * F are bounded = H; and H, are
both bounded.

Proof of (c): We know that all of these limits exist for bounded and
increasing functions. Thus, they exist for /; and H, and so
they exist for F' — I; — Ho.

Proof of (d): We know that H; and H, are continuous except at a
countable set by Theorem 3.23 = F' = H; — H, is continuous
except for at most countably many points.

Proof of (¢): Argue as (d) using Theorem 3.23.

Recall that if F € BV and TF is a total variation, then F' = (Tp + F)/2 —
(Tr — F)/2. This decomposition of F'is called the Jordan decomposition
of F', and (Tr + F')/2is called the positive variation of F and (17 — F') / 2
is called the negative variation of F'.

Definition: A function F' : R — C is absolutely continuous ifforalle > 0,

there exists § > 0 such that for all n and for all disj oint intervals (a,, b, ),

(a’zabz)a " 'a(a’nv n)wheneverZ(b _a’) <$, ZIF(b) F(a'z)| < €.

We say that F' : [a,b] — Cis absolutely contlnuous if the above holds for
all (a,,b,) C [a,b]. Note: absolute continuity = uniform continuity

Proposition 3.32: Let H : R — R be increasing, bounded and right
continuous. Then, 4, < m if and only if H is absolutely continuous.
Proof ( = ): Let 1, < m. Then, by Theorem 3.8 (The Lebesgue-
Radon-Nikodym Theorem), there existsf > 0 such that
H(b) — H(a) = f(a,b)fdm for all @ and b. Now, since H is
boundedégg_nooﬂ (z) = H(400) < 00 an%Eme (z) =

H(—00) < —00 = [pfdm = H(+o00) — H(—00) < 400 =
f € L*(m). By Theorem 3.5 or Corollary 3.6, if f € L!(m)
and given € > 0, there exists § > 0 such that m(E) <6=

| [zfdm| < e. Now, given (a,,b,), (az,b2) -+, (a,,b)

1' Y1 n? 'n

disjointand } (b, — a,) < 6. Let E = U (a,,b,), then
i=1 i=1

m(E) < § = |[pfdm| <e. But, [pfdm =3[, , fdm =
=1 "

éH(bf) ~ H(a) = ; H(b) — H(a)| < e. Thus, H is

absolutely continuous.



