Functions of a Real Variable Bz}

Examples of Lebesgue-Radon-Nikodym

1.

2.

0 ifz <0
Let F(z) = { z* if0<z<1
?+1 ifl1<z

Look at i1, and m — Lebesgue measure. We want to write

tyr = A+ pwhere p < mand A L m.

mhe R = {3 0 S e @ =11 i1 L,

Then, F' = Fy + Fy, and 80 p = fp + iy,

[Show that pi, L m.]
g, (E) = {(1) gi Z g That is, p, = 6,,,, dirac delta, or
point mass at 1. Let A = {1} and B = R\ {1}, then 1, (B) =
0 and m(A) = 0. Thus, p, L m.

[Show that p, < m.]
Let h(z) = 22+ Xy - Then, [, yhdm = [, ;122 X,.qdm.
If0 < a, then [, 122 - X, .qdm = [P2zde = 2?8 = b? — a?
= Fi(b) — Fi(a). Ifa <0 < b, then f(a’b]Za; * X o G =
fObeda: = 2?8 = b? — 02 = Fy(b) — Fi(a). Similarly, in all
cases, we can see that f(a,b]2ac ‘X orqdm = F1(b) — Fi(a).
Thus, iy, (E) = [52% - X,q,,.q@m for all E which is Borel and
dpy, /dm = h, and p, < m. Note that dy, /dm = h is called

, the Radon-Nikodym derivative,
Cantyn Ut
Recall the Cantor function, f : [0,1] — [0,1], f(0) =1, f(1) =1, f

is continuous and increasing, and f is constant on intervals the we
"throw away" to get the Cantor set.

0 ifz <0
Let F(z) = { f(z) if0 <z <1 Then, F is increasing and

1 ifl <z
continuous. Let E, = (—n, +n]. Then, u,(E,) = F(+n) — F(—n)
=1—-0=1. Noticethat E; C E» C - - - CR=E, = . (R)

= tim 1, (E,) = 1. But, ({1, +00)) = 0 and 1, ((~o0,0]) = 0.
Also, 41 ((1/3,2/3]) = F(2/3) — F(1/3) =1/2—1/2 =0 =

pe((1/3,2/3)) = 0. Similarly, 1,((1/9,2/9) = 0 and 1, (7/9,8/9))
= 0. Thus, p,((—00, 0] U [1, +00) U (1/3,2/3) U - + - ) =0 =
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p(C°) where C is the Cantor set. So, this implies that ., (C) = 1.
Also, R=CUC% m(C) =0, u,(C°) =0= p, L m. But, F'is
continuous on R, so . ({z}) = 0 for all z € R. That is all the
measures live in the Cantor set.

Further results of Radon-Nikodym
Let u and v be o-finite measures on (X, M). If v < p, then there
exists f such that v(E) = [5fdu. If we have g such that v(E) =
[rgdu for all E € M, then f = g a.e. with respect .
Any such function is called dv/d ., which is a equivalence class of
functions.
Ify, < pand v, K p,andletv = v, +v,, then v < p, and v(E) =
1 (B) +v,(E) = [gdv,/dp) du + [5(dv,/dp) du = [p(dv,/du\
+dv,/du)dp = dv/dp = dv, /dp+ dv, /dp = d(v, +v,)/dp =
dv,/dp+ dv,/dy p a.e.

Proposition 3.9: Let v, 4 and A be o-finite measures on (X, M). If A € v
and v < u, then A < pand dN/dy = dA/dv € dv/dp p a.e.
Proof:  Letv, u and A be o-finite measures on (X, M). Suppose that

A < vand v < . Then, if u(E) = 0, then v(0) = A(E) = 0.
Thus, A < p. By Exercise 14 in page 63, if v(E) = [, fdv,
then for g > 0, [ 9dv = [ygfdp. So, A(E) = [g(d\/dv)dv
= [ (xzdX/dv)dv = [y x,(d\/dv - dv/dp)dp =
[z(dX/dv - dv/dp)dp = d\/dp = dX/dv - dv/dp.

Corollary 3.10: Let A and i be o-finite. suppose that A < pand g < A,
then dA/dy - du/dA =1 pa.e. = X a.e.
Proof:  Let A and i be o-finite. supposethat A K pand p K A =
A< Aand 1 =dA/d\ =dX\/du - dp/d) by Theorem 3.9.

Proposition 3.11: Let p,, p,, - - -, . be o-finite measures, and suppose
that o = p, +p, + - - - +p,. Then, p, < p = p,(E) = [p(du,/dp)dp
and dp, /dp +dp, /dp+ « - - +dp, fdp=1pae
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