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Functions of a Real Variable ez

Theorem 2.37 (Fubini-Tonelli): Let (X, M, u) and (Y, NV, v) be both o-
finite.

" (a) (Tonelli): Let f: X xY — R, f > 0 and M ® N-measurable, then

g(z) = [ f.dv(y) is M-measurable and h(y) = [y fYdu(z)is N-
measurable, and [, [ [, f.dv(y)]du(z) = [ [[xfYdu(z)ldv(y).

(b) (Fubini): Let f : X x Y — R be M ® N -measurable. Suppose that
f €LY uxv)then f € L}(v)a.e.xand f¥ € L}(u) a.e.y, and
Jxly fav(@)ldu(z) = [y [[xfrdu(@)ldv(y).

Note: The following example show that why we need "a.e. 2"
Let X =Y =R, and 4 = v = Lebesgue measure. Suppose that
f = *Xgyum — Xnegy- Lhen f € LY(p x v) because £ is 0

ify # v,

exceptonz =z, ory =y,. Asz # z, = f (y) = {(3_1 ify =y
0

But £, ) = { g 042 % S0.£,0) £ £10)

Proof of (a) (Tonelli): Case 1 Suppose that f = x,and E € M QN
Then, f, = (X5)z = X5, and g(z) = fyXE dv = v(E,) which
is measurable by Theorem 2.36. Also, h(y) = [ x X5, 0l =

p(EY) which is also measurable by Theorem 2.36. Moreover,
fXg(a:)du a:) [xV(Ez)dp(z) = [u(EY)dv(y) =
fyh(y . Thus, (a) is true in this case.
Case 2: Now, letf Za Xz, Wherea, > 0,and E; € M QN.

J_

Then, g(z) = lea,ju((Ej)x) and h(y) = jzzlaju((Ej)y) are both

measurable. Also, [, g(z)du(z) = éa,- JxV((Ej)e)du(z) =

> Sy ((Ej)Y) = [yh(y . So, (a) is true when f is
=1

simple.

Case 3: Let f > 0 and M ® N -measurable. Then, there exists
¢, < ¢, < - -+ < fwhereeach ¢ is simple and liqu (z,y)

= f(z,y) = g9(z) = fyf (y dv(y) = lim f;, (¢, )2 (v)dv (y)
and h(y) = [y f¥(z)du(z) = hmf X(¢ (a: )du(z).
Thus, [yg(z)du(z) = [x hme v(y)ldu(e) =
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hmefY dv(y)dp(z) = hmefX (z)du(z)dv(y)
= [y llme (z)dp(z)]dv(y) = [;-h(y) dz/( ), and so
Tonelli is true.

[Note that = is true by the Monotone Convergence Theorem,
and = is true by the Case 2.]

Proof of (b) (Fubini): By T onelh h > 0= If g(z) = [h(z,y)dv(y),
then [, g(z)dp(z) = [, yhd(u x v). So,if [y hd(u x v)
< 400, then fXg z)du(z) < +o00 = {z : g(x) = o0} has
measure 0. So, f € L'(u x v) = [ v|fld(p x v) < 400
= [y v/ Td(pxv) < +ooand [y, fd(p x v) < +oo.
Let g*(z) = fyf+(w y)dv(y) and g~ (z) = [y f~ (=, y)dv(y)
=INT={z:97(z) =+0}and N~ ={z: g9 (z) =
+00}, then u(N*) = M(N )=0= IfN Nt UNT™, then
u(N)=0. Forz ¢ N, g *(z)and g~ are both finite. So,
g7 (z) =g (z) = [y fH (=, y)dv(y) — fy (z,y)dv(y) =
[y f(z,y)dv(y) = g(x) is defined for all z ¢ N.

Finally, [, .y Frd(u x v) = [x[fy £+(@,y)dv(u)ldu(e) =
fX\N [y fT (z,y)dv(y)ldpu(z). Similarly, Jxuyfd(u x v)
= [xwllyf~ (w y)dv(y)ldu(z) = [,y fdlpxv)=
fXijMd(/L X V) = [y fdp xv) =

fX\N fY z,y)dv(y)|du(z) = fX fY (z,y)dv(y)]ldu(z).
Similarly, iteration in other direction is also true.

Caution: If f € £'(u X v), then by Fubini [ [ [, f(z,y)dv(y)]du(z) =
JylUxf(z,y)du(z)]dv(y). Note thatif [y [[, f(z,y)dv(y)]ldu(z) and
[y Uxf(z, y)du(z)]ldv(y) are both finite, but [ [ [ f(z,y)dv(y)]du(z) #
[v s f(z,y)dp(z)ldv(y) = f ¢ L1(p x v). The following example
illustrate the problem:

Let X =Y = R* and 4 = v = m, Lebesgue measure.

Consider the graph in the next page.

It is clear that f ¢ L1(m x m).

0 ifx>1

First, g(z) = f[0,+oo]f (z,y)dy = { something ifz < 12 and

Jio,too1 0,400 f (@ W)AydE = fio[fio 100 f (2, y)dy]de = 1/2.
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On the other hand,
B _fo ify>1
h(y) = f[o,+ooJf (,y)dz = {something ify <1 and

_/io,+oojﬁ0,+wjf(x’ y)dzdy = flo,” [f[o,+oojf(x; y)dz|dy — —1/2.
Thus, f[o, ool f[o, oo (z,y)dydz and f[o, to0] f[o, ool (z,y)dzdy
are both finite, but f[o, o] f[o, ool (z,y)dydx =1/2 # —1/2 =

f[O,—I—oo] f[O,-{—oo] f (CZJ, y)dCEd’y /

Let (X, M, u) and (Y, N, v) be o-finite measure spaces, and get i X v on
X x Y with M ® M. Complete this measure (that is, throw in the sets of
measure 0) to get 7 X v = ) and a bigger o-algebra M & N = L.

Now, we can state the Theorem 2.37 in more general.

Theorem 2.39 (Fubini-Tonelli): Let f : X x y — R be £-measurable.
Then, f, is N-measurable a.e. z, and f¥ is M-measurable a.e. y.
The rest is the same as Theorem 2.37.



