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Theorem 2.36: Let (X, M, u) and (Y, N, v) be o-finite measure spaces.

If E € M®N, then:

() z-—ov(E;)is M-measurable and y — p(EY) is N-measurable.

2)  [xv(Bp)du(z) = [yu(EY)dv(y)

(3) Ifwesetpyx v(E)= [,v(E;)du(z), then u x v is a measure on

MN.
Proof:  First assume that v(Y") < 400 and u(X) < +oo, and let C =

{E € M®N :(1)and (2) hold.}
Claim: f E=Ax B,Ae Mand B e N,then E € C.
Proof of Claim: Let E = A x B, A€ Mand B € N. Then,

B ifeeA
Ex“(AXB)”“{@ ifz ¢ A
v(B) ifze A

_ { v(B) if S 4= V(B (). Also,y — u(E)
= u(A)x,(y). Thus, () holdfor E = A x B, A€ M
and B € N. Now, if E = A x B, then [, v(E;)du(z)
= [xv(B)x,dp(z) = v(B)u(A) and [, u(EY)dv(y)
= [y u(A)xzdv = (y)u(A)v(B). Thus, (2) also hold
for E=AXx B,andso E = A x B eC_.

- Next, suppose that E = a finite disjoint union of rectangles =

U (A, x Bj). Then, E; = |J (A, x Bj;), is still a finite disjoint
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and so z — v(E,)

=1 =1
union = v(E;) = v(J (4; X Bj)g) = ZV(A X Bj)g is
J=1 =1
measurable. Thus, (1) holds for £ = U( B;). Also, when

B =]_L='Jl(Aj x Bj), v(Ex) = Y (Aj x By, = ZV(BJ')XA.(JJ)

J=1

= [yv(B.)dp(z) = fxzu xAdu(w)—Zu(A Jv(By).

Similarly, if E = U (A; x Bj), then p(EY) = Z,u(Aj x B;)Y
=1

#(A7)x5,(y) = [yu(BY)dv(y fyZM(A )X5,dv(y)

w(A;)v(B;). Thus, (2) holds, and so E = U(A X B;)
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Claim: Let A = {U(A X Bj): Aj € Mand B; € N'} Then,

=1

A is an algebra.

Proof of Claim: Consider (A x B) U (C x D) = (ANC) x
(BND)U(A\C) x BU(C\A) x DU(ANC) x
(B\D)U (AN C) x (D\B). You can rewrite them as a
finite disjoint union. Also, (A x B)N (C x D) =
(ANC)x (BND),and (Ax B)*=(A°xY)U
(A x B°). Thus, A is an algebra, and A C C.

Claim: C is a monotone class.

Proof of Claim: Supposethat E; €« C,and E; C Ejq & - - -,
and £ = UEJ Then, (Ej)x C (Ej-{-l)a; c ... ) and Ex

- LJ_J(EJ-)J,E = v(B,) = limv((B)).) = = - v(B,) is

M-measurable. Similarly, y — ,u(Ey) is M-measurable. -
Also,if F;eCand E; D Ej; 2 -+ -,and E = ﬂEJ,

then (Ej); 2 (Ej+1)z 2 * + +,and E, ﬂ(E )x
v(E;) = limy((E-)m) since v is finite. Thus, (1) holds.

Similarly, (2) hold%/and so C is a monotone class.
So, by the Monotone Cemw%eace Theorem, the o-algebra

generatedby ACC=> M QN CC. So every E € MQN
has properties (1) and (2).
[Show that 4 X v(E) = [,v(E;)du(z) is a measure.]

Suppose that E = | JE, and E, € M@ N.
Then, E; = |J(E,): = v(E:) = Y v((Ep)s)-

n=1

So, ux v(E) = [yv(Eg)du fX )z )du(x)

= 5= er(Bn))du@) —ZMXV(E)

Proof for o- ﬁmte case: Let (X, M, ,u) and (Y, N, v) be o-finite. Then,

X =JX;and p(X;) < +oo foreach i. Also,Y = JY; and
i=1 =1

v(Y;) < +oo foreach j. IfE € M ® N, then E can be
written as ) [E N (X; x Yj;)], call these E; ; C X; x Y.

1,5=1
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By finite case, each ¢ — v((E; ;);) and y — p((E;;)Y) are
measurable functions, v(E;) = Y v((E; )z), and p(EY) =
4,J

ZZJ:/*"((EZ',j)y)' Also, [xv(E;)du(z) = ;jf xV((Bij)z)dp(z)
= %fyu((Ei,j)y)dV(y) = Jyn(E)dv(y).

General Product Measure Non o-finite Case:
Given (X, M, ) and (Y, NV, v), measure spaces, start with an outer

measure on X x Y defined by A*(E) = inf{d>_1(A;)r(B;): E C

J
UA; x Bj, A; € M and B; € N'}. Itis easy to show that A" is an
J

outer measure. It is harder to show that every set in M ® N is \*-
measurable. To do this, use theorems about measures on algebra and
show that A € M and B € N = A*(A X B) = u(A)v(B). This
always defines a measure i1 X v. In fact, when they are both o-finite
measures, this measure is the same as the one given by Theorem 2.36.

Example (The reason why Theorem 2.36 requires o-finite.)
Let X =Y =[0,1], M = N = B,, 4 = Lebesgue measure which is
finite ( = o-finite), and v = counting measure which is not o-finite.
Let D = {(t,t) : 0 <t <1} C [0, 1] [O 1] which is a diagonal of
the square. Then, D € By x By = B,,, D {a:} v(D;) =1, DY
= {y} and p(DY) = 0. Thus, [,v(D, )d,u f[o yldp =1and
[y u(Dy)dv(y) = f 0,104V = 0; they are not equal as in o-finite case.
Let D C A; x B, andC A;N B;. Then, DCU(C x C;) =

[0,1] € UC, whlch is a countable union and C, C B covering [0, 1]
j
= there exists j, such that 44(Cj ) > 0, Lebesgue measure is positive

= Cj, is an infinite set = v(C; ) = +oo = pu(C; )v(Cj,) = +oo

= A*(D) = 4o00. Thus, p X v(D) = = +o0.
Note that [, v(D;)du(z) = 1 and [, u(D,)dv(y) = 0 are different,
but finite. However, u x v(D) = = +oo is nowhere near 0 or 1.

So, when 1 and v are not both o-finite, things get bad!



