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Claim: If A€ Mand B € N, then A x B € F.
. _ B ifzeA .
Proof of Claim: (AxB)x—{Q) ifz ¢ A Since B e N
and® € NV, (A x B), € N forall z € X. Also,
A ifyeB
v — y
(A x B) {@ ify ¢ B = (A x B)Y € M for all
y €Y. Thus, A x B € F forall A € M and for all

BeWN.
Thus, MQN C F,andhence E €e M QN = E € F, that

is B, e Nforallz € Xand EY €¢ Mforally €Y.
Proof of (b): Consider f;l((a, too]) ={y: [, (¥) > a} ={(z,9):
f(z,y) > a}s . Since f is measurable, {(z,y) : f(z,y) > a}
EMRN = {(z,y) : f(z,9) > a}s, = (0, +00]) €N
STAPT 2 5 Thus, f, is M-measurable. Similarly, f¥ is M-measurable
Definition: Let X be a set. Then, C C P(X) is called a monotone class if

(o.9] .
E;eCand By CEyC - - -, then|JE; €C, andalso if E; € Cand E; 2
=1

E;, D - - -, then ﬂ E;eC.

J__.
Note: Given any collection £ & P(X) of subsets, we can talk about the
monotone class generated by £

“Exercisesb-imepage24: An algebra A is a g-algebra if and only if A is
closed under countable 1ncreasmg unions (that is, if {E;}52; C A and

Ei,CcE,C - -,thenUEj e A)
=1
Proof ( = ): Suppose that an algebra A is a o-algebra, and suppose that
{Ei}21 CAand E; C E; C - - -. Then, UE € Aby the

J_
definition of o-algebra.
Proof ( < ): Suppose that 4 is an algebra, and .4 is closed under
countable increasing unions. Let {An} 21 C A, andlet B; =

Ay, By = A;{UA,, - - -. Then, UAn= UBn, and also
=1 n—l
By C By C - - . Thus, UB € A and so UA € A.

Therefore, A is a o- algebra.
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Monotone Class Theorem 2.35: Let X be a nonempty set, and A C P(X)
be an algebra. Then, the monotone class generated by A is equal to the o-
algebra generated by .A.

Proof:

Let X be a nonempty set, and A C P(X) be an algebra. Also,
let C be the monotone class generated by .4, and M be the o-
algebra generated by .A. Since every o-algebra is a monotone
class, C C M.

[Show that M C C. Itis enough to show that C is a o-algebra.]
Fix E€C,andletCg, ={Fe€C: F\E,E\F,ENFeC}. It
is clear that ) € Cp and E € Cg. Now, F' € Cg if and only if
E € Cp.

[Show that Cz is a monotone class. ]

Let F; € Cp, i CF, C - - +,and F = |JF;. We know that

J

F eC, F;\E € Cforall j,and F,\E C F;;;\F (increasing.)

This implies that | J(F;\E) = F\E € C. Next, ENF; € C for
J

all j, and E N F; C E N Fjy (increasing) implies that
U(ENEF;)=ENF eC. Also, E\F; € Cforall j, and E\ F}

J
D E\ F;1 (decreasing) implies that (|(E\F;) = E\F € C.
J
Thus, F = |JF; € Cp. Similarly, if F; € Cp and F; D Fyq,
j .

then (F; € Cg. Therefore, Cg is a monotone class.
J

[Show that Cg = C.]

IfE,F e A then F € Cp = A C Cg whenever E € 4 =

C CCr = C =Cg whenever E € A.

[Show that C is an algebra.]

Since X € A,C=Cx. Thus, EeC=>FEe€Cx =X €Cg
forany E € C. So,if E € C, then X\E = E° € C. Also, if
E,F €C,then E\F,F\E,ENF €C. Thus,Cis an algebra.
[Show that C is a calgebra, and thus M C C.]

By Exercise 4 in page 24, C is a o-algebra. Thus, M C C and
so M =C.
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Theorem 2.36: Let (X, M, u) and (Y, NV, v) be o-finite measure spaces.
IfE € M®N, then:
1 z— I/(E ) is M-measurable and y — p(EY) is N-measurable.

Q) [yv(Eg)du(z fy#(Ey dv(y)

(3) Ifwesctpy x v(E) = [yv(E;)du(z), then u x v is a measure on
MRN.
Proof:  First assume that v(Y") < +o0 and p(X) < 400, and let C =

{E € M®N :(1)and (2) hold.}
Claim: f E=Ax B,Ae€ Mand B € N,then E € C.
Proof of Claim: Let E = A x B, A € M and B € N. Then,

Emz(AxB)x={B ifre A

) ifzdA and so z — v(E;)
:{I/(B) ifre A

0 ifrd A= v(B)x,(z). Also,y — u(EY)

= p(A)x,(y). Thus, (1) holdfor E = A x B,Ae M
and B € N. Now, if E = A x B, then [, v(E;)du(x)
= [xv(B)x,du(z) = v(B)u(A) and Jyu(EY)dv(y)
= [, u(A)xzdv = (y)u(A)v(B ) Thus, (2) also hold
forE=Ax B,andso E=Ax B €C_.

- Next, suppose that E = a finite disjoint union of rectangles =

U (4; x Bj). Then, E; = |J (4; X Bj), isstill afinite disjoint
J=1 j=1
union = v(E;) = z/(U (A; x Bj);) = Zv(Aj X Bj)z is
J._..
measurable. Thus, (1) holds for E = U (A; x B;). Also, when

j=1

= U4 x B), v(B2) = v(4 x By)a = Sv(By)x,, (a)

o g=1

= [xv(Ez)du(z) = fXZV Bj)X., d#(w ) = ZM(A Jv(B;).

Similarly, if £ = LnJ(A x B;), then pu(EY) = Z,u(A x B;)Y
J:

n

= 21 As)xs, (v) = Jyu(EY)dv(y) = fyZu 3%, (Y)
= Z: p(A;)v(B;). Thus, (2) holds, and so E = U(A X Bj)

eC.
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