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Functionsof a Real Variable Pogesss

Proof of (b): Proposition 2.16, [|f —gldu=0<«]f —g| =0a.e.
Also, |f —g|=0a.e. < f =ga.e. Thus, [|f—g|dp=0
& f=ga.e. Now,let E € M. Then, [|f —gldu=0, &
Jelf —gldp=0. But, 0 < | [5(f — g)du| < [g|f — gldu
= 0. Thus, [,(f — g)dp =0, and so [, fdp = [pgdu for all
E € M. Next, suppose that [, fdu = [pgdp forall E € M.
(Complex case) Then, [Refdu = [pRegdp and [pImfdu
= [gImgdpforall E € M = [,(Ref — Reg)dy = 0 and
[e(Imf — Img)dy = 0 for all E € M. Next, suppose that
E ={z: Ref(x) — Reg(z) > 0}. Then, [,(Ref — Reg)du
= [p(Ref — Reg)*du. Therefore, by Proposition 2.16,
p({z € E: Ref(z) — Reg(z) > 0}) = 0. Also, suppose that
E¢ = {z: Ref(z) — Reg(z) < 0}. Then, u(E°) = 0. Thus,
Ref = Reg a.e. Similarly, Imf = Imga.e.,andso f = g a.e.

Remark: Let f: X — R be measurable and [|f|du < +o0o. Then,
[ftdp < 4ooand [f~dp < 400 = p({z: fT(z) = +o0}) =0,
p{z: f(z) = +o0}) =0, u({z : fT(z) = —o0}) =0, and also

p({z : f~(z) = —o0}) = 0. So, up to a set of measure 0, f is real-valued.
Thatis, f : X — R. "Throwing away the set of measure 0" does not effect
integration.

Motivation: Define f ~ gifand onlyif f = g a.e. Then, we see that ~
is an equivalence relation. Now, let N = {h : h = 0 a.e} C L1(u). Then,
N is a vector space, and f = g a.e. ifand only if g = f + h for some
h€N. Also,cosetsare [fl={g: 9~ f} ={g9:9=fae}=f+N.

Definition: L'(u) = {[f]: f € LY (1)} = L' (u)/N

- Proposition: Define p([f], [9]) = [|f — g|dx. Then, p is well-defined, and
is a metric on L*(p).
Proof:  Suppose that f, ~ f, and g, ~ g,. Then, f, — g, ~ f, — g,, and
SO f1 -9, = fz —g,ae = flfl _gl|d/‘b = flfz “gzldu'
Thus, p is well-defined. It is clear that p([f], [g]) > 0. Thus, p
is nonnegative. Also, p([f],[9]) =0« [|f —gldpu=0%
f = g a.e.(by Proposition 2.23) & f ~ g < [f] = [g].
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Next, o([f], [9]) = [1f — gldu = [lg — fldu = p([g], [f])-
Thus, p is symmetric. Finally, given [f], [g], [h] € L* (1),
o((F1:[g) = J1f — gldu = [1(7 — B) + (b — g)ldn <

J(f —hl+|h—gl)dp= [|f —hldu+ [|h —gldp =
p([f], [k]) + p([R], [g]). Thus, the triangular inequality holds.
Thus, p is a metric on L' (not on £!.)

Note: In this metric space, [f,] — [f] & p([£.], [f]) = 0 & [If, — fldu

— 0.

Theorem 2.24 (Lebesgue Dominated Convergence Theorem - DCT)
Let {f.} C LY (u), f, — f a.e. and there exist g € L' (u) such that | f, (z)|
< g(z) a.e. Then, f € L}(u) and [ fdp = hmff du.

Proof:  (Real case) Let { £.} € LYw), f, — f a.e. and there exist
g € L1(un) such that |f, ()| < g(z) a.e. & |f(z)| < g(z) =
g(z) + f.(z) > 0a.e. and g(z) — f.(z) > 0a.e., and also
g(z) + f(z) > 0 a.e. and g(z) — f(z) > 0 a.e. By Fatou's
Lemma, [(g+ f)dp < li}bnz'nff(g + f)dp = [fdu+ [gdp

< [gdp + lignz'nfffnd,u = [fdu < lignz'nfffnd,u. Also,
similarly [gdu — [fdu= [(g— f)dp < liminff(g-—- f.)dw
—llmmf(fgd/,z [f.dw)= fgdu—hmsupffd,ué

— ffndu < —limsup[f du= [f.dp>limsup[f dp.
Thus, the limit exrists, and li%n [fdu=[ fdun.

Theorem 2.25: Suppose that {f,} C £'(r) and 3 [|f,|du < 4oco. Then,
=1

> f,(z) converges a.e. Also,if welet f(z) =3 f,(x), then [ fdu =
=1 =1

o0 o0
I fdu =3[ fidp.

=1 =1

Proof:  Define g(z) = ZI f;(z)|. (Notice that g(x) = +oco sometimes.)

Then, Sy(z) = Z| f,(z)| = Sy /" g. Thus, by the Monotone

j=1
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N
Convergence Theorem, [gdy = lim [Sndp = limz [17,|dp

Zf|f |dp < +00. So, g(z) > 0 and [gdy < +oo implies that

,u({a: g(z) — 4+00}) — 0. Now, let N — {z : g(z) — +oc}.
Then, if z ¢ N, then g(z) < +oc0 = ifx ¢ N, then }_|f,(x)|
=1

o0

< +oo = ifz ¢ N, then f(z) = > f.(x) < +oo since
=1

o0
absolute convergence = convergence. Thus, f(z) = > f,(z)

is finite a.e.

Finally, if h, (2) = 3 £,(e), then [B, (¢)] = |3 £,(2)| <
=1 =1

S°|£,(z)| = g(x) and h, (z) — f(z) a.c. Thus, by Dominated
N
Convergence Theorem, [ fdu = li]{]n [hydp = li]{rn [> fdp =
=1
N 00
lg{anffjdﬂ: > [ fdu.
=1 =1

BEED): Let f(2) =7 Y2if0 <z < 1,

f(z)=0 othermse Let {r.}= enumeratlon of the rationals, and set

g(z) = 22 "f(z —r, ). Then:

(a)
(b)

Proof:

g € L1(m), and in particular g is finite a.e.

g is discontinuous at every point and unbounded on every
interval. Z rd%whcji )

[fdm = RJ; 1/2daz-hﬂ)1R [le 1/2da:——11§)12w1/2]

13{6‘(2 —24/€) =2. So, [ fdm = 2.
Let {r_} enumerate all rationals. Let g(z) = > 27" f(z — ).
. n=1

Then, [gdm = fi 27" f(z —r, )dm = §f2""f(:c —r )dm
n=1

=Y 27" [f(z—r,)dm = 22‘” 2 < +oo. Thus, [ gdm

n=1 n=1
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< +00, and so g is finite a.e.Therefore, for almost all z,

o

> 27" f(z — r_) converges and we have calculated its integral,
n=1

and g(z) is unbounded in the neighborhood of every rational
numbers = g(z) is discontinuous at every rational number.

Theorem 2.26: Let (X, M, 1) be a measure space. If f € LY(u) and e > 0,
then there exists ¢ = > a.x E, which is integrable and simple such that

[|f — ¢|du < €. [That is, simple functions are dense in (L(u), p) which is
a metric space.] If p is Lebesgue-Stieltjes measure on R, then the set E; can
be taken to be a finite union of open intervals. Moreover, in this case
(Lebesgue-Stieltjes measure), there exists g which is a continuous function
that vanishes outside of a bounded interval and [|f — g|dp < e.
Proof (Real case): Write f = ft — f~. Then, we have simple functions
¢,/ fTandy ' f~. Thus, by the Monotone Convergence

Theorem, lirl;nf(bnd/,n = [ftdp and 1i7£nf¢nd/,a = [fdp.
Thus, lignf(f+ — ¢ )du = 0 and lignf(f‘ — 1 )du = 0.

Next, look at [|f — (¢, = ¥,)|du = [|f* = f~ =, + 3, |du
< JUft—¢.| +1f~ —,|ldu — 0. Pick n, such that ¢ =

=20, Xs,

Now, assume that y is a Lebesgue-Stieltjes measure. Then by
Proposition 1.20 (Littlewood's First Principle), there exists Uy,
a finite union of open intervals such that y(E; A U;) which is

arbitrarily small. Lety = Za Xy, Pick ¢ = Za Xz, such

that [|f — @ldu < €/2. Then [If - fyld/,b<f If — | +
¢ —)du <e/2+ fl_Zlaj(xE,. — Xg)ldp < €/2+
=

N N
lela’j”XEj - XUde/*‘ = 6/2 + Zl|a'j|lu’(Ej A UJ) < 6/2 + 6/2
j= j=

= € by picking U; such that u(E; A U;) < €/2(|la,| +1)N
Finally, given a U; which is a finite union of open intervals, » Xy,
is 1 on these open intervals. Pick g, contmuous such that

J1Xs, — 9;|dp is arbitrarily small. Let g = Za g, to get



