PMATH 340 Number Theory, Solutions to the Exercises for Chapter 3

: (a) Make a table of powers in Zso, showing the values of 2 for all 2 € Zy; and all 1 < k < 7.

Solution: Here is the table of powers modulo 21.

zx 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
2 01 4 9 16 4 15 7 1 18 16 16 18 1 7 15 4 16 9 4 1
z 01 8 6 1 20 6 7 8 15 13 8 6 13 14 15 1 20 15 13 20
2 01 16 18 4 16 15 7 1 9 4 4 9 1 7 15 16 4 18 16 1
2> 0 1 11 12 16 17 6 7 8 18 19 2 3 13 14 15 4 5 9 10 20
22 01 1 15 1 1 15 7 1 1 1 1 15 1 7 15 1 1 15 1 1
27 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(b) Find the order of each element in Uy;.

Solution: Using the table in part (a) we can list the orders:

z 1 2 4 5 8 10 11 13 16 17 19 20
lZl 1 6 3 6 2 6 6 2 3 6 6 2

(c) Solve 210 = z in Zy;.
Solution: In Zy; the table of powers repeats every 6 rows beginning with row 1, and 100 = 4 mod 6, so

2100 = 24 for all & € Zoy1, and from row 4 of the table of powers we have

0= —= 2'*=2 < £=0,1,4,7,9,15,16 or 18.

: (a) Find 724, 143%2 and 1102!1°! mod 1100.

Solution: Note that 1100 = 22 - 5% - 11 so ¥(1100) = lem(2, 20, 10) = 20 and k(1100) = 2: the table of powers
repeats every 20 rows beginning with row 2. Since 24 = 4 mod 20 we have 7?4 = 7% = 2401 = 201 mod 1100.
Since 962 = 2 mod 20 we have 143962 = (143)? = 20449 = 649 mod 1100. Since 1102 = 2 mod 1100 and
1101=1=21 mod 20 we have 1102101 = 22! = 2097152 = 552 mod 1100.

(b) Find 421022 mod 6300.

Solution: 6300 = 2232752 s0 ¥(6300) = lem(2,6,6,20) = 60 and k(6300) = 2: the table of powers repeats
every 60 rows beginning with row 2. Since 2142=42 mod 60 we have 4210%!42 = 4210*? mod 6300. Note that
42=32+48+2, so 4210%2 = 421032 - 4210% - 4210%2. We make a list of powers of 4210 modulo 6300:

k 1 2 4 8 16 32 42
4210F 4210 2200 1600 2200 1600 2200 4600

Thus 42102142 = 4600 mod 6300.

: (a) Find 52347°°” mod 37.

Solution: Note that 523 = 5 mod 37, 1(37) = 36, 470=2 mod 36, 1(36) = (2*-3%) = lem(2,6) = 6, 654=0=6
mod 6 and 26 = 64 = 28 mod 36, and so 523470 = 52° = 528 = 51658 . 54 ;0d 37. We make a list of powers

of 5 modulo 37:
k 1 2 4 8 16 28

5F 5 25 33 16 34 7

Thus 52347 = 7 mod 37.
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(b) Find 60 mod 19
Solution: 60=3 mod 19, 1(19) = 18, 59=5 mod 18, ¢(18) = 6, 58=4 mod 6, 1)(6) = 2 and 57=1 mod 2, so

557"'1 1
6059 —3%" —313-38.34.31 —6.5.3=90=14 mod 19.



4: (a) Find the largest integer n such that ¢(n) = 12.
Solution: We begin by finding ¢(p*) for all prime powers p* for which ¢(p*) < 12:

62)=1 o@3)=2 6B)=4 67 =6 ¢11)=10 ¢13)=12
6(4)=2  6(9) =6
6(8) = 4

o(16) =8
For each prime p we choose the largest value of k& > 0 for which ¢(p*) | 12, then we multiply these prime powers
together to get n =8-9-5-7-13 = 32760.
(b) Find every positive integer n such that ¢(n) = 60.

Solution: We begin by finding ¢(p*) for all prime powers p* for which ¢(p*) < 60, and we list those for which
$(p")]60:
p2)=1 ¢(3)=2 o(5)=4 ¢(7)=6 ¢(11)=10 ¢(13)=12 $(31) =30 ¢(61) =60
Pp(4) =2 ¢(9)=6 ¢(25) =20
P(8) =4
Note that the only four prime powers p* on this list for which ¢(p¥) is a multiple of 5 are p* = 11, 25, 31 and
61, so to get ¢(n) = 60, one of these four prime powers must be a factor of n. Also note that 25 cannot be a

factor of n since 60 = ¢(25) - 3 and there is no prime power p* with ¢(p*) = 3. Thus n must have a factor of
11, 31 or 61. This helps to list all the possible values for n:

n =61, 61-2=124, 31-3=93, 31-3-2=186, 31-4=124, 11.7=77, 11-7-2=154, 11-9=99, or 11-9-2=198.
From smallest to largest, the possible values for n are 61, 77, 93, 99, 122, 124, 154, 186 and 198.

5: (a) Us; is cyclic and is generated by 2, so we have Ug; = {1, 2,22,23 ..., 253}. Find the number of squares,
the number of cubes, and the number of twelfth powers in Ug;.

Solution: Recall that for an element a of order |a| = n in a finite group G, we have (a*) = (a?) where
d = ged(k,n) and |a*| = n/d. In Ug; we have |2| = |Ug1| = ¢(81) = 54. The set of squares in Ug; is the set
Qs1 = (2%) = {1,22,24,26,.. .}, and so the number of squares in Us; is |Qs1| = [2%| = m =5 =o1.
The set of cubes in Ug; is the set (23) = {1,23,26 29 ...} so the number of cubes is [23| = m =3 =18
The set of twelfth powers is (2'2) and the number of twelfth powers is ﬁ‘és@ = % = 9. More generally, if

n = p* where p is an odd prime, then the number of m'" powers in U, is equal to %.

(b) Ujag is generated by —1 and 5 and we have Ujog = {i 1,45, +£52,-- -, i531}. Find the number of squares,
the number of cubes, and the number of twelfth powers in Ujosg.

Solution: In Ujag we have |5| = 32. The set of squares in Ujag is the set Q128 = (5%) = {1,5%,5%,5% -} so
the number of squares is [Q2] = [5%] = 2.~ = 32 = 16. The set of cubes is generated by -1 and 5 and is

ged(2,32)
equal to {£1,£53 +5% +5% ...} so the number of cubes is 2 - |53| = gc§{§232) = 64. The set of twelfth powers
is (512) = {1,5'2,52* 536 = 5% ...} so the number of twelfth powers is |5'%| = m = 32 — 8. More

k—2

generally, if n = 2% with k& > 3, then the number of m!”" roots in U, is equal to if m is even and

ok—1 . .
W if m is odd.
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