PMATH 333 Real Analysis, Assignment 3.5 Not to be handed in

: For each of the following sequences of functions (f,)n>1, find the set A of points « € R for which the sequence

of real numbers (fn(:r))n>1 converges, find the pointwise limit g(z) = lim f,(x) for all x € A, and determine
= n— oo

whether f, — ¢ uniformly in A.
(a) fu(z) = (sinz)"
(b) fulz) =xe

(c) falz) = 2" — "

: Let (an)n>1 be a sequence in R, let (f,)n>1 be a sequence of functions fr,: ACR - R,let g: ACR—R
and let h: R — R.

(a) Suppose that ) -, a, converges and ’fn“(x) — f"(x)| < a, for all n > 1 and all x € A. Show that
(fn)n>0 converges uniformly on A.

(b) Suppose that f, — g uniformly on A and f,(x) > 0 for all n > 1 and all z € A. Show that \/f, — /g
uniformly on A.

(¢) Suppose that f, — ¢ uniformly on A, g is bounded, and h is continuous. Prove that ho f,, — hog
uniformly on A.

: (a) Approximate 271/% by a rational number so that the error is at most %.

0 3
(b) Evaluate

n
.
n=1 3

(c) Evaluate >’ (741)" (2:)
n=0

: (a) Let s, =Y p_gax forn > 0. OSohovv that if the power series Y~ a,2™ has a positive radius of convergence,
then so does the power series ) " | s,z™.

(&)
(b) (The Riemann Zeta Function) Define ¢ : (1,00) — R by ((z) = Y. -L. Prove that ¢ is differentiable

=1
on (1,00). Hint: use the Weierstrass M-Test, together with convergencg tests from first year calculus, to show

that for all » > 1 the series > - and Y. =% hoth converge uniformly on [r, c0), then apply The Uniform

n® n

Convergence and Differentiation Theorem.



