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In [2], Frayne ¢t al. gave an example of a simple group with ultra-
powers which are not simple. In this paper* we will obtain necessary and
sufficient conditions for a Boolean ultrapower to be simple, or subdirectly
irreducible, provided the language is countable.

Let 9 = <4, ) be an algebra, and B = <(B, v, A,’, 0,1) a Boolean
algebra. Assume that B is complete if U is infinite. The Boolean power
A[B] has as its universe (written |A[B]|) the set of all mappings a of A
into B such that

(i) if @, b € A, a # b, then a(a)A a(b) = 0;
(ii) V a(a) = 1.

acd
The fundamental operations are defined by
(iii) flagy..-y@u_y)(@) =V {a(@) A ... A ay_y(@n_y): f(ayy... 8, ;)= a}.
Let % be an ultrafilter on a Boolean algebra B. Define the relation
04(A) on A[B] by

04(A) = {<a, B> € |AB]*: a&“(“)‘“ﬁ(“) e .

It can easily be shown that 6, () is a congruence on A[B]. We denote
the quotient algebra A[B]/04(A) by A[B]/%, and call it a Boolean ulira-
power of A. For & e |[U[B]| let [£], denote the image in [A[B]/%|.

Remark 1. If B ~ 27 for some I (where 2 is the two-element Boolean
algebra), then A[B] =~ A[27] =~ AL. Therefore, A[B]/% =~ ! |u, and the
Boolean ultrapower in this case is just the familiar ultrapower.

An algebra U is simple if |A| > 1 and the only congruence relations
on A are 4, and V,, where 4, = {<a,a):aec A}, and V, = A X A.
An algebra ¥ is said to be (a, b)-irreducible if a # b and every non-trivial
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congruence on U identifies a« and b. An algebra U is said to be subdirectly
irreducible if there are a, b € A such that U is (a, b)-irreducible. A simplic-
ity sentence is a first-order sentence all models of which are simple. Simi-
larly we define a subdirect irreducibility sentence.

An ultrafilter  on a Boolean algebra is said to be w-complete if,
whenever {r,: n < o} € %,

Ao, e¥.
n<w

« is said to be w-incomplete if it is not w-complete.

Remark 2. Principal ultrafilters on Boolean algebras are always
w-complete. Therefore, B must be infinite in order that wo-incomplete
ultrafilters may exist.

An algebra U is a-saturated if every sct of formulae {o;(®): 7¢I}
in the language of %A, with fewer than « parameters from ||, which is
finitely satisfiable in 9 is also satisfiable in 2A.

From now on we assume that the language of U is countable.

LuMMA 1. An o-saturated algebra W satisfies a simplicity (subdirect
irreducibility) sentence iff U is simple (subdirectly irreducible).

Proof. For the non-trivial direction, assume that A does not satisfy
a simplicity sentence. Taylor has shown in [4] that, for any a, b, ¢, de A,
(ey d) € O(a, b) iff there exists an existential positive formula ¢(, y, %, v)
which satisfies certain conditions, and U |= ¢(a, b, ¢, ). Let {p;(@, ¥, 4, v)};<0
be all such formulae in our language. From [4] one can conclude the
following:

(1) A is not simple iff, for some a, b, ¢,d € 4,

A= Tloi(a, b, 0, d)&a #b  for all i < w;

(2) for every choice of :p,o(:v, Yy Uy 0)y oevy @y (@) Yy Uy 0),

Vaoywo (o #y >V ... Vo)
is a simplicity sentence.

Therefore, suppose that % does not satisfy a simplicity sentence.
Then, for any iy, ..., 1, < @,

(3) Ak TV ayuwo(@ #y >,V ... Vo).

Let I" be the set of all formulae of the form

(@ # 9)&(Tgi(2, ¥, v, v)).

From (3) we see that I' is finitely satisfiable in 2. Since U is w-satu-
rated, and the members of I" contain no parameters from ||, I" is satis-
fiable in 2. (1) now implies that A is not simple. A similar proof holds
for the subdirect irreducibility case.
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Now we need two results in [3].
LenmaA 20 If % is an o-incomplete wilrafilter on a Boolean algebra B,
then W[V« is w,-saturated.

LeMMA 3. Let &y, ..., &, € [ U[B]| and suppose that o([& ]y, .-y [Ea]a)
is a sentence. Then

WAB) /U 1= o([&o)as -y [5a]a)
iff
Viéo(a) A ... Ady(ay): Al=o(ay,...,a,)}eu.

TuroreM 1. Let B be a Boolean algebra, and % an ultrafilter on B.
Then A[B/u is simple (subdirectly irreducible) iff either % is w-complete
and W is simple (subdirectly irreducible) or A satisfies a simplicity (subdirect
irreducibility) sentence.

Proof. We will consider the case of simplicity — the subdirect
irreducibility case has a similar treatment. If 9 satisfies a simplicity sen-
tence, then, since ¥ can elementarily be enibedded in A[B]/% (see [3]),
A[B]/% is simple. So assume that A is simple and # is w-complete. Let
the formulae ¢ mentioned in the proof of Lemma 1 be enumerated as
Tollows: @y, @1y cvvy @uyoe. (< w). Let

Si = {Kagy ay, ey €101 W= gy(ay, ay, ¢y, 1)}
Liet &, 9, o, f be arbitrary elements of [B]] such that
V &(ag)An(a,) e %
ap#ay

(i.e. [£]y # [n]y in |A[B]/%]). Then, since A is simple,
V' V{&(ao) A n(ay) A aleo) A B(er): <@gy Gyy 0y 0,0 €8} €.

i<m
Hence (by w-completeness) for some i << o we have

{&(ao) A m(ay) A a(cy) A Bley): Lay, ay,¢,¢)€S}e,
i.c.

UBU = @i([Ewy [0]as [a)us [Bla)s

so A[B]/% is simple.

Now, assume that A[B]/# is simple and % is -incomplete. By
Lemma 2, A[B]/% is o,-saturated, hence o-saturated. By Lemma 1,
together with the fact that U is isomorphic to an elementary substructure
of A[B]/#, the proof is complete.

COROLLARY. For a given algebra W and for a given infinite Boolean
algebra B, A (B« is simple (subdirectly irreducible) for all % iff A satisfies
@ simplicity sentence (subdirect irreducibility sentence).
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In view of Remark 1 the above applies to a special case of ultrapow-

ers. Indeed, a similar result can be stated for ultraproducts.

TuEOREM 2. Let % be an ultrafilter on a given infinite set I, and assume

that the language of our algebras W, is countable. Then [] A% is simple
(subdirectly irreducible) iff either ¥ is w-complete and *!

ft eI: A; is simple (subdirectly irreducible)} € %

or, for some simplicity sentence (subdirect irreducibility sentence) o,

(1]
(2]

[3]
(4]

ftel: ;l=o0}eu.
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