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Abstract

In this paper we investigate the effect of a prescribed superficial shear stress on the generation and structure of roll
waves developing from infinitesimal disturbances on the surface of a power-law fluid layer flowing down an incline.
The unsteady equations of motion are depth integrated according to the von Kármán momentum integral method to
obtain a non-homogeneous system of nonlinear hyperbolic conservation laws governing the average flow rate and the
thickness of the fluid layer. By conducting a linear stability analysis we obtain an analytical formula for the critical con-
ditions for the onset of instability of a uniform and steady flow in terms of the prescribed surface shear stress. A nonlinear
analysis is performed by numerically calculating the nonlinear evolution of a perturbed flow. The calculation is carried out
using a high-resolution finite volume scheme. The source term is handled by implementing the quasi-steady wave propa-
gation algorithm. Conclusions are drawn regarding the effect of the applied surface shear stress parameter and flow con-
ditions on the development and characteristics of the roll waves arising from the instability. For a Newtonian flow
subjected to a prescribed superficial shear stress, using an analytical theory, we show that the nonlinear governing equa-
tions do not admit roll waves solutions under conditions when the uniform and steady flow is linearly stable. For the case
of a general power-law fluid flow with zero shear stress applied at the surface, the analytical investigation leads to a pro-
cedure for calculating the characteristics of a roll waves flow. These results are compared with those yielded by the numer-
ical procedure.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It has been observed that the steady flow of a uniform fluid layer down an inclined open channel becomes
unstable under certain conditions. The instability leads to a flow of non-constant depth consisting of progres-
sive bores connected by sections of gradually varying flow. The appearance of this wave system which is
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referred to as ‘roll waves’ has significant implications for flows in man-made conduits and various flows in the
environment.

Due to the relevant impact of the instability of flow down an incline, it is important to theoretically deter-
mine the critical conditions for the onset of instability and to predict the evolution of the unstable flow. By
performing a linear stability analysis on the governing equations, one determines the range of the flow param-
eters for which infinitesimal disturbances grow exponentially in time. However, as the disturbances grow the
nonlinear interactions become significant and a nonlinear analysis must be conducted in order to predict
the subsequent evolution. The shallow-water equations have been widely used as the equations governing
the velocity and depth of the fluid layer. Dressler [1] considered the shallow-water equations augmented with
an empirical term to model the turbulent frictional force. He developed a theory for obtaining roll waves solu-
tions based on the assumption of a permanent and periodic depth profile consisting of smooth segments con-
nected through jump discontinuities satisfying the shock conditions. Later, Brock [2] extended this theory to
account for the weight of the shock, which is relevant for cases with large channel inclination. He presents
experimental findings which confirm the theoretical predictions. Recently, Di Cristo and Vacca [3] have car-
ried out a linear stability analysis for the shallow-water equations determining the instability to be of convec-
tive type. Yu and Kevorkian [4] use a multiple scale asymptotic expansion to analyze the evolution of a
periodic initial disturbance to a roll waves solution under unstable flow conditions. Needham and Merkin
[5] added an eddy diffusion term to the equations used by Dressler which subsequently admit continuous peri-
odic solutions. The diffusive term is also considered by Hwang and Chang [6] who use a different technique to
analyze the roll waves solutions. Noble and Travadel [7] investigate the existence of periodic solutions in the
case of small eddy viscosity.

It must be pointed out that the shallow-water equations are based on the assumption that the longitudinal
velocity is uniform with depth (flat velocity profile) and are thus only appropriate for high Reynolds number
flows. For laminar flows, the governing equations must account for the variation of the velocity with depth
due to viscous effects, and incorporate the rheological properties of the fluid. In order to include the variation
of the velocity with depth, an accurate approximation can be obtained by assuming the velocity profile to be
the same as that of the uniform and steady flow. This approximation is used in connection with von Kármán’s
momentum integral method which consists of depth integrating the equations established under the assump-
tion of moderate Reynolds number flow and disturbances of long wavelength (small aspect ratio). Julien and
Hartley [8] have found the theoretically determined celerity of roll waves based on this assumption to be in
good agreement with their experimental findings for laminar Newtonian flow in inclined channels.

Various extensions have been made to the stability of flow down an incline problem in order to model flows
in environmental settings. For example, Balmforth and Mandre [9] have investigated the effect of bottom
topography on the instability of the uniform flow and the formation of roll waves. Liu et al. [10] determine
that the appearance of roll waves results in an increase of the shear stress in the flow which accelerates soil
erosion in overland flows.

The study of flow down an incline can also be extended to produce results better applicable to environmen-
tal flows if one considers cases when the fluid possesses non-Newtonian rheological properties. Fluid mud can
exhibit such properties in various naturally occurring flows [11]. For example, mud flows in mountainous
regions caused by intense rainy periods often exhibit series of intermittent bores. The bore fronts have the
force to cause severe property damage and inflict significant topographical changes. Molten lava from volcanic
eruptions can have a similar impact. Ng and Mei [12] investigate the laminar flow of a shallow layer of mud
down an incline by using a shear thinning power-law rheological model. In simple shear, the power-law shear
rate–shear stress relation is expressed as [13]
s ¼ l
ou
oz

ou
oz

����
����
n�1

;

where l is the consistency and n is the power-law index of the fluid. For shear thinning fluids n is between 0
and 1, and the special case with n = 1 corresponds to a Newtonian fluid with l denoting the dynamic viscosity.
Ng and Mei [12] carry out an analytical investigation by seeking roll waves solutions characterized as periodic
shocks connected by smoothly increasing depth profiles. They obtain necessary conditions for the existence of
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roll waves, and present a procedure for calculating the wavelength, speed, and wave height of the roll waves.
The power-law model is also adopted by Hwang et al. [14] who include the effect of surface tension and per-
form a linear stability analysis of film flows down an inclined plane.

Balmforth and Liu [15] utilize the Herschel–Bulkley rheological model under the assumption that fluid mud
consisting of suspended clay particles forms a cohesive structure that can resist a certain level of stress without
deforming. Balmforth et al. [16] gain insight into non-Newtonian effects on the instability of flowing films by
conducting an experimental investigation of low Reynolds number flows of aqueous concentrated suspensions
of cornstarch down an open rectangular channel.

In the present paper we consider the effect of wind stress acting on the surface of a non-Newtonian fluid
layer flowing down an incline. An investigation of this effect should provide a more realistic description of
flows taking place in the environment. The surface wind stress is implemented into the theoretical model
for the flow through a prescribed shear stress at the free surface of the fluid layer. This approach for incor-
porating the effect of wind stress was previously studied in connection with the study of wind aided spreading
of oil on the sea [17].

In order to carry out our investigation we employ the power-law model to describe the rheology of the fluid
and apply von Kármán’s momentum integral method to obtain a model for the flow down an incline with a
depth dependent longitudinal velocity. By conducting a linear stability analysis, we obtain an analytical for-
mula for the relationship between the Reynolds number, the inclination of the plane, and the wind shear
parameter which describes the critical conditions for the exponential growth of infinitesimal disturbances.
Using the approach of Ng and Mei [12] we analytically obtain necessary conditions for the existence of roll
waves for the case of a Newtonian flow subjected to surface shear stress acting in the downhill direction.
We also carry out a nonlinear stability analysis by numerically solving the nonlinear governing equations
to determine the evolution of small disturbances imposed on the uniform and steady flow. This numerical
approach to nonlinear stability analysis was also employed by Zanuttigh and Lamberti [18], Maciel [19],
and Balmforth and Mandre [9]. For cases when the prescribed superficial shear stress is set equal to zero
the characteristics of the roll waves provided by our numerical solutions are compared to those calculated
using the procedure outlined by Ng and Mei [12].
2. The governing equations

Consider the two-dimensional laminar flow of a thin layer of a power-law fluid down an incline at an angle h
with respect to the horizontal. We define an (x,z) coordinate system with the x-axis along the incline and the
z-axis normal to it. We denote the velocity and the total pressure by u = (u,w)T and p, respectively. We assume
the characteristic longitudinal length of the flow, L, to be much larger than the characteristic depth, H, with the
depth varying slowly in time and in the longitudinal direction.

The equations of motion for the layer are obtained from the Navier–Stokes equations by neglecting terms
of O(�2) with � = H/L being the aspect ratio, and are expressed as [12]
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where g is the acceleration due to gravity, and q, n and l are the mass density, the power-law index, and the
consistency of the power-law fluid respectively.

The effect of wind stress can be incorporated into the model by prescribing the shear stress sw at the surface
of the layer. If we assume that Oð�2Þ < sw

qU2 6 Oð�Þ and Oð�2Þ < 1
Re 6 Oð�Þ with the Reynolds number defined as

Re ¼ qU2�nHn

l , where U denotes the characteristic velocity, and neglect terms of O(�2) then the continuity of
stress condition at the surface reduces to
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The kinematic condition at the surface is given by
w ¼ oh
ot
þ u

oh
ox

at z ¼ hðx; tÞ; ð5Þ
while at the bottom we have
u ¼ w ¼ 0 at z ¼ 0: ð6Þ

Integrating Eq. (3) and using the boundary condition (4) we find the expression for the total pressure to be
p ¼ g cos hqðh� zÞ:

Inserting these expressions into the x-momentum equation (2) we obtain
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2.1. Depth-averaged equations

For a uniform steady flow these equations together with the boundary conditions (4)–(6) can be solved to
give
uðzÞ ¼ ð2nþ 1Þ�uh
ðhþ T Þ1þ1=n � jhþ T � zj1þ1=n

ð2nþ 1Þhðhþ T Þ1þ1=n � n½ðhþ T Þ2þ1=n � T jT j1þ1=n�
; ð8Þ
where
T ¼ sw

qg sin h
and �u is the depth-averaged velocity given by
�u ¼ 1

h

Z h

0

uðzÞdz:
Since we are dealing with a small aspect ratio flow which varies slowly in the longitudinal direction, we can
apply von Kármán’s momentum integral method. We thus assume that the relationship between the velocity
and the fluid depth for the steady flow is also true when these quantities are time dependent and non-uniform.

Depth-integrating the continuity Eq. (1) and the momentum Eq. (7) over the fluid layer we obtain
oh
ot
þ oðh�uÞ
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where
w ¼ ð2nþ 1Þh�u
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We now non-dimensionalize these equations by introducing the non-dimensional quantities (signified by an
asterisk) according to
x ¼ Lx�; �u ¼ �u0�u�; t ¼ L
�u0

t�; h ¼ Hh�;
where �u0 and H are the velocity and thickness of the uniform steady flow, respectively, and
L ¼ �u2
0

g sin h
:

Employing this transformation to non-dimensionalize equations (9) and (10) and dropping the asterisks for
notational convenience we obtain
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with
w ¼ ð2nþ 1Þh�u
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;

and where
s ¼ sw

qgH sin h
;

w0 ¼ ð1þ sÞ1þ1=n � n
2nþ 1

ð1þ sÞ2þ1=n � sjsj1þ1=n
h i� ��1

;

a ¼ cot h
Re
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:

In the case when sw = 0 the Reynolds number can be expressed as Re ¼ q�u2�n
0

Hn

l .
Due to the restriction placed on the applied superficial shear stress, the scaled shear stress parameter must

satisfy O(�) < s 6 O(1). This limitation on our model states that we are assuming that the force exerted by the
applied surface shear stress is of the same order of magnitude as the gravitational force driving the flow. This
basically states that the restrictions imposed on the pressure by our model also apply to the shear stress. If
s P O(1) then this amounts to ignoring gravity and would be equivalent to having the fluid dragged solely
by the wind stress along a horizontal surface. The focus in this study is to investigate the combined effect
of gravity and the wind stress. Furthermore, we are assuming that the average velocity is positive which places
a restriction on the magnitude of the surface shear stress when it acts uphill. From our assumption that the
velocity profile with depth is approximately that of the uniform flow, it can be seen that the average velocity is
positive if
hðhþ sÞ1þ1=n � n
2nþ 1

ðhþ sÞ2þ1=n � sjsj1þ1=n
h i

> 0:
For example, in the Newtonian case (n = 1) this condition reduces to 2h + 3s > 0.

3. Linear stability analysis

Suppose the scaled uniform flow is perturbed as follows:
h ¼ 1þ gðx; tÞ; �u ¼ 1þ vðx; tÞ;

where g,v� 1.
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The linearized equations can be combined to produce the following equations in g:
gtt þ ðk2 � k1 � aÞgxx þ k2gxt ¼ ðk3 � k4 � 1Þgx � k4gt;
where
k1 ¼ 2/0w
2
0 � 2ð1þ 1=nÞð1þ sÞ1=nw3

0/0 þ /1w
2
0;

k2 ¼ 2w2
0/0;

k3 ¼ 1þ nð1þ sÞ � ðnþ 1Þð1þ sÞ1þ1=nw0;

k4 ¼ nð1þ sÞ;
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:

If we consider a normal mode for the disturbance
g ¼ ĝeiðkx�xtÞ;
where k is the real wavenumber, then the growth rate is given by r � IðxÞ while the phase speed is given by
RðxÞ=k. For the dispersion equation we obtain
x2 þ ðik4 � k2kÞx� k2ðk1 � k2 þ aÞ � ð1� k3 þ k4Þik ¼ 0:
Solving this equation we obtain
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It can be shown that IðxÞ > 0 if 4k4
4 þ 4ak2

4 < b2. Thus the flow will be unstable if
a < as ¼ �k1 þ
1

k2
4

½k4k2ðk3 � 1Þ þ ð1þ k4 � k3Þ2�: ð13Þ
If s = 0 then this reduces to
as ¼
2nþ 1

n2
; ð14Þ
which is the expression obtained by Ng and Mei [12] for the case with zero shear stress applied to the surface of
the fluid layer.
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Fig. 1. Critical flow conditions for instability as a function of s.
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The instability condition (13) can also be expressed as
K < Ks ¼
nnð2nþ 1Þ2�nas

ðnþ 1Þ2w2
0

;

where K � coth/Re is a non-dimensional number representing the ratio of stabilizing to destabilizing forces.
This quantity is independent of the applied shear stress parameter s, but it is a function of all the other inde-
pendent parameters defining the uniform flow conditions including the fluid properties q, l, and n, the thick-
ness of the layer H, and the inclination of the plane h.

For the case of a Newtonian fluid layer subject to an applied surface shear stress the critical conditions for
the onset of instability are given by
K < Ks ¼ sþ 1:
From this instability condition we can deduce that the applied shear stress destabilizes the flow when acting
downhill and acts to stabilize the flow when applied uphill. The graphs of Ks presented in Fig. 1 reveal that the
same can be said for the non-Newtonian case.

4. Nonlinear analysis

The linear stability analysis is inadequate in a number of important aspects which thus necessitates an anal-
ysis of the nonlinear effects. Firstly, nonlinear interactions may affect the evolution of disturbances once the
amplitude is amplified to finite values. Therefore, the critical conditions for the onset of instability obtained
from the linear analysis may be invalid. Secondly, the analysis described in the previous section indicates that
in supercritical conditions disturbances of all wavelengths become unstable, however experiments [8] reveal the
existence of a specific wavelength for roll waves developed spontaneously from unstable infinitesimal waves.
Finally, considering the nonlinear governing equations reveals information about the structure of the roll
waves.

4.1. Numerical approach

To perform the nonlinear analysis we numerically solve the governing equations to investigate the evolution
of infinitesimal disturbances superimposed on the uniform and steady flow. We considered periodic
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disturbances with various monochromatic and polychromatic profiles with both zero and non-zero average
over one wavelength. The calculation is performed on the periodic domain x 2 [0,k], with k being the wave-
length of the disturbance. For the cases when the disturbance is amplified in time, the calculation is carried out
until the wave speed and surface profile attain a steady state, providing the roll waves solution. An illustration
of the evolution can be seen in Fig. 2. Here we present snapshots of the surface of the fluid at various times
which are whole multiples of the period P. It can be seen that for times mP with m a positive integer greater
than approximately 14, the surface remains unchanged indicating that a roll waves solution is attained, with
wavelength equal to the length of the calculation domain, k and propagating with speed k/P.

Our numerical experiments indicate that the roll waves solution attained by the evolution is essentially inde-
pendent of the type of disturbance if the amplitude is infinitesimal (less than 0.001). Furthermore, for distur-
bances with zero spatial average this is also true for finite amplitudes.

In the case with s = 0 the governing equations (11) and (12) reduce to those governing a non-Newtonian
flow with zero shear stress at the surface derived by Ng and Mei [12] which are shown to be hyperbolic. In
the case of a Newtonian flow with a non-zero shear stress prescribed at the surface the eigenvalues of the coef-
ficient matrix are
s1;2 ¼
3 8h2 þ 25hsþ 20s2
� 

�u

5ð2hþ 3sÞ2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�u2ð32h4 þ 200h3sþ 495h2s2 þ 600hs3 þ 300s4Þ

25ð2hþ 3sÞ4
þ ah

s
: ð15Þ
It can clearly be seen that these eigenvalues are real if s is positive and as a result the governing equations are
hyperbolic. In the general case, although the eigenvalues of the coefficient matrix can be stated explicitly, the
expressions are too complicated to allow for an analysis that would provide a condition for hyperbolicity in
terms of the variables of the problem. However, based on the hyperbolicity in the particular cases referred to
above we will assume the equations to be hyperbolic in general. Thus, the governing equations (11) and (12)
form a system of nonlinear hyperbolic conservation laws with a source term. To solve this system we employ
the quasi-steady wave-propagation algorithm developed by LeVeque [20]. This method is particularly effective
in the context of stability analysis since it captures the balance between the source term and the flux gradient
which is appropriate for cases when the solution is ‘‘quasi-steady’’. The discretization of the equations is
accomplished by a high-resolution finite volume scheme.
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Fig. 2. The evolution of the perturbed flow to roll waves solution with n = 1, K = 0.63, s = 0.3, P = 8.91, and k = 28.5.
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In terms of the non-dimensional variables the change in mechanical energy across a bore is given by
_E ¼ 1

2

Z h

0

u3 dz� 1

2
c
Z h

0

u2 dzþ �uh2 � c
2

h2

 �

a

� �1

2

;

where ½f �12 � f1 � f2 with f2 denoting the limit of the quantity f as the bore is approached from the left and f1

the limit of f as the bore is approached from the right. The speed of propagation of the bore is given by
c ¼ ½�uh�12=½h�

1
2. From our approximation regarding the variation of the velocity with depth we have
u ¼ ðhþ sÞ1þ1=n � jhþ s� zj1þ1=n
h i

w;
from which we obtain
Z h

0

u3 dz ¼ hðhþ sÞ3þ3=n � nð18n2 þ 28nþ 11Þ
ð2nþ 1Þð3nþ 2Þð4nþ 3Þ ðhþ sÞ4þ3=n
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þ 3n
2nþ 1

sjsj1þ1=nðhþ sÞ2þ2=n � 3n
3nþ 2

sjsj2þ2=nðhþ sÞ1þ1=n þ n
4nþ 3

sjsj3þ3=n
�
w3
and
 Z h

0

u2 dz ¼ w2/:
From the numerical solution to the governing equations we have the values of �u and h, and we can thus cal-
culate the energy drop across the bore in the roll waves solution. This quantity must be non-positive since
mechanical energy is dissipated into heat due to turbulence. Since this mechanism is not accounted for in
our model, the criterion of non-positive energy generation across the bore can be used to dismiss certain solu-
tions as being non-physical.
4.2. Analytical investigation

4.2.1. The case with s = 0

For the case with s = 0, Ng and Mei [12] have developed a theory for determining necessary conditions for
the existence of roll waves solutions to the governing equations. They find that there is a critical value for the
flow parameter a, amax, such that if a > amax roll waves solutions do not exist. For 1=

ffiffiffi
2
p
6 n 6 1 it is shown

that amax = as given by (14), which indicates that roll waves cannot be generated in a linearly stable flow. For
highly non-Newtonian flows (0 < n < 1=

ffiffiffi
2
p

) it turns out that amax > as, and thus roll waves solutions exist for
subcritical flow conditions.

For admissible values of a for roll waves solutions to exist, i.e. a 6 amax, Ng and Mei [12] outline a pro-
cedure for calculating the structure of the roll waves solution, including the speed of propagation, c, and
the fluid depths at the bore, h1 and h2. From this information the energy drop across the bore can be com-
puted. It turns out that if a is not sufficiently less than amax then physical roll waves solutions do not exist.
In particular, while roll waves type solutions exist they do not satisfy the energy requirement. For example,
for the Newtonian case amax is equal to 3, however physical roll waves solutions exist only for a slightly
above 2.

If a is sufficiently less than amax the energy drop across the bore decreases as the wavenumber, k = 2p/k, is
decreased and there is a critical wavenumber kc such that for k < kc the energy drop is non-positive as phys-
ically required. Ng and Mei refer to the roll waves solution with this critical wavelength as the minimum roll

wave. Furthermore, as it is illustrated in Fig. 3, the linear stability analysis indicates that the growth rate is an
increasing function of k, i.e. the shorter the disturbance the greater the amplification rate in time. Therefore,
the minimum roll wave is the flow pattern expected to emerge from an unstable uniform flow. This expectation
is confirmed by the experimental observations of Julien and Hartley [8], whose measurements for the wave-
length and speed of roll waves developing from an unstable uniform flow are in good agreement with the pre-
diction obtained from the minimum roll wave theory.
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Fig. 3. Growth rate of infinitesimal disturbances as a function of the wavenumber with n = 1 and K = 0.2.
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4.2.2. The case with n = 1 and s > 0

For the model derived in this paper with an arbitrarily prescribed superficial shear stress, an analytical the-
ory cannot be implemented in the general case due to highly complicated algebraic expressions. However, in
the particular case with n = 1 and s > 0 we were able to extend part of the analytical investigation and obtain
the analytical expression for the critical value amax as a function of s. The details of the derivation are pre-
sented below.

We seek a travelling wave solution of the form of a smooth profile of finite length. We thus introduce the
moving coordinate
n ¼ x� ct;
moving with a constant speed c. As a result the governing equations become
hðc� �uÞ ¼ q; ð16Þ
dh
dn
¼ AðhÞ

BðhÞ ; ð17Þ
where q is a constant which represents the flow rate relative to a coordinate system moving with speed c, and
AðhÞ ¼ ðhþ sÞ 1� ð2þ 3sÞ c� q
h


 �
ð2h2 þ 3hsÞ�1

h i
;

BðhÞ ¼ 40ah6 þ ð180asþ 8c2Þh5 þ ð36c2sþ 270as2Þh4þ
�

ð�48q2 þ 60c2s2 þ 12scqþ 135as3Þh3

þð30s2cq� 228sq2 þ 45c2s3Þh2 � 360q2hs2 � 180q2s3
�
½5ð2hþ 3sÞ3h2��1

:

The observed wave pattern associated with roll waves flows consists of a smooth depth profile between suc-
cessive bores which is increasing in the downhill direction. Thus, we seek solutions with dh

dn > 0, which requires
that A and B have the same sign over the range of h.

Examining the polynomial in the numerator in the expression for B(h) it can be shown that there is only one
change in sign in the coefficients of the powers of h. We can thus conclude that B(h) has only one positive root
and furthermore, B(h) changes sign from negative to positive across this root. We will now show that the root
is a section of the flow.
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Consider a wavelength of the roll waves solution connecting two subsequent bores with h1 denoting the
depth at the left end and h2 at the right end. The eigenvalue s1 given by (15) must be an increasing function
on the interval (h1,h2) since otherwise positively sloped characteristics would intersect contradicting the
required smoothness of the solution.

Since the bores move with speed c then
s1ðh1; �u1Þ < c < s1ðh2; �u2Þ:
As a result there is a critical section in the flow with h = hc and �u ¼ �uc ðh1 < hc < h2; �u1 < �uc < �u2Þ such that
s1ðhc; �ucÞ ¼ c:
This equation can also be expressed as
BðhcÞ ¼ 0: ð18Þ

We will now show that due to the energy requirement we may assume that q is positive.
For the case with n = 1 the shock conditions can be expressed as
c½h�12 ¼ ½�uh�12;

c½�uh�12 ¼ b�u2hþ 1

2
ah2

� �1

2

;

with
b ¼
3 8h2 þ 25hsþ 20s2
� 

5ð2hþ 3sÞ2
:

Combining these two conditions and upon using Eq. (16) to eliminate �u we obtain
ðb1h2 � b2h1Þq2 � 2ch1h2ðb1 � b2Þqþ h1h2 c2ðb1h1 � b2h2 þ h2 � h1Þ þ
1

2
aðh2

1 � h2
2Þ

� �
¼ 0;
where bi = b(hi), i = 1,2. Using this equation to simplify the expression for the energy drop gives
_E ¼ mðh1; h2; s; aÞqþ bðh1; h2; s; aÞ:

The explicit expressions for the functions m and b are quite lengthy and it is not practical to present them.
However, it turns out that the sign of each term in these long expressions is obvious if we assume s to be po-
sitive, and as a result we can state that m is a negative valued function, while b is positive. Therefore, for roll
waves solutions the value of q is positive, since the physical requirement _E 6 0 indicates that q P �b/m > 0.

For positive values of q we can show that A(h) has either no positive roots or two positive roots, with
A(h) < 0 between the roots and A(h) > 0 otherwise. In order for dh

dn to be finite it is necessary that
AðhcÞ ¼ 0: ð19Þ

Solving for q and c from (18) and (19) we obtain
q ¼
�

4h4
c þ 15h3

csþ 15h2
cs

2 þ hc 96h6
c þ 600h5

csþ 1485h4
cs

2þ
�

ð1200asþ 400aþ 1800s3 þ 900as2Þh3
c

þ ð1200asþ 3600as2 þ 900s4 þ 2700as3Þh2
c þ ð2700as3 þ 2025as4 þ 900as2Þhc

�1=2
�

� ½ð10hc þ 15sÞð2þ 3sÞ��1
and
c ¼ 2h3
c þ 3h2

csþ 2qþ 3qs
hcð2þ 3sÞ :
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In order for A and B to have the same sign we must have A 0(hc) > 0, which can be expressed as
4h5
c þ 12h4

csþ ð4cþ 9s2 þ 6csÞh3
c þ ð�8qþ 8cs� 12qsþ 12cs2Þh2

cþ
�

ð�18qsþ 6cs2 þ 9s3c� 27qs2Þhc

�12qs2 � 18s3q
�

h3
cð2hc þ 3sÞ2

h i�1

> 0:
Using the expressions for c and q from above we obtain the following condition for a:
12h2
cðhc þ sÞ
ð2þ 3sÞ2

> a: ð20Þ
For a uniform flow on which an infinitesimal disturbance is imposed, we have k�1
R k

0
hdn 	 1. Then by con-

servation the same holds for the roll waves solution arising from this perturbed flow. We will thus assume that
h = 1 is a section in the flow, i.e. h1 < 1 < h2. So if hc < 1 then A(1) must be positive and if hc > 1 then A(1)
must be negative. These conditions can be expressed as
c
> 1þ q; hc > 1;

< 1þ q; hc < 1:

�

Introducing the expression for c we find that both inequalities are satisfied if
ð2hc þ 2þ 3sÞhc

2þ 3s
> q;
which upon substituting the expression for q gives another condition for a
� 8h5
c þ ð36sþ 16Þh4

c þ ð60s2 � 24þ 84sÞh3
c þ ð�80þ 45s3 � 120sþ 150s2Þh2

c

�
þð90s3 � 210s2 � 240s� 40Þhc � 135s3 � 180s2 � 60s

�
5ð2þ 3sÞ2ð3sþ 2hcÞhc

h i�1

> a: ð21Þ
If sP0 it can be shown that the two conditions for a, (20) and (21), cannot be simultaneously satisfied for
any value of hc if
a > amax ¼
12ð1þ sÞ
ð2þ 3sÞ2

:

The expression for amax coincides with that for as, therefore we can conclude that roll waves are not generated
from a linearly stable uniform flow.
5. Results

While it is analytically shown that roll waves solutions are possible in linearly stable highly non-Newto-
nian flows [12], there is no guarantee that roll waves will be generated from infinitesimal disturbances. Our
numerical experiments indicate that in all cases infinitesimal disturbances imposed on linearly stable flows
are damped; including highly non-Newtonian cases. For example with n = 0.1 and s = 0 the critical value of
the flow parameter K for linear instability is Ks 	 93.6. We found that with K = 95, infinitesimal distur-
bances were damped. Roll waves were generated in stable flow regimes but only from disturbances with
non-infinitesimal amplitudes. With K = 95, an amplitude of at least 0.1 is required, while with K > 150,
the amplitude must be at least as large as 0.3 for the initial disturbance to be amplified and for roll waves
to form.

In deriving their procedure for obtaining roll waves solutions to the governing equations in the form (16)
and (17), Ng and Mei assume that the flow rate averaged over a wavelength for the roll waves flow is equal to
that in the uniform and steady flow. In terms of the non-dimensional variables this condition can be stated as
h�uhi � k�1

R k
0

�uh dn ¼ 1. However, our numerical experiments indicate that, in general, this is not the case for
roll waves solutions arising from infinitesimal disturbances. We were able to generate roll waves solutions with
h �uhi ¼ 1, but only from specific disturbances with finite amplitude.
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If we consider disturbances with zero spatial average then the spatial average of the non-dimensional per-
turbed depth of the layer is equal to unity. Now, since the spatial average of the depth is a conserved quantity,
we can expect the roll waves solution to have hhi � k�1

R k
0

hdn ¼ 1. In order to be able to compare numerical
and analytical solutions we have modified the procedure of Ng and Mei by assuming that hhi = 1 in obtaining
a roll waves solution. We have found excellent agreement between these solutions and the numerical results for
the case with s = 0, as is illustrated in Figs. 9–11.

By numerically solving the governing equations we can calculate the evolution of disturbances of various
wavelength, under different flow conditions (i.e. different values of the parameter K) and for various values of
s. We now present and interpret various numerical results with the goal of examining the accuracy of the con-
clusions of the linear analysis and determining the effect of the prescribed superficial shear stress and the rhe-
ology of the fluid on the structure of the roll waves.

In Fig. 4 we present the variation of the speed of roll waves with the wavenumber. We also include the rela-
tionship between the phase speed and k provided by the dispersion relation from the linear analysis. It can be
seen that the approximation of the roll wave speed by the linearized result is most accurate at the maximum
value of k which corresponds to the minimum roll wave. This is explained by the results in Fig. 5, which illus-
trate that for a certain value of K the minimum roll wave has the lowest wave height, W � h2 � h1, in compar-
ison with roll waves of longer wavelength.

We next want to draw attention to the non-Newtonian impact on the structure of the roll waves. To accom-
plish this we illustrate the effect of K and s on the wave height, speed, and wavelength of the minimum roll
wave for power-law indices n = 0.1, 0.4 and contrast these results with the corresponding Newtonian results.
The Newtonian results are portrayed in Figs. 6–8, the case with n = 0.1 are shown in Figs. 9–11 while those
with n = 0.4 are displayed in Figs. 12–14. Before discussing these figures, we first refer to Fig. 1 which illus-
trates the critical conditions for the onset of instability according to the linear theory. It is clear from this dia-
gram that the dependence of Ks on s varies dramatically with the power-law index. The general trend is that as
n decreases, Ks increases more rapidly as the stress in the downhill direction increases. It is thus apparent that
the applied surface shear stress couples with the shear-thinning nature of the fluid to act as a destabilizing fac-
tor of the uniform flow since the combined effect is to increase the interval of instability [0,Ks] of the flow
parameter K. Physically, this behavior is to be expected since it is known that the effect of laminar friction
is to retard the flow and maintain stability. Increasing the applied surface shear stress in the downhill direction
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Fig. 4. Speed of roll waves as a function of the wavenumber with n = 1 and K = 0.2.
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increases the vertical gradient of the velocity in the layer which ‘thins’ the fluid thus reducing laminar friction
and destabilizing the flow.

We begin our interpretation of the roll waves results by comparing the wave height of the minimum roll
wave. Examining Figs. 6, 9 and 12 corresponding to n = 1, 0.1, 0.4 respectively, we observe fundamentally
different responses. First, the dependence of the wave height on the applied shear stress is visibly stronger
for the highly non-Newtonian fluid than it is for the Newtonian fluid. This is evident from the spacing between
the curves of constant s. Second, the maximum value of K for roll waves increases rapidly with s for the highly
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non-Newtonian fluid, thus the range of flow conditions under which roll waves form grows very quickly. Our
numerical experiments suggest that the maximum K for roll waves is less than Ks, however the indication is
that the linear theory still captures the general correlation between rheology and applied surface shear stress
in determining the critical flow conditions for instability.

Another striking difference between fluids with different rheology is in the dependence of the wave height
on the sign of the shear stress. For a Newtonian fluid a stress acting uphill (s < 0) generally produces a
larger wave height than one acting downhill (s > 0) for all K, especially for highly unstable flows (i.e. small
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K). This is because a surface shear stress applied in the uphill direction has a greater effect on slowing
down the flow ahead of the bores, thus resulting in a large buildup of fluid behind the bore and hence
a greater wave height. Interestingly enough, the opposite appears to be the case for a shear-thinning
non-Newtonian fluid.

We next comment on the effect of the rheology of the fluid on the wave speed of the minimum roll wave.
Figs. 7, 10 and 13 for the cases n = 1, 0.1, 0.4 respectively, all display a similar feature; namely that, for a given
shear stress the wave speed increases with the flow parameter and that the sign of the shear stress has more-or-
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less the same effect for each case (with the exception for small K in the Newtonian case). Also, apart from the
exception listed above, stresses acting uphill yield greater wave speeds than those acting downhill. Differences
in the rate of increase are clearly evident though. Lastly, we address the non-Newtonian effect on the wave-
length of the minimum roll wave. Comparing Figs. 8, 11 and 14 for the cases n = 1, 0.1, 0.4, respectively, we
again notice similar features present. The only obvious difference is in the rate of increase of the wavelength
with the flow parameter.
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It is also worth noting that the wave height of the minimum roll wave is more dependent on the wind stress
as the flow conditions become more unstable (K decreasing). On the other hand, the wave speed and the wave
length vary more with s for larger values of K where it is close to its critical value for the development of roll
waves.
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6. Concluding remarks

We performed a nonlinear stability analysis on the flow of a power-law fluid down an incline subjected to
an applied superficial shear stress by numerically solving the nonlinear governing equations and calculating
the evolution of disturbances imposed on the uniform and steady flow. In the case that instability occurs
and the disturbances are amplified, the calculation of the evolution is continued until the roll waves solution
is attained. The advantage of this approach is that it can be used to investigate the instability of the uniform
and steady flow and it provides roll waves solutions that arise spontaneously from a perturbed flow. In the
case of zero shear stress prescribed at the surface of the fluid layer we considered the possible roll waves solu-
tions obtained analytically by the theory proposed by Ng and Mei. For roll waves calculated numerically from
the evolution of infinitesimal perturbations the spatial average of the flow rate in terms of the non-dimensional
variables is not equal to unity as assumed by Ng and Mei. Also, there is indication that the roll waves solutions
which exist for subcritical flow conditions in the case of highly non-Newtonian fluids do not arise from infin-
itesimal disturbances.

The results obtained in our investigation reveal that wind stress acting on the surface of a fluid layer flowing
down an incline has significant quantitative and qualitative effects on the evolution of the flow. Our compu-
tations indicate that the wind stress can either stabilize or destabilize the flow depending on the direction, and
affects the structure of the subsequent roll waves with this effect being more pronounced for non-Newtonian
fluids. It turns out that the wave height is more dependent on the applied surface shear stress for highly unsta-
ble flows, whereas the wave speed and wavelength show greater sensitivity to wind stress under flow conditions
near those that are critical for instability of the uniform flow. For all rheological fluid parameters considered,
increasing the applied superficial shear stress in the uphill direction renders the flow more stable. However, for
Newtonian flows that are highly unstable due to fluid properties and plane inclination, applying the surface
shear stress in the uphill direction acts to increase the height of the roll waves. For non-Newtonian fluids this
behavior is reversed and an uphill surface stress is found to reduce the amplitude of roll waves.
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