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Abstract

We considera switching systemcomposedof a �nite number of linear delay
di�eren tial equations (DDE). It has beenshown that the stabilit y of a switching
systemcomposedof a �nite number of linear ordinary di�eren tial equations (ODE)
may be achieved by using a Common Lyapunov Function Method switching rule. We
modify this switching rule for ODE systemsto a Common Lyapunov Functional
Method switching rule for DDE systemsand show that it stabilizes our model. Our
result usesa Riccati type Lyapunov functional under a condition on the time delay.

Index terms : switching systems,Lyapunov functional, delay di�eren tial equations

I. INTR ODUCTION

A switching systemis a type of hybrid systemwhich is a combination of discreteand
continuousdynamical systems.The standard model for such systemsis given in [1]. These
systemsariseas models for phenomenawhich cannot be described by exclusively
continuousor exclusively discreteprocesses.Examplesinclude the control of
manufacturing systems[2, 3], communication networks, tra�c control [4, 5, 6], chemical
processing[7] and automotive enginecontrol and aircraft control [8].

There have beenmany studiesof stabilit y in switching systems(seee.g. [9] and references
therein). We note in particular the work of [10] who studied a linear switching systemof
the form

_x(t) = M i k x(t); for t 2 [tk ; tk+1 ); k = 0; 1; 2; � � � (1)

wherex 2 R n ; i k 2 f 1; 2; � � � ; N g and M i k 2 R n� n : Assumingthat there exists a Hurwitz
linear convex combination, F =

P N
i=1 � i M i , they proposeda state dependent switching rule

to stabilize (1): Their rule and proof of stabilit y rely on a common Lyapunov function, i.e.
a Lyapunov function valid for each subsystemof (1) in somesubregion of R n .
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Delay di�erential equations(DDE's) ariseas models for systemswherethe rate of change
of the state dependsnot only on the current state of the systembut also its state at some
time(s) in the past (seee.g. [11, 12, 13, 14]). This is especially important for control
systemswhereactuators, sensorsand transmissionlines may introducetime lags[15]. Since
many of the applications of switching systemsinvolve control, it is natural to considerthe
e�ect of time delays in such systems,i.e. to study switching systemswith time delay.

To date, most work in this areahas focusedon sliding mode control [16, 17, 18] or on
formulating conditions such that the systemis stable for any switching rule [19, 20]. The
main approach in this latter work is to �nd a Lyapunov functional which is valid for all
subsystemsin all of R n . The terminology common Lyapunov functional is alsousedin this
work. Their meaningis di�erent than ours, which follows the de�nition of [10] for ODE
systems,as described above. Other work along similar lines is that of Boukasand Liu [21].
They considereda stochastic model, a Markov jump linear systemwith time delay that is a
switching systemwhoseswitching rule is a continuous-timeMarkov process.They obtained
various delay independent and delay dependent stabilit y results using a Lyapunov
functional and LMI approach.

By contrast, herewe focuson formulating a switching rule that will stabilize a given
switching system. One might expect that a switching rule which is designedto stabilize a
systemwith zerodelay would still stabilize the systemfor su�cien tly small delay. The goal
of this paper is to show this is true and quantify how small the delay must be, for a linear
systemsimilar to (1).

The paper is organizedas follows. In SectionI I we formulate our model, proposea
switching rule for the systemand usea commonLyapunov functional to show it stabilizes
the systemfor su�cien tly small delays. In SectionI I I we apply this method to two
examples:a systemthat switchesbetweenunstable subsystemsand a delayed feedback
control systemwith switching.

I I. SWITCHING SYSTEM WITH TIME DELA Y

A. Mo del and preliminaries

Let C = C([� � ; 0]; R n ) be a Banach spaceof continuous functions with the norm

k� k� = sup
� � � � � 0

k� (� )k:

Given an initial time, t0, an initial function, � 2 C, and a switching sequence
(i0; t0); (i1; t1); � � � ; (i j ; t j ); � � � ; we considerthe following linear switching systemwith time
delay 8

<

:

_x = A i k x(t) + B i k x(t � � ) for t 2 [tk ; tk+1 ); k = 0; 1; 2; � � �

x(t) = � (t) for t0 � � � t � t0;
(2)
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where� > 0; x 2 R n ; A i , B i 2 R n� n , and i k 2 f 1; 2; � � � ; N g; 0 < N < 1 : As is usual for
delay di�erential equations,we assumethat _x represents the right-hand derivative of x:

De�ning xt (� ) = x(t + � ); � � � � � 0, we can write (2) as a nonautonomousfunctional
di�erential equation �

_x = f (t; xt )
xt0 = �;

(3)

wheref : [t0; 1 ) � C ! R n is de�ned via f (t; � ) = A i k � (0) + B i k � (� � ) for
t 2 [tk ; tk+1 ); k = 0; 1; 2; � � � . Note that f is piecewisecontinuous in t and globally
Lipschitz in � . Using the Method of Steps[22, 23] it is straightforward to show [24] that
there is a unique function x : [t0 � � ; 1 ) ! R n such that

(i) x(t) satis�es (3),

(ii) x(t) is continuouson [t0 � � ; 1 ),

i.e., that (3) hasa unique solution on [t0 � � ; 1 ).

Let I 0 = [t0; 1 ). We note that f has the following property, which will be usedwhen we
prove stabilit y in subsectionC.

Lemma 1 f mapsbounded setsof I 0 � C into bounded setsof R n :

Pro of Let D be a boundedsubsetof C and E = f (I 0; D), i.e.,

E = f v 2 R n jv = f (t; � ); for some� 2 D; t 2 I 0g:

SinceD is bounded,there exists 0 < L 1 < 1 such that

k� k� � L1 for all � 2 D. (4)

Let v 2 E, then there exist � 2 D and t 2 I 0 such that v = f (t; � ). Let t 2 [tk ; tk+1 ) for
somek 2 f 0; 1; : : :g. Then

kvk = kf (t; � )k

= kA i k � (0) + B i k k� (� � ))k

� kA i k kk� (0)k + kB i k k� (� � )k:

� (kA i k k + kB i k k)k� k�

� (kA i k k + kB i k k)L1

� L

(5)

whereL = maxN
i=1 (kA i k + kB i k)L1: Thus E is bounded.
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B. Construction of switc hing regions and a switc hing rule

A switching rule is a rule which determinesa switching sequencefor a given switching
system. To designthe switching rule for (2) we needthe following.

De�nition The i th mode of (2) is the subsystemthat is described by the DDE

_x(t) = A i x(t) + B i x(t � � ): (6)

Throughout the rest of the paper, we will assumethat there exists a Hurwitz linear convex
combination, F , of A i + B i ; i.e.

F =
NX

i =1

� i (A i + B i ) (7)

where0 < � i < 1 and
P N

i=1 � i = 1:

Note that when � = 0 system(2) reducesto system(1) with M i = A i + B i : We thus use
the switching rule de�ned in [10] for (1) to de�ne the switching rule for (2): The basic idea
is as follows: divide R n into N subregionsand usethe i th mode of (2) when x(t) is in the
appropriate subregion.Each subregionis de�ned to make a particular quadratic form
negative.

SinceF is Hurwitz there exists a positive de�nite matrix P satisfying

F T P + PF = � Q (8)

for a given positive de�nite matrix Q. Hence,for x 6= 0;

xT (F T P + PF )x =
NX

i =1

� i xT ((A i + B i )T P + P(A i + B i ))x = � xT Qx < 0: (9)

Since0 < � i < 1; (9) implies that

� i xT ((A i + B i )T P + P(A i + B i ))x < 0

for at least one i: So,we construct 
 i such that


 i = f x 2 R n : xT ((A i + B i )T P + P(A i + B i ))x � � xT Qxg: (10)

This leadsto the following proposition.

Prop osition 2 R n = [ N
i=1 
 i

4



Pro of Supposenot, i.e. there exists a D � R n such that D = R n n [ N
i=1 
 i : Then, for all

x 2 D
xT ((A i + B i )T P + P(A i + B i ))x > � xT Qx for all i .

Since0 < � i < 1 and
P N

i=0 � i = 1; for x 2 D

NX

i =1

� i xT ((A i + B i )T P + P(A i + B i ))x > �
NX

i =1

� i xT Qx = � xT Qx

But, for all x 6= 0

NX

i =1

� i xT ((A i + B i )T P + P(A i + B i ))x = xT (F T P + PF )x = � xT Qx:

This is a contradiction. Hence,no such D exists and the result follows.

Now, we have N subregionsfor the given switching system. To prevent a sliding motion (a
motion of a tra jectory along a boundary betweentwo switching regions)or chattering
behaviour (many fast switchings acrossa boundary) we would like to construct a set of
overlapping regions, ~
 i ; such that each of the 
 j is contained in exactly oneof the ~
 i . We
thus de�ne

~
 i = f x 2 R n : xT ((A i + B i )T P + P(A i + B i ))x � �
1
�

xT Qxg; (11)

for some� > 1, and note that 
 i � ~
 i ; for each i 2 f 1; 2; � � � ; N g: We can now describe our
switching rule.

De�nition (Minim um rule) At each switching we determinethe next mode accordingto
the minimum rule:

j (x) = argmin xT ((A j + B j )T P + P(A j + B j ))x: (12)

To obtain uniform asymptotic stabilit y of the given switching systemwe proposethe
switc hing rule S:

S-0 Choosethe initial mode, i 0, by applying the minimum rule to x(t0).

S-1 Stay in the i th mode as long as the state x(t) is in ~
 i :

S-2 If x(t) hits the boundary of ~
 i ; usethe minimum rule to determine the next mode
and switch.
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Figure 1: Switching behaviour. Numbers refer to the active mode on the tra jectory.

If � = 0; then the work of [10] guaranteesthe stabilit y of (2) under the switching rule S. In
the following we show that stabilit y is preserved for � su�cien tly small.

The diagram of Figure 1 shows how the switching rule S works. We start with various
initial points in the mode 1, i.e. ~
 1: Then, when the boundary of the mode 1 is reached,
i.e. the boundary of ~
 1 which intersectswith the mode 2 ( ~
 2) and the mode 3 ( ~
 3), the
systemswitchesto the mode 2 or mode 3 accordingto the minimum rule S-0.

C. Stabilit y: Common Ly apuno v Functional Metho d

We de�ne Lyapunov functional V(x t ) as

V(xt ) = xT (t)Px(t) +
Z 2�

�
ds

Z t

t � s
xT (u)Rx(u)du +

Z �

0
ds

Z t

t � s
xT (v)Sx(v)dv (13)

whereP is as in (12), R and S are somepositive de�nite matrices and � > 0: Now V
satis�es

� (kx(t)k) � V (x t ) � � (kxtk� ) (14)

with

� (kx(t)k) = � min (P)kx(t)k2; and � (kxtkr ) = (� max (P)+
3� 2

2
� max (R)+

� 2

2
� max (S))kxtk2

r :

Note that � (�) and � (�) are continuousand increasingfunctions with � (0) = � (0) = 0.
Following the usual procedurefor delay di�erential equations [22, 23], we de�ne the
right-hand derivative of V along a solution by

_V(xt ) = lim
h7! 0+

sup
1
h

[V(xt+ h) � V(xt )]

wherex(t) is a solution of (2):
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We will show stabilit y by showing that the switching rule de�ned above guarantees _V < 0
along any non-zerosolution.

To begin, we follow Kolmanovskii [23] and transform the model. This will allow us to
derive a condition on the delay which guarantees _V < 0 in each region ~
 i n f 0g;
i = 1; 2; � � � ; N:

Assumethat the systemis in the i th mode for t 2 [tk ; tk+1 ). Adding and subtracting B i x(t)
to (6) we have

_x(t) = A i x(t) + B i x(t � � ) + B i x(t) � B i x(t)

= (A i + B i )x(t) + B i (x(t � � ) � x(t))

= (A i + B i )x(t) � B i
Rt

t � � _x(s) ds

(15)

Assumethat the systemswitched to the i th mode from the j th mode at t = tk and that
(t � � ) 2 [tk� 1; tk ]: Then, for t 2 [tk ; tk + � )

_x(t) = (A i + B i )x(t) � B i
Rtk

t � � (A j x(s) + B j x(s � � )) ds

� B i
Rt

tk
(A i x(s) + B i x(s � � )) ds;

(16)

while for t 2 [tk + � ; tk+1 )

_x(t) = (A i + B i )x(t) � B i

Z t

t � �
(A i x(s) + B i x(s � � )) ds: (17)

Thus, due to the time delay, for the �rst part of the time interval when the systemis in the
i th mode, the evolution of x(t) dependson both the i th and j th subsystems.We refer to this
as a mixed mode and illustrate it in Figure 2. Note that if tk + � > tk+1 then the mixed
mode will cover the entire interval [tk ; tk+1 ), i.e. (16) will apply for t 2 [tk ; tk+1 ):

mode j mode i mode k

mixed mode

tk� 1 tk tk + �

Figure 2: Mixed mode

More generally, if (t � � ) 2 [tk� m ; tk� m+1 ] and mode pj is active on [tk� j ; tk� j +1 ),
j = 1; 2; : : : m, then for t 2 [tk ; tk + � ) (or t 2 [tk ; tk+1 ), if tk + � > tk+1 )

_x(t) = (A i + B i )x(t) � B i

Rtk � m +1

t � � [Apm x(s) + Bpm x(s � � )] ds

� B i
P m� 1

j =1

Rtk � j +1

tk � j
[Apj x(s) + Bpj x(s � � )] ds � B i

Rt
tk

[A i x(s) + B i x(s � � )] ds
(18)

while for t 2 [tk + � ; tk+1 ) _x(t) is given by (17). This leadsus to following proposition.
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Prop osition 3 Let

~
 i = f x 2 R n : xT ((A i + B i )T P + P(A i + B i ))x � � 1
� xT Qxg;

� i
max = maxN

j =1 � max (PB i (A j S� 1AT
j + B j R� 1B T

j )B T
i P);

L = maxN
i=1 (� max (R) + � max (S) + � i

max );

and P satisfy F T P + PF = � Q; for someQ > 0:

Supposethat the i th mode is active and x(t) 2 ~
 i on [tk ; tk+1 ): If

� <
� min (Q)

� L
;

then there existsa continuous, increasing function, 
 : R + ! R + , satisfying 
 (0) = 0 and

 (s) > 0 for s > 0 suchthat

_V(xt ) � � 
 (kx t (0)k); for t 2 [tk ; tk+1 ):

Pro of The proof can be found in Appendix A.

Proposition 3 ensuresthat _V � � 
 (kx t (0)k) if the i th mode is usedwhen x 2 ~
 i . However,
it doesnot guarantee stabilit y of the whole switching system. To do this, we needan
appropriate switching rule.

Theorem 4 Let the delay � satisfy the condition in Proposition 3. Then, the switching
system(2) with switching rule S is uniformly asymptotically stable.

Pro of Recall that (9) implies that at each x 2 R n , xT ((A i + B i )T P + P(A i + B i ))x < 0 for
at least one i . Thus if the minimum rule choosesmode j then x(t) 2 ~
 j . Let the initial
time t0 and initial function � be given. Then S-0determinesthe initial mode i 0, so that
x(t0) 2 ~
 i 0 . Applying S-1and Proposition 3 then shows that _V(xt ) � � 
 (kx t (0)k) for
t 2 [t0; t1). Now considerany interval betweenswitching times, [tk ; tk+1 ) for somek > 0:
Applying S-2at tk choosesmode i k such that x(tk) 2 ~
 i k . Applying S-1and Proposition 3
then show that _V(xt ) � � 
 (kx t (0)k) for t 2 [tk ; tk+1 ). Thus _V(xt ) � � 
 (kx t (0)k) for t � t0.

Recalling the properties of V (14), 
 (Proposition 3) and f (Lemma 1), the rest of the
proof is similar to the proof of Theorem2.1 in [22, Chapter 5].
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Remark The multiple delay case,i.e. the casewhen the i th mode of the systemis given by

_x(t) = A i x(t) + B i x(t � � i );

can be handledwith a similar approach to that described in this section. In this case,the
Lyapunov functional will contain a sum of terms of the form

Z � i + �

� i

ds
Z t

t � s
xT (u)Rx(u)du +

Z � i

0
ds

Z t

t � s
xT (v)Sx(v)dv;

where� = maxi � i .

I I I. EXAMPLES

Example 1: Switc hing between unstable subsystems.

Considerthe switching systemgiven by

_x(t) = A i x(t) + B i x(t � � ); i = 1; 2 (19)

where

(A1; B1) = (
�

� 2 2
� 20 � 2

�
;
�
� 1 � 7
23 6

�
)

(A2; B2) = (
�
� 2 10
� 4 � 2

�
;
�
4 � 5
1 � 8

�
)

:

It is easyto check that each A i + B i is unstable. In particular, A1 + B1 hasa pair of
complexconjugateeigenvalueswith positive real part and A2 + B2 hasonepositive and one
negative eigenvalue. This behaviour is illustrated in Figure 3.

There is a Hurwitz convex combination given by

F =
3
5

(A1 + B1) +
2
5

(A2 + B2) =
�

� 1 1
� 3=5 � 8=5

�
: (20)

Hence,for Q = 1
3I there existsa positive de�nite matrix P such that F T P + PF = � Q, viz.

P =
�

64=429 � 25=858
� 25=858 35=286

�
: (21)

Following the procedurein sectionI I, we set up ~
 i with � = 1:5 and Q = 1
3 I as

~
 i = f x 2 R 2jxT ((A i + B i )T P + P(A i + B i ))x � �
1
�

xT Qxg:

9



-10

-5

0

5

10
x2

-10 -5 0 5 10
x1

(a)

-4

-2

0

2

4

x2

-4 -2 0 2 4
x1

(0,5)

(b)

Figure 3: Behaviour of modes of system (19) when � = 0. (a) Mode 1 with initial value
(0:05; 0:05). (b) Mode 2 with initial value (0; 5).

This gives

~
 1 = f x 2 R 2j(545=429)x2
2 � (350=429)x1x2 � (153=143)x2

1 � � 1
4:5(x2

1 + x2
2)g;

~
 2 = f x 2 R 2j � (1175=429)x2
2 + (175=143)x1x2 + (331=429)x2

1 � � 1
4:5(x2

1 + x2
2)g:

Theseswitching regionsare illustrated in Figure 4.

~
 1

~
 2

Figure 4: Switching regionsfor (19): the shadedareasare overlapping regions.

By choosingR = S = 28I with � = 1:5 we �nd that the critical delay of Proposition 3 is
� c � 0:001573: Then, accordingto Theorem4, system(19) with the switching rule S is
guaranteed to be asymptotically stable for any � < � c. This is con�rmed by numerical

10



simulations, an exampleof which is shown in Figure 5(a). Note that stabilit y is achieved
by entering and remaining in oneof the overlapping regions.

-4

-2

0

2

4

x2

-4 -2 0 2 4
x1

(0,5)

(-5,0)

(a)

-4

-2

0

2

4

x2

-4 -2 0 2 4
x1

(0,5)

(-5,0)

(b)

Figure 5: System (19) with proposed switching rule and various time delays: (a) � =
0:001572< � c, (b) � = 0:15 > � c: Initial condition: (x1(t); x2(t)) = (x10; x20); � � � t � 0
with two choicesof x10; x20 as indicated on plot.

Numerical simulations indicate that stabilit y persistsfor � > � c, however, as can be seenin
Figure 5(b), for � > 0:1 the systemexhibits irregular transient behaviour. As � increases
thesetransients becomelarge enoughthat the stabilit y would e�ectively be lost in a
physical system. The transient behaviour can be explainedby the eigenvalue structure of
the delayed subsystems.

Example 2. A switc hing system with delayed feedback control.

Feedback control is oneof the powerful tools of engineeringand a time delay in the
feedback is commonly observed. Here,we considera switching systemwith delayed
feedback control de�ned as

_x(t) = A i x(t) + B i u(t � � ); for t 2 [tk ; tk+1 ), k = 0; 1; 2; � � � ; (22)

wherex 2 R n ; i 2 Q = f 1; � � � ; N g A i 2 R n� n ; B i 2 R n� p; u 2 R p; and � > 0 a constant.

We assumethat, for each i 2 Q,

i) A i is an unstable matrix

ii) rank(R(A i ; B i )) = n, i.e. the system(22) is controllable. Hence,there exits
K i 2 R p� n such that A i + B i K i is Hurwitz for the system(2) with � = 0: Then, we
choosea control by

u(t) = K i x(t)
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Thereforewe rewrite the original systemas

_x(t) = A i x(t) + B i K i x(t � � ); for t 2 [tk ; tk+1 ); k = 0; 1; 2; � � � (23)

Note that the �rst part of assumptionii ) ensuresthat the existenceof a Hurwitz linear
convex combination of A i + B i K i ;

F =
NX

i =1

� i (A i + B i K i ): (24)

It follows from sectionI I that the switching rule S with

Mode i : _x(t) = A i x(t) + B i K i x(t � � );

~
 i = f x 2 R n : xT ((A i + B i K i )T P + P(A i + B i K i ))x � � 1
� xT Qxg;

will achieve uniform asymptotic stabilit y of (23):

The following numerical exampleillustrates the application described above. Consider(22)
with N = 2 and controllable pairs

(A1; B1) = (
�

3 2
� 5 � 1

�
;
�
� 1 0
1 � 1

�
)

(A2; B2) = (
�
� 1 20
� 2 2

�
;
�
1 1
0 � 1

�
)

whereA1 and A2 are unstable. ChoosingK 1 and K 2 as

K 1 =
�

5 0
20 1

�
; K 2 =

�
� 3 � 14
2 4

�

then A i + B i K i for i = 1; 2 is Hurwitz. Although both subsystemsare stable individually
(for � su�cien tly small) asshown in Figure 6, switching betweenthem may lead instabilit y
(Figure 8(a)). This is not unexpected; the samephenomenonhasbeenobserved in many
switching systemsinvolving ordinary di�erential equations[9, 25, 26].

Set the Hurwitz linear convex combination F by

F =
1
3

(A1 + B1K 1) +
2
3

(A2 + B2K 2) =
�

� 2 22=3
� 28=3 � 2

�
:

Hence,there exists a positive de�nite P

P =
�

46=489 � 3=1304
� 3=1304 293=3912

�
; such that F T P + PF = � Q
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Figure 6: Behaviour of (a) mode 1 and (b) mode 2 of system(22) with � = 0:0087. Initial
condition: (x1(t); x2(t)) = (1; 7); � � � t � 0.

~
 1
~
 2

Figure 7: Switching regionsfor system(22): the shadedareasare overlapping regions
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Figure 8: Comparisonof switching rules applied to system(22) with � = 0:0087. (a) Mode
1 in the 2nd and 4th quadrant and mode 2 in the 1st and 3rd quadrant leadsto instabilit y.
(b) Proposedswitching rule gives asymptotic stabilit y. Initial condition: (x1(t); x2(t)) =
(1; 7); � � � t � 0.

whereQ = 1
3 I : With this P we construct switching regionsfor the mode 1 and mode 2:

~
 1 = f x 2 R 2j � (151=489)x2
2 � (424=163)x1x2 � (139=489)x2

1 � � 1
4:5(x2

1 + x2
2)g;

~
 2 = f x 2 R 2j � (169=489)x2
2 + (212=163)x1x2 � (175=489)x2

1 � � 1
4:5(x2

1 + x2
2)g;

where� = 1:5: Theseregionsare illustrated in Figure 7. ChoosingR = S = 19I ; and
� = 1:5 in the Proposition 3, we obtain the critical time delay, � c � 0:008723: Then,
Theorem4 guaranteesuniform asymptotic stabilit y of (23) with the switching rule S for
any � < � c: This is illustrated in Figure 8(b). In fact, this delay estimate is conservative. In
numerical simulations we observe stabilit y up to � = 0:10591; seeFigure 9.
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Figure 9: System(22) with proposedswitching rule and various time delays: (a) � = 0:099,
(b) � = 0:11. Initial condition: (x1(t); x2(t)) = (1; 7); � � � t � 0.

IV. DISCUSSION

In this paper we achieved uniform asymptotic stabilit y of a classof linear switching
systemswith time delay by extending the result of ODE switching systemsin [10] to a
common Lyapunovfunctional method. The main advantagesof our approach are as follows.

(i) We do not require that the coe�cien t matrix of the undelayed part of each subsystem
(A i ) to be Hurwitz.

(ii) We have quanti�ed the sizeof delay neededfor stabilit y.

As hasbeenobserved with ODE systems[9, 25, 26], even if the delay is chosensuch that
each subsystemis stable, an ill-schemedswitching rule can lead instabilit y. This is
illustrated in Figure 8(a) of SectionI I I. Numerical simulations indicate that our condition
on the delay is somewhatconservative: stabilit y with our switching rule is maintained for
delays larger than the theoretical value. Improving the theoretical result is an areafor
future work. Other possibleavenuesof future research include extending the model to
include impulsesat the switching moments.

A CKNO WLEDGMENT

The numerical simulations weredonewith XPP A UT [27] which is a software packagethat
performsnumerical integration of delay di�erential equations.
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APPENDIX: Pro of of Prop osition 3

Assumethat x(t) is in ~
 i on [tk ; tk+1 ) for somek 2 f 0; 1; 2; � � � g and switched from the j th

mode at tk : From (13) we have

_V(xt ) = _x(t)T Px(t) + xT (t)P _x(t) +
R2�

� [xT (t)Rx(t) � xT (t � s)Rx(t � s)] ds

+
R�

0 [xT (t)Sx(t) � xT (t � s)Sx(t � s)] ds:
(25)

As discussedon pp. 6{7, the expressionfor _x(t) dependson whether � is greater than or
lessthan tk+1 � tk : We thus divide the rest of the proof into two cases.

Case 1. tk+1 � tk � �

In this casethe mixed mode covers to the whole switching interval [tk ; tk+1 ), i.e. _x(t) is
given by (18). Thus, for t 2 [tk ; tk+1 ), we have

_V(xt ) = ((A i + B i )x(t) � B i
Rtk � m +1

t � � (Apm x(s) + Bpm x(s � � )) ds

� B i
P m� 1

j =1

Rtk � j +1

tk � j
(Apj x(s) + Bpj x(s � � )) ds � B i

Rt
tk

(A i x(s) + B i x(s � � )) ds)T Px(t)

+ xT (t)P((A i + B i )x(t) � B i
Rtk � m +1

t � � (Apm x(s) + Bpm x(s � � )) ds

� B i
P m� 1

j =1

Rtk � j +1

tk � j
(Apj x(s) + Bpj x(s � � )) ds � B i

Rt
tk

(A i x(s) + B i x(s � � )) ds)

+
R2�

� (xT (t)Rx(t) � xT (t � s)Rx(t � s)) ds+
R�

0 (xT (t)Sx(t) � xT (t � s)Sx(t � s)) ds:
(26)

It follows that

_V(xt ) = xT (t)(( A i + B i )T P + P(A i + B i ))x(t) + � xT (t)(R + S)x(t)

�
Rtk � m +1

t � � (xT (s)(B i Apm )T Px(t) + xT (s � � )(B i Bpm )T Px(t)) ds

�
Rtk � m +1

t � � (xT (t)PB i Apm x(s) + xT (t)PB i Bpm x(s � � )) ds

�
P m� 1

j =1

Rtk � j +1

tk � j
(xT (s)(B i Apj )

T Px(t) + xT (s � � )(B i Bpj )
T Px(t)) ds

�
P m� 1

j =1

Rtk � j +1

tk � j
(xT (t)PB i Apj x(s) + xT (t)PB i Bpj x(s � � )) ds

�
Rt

tk
(xT (s)(B i A i )T Px(t) + xT (s � � )(B 2

i )T Px(t)) ds

�
Rt

tk
(xT (t)PB i A i x(s) + xT (t)PB 2

i x(s � � )) ds

�
Rtk � m +1

t � � xT (s)Sx(s) ds �
P m� 1

j =1

Rtk � j +1

tk � j
xT (s)Sx(s) ds �

Rt
tk

xT (s)Sx(s) ds

�
Rtk � m +1

t � � xT (s � � )Rx(s � � ) ds �
P m� 1

j =1

Rtk � j +1

tk � j
xT (s � � )Rx(s � � ) ds

�
Rt

tk
xT (s � � )Rx(s � � ) ds:

(27)
Using the fact that xT (t)(( A i + B i )T P + P(A i + B i ))x(t) � � 1

� xT (t)Qx(t) and adding and
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subtracting the following integrals
Rtk � m +1

t � � xT (t)PB i Apm S� 1(B i Apm )T Px(t) ds;
Rtk � m +1

t � � xT (t)PB i Bpm R� 1(B i Bpm )T Px(t) ds;
P m� 1

j =1

Rtk � j +1

tk � j
xT (t)PB i Apj S

� 1(B i Apj )
T Px(t) ds;

P m� 1
j =1

Rtk � j +1

tk � j
xT (t)PB i Bpj R

� 1(B i Bpj )
T Px(t) ds;

Rt
tk

xT (t)PB i A i S� 1(B i A i )T Px(t) ds;
Rt

tk
xT (t)PB 2

i R� 1(B 2
i )T Px(t) ds;

(28)
we obtain

_V(xt ) � � 1
� xT (t)Qx(t) + � xT (t)(R + S)x(t)

�
Rtk � m +1

t � � [(PB i Apm )T x(t) + Sx(s)]T S� 1[(PB i Apm )T x(t) + Sx(s)] ds

�
Rtk � m +1

t � � [(PB i Bpm )T x(t) + Rx(s � � )]T R� 1[(PB i Bpm )T x(t) + Rx(s � � )] ds

�
P m� 1

j =1

Rtk � j +1

tk � j
[(PB i Apj )

T x(t) + Sx(s)]T S� 1[(PB i Apj )
T x(t) + Sx(s)] ds

�
P m� 1

j =1

Rtk � j +1

tk � j
[(PB i Bpj )

T x(t) + Rx(s � � )]T R� 1[(PB i Bpj )
T x(t) + Rx(s � � )] ds

�
Rt

tk
[(PB i A i )T x(t) + Sx(s)]T S� 1[(PB i A i )T x(t) + Sx(s)] ds

�
Rt

tk
[(PB 2

i )T x(t) + Rx(s � � )]T R� 1[(PB 2
i )T x(t) + Rx(s � � )] ds

+
Rtk � m +1

t � � xT (t)PB i Apm S� 1(B i Apm )T Px(t) ds+
Rtk � m +1

t � � xT (t)PB i Bpm R� 1(B i Bpm )T Px(t) ds

+
P m� 1

j =1

Rtk � j +1

tk � j
xT (t)PB i Apj S

� 1(B i Apj )
T Px(t) ds

+
P m� 1

j =1

Rtk � j +1

tk � j
xT (t)PB i Bpj R

� 1(B i Bpj )
T Px(t) ds

+
Rt

tk
xT (t)PB i A i S� 1(B i A i )T Px(t) ds+

Rt
tk

xT (t)PB 2
i R� 1(B 2

i )T Px(t) ds:
(29)

Dropping the negative integrals then gives

_V(xt ) � � 1
� � min (Q)kx(t)k2 + � (� max (R) + � max (S))kx(t)k2

+( tk� m+1 � (t � � ))xT (t)(PB i (Apm S� 1AT
pm

+ Bpm R� 1B T
pm

)B T
i P)x(t)

+
P m� 1

j =1 (tk� j +1 � tk� j )xT (t)(PB i (Apj S
� 1AT

pj
+ Bpj R

� 1B T
pj

)B T
i P)x(t)

+( t � tk)xT (t)(PB i (A i S� 1AT
i + B i R� 1B T

i )B T
i P)x(t):

(30)
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And hence,we have

_V(xt ) � � 1
� � min (Q)kx(t)k2 + � (� max (R) + � max (S))kx(t)k2

+( tk� m+1 � (t � � )) � max (PB i (Apm S� 1AT
pm

+ Bpm R� 1B T
pm

)B T
i P)kx(t)k2

+(
P m� 1

j =1 (tk� j +1 � tk� j )� max (PB i (Apj S
� 1AT

pj
+ Bpj R

� 1B T
pj

)B T
i P)kx(t)k2

+( t � tk)� max (P(A i S� 1AT
i + B i R� 1B T

i )B T
i P)kx(t)k2

� � 1
� � min (Q)kx(t)k2 + � (� max (R) + � max (S))kx(t)k2

+( tk� m+1 � (t � � )) � i
max kx(t)k2 +

P m� 1
j =1 (tk� j +1 � tk� j )� i

max kx(t)k2 + (t � tk)� i
max kx(t)k2

= � 1
� � min (Q)kx(t)k2 + � (� max (R) + � max (S))kx(t)k2

+(( tk� m+1 � (t � � )) +
P m� 1

j =1 (tk� j +1 � tk� j ) + (t � tk)) � i
max kx(t)k2

= � ( 1
� � min (Q) � � (� max (R) + � max (S) + � i

max ))kx(t)k2

� � 
 (kx t (0)k);
(31)

where
 (s) = ( 1
� � min (Q) � � L)s2. The properties of 
 are clear by the choiceof the delay.

Case 2. tk+1 � tk > �

In this casewe needto considertwo subintervals: [tk ; tk + � ) and [tk + � ; tk+1 ): For
t 2 [tk ; tk + � ); _x(t) is given by (18) and the analysisis sameas for Case1. For
t 2 [tk + � ; tk+1 ); _x(t) is given by (17) and we have

_V(xt ) = xT (t)(( A i + B i )T P + P(A i + B i ))x(t) + � xT (t)(R + S)x(t)

� 2
Rt

t � � xT (t)PB i A i x(s)ds �
Rt

t � � xT (s)Sx(s)ds

� 2
Rt

t � � xT (t)PB 2
i x(s � � )ds �

Rt
t � � xT (s � � )Rx(s � � )ds:

(32)

Following a similar procedureas for Case1, we �nd

_V(xt ) � � 1
� xT (t)Qx(t)

+ � xT (t)f R + S + PB i (A i S� 1AT
i + B i R� 1B T

i )B T
i Pgx(t)

�
Rt

t � � [(B i A i )T Px(t) + Sx(s)]T S� 1[(B i A i )T Px(t) + Sx(s)]ds

�
Rt

t � � [(B 2
i )T Px(t) + Rx(s � � )]T R� 1[(B 2

i )T Px(t) + Rx(s � � )]ds

� � 1
� � min (Q)kx(t)k2 + � f � max (R) + � max (S)

+ � max (PB i (A i S� 1AT
i + B i R� 1B T

i P)B T
i Pgkx(t)k2

� � 1
� � min (Q)kx(t)k2 + � (� max (R) + � max (S) + � i

max )kx(t)k2

� � 
 (kx t (0)k):
(33)

This completesthe proof.
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