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Abstract

We considera switching systemcomposedof a nite number of linear delay
di erential equations(DDE). It hasbeenshawvn that the stability of a switching
system composedof a nite number of linear ordinary di erential equations(ODE)
may be achieved by using a Common Lyapunov Function Method switching rule. We
modify this switching rule for ODE systemsto a Common Lyapunov Functional
Methad switching rule for DDE systemsand show that it stabilizes our model. Our
result usesa Riccati type Lyapunov functional under a condition on the time delay.

Index terms : switching systems,Lyapunov functional, delay di erential equations

. INTR ODUCTION

A switching systemis a type of hybrid systemwhich is a combination of discreteand
cortinuous dynamical systems. The standard model for sud systemsis givenin [1]. These
systemsarise as modelsfor phenomenawhich cannot be descrited by exclusiely
continuous or exclusiwely discrete processesExamplesinclude the cortrol of

manufacturing systems[2, 3], communication networks, tra c cortrol [4, 5, 6], chemical
processing7] and automotive enginecortrol and aircraft cortrol [8].

There have beenmany studiesof stability in switching systems(seee.g. [9] and references
therein). We note in particular the work of [10] who studied a linear switching systemof
the form

x(t) = M;, x(t); fort 2 [tx;tk+1); k= 0,1, 2 (2)
wherex 2 R"; i, 2 f1;2; ;Ng)and M; 2 R" ": Assumingthat there exists a Hurwitz
linear corvex conbination, F = iNzl iM;, they proposeda state dependen switching rule

to stabilize (1): Their rule and proof of stability rely on a common Lyapunov function, i.e.
a Lyapunov function valid for ead subsystemof (1) in somesubegion of R".
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Delay di erential equations(DDE's) arise as modelsfor systemswherethe rate of change
of the state dependsnot only on the current state of the systembut alsoits state at some
time(s) in the past (seee.qg. [11, 12 13, 14]). This is especially important for cortrol
systemswhereactuators, sensorsand transmissionlines may introducetime lags[15]. Since
marny of the applications of switching systemsinvolve cortrol, it is natural to considerthe
e ect of time delays in sud systems,i.e. to study switching systemswith time delay.

To date, most work in this areahasfocusedon sliding mode cortrol [16, 17, 18] or on
formulating conditions sud that the systemis stable for any switching rule [19, 20]. The
main approad in this latter work isto nd a Lyapunov functional which is valid for all
subsystemsn all of R". The terminology common Lyapunov functional is alsousedin this
work. Their meaningis di erent than ours, which follows the de nition of [10] for ODE
systems,as described above. Other work along similar linesis that of Boukasand Liu [21].
They considereda stochastic model, a Markov jump linear systemwith time delay that is a
switching systemwhoseswitching rule is a cortinuous-time Markov process.They obtained
various delay independern and delay dependen stability results using a Lyapunov
functional and LMI approad.

By cortrast, herewe focus on formulating a switching rule that will stabilize a given
switching system. One might expect that a switching rule which is designedto stabilize a
systemwith zerodelay would still stabilize the systemfor su ciently small delay. The goal
of this paper is to shaw this is true and quartify how small the delay must be, for a linear
systemsimilar to (1).

The paper is organizedasfollows. In Sectionll we formulate our model, proposea
switching rule for the systemand usea commonLyapunov functional to shaw it stabilizes
the systemfor su cien tly small delays. In Sectionlll we apply this method to two
examples:a systemthat switchesbetweenunstable subsystemsand a delayed feedba&
cortrol systemwith switching.

Il.  SWITCHING SYSTEM WITH TIME DELA'Y

A. Mo del and preliminaries

Let C= C([ ;0];R") be a Banad spaceof cortinuous functions with the norm

k k = sup k ()k:
0

Given an initial time, to, an initial function, 2 C, and a switching sequence
(io;to); (i te); 5 (ijst); 5 we considerthe following linear switching systemwith time
delay 8
< x= A x()+ By x(t ) fort2[tg;tkw1); k=012
(2)
X(t) = (t) for to t to;



where > 0;x2 R";A;,B;2 R" ", andiy 2 f1;2; iNg; 0< N < 1 : Asis usualfor
delay di erential equations,we assumethat x represeis the right-hand derivative of x:

Dening x¢( )= x(t+ ); 0, we can write (2) asa nonautonomousfunctional
di erential equation
x = f(t; X¢)
- 3
Xto = 1 ( )
wheref :[tp;1) C! R"isdenedviaf(t, )=A; (0)+B; ( ) for
t2 [te;te+1); kK= 0;1;2; . Notethat f is piecewisecortinuousin t and globally
Lipschitz in . Using the Method of Steps[22, 23 it is straightforward to show [24] that
thereis a unique function x : [t ;1 )! R" sud that
() x(t) satis es (3),
(i) x(t) is cortinuouson [t ;1),
i.e., that (3) hasa unique solutionon [t ;1 ).

Let Io = [to; 1 ). We note that f hasthe following property, which will be usedwhen we
prove stability in subsectionC.

Lemma 1 f mapsboundel setsof I Cinto boundel setsof R":

Pro of Let D be a boundedsubsetof C andE = f (Io; D), i.e.,
E=fv2R"jv=1(t; ); forsome 2D; t2Ilyg
SinceD is bounded,there exists0< L1 < 1 sud that

k k Lyforal 2D. (4)

Letv2 E, thenthereexist 2 D andt2 lgsudithat v=f(t ). Lett 2 [ty;tx+1) for
somek 2 f0;1;:::9. Then

kvk

kf (t; )k

= kA, (0)+Bik ( )k
KA, kk (O)k+ kBik ( )k:
(KA; k + kB;, K)k k
(KA k + KB;, K)L 1

L

()

whereL = maxy, (kAjk + kB;k)L,: ThusE is bounded. |}



B. Construction of switc hing regions and a switc hing rule

A switching rule is a rule which determinesa switching sequencdor a given switching
system. To designthe switching rule for (2) we needthe following.

De nition  The i™ mode of (2) is the subsystemthat is descrited by the DDE

x(t) = Aix(t) + Bix(t ): (6)

Throughout the rest of the paper, we will assumethat there existsa Hurwitz linear convex
conmbination, F, of A; + B;; i.e.

F= i(Aj + Bj) (7)

P
where0< ;<land [, ;=1

Note that when = 0 system(2) reducesto system(1) with M; = A; + B;: We thus use
the switching rule de ned in [10]for (1) to de ne the switching rule for (2): The basicidea
is asfollows: divide R" into N subregionsand usethe i"" mode of (2) whenx(t) is in the
appropriate subregion. Each subregionis de ned to make a particular quadratic form
negative.

SinceF is Hurwitz there exists a positive de nite matrix P satisfying
FTP+PF= Q (8)

for a given positive de nite matrix Q. Hence,for x 6 0;

x"(FTP + PF)x = . iX"((Ai+B)'P+P(A +B))x= x'Qx< O 9)

i=1
Since0< ;< 1; (9) impliesthat
X" ((Ai+ B))"P + P(A + Bi))x< 0

for at leastonei: So,we construct ; sud that

= fx2 R":xT((Ai + B))TP + P(A; + Bj))x xT Qxg: (10)

This leadsto the following proposition.

Prop osition 2 R" =[N, |



Pro of Supposenot, i.e. thereexistsaD R" sudthat D = R"n[ Y, ;: Then, for all
x2D
XT((Ai+B)"P + P(A + B)))x> x"Qx foralli.

P
Since0< ;<land 1, ;=1 forx2D

X" ((Ai + B))TP + P(A; + B)))x > XTQx = x'Qx
i=1 i=1

But, forall x 6 0

XT((Ai+ B)TP+P(A +B)x=x"(FTP+PF)x= x"Qx:

i=1
This is a cortradiction. Hence,no sud D existsand the result follows. |}
Now, we have N subregionsfor the given switching system. To prevent a sliding motion (a
motion of a trajectory along a boundary betweentwo switching regions)or chattering
behaviour (many fast switchings acrossa boundary) we would like to construct a set of

overlapping regions, 7i; sud that ead of the ; is cortained in exactly one of the ~;. We
thus de ne

i =fx2R" ZXT((Ai + Bi)TP + P(Ai + Bj))x }XTQXg; (11)

forsome > 1,andnotethat ; ~j;foreahi 2 f1;2 ;N g: We can now descrike our
switching rule.

De nition  (Minimum rule) At ead switching we determine the next mode accordingto
the minimum rule:

j(x) = argminxT((A; + B))"P + P(A; + B)))x: (12)

To obtain uniform asymptotic stability of the given switching systemwe proposethe
switc hing rule S:

S-0 Choosethe initial mode, ig, by applying the minimum rule to x(to).

~

S-1 Stay in the i'" mode aslong asthe state x(t) isin ~:

S-2 If x(t) hits the boundary of ~;; usethe minimum rule to determinethe next mode
and switch.




Figure 1. Switching behaviour. Numbersrefer to the active mode on the trajectory.

If = 0; then the work of [1(] guararteesthe stability of (2) under the switching rule S. In
the following we show that stability is presened for su ciently small.

The diagram of Figure 1 showvs how the switching rule S works. We start with various
initial points in the mode 1, i.e. ~1: Then, when the boundary of the mode 1 is reated,
i.e. the boundary of ~; which intersectswith the mode 2 (~,) and the mode 3 (73), the
systemswitchesto the mode 2 or mode 3 accordingto the minimum rule S-O0.

C. Stabilit y: Common Lyapunov Functional Metho d

We de ne Lyapunor functional V (x;) as
zZ, Z, z Z,
V(x¢) = xT(t)Px(t) + ds x"(WRx(uwdu+ ds  x"(v)Sx(v)dv (13)

t s 0 t s

whereP is asin (12), R and S are somepositive de nite matricesand > 0: Now V
satis es
(kx(hk)  V(x)  (kxik ) (14)

with
3 2 2
(kx(OK) = min (PIRX(OK* and (kxtke) = (max (P)+ 5 max(R)+ 5 ma (S)Kock?:
Note that () and () are cortinuousand increasingfunctionswith (0) = (0) = 0.

Following the usual procedurefor delay di erential equations [22, 23], we de ne the
right-hand derivative of V along a solution by

Vox) = lim Sup IV (xien) V(<)

wherex(t) is a solution of (2):



We will shaw stability by showing that the switching rule de ned above guarartees\. < 0
along any non-zerosolution.

To begin, we follow Kolmanovskii [23] and transform the model. This will allow us to
derive a condition on the delay which guarartees\. < 0 in ead region ~; nf 0g;

i=12  ;N:

Assumethat the systemis in the i" mode for t 2 [ty; tis1). Adding and subtracting B;x(t)
to (6) we have

Aix(t) + Bix(t )+ Bix(t) Bix(t)

(Ai"'Bi)X(t)"'Bi%(t ) x(1) (15)
(A + B)x(t) B; ' x(s)ds

it

x(t)

Assumethat the systemswitched to the i'" mode from the j" mode at t = t, and that
(t )2tk 1;t]: Then, fort 2 [tg;te + )

x(t) = (A+Bx(1) B ¥ (Ax(®)+Bx(s ))ds

R, (16)
Bi , (Aix(s) + Bix(s ))ds;

while fort 2 [ty + ;tg+1)
Z t
x(t) = (Aj + Bj)x(t) B; (Aix(s) + Bix(s ))ds: (17)
t
Thus, due to the time delay, for the rst part of the time interval whenthe systemis in the
i™ mode, the ewlution of x(t) dependson both the i™ and " subsystems.We refer to this
asa mixed mode and illustrate it in Figure 2. Note that if tx + > tx.; then the mixed
mode will cover the entire interval [ty;tk+1), i.e. (16) will apply for t 2 [tg; tk+1):

mixed mode
ye N

mode | ~ modei ‘mode k

Figure 2: Mixed mode

More generally if (t ) 2 [tk m;tk m+1] @nd mode p is active on [ty j;tk j+1),
j = 12:::m,thenfort 2 [te;ty + ) (ort 2 [ty;teer), if tx + > tesr)

X(t) = (Ai+B)X(t) Bi * " [Ap,X(s)+ Bp,x(s  )lds

P m 1 k j+1 Rt
Bi o j [Ap X(s) + By x(s  )]ds B; tk[Aix(s) + Bix(s )]ds
(18)
while for t 2 [ty + ;tk+1) X(t) is given by (17). This leadsus to following proposition.
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Prop osition 3 Let

= fx2 R":xT((Ai + B))TP + P(A; + B)))x 1xTQxg;

e = maXdl; e (PBi(A;S AT + BjR B[ )B[P);

L = maxi’\‘:l( max(R) +  max (S) + Imax),
and P satisfyFTP + PF = Q; for someQ > O:

Supmwsethat the i mode is active and x(t) 2 = on [t tys1): If

min (Q) .
L )

<

then there existsa continuous, increasing function, :R* ! R7*, satisfying (0) = 0 and
(s) > 0 for s> 0 suchthat

\L(X¢) (kx¢(0)K); for t 2 [ty;tk+1):

Pro of The proof can be found in Appendix A.

Proposition 3 ensuresthat \L (kx;(0)k) if the i"" mode is usedwhenx 2 ~;. Howewer,
it doesnot guarartee stability of the whole switching system. To do this, we needan
appropriate switching rule.

Theorem 4 Letthe delay satisfy the condition in Proposition 3. Then, the switching
system(2) with switchingrule S is uniformly asymptotially stable.

Pro of Recallthat (9) impliesthat at eaci x 2 R", x" ((A; + B;)TP + P(A; + B;))x < 0 for
at leastonei. Thusif the minimum rule choosesmodej then x(t) 2 ~;. Let the initial
time ty and initial function be given. Then S-0determinesthe initial mode iq, sothat
X(to) 2 Ti,- Applying S-1and Proposition 3 then shaws that \.(x;) (kx¢(0O)Kk) for

t 2 [to;t1). Now considerany interval betweenswitching times, [ty; tx+1) for somek > O:
Applying S-2at t, choosesmode iy sud that x(tx) 2 i, . Applying S-1and Proposition 3
then show that \.(x;) (kx¢(0)k) for t 2 [ty;tk+1). Thus\V(x;) (kx¢(0O)k) fort to.

Recallingthe propertiesof V (14), (Proposition 3) andf (Lemma 1), the rest of the
proof is similar to the proof of Theorem2.1in [22, Chapter 5]. |



Remark The multiple delay case,i.e. the casewhenthe i"" mode of the systemis given by
x(t) = Aix(t) + Bix(t  i);

can be handledwith a similar approad to that descriked in this section. In this case,the
Lyapunov functional will contain a sum of terms of the form

z ., z, z z,

ds  x"(u)Rx(u)du+ ds X7 (V)Sx(v)dv;

i t s 0 t s

where = max ;.

I1l. EXAMPLES

Example 1: Switc hing between unstable subsystems.
Considerthe switching systemgiven by

x(t) = Aix(t) + Bix(t  );i=12 (29)

where
2 2 1 7

(AzB) = (51901 %)

It is easyto ched that eat A; + B; is unstable. In particular, A, + B, hasa pair of
complexconjugate eigervalueswith positive real part and A, + B, hasone positive and one
negative eigervalue. This behaviour is illustrated in Figure 3.

There is a Hurwitz corvex combination given by

1 1

3 2
F= E(Al + Bl) + §(A2+ BZ) - 3=5 8=5 ° (20)
Hence,for Q = %I there existsa positive de nite matrix P suchthat FTP + PF = Q, viz.
_ 64429 25858 .
P= 25858 35286 (21)
Following the procedurein sectionll, we setup ~; with = 1:.5andQ = %I as

~ = fx2 RYxT((Ai + B))TP + P(A; + B)))x }xTng:



X2 X2
10

(0,5

-10

210 5 0 5 10 4 2 0 2 4
x1 x1
(a) (b)
Figure 3: Behaviour of modes of system (19) when = 0. (a) Mode 1 with initial value

(0:05; 0:05). (b) Mode 2 with initial value (0O; 5).
This gives
~1 = fx 2 R?j(545=429)x5 (350=429)K1X, (153=143)? rlt.)(xf + X3)g;

~,= fx 2 R?  (1175429%3 + (175=143)X1X, + (331=429)? =2+ xd)a:

Theseswitching regionsare illustrated in Figure 4.

Figure 4: Switching regionsfor (19): the shadedareasare overlapping regions.
By choosingR = S = 28 with = 1:.5we nd that the critical delay of Proposition 3 is
¢ 0:001573 Then, accordingto Theorem4, system(19) with the switching rule S is
guararteedto be asymptotically stablefor any < .. This is con rmed by numerical
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simulations, an exampleof which is shown in Figure 5(a). Note that stability is achieved
by ertering and remaining in one of the overlapping regions.

X2 X2

al 0,5) al (0,5)

20 | 20

0l (5.0) ol (5.0) %

2 2

4 4

4 2 0 2 4 4 2 0 2 4

x1 x1

Figure 5. System (19) with proposed switching rule and various time delays: (a) =
0:001572< , (b) = 0:15> : Initial condition: (X1(t);X2(t)) = (X10; X20); t O
with two choicesof X1p; X5o asindicated on plot.

Numerical simulations indicate that stability persistsfor > ., howewer, ascan be seenin
Figure 5(b), for > 0:1 the systemexhibits irregular transiernt behaviour. As increases
thesetransiens becomelarge enoughthat the stability would e ectively be lost in a
physical system. The transient behaviour can be explainedby the eigervalue structure of
the delayed subsystems.

Example 2. A switc hing system with delayed feedback control.

Feedbak cortrol is one of the powerful tools of engineeringand a time delay in the
feedbak is commonly obsened. Here, we considera switching systemwith delayed
feedba& cortrol de ned as

x(t) = Aix(t) + Bju(t  ); fort 2 [tg;tks1), k= 0,12, (22)

wherex 2 R™;12Q=1f1, ;NgA;j2R" ";B;j2R" P;u2 RP;and > 0 a constan.
We assumethat, for eat i 2 Q,

i) A; is an unstable matrix

i) rank(R(Aj;Bj)) = n, i.e. the system(22) is cortrollable. Hence,there exits
Ki 2 RP " sud that A; + B{K; is Hurwitz for the system(2) with = 0: Then, we
choosea cortrol by
u(t) = Kix(t)
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Thereforewe rewrite the original systemas

X(t) = Ajx(t) + BiKix(t ); fort 2 [tx;tk+1); k=0;1;2 (23)

Note that the rst part of assumptionii) ensuresthat the existenceof a Hurwitz linear
convex combination of A; + BKj;

F= i(Ai + BiKj): (24)

i=1

It follows from sectionll that the switching rule S with

Modei : x(t) = Ajx(t) + BiKix(t );
= fx 2 R :xXT((Ai + BiK{)TP + P(A; + BiK))x 1xTQxg:;

will achieve uniform asymptotic stability of (23):

The following numerical exampleillustrates the application descrited above. Consider(22)
with N = 2 and cortrollable pairs

(ArBy = (5 50 O
(A2B2) = (3 515 4

where A; and A, are unstable. ChoosingK ; and K, as

_ 5 0, _ 3 14
Ki= o910 Ke= o 4

then A; + B;K; for i = 1;2is Hurwitz. Although both subsystemsare stable individually
(for suciently small) asshown in Figure 6, switching betweenthem may lead instability
(Figure 8(a)). This is not unexpected;the samephenomenonhasbeenobsened in many
switching systemsinvolving ordinary di erential equations[9, 25, 26].

Setthe Hurwitz linear corvex combination F by

2 223

1 2
F= é(Al-I- BlKl) + é(A2+ BZKZ) = 28=3 2

Hence,there exists a positive de nite P

46489 3=1304 |

P= " 321304 2933912 °

suhthat FTP+ PF = Q

12



X2 X2
10 ; ; 10

5 5
1015 5 0 5 10 1015 5 0 5 10
X1 X1
() (b)

Figure 6: Behaviour of (a) mode 1 and (b) mode 2 of system(22) with = 0:0087. Initial
condition: (x1(t); X»(t)) = (1;7); t 0.

Figure 7: Switching regionsfor system(22): the shadedareasare overlapping regions

13



X2 X2

30 . . . . 8
20+ B 6l
10+ , al

I

L
_20 L
2+
-30 . : : . ; : : :
-30 -20 -10 Q 10 20 30 -3 -2 -1 Q 1 2 3
x1 x1

Figure 8: Comparisonof switching rules applied to system(22) with = 0:0087.(a) Mode
1in the 2nd and 4th quadrart and mode 2 in the 1st and 3rd quadrart leadsto instability.
(b) Proposed switching rule gives asymptotic stability. Initial condition: (x.(t);x»(t)) =
@;7); t O.

%I : With this P we construct switching regionsfor the mode 1 and mode 2:

whereQ

~1 = fx2 RY (151=489K3 (424=163)yx, (139=489%2  L(xZ+ x2)g;

~, = fx2 RY (169489K3+ (212=163);x, (175489%2 L (X2 + x2)g;

where = 1.5: Theseregionsare illustrated in Figure 7. ChoosingR = S= 19 ; and

= 1.5 in the Proposition 3, we obtain the critical time delay, . 0:008723 Then,
Theorem 4 guararteesuniform asymptotic stability of (23) with the switching rule S for
any < . Thisisillustrated in Figure 8(b). In fact, this delay estimateis consenrative. In
numerical simulations we obsene stability up to = 0:10591 seeFigure 9.
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X2
10

| —
P | TS

-10 -5

x2
10

o

1
a

0

Ty 5 0 5 10

(@) (b)

A

Figure 9: System(22) with proposedswitching rule and varioustime delays: (a) = 0:099,
(b) = 0:11. Initial condition: (x1(t);x2(t)) = (1;7); t O.

V. DISCUSSION

In this paper we adchieved uniform asymptotic stability of a classof linear switching
systemswith time delay by extending the result of ODE switching systemsin [10]to a
common Lyapunov functional methal. The main advantagesof our approad are as follows.

(i) We do not require that the coe cient matrix of the undelayed part of ead subsystem
(A;) to be Hurwitz.

(i) We have quarti ed the sizeof delay neededfor stability.

As hasbeenobsened with ODE systems|9, 25, 26], even if the delay is chosensud that
eat subsystemis stable, an ill-schemedswitching rule can lead instability. This is
illustrated in Figure 8(a) of Sectionlll. Numerical simulations indicate that our condition
on the delay is somewhatconsenative: stability with our switching rule is maintained for
delays larger than the theoretical value. Improving the theoretical result is an areafor
future work. Other possibleaveruesof future researt include extending the model to
include impulsesat the switching momerts.

ACKNO WLEDGMENT

The numerical simulations were donewith XPP AUT [27] which is a software padkagethat
performs numerical integration of delay di erential equations.
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APPENDIX: Pro of of Prop osition 3

Assumethat x(t) isin ~j on [ty;tesq) for somek 2 £0;1;2; g and switched from the j !
mode at ty: From (13) we have

RZ
(X)) = x(O)TPx(t)+ xT()Px(t)+ ° [XT(t)Rx(t) xT(t sS)Rx(t s)]ds

R . ; _ (25)
+ o XT(O)Sx(t) x'(t s)Sx(t s)]ds:

As discussedon pp. 6{7, the expressionfor x(t) dependson whether is greaterthan or
lessthan ty+;  tg: We thus divide the rest of the proof into two cases.

Case 1. ty g

In this casethe mixed mode coversto the whole switching interval [ty;tg+1), i.e. X(t) is
given by (18). Thus, for t 2 [ty;tk+1), We have

Vo) = (A +BXW®) B ™ (AL x(9) + Bpx(s ) ds

P
Bi

m 1Rtk j+1

it T (ApX(9) + Bpx(s ) ds BiR:tk(Aix(s)+ Bix(s ))ds)TPx(t)

+xT ()P ((Ai + B)x(t) B; R:tk ™ (Apa X(S) + BpnaX(s ) ds
B, P j"‘:ll Rttkk j“l (ApX(s) + Bpx(s  ))ds B F\:tk (Aix(s) + Bix(s  ))ds)

R, R
+ S (XT(Rx(t) xT(t s)Rx(t s))ds+ ,(xT(1)Sx(t) x'(t s)Sx(t s))ds:
(26)
It follows that
V(x:) = XxT(((Ai+ B))TP + P(A; + Bi))x(t) + x"(t)(R+ S)x(t)
Fitk " (XT(S)(BiAp, ) TPX(1) + XT(s )(BiBp, ) Px(t)) ds

R
ttk m+1 (XT(t)P BiApm x(s) + XT(t)PBinmX(S )) ds
P

m lRtk j+1

i (XT(S)(BiAR)TPX() + xT (s )(BiBp)TPx(1) ds

m 1 ‘g j+1

T (X (t)PBjA, x(s) + X" (1)PBiBp x(s  ))ds

j

Fftk (XT(S)(BiA)TPx(t) + xT(s  )(BP)TPx(t)) ds
Rt‘k (XT(1)PB;AX(s) + X" (t)PB2x(s  ))ds

R P R R

ttk L xT(S)SX(s) ds jmzll ttkk jJ " xT(s)Sx(s) ds ttk xT(s)Sx(s) ds
A R,

ttk m+1 XT (S )RX(S ) dS jm:11 t';k jJ+l XT (S )RX(S ) dS

R,

tkxT(s JRx(s )ds:

(27)
Using the fact that x" (t)((A; + B;)TP + P(A; + B;))x(t) 1xT (1)Qx(t) and adding and
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subtracting the following integrals

R
k1 xT(t)PB;iBp, R 1(BiBy, )TPx(t)ds;

t

R
o T ()PBiAp, S 1(BiAp, ) TPX(t) ds;

t

P_.R
JmllRt‘kk " XT(DPBAL S Y(BiA,)TPx(t)ds;  * ttkk i xT()PBiBy R 1(BiBp ) Px(t) ds;
R R
o XT(DPBIAS 1(BiA)TPx(t) ds; o X (PBZR Y(B2)TPx(t)ds;
(28)
we obtain
VL (X¢) IXT(H)Qx(t) + xT(t)(R+ S)x(t)

Rt
JOMH(PBiAL, ) TX() + SX(S)]TS H(PBiA,, ) X(t) + Sx(s)]ds

t

Py,

CCM(PBIB, ) TX() + Rx(s )ITR M(PBiBp,)TX(t) + Rx(s  )]ds
P m 1 Rtk +
ity FH(PBIAL ) TX(1) + SX(9)]'S H(PBiA, ) (1) + Sx(s)] ds

ty

i)

Jmll Rtk JT(PBiBg )TX(t) + Rx(s  )I'R '[(PBiBy)"x(t) + Rx(s )]ds

t

[(PB ANTx(t) + Sx(9)]'S Y(PB;A;)Tx(t) + Sx(s)] ds
tk[(PBiz)TX(t) + Rx(s  )I'R Y[(PB?)Tx(t) + Rx(s  )]ds
Rt . R,
£ Ny T(PBIAL, S H(BiAg, ) TPX(t)ds+ ¥ " xT()PB;B,, R L(BiB,,) Px(t)ds

t

P R
+ M I XT(PBIALS L(BiA,)TPx(t) ds

tk
P_.R
+ Lt I XT()PBB, R 1(BiBy,)TPx(t) ds

t

+ RIkXT(t)PBiAiS 1(BiAi)TPX(t) ds+ R

t ty

" xT(t)PBZR Y(B2)TPx(t) ds:

(29)
Dropping the negatiwe integrals then gives
V(i) L min (QKx(DK2+ (max (R) + max (S)) kx(t)k?
H(te mea (U )X ()(PBi(Ap, S Al + By, R Bl )BTP)X(Y)
P

+ LMt tXT(M(PBi(AL S *A] + By R B )BTP)X(t)
+(t tk)XT(t)(PBi(AiS 1A;r + BiR lBiT)BiTP)X(t):
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And hence,we have
V(%) L omin (QKx(DK2+  (max (R) + max (S)) kx(t)k?
Hte mer () max(PBi(Ap, S *Al + By, R B )BT P)kx(t)k?
+(ij=11(tk i+t j) max (PBi(ApS *A] + By R 1BJ)BTP)kx(t)k?
+Ht ) max(P(AS Al + BiR 'B[)B{ P)kx(t)k?
L min (QKx(DK2+  (max (R) + max (S)) kx(t)k?

i 2 P m 1 i 2 i
+(tk m+1 (t )) maxkx(t)k + j=1 (tk j+1 ty j) maxkx(t)k + (t tk) max

=L QKKK+ (nax(R)+ ma(S)KK(DK?
H(toma € D+ MM o)+ 8)) hakx(OK
(l min (Q) (max(R)"' max(s)+ imax))kx(t)k2

(kx (O)K);

(31)
where (s) = (2 min (Q) L)s?. The propertiesof are clear by the choice of the delay.
Case 2. ty+s1 >

In this casewe needto considertwo subintervals: [tg;tx + ) and [ty + ;tyxs1): FoOr
t 2 [tg;te + ); X(t) is given by (18) and the analysisis sameasfor Casel. For
t2 [t + ;tes1); X(t) is given by (17) and we have

V(x:) = XxT(((Ai+ B))TP + P(A; + Bi))x(t) + x"(t)(R+ S)x(t)
2Rt xT (t)PB;Ax(s)ds

t

X' (s)Sx(s)ds (32)

t

2R‘ xT(t)PB2x(s )ds R xT(s )Rx(s )ds:

t t

Following a similar procedureasfor Casel, we nd
V(i) =XT(DQX(1)
+ xT(1)fR+ S+ PB;(A;S AT + BiR B)BPgx(t)

Rt
t

[(BiA)TPx(t) + Sx(s)]"S '[(BiA|)TPx(t) + Sx(s)]ds
R,
¢ [(BATPx(t)+ Rx(s  )]'R M[(BY)TPx(t) + Rx(s )]ds
I min QXK+ max (R) + max (S)
+ max (PBi(A;S AT + B;R BTP)BPgkx(t)k?
I min (QKX(MK2+ ( max (R) + max (S) + hax JKX(t)K?

(kxt(0)k):
(33)
This completesthe proof. |
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