2508.09367v2 [cs.GT] 12 Sep 2025

arXiv

Multidimensional Budget-Feasible Mechanism Design

Rian Neogi* Kanstantsin Pashkovich* Chaitanya Swamy*

Abstract

In budget-feasible mechanism design, a buyer wishes to procure a set of items of maximum value
from self-interested rational players. We have a nonnegative valuation function v : 2V +— R, where U
is the set of all items, where v(.5) specifies the value obtained from set S of items. The entirety of current
work on budget-feasible mechanisms has focused on the single-dimensional setting, wherein each player
holds a single item e and incurs a private cost c, for supplying item e (and each item is held by some
player).

We introduce multidimensional budget feasible mechanism design: the universe U is now partitioned
into item-sets {G;} held by the different players, and each player ¢ incurs a private cost ¢;(.S;) for
supplying the set S; C G; of items. A budget-feasible mechanism is a mechanism (i.e., an algorithm
and a payment scheme) that is fruthful, i.e., where players are incentivized to report their true costs,
and where the total payment made to the players is at most some given budget B. The goal (as in the
single-dimensional setting) is to devise a budget-feasible mechanism that procures a set of items of large
value.

We obtain the first approximation guarantees for multidimensional budget feasible mechanism de-
sign.

Our contributions are threefold. First, we prove an impossibility result showing that the standard
benchmark used in single-dimensional budget-feasible mechanism design, namely the algorithmic op-
timum OPT pjg is inadequate in that no budget-feasible mechanism can achieve good approximation
relative to this. We identify that the chief underlying issue here is that there could be a monopolist, i.e., a
single player who contributes a large fraction of OPT ajg, which prevents a budget-feasible mechanism
from obtaining good guarantees. Second, we devise an alternate benchmark, OP T gench, that allows for
meaningful approximation guarantees, thereby yielding a metric for comparing mechanisms. Third, we
devise budget-feasible mechanisms that achieve constant-factor approximation guarantees with respect
to this benchmark for XOS valuations. Our most general results pertain to XOS valuations and arbitrary
cost functions, where we obtain a budget-feasible-in-expectation mechanism that runs in polytime given
a demand oracle, and a universally budget-feasible mechanism. We also obtain polytime universally
budget-feasible mechanisms for: (a) additive valuations and additive costs; and (b) XOS valuations and
superadditive cost functions, assuming access to a variant of a demand oracle.

Our guarantees for XOS valuations also yield an O(log k)-approximation for subadditive valuations
(with respect to our benchmark), where £ is the number of players.
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1 Introduction

In budget-feasible mechanism design, a buyer wishes to procure a set of items of maximum value from
self-interested rational players. We have a ground set U of items, a valuation function v : 2V — R,
satisfying v(()) = 0, where v(.S) specifies the value obtained from set S of items, and a budget B. The vast
majority of work on budget-feasible mechanisms has focused on the single-dimensional setting, wherein
each player holds a single, distinct element e and incurs a private cost c. for supplying item e. In order
to incentivize players to reveal their true costs, the buyer needs to make suitable payments to the players.
The utility of a player is then equal to the (payment received by it) — (cost incurred by it). A mechanism,
i.e., an algorithm and a payment scheme, is: (a) truthful, if each player maximizes her utility by revealing
her true cost and thereby has no incentive to misreport her cost; and (b) individually-rational, if the utility
of every truthful player is nonnegative. A budget-feasible mechanism is a truthful, individually rational
(IR) mechanism where the total payment made to the players is at most the given budget B. The goal is
to devise a budget-feasible mechanism that procures a set of items of large value, where we measure the
quality of the mechanism by comparing its value returned against the algorithmic optimum OPTpg =
OPTpg(v, B, c) := max {v(S) : > . cgce < B, S C U}, which denotes the maximum obtainable value
if the costs were public information.

Budget feasible mechanisms were introduced by Singer [S5] and have been extensively studied (see,
e.g., [14, 156, 49, [12]] and the references therein), but (as noted earlier) almost exclusively in the (above)
single-dimensional setting. A few works consider a somewhat richer, albeit still single-dimensional setting
called the level-of-service (LOS) setting, wherein a player can provide multiple units of an item (or levels of
service), incurring the same cost for each unit supplied [21} 15,45} 13]]. This focus on single-dimensional set-
tings is in stark contrast with other prominent mechanism-design problem domains, such as social-welfare
maximization and profit-maximization in combinatorial auctions (see [46} 40]), or cost-sharing mecha-
nism design [35} 27], which considers richer multidimensional settings involving more-expressive players
(notwithstanding the significant challenges that arise in multidimensional mechanism design).

1.1 Our contributions and results

We initiate the study of multidimensional budget feasible mechanism design: each player ¢ now owns a
publicly-known set G; of items, where these player-sets partition U and incurs cost ¢;(.S;) for supplying the
set S; C G; of items, where ¢; : 2 — R is 4’s private cost function. (Throughout, we use i to index
the players, and e to index items in U.) We assume only that the ¢;s are monotone (¢;(S) < ¢;(T") for all
S, T C G;), and normalized (¢;()) = 0). The goal (as before) is to design a budget-feasible mechanism that
maximizes the value of the procured set of items[] Let C; denote the set of all possible player-: private cost
functions, and C := IL;C;. Let n = |U|. Note that v, B, and {(G;, C;)}; are public knowledge.

We obtain the first approximation guarantees for multidimensional budget feasible mechanism design.

Multidimensional mechanism design is in general substantially more challenging than single-dimensional
mechanism design, mostly due to the fact that there is no simple and conveniently-leverageable character-
ization of truthfulness that is analogous to Myerson’s monotonicity-based characterization of truthfulness
in single-dimensional settings. With budget-feasible mechanism design, where payments also feature in the
constraints, this challenge also manifests itself in another distinct (but related) way, namely, that there is a
complicated relationship between truthfulness-inducing payments and the underlying algorithnﬂ compared
to the single-dimensional setting, where payments correspond to threshold values.

"Note that this model is rich enough to to capture even a multidimensional LOS setting, wherein c¢;(S;) is a monotone (but not
necessarily linear) function of | S;|.

*In the multidimensional setting, there are characterizations of truthfulness based on cycle monotonicity and weak-monotonicity,
and payments can be obtained by computing shortest paths in a certain graph, but these have been difficult to leverage.



Furthermore, multidimensional budget-feasible mechanism design poses an (orthogonal) modeling chal-
lenge, namely, the benchmark used in the single-dimensional setting, the algorithmic optimum, which now
translates to OPT pig(v, B, ¢) := max{v(S) : >, c¢(SNG;) < B, S C U}, turns out to be quite inad-
equate: no budget-feasible mechanism can achieve any non-trivial approximation with respect to OPT pg,
even for additive valuations and additive cost functions. This impossibility result (see Theorem [1.1)) extends
to budget-feasible-in-expectation mechanisms, which are truthful-in-expectation mechanisms—i.e., truthful
reporting maximizes the expected utility of each player—where the expected total payment is at most the
budget B (and IR holds with probability 1). It also extends to the Bayesian setting, wherein there is a prior
distribution from which players’ types are drawn, and we compare the expected value of the mechanism and
E[OPTag].

We say that a budget-feasible mechanism achieves approximation ratio o with respect to a benchmark
Bmark, where o > 1, if it always obtains value, or expected value in case of a randomized mechanism, at
least Bmark(v, B, ¢)/a. We sometimes consider a natural “no-overbidding” assumption, which states that
every item, by itself, constitutes a feasible solution: formally, for every i, every ¢ € C;, and every e € G;,
we have ¢;({e}) < B. This is without loss of generality in the single-dimensional (single-item and LOS)
settings (as dropping a player ¢ with ¢; > B does not impact truthfulness or approximation), but does impose
a restriction on player cost functions in the multidimensional setting

Theorem 1.1 (Impossibility results: Informal versions of Theorems[3.1H3.3). (Recall that n = |U|.)

(a) No deterministic budget-feasible mechanism can achieve any bounded approximation ratio relative to
OPTag(v, B, c).

(b) No budget-feasible-in-expectation mechanism can achieve approximation ratio better than n relative to
OPT g (v, B, ).

(c) ([21]) Under no-overbidding, even for the single-dimensional LOS setting, no deterministic budget-
feasible mechanism can achieve approximation ratio better than n, and no budget-feasible-in-expectation
mechanism can achieve approximation ratio better than O(log n), relative to OPT pg(v, B, ¢).

These impossibility results hold even when the valuation v and the c;s are additive functions. The lower

bounds for budget-feasible-in-expectation mechanisms extend to Bayesian budget-feasible mechanisms.

(We include part (c) above mainly for the sake of comparison (when we do not assume no-overbidding)
and completenessEb We remark that the lower bounds mentioned above are tight for XOS valuations (see
Section [8.2)); this follows as a by-product of some of our results, and we elaborate upon this later.

Suitable benchmark. In light of the above impossibility results, a pertinent question that arises is: can one
come up with alternative suitable benchmarks that enable one to circumvent the above impossibility result
and obtain meaningful approximation guarantees? One of our contributions is to define a novel benchmark
that answers this question affirmatively.

Before delving into our benchmark, we first note that the natural idea of comparing against the maximum
value obtainable by a budget-feasible mechanism, fails. This is because for every input (v, B, ¢), one can
always tailor a budget-feasible mechanism that obtains value OP T ag(v, B, c) on this particular inputf] so
this maximum-value benchmark coincides with OPT pjg. Thus some care and insight is needed to define a
suitable benchmark.

3In particular, with overbidding, one can capture a richer space of private inputs, namely the “unknown” setting where there is
a private subset Z; C G, of items that a player ¢ can provide; with overbidding, observe that this can be easily encoded by player 4
reporting (a monotone) ¢; with ¢;({e}) > Bforalle € G; — Z;.

“In 3], this lower bound is bypassed in the LOS setting by making a strong “all-in” assumption. Under such a strong assumption,
one can obtain O(1)-approximation relative to OPT aj even in our multidimensional settings; see Remark

’Let S* C U be such that v(S*) = OPTag(v, B,c) and S; = S* N G;. Consider the mechanism that on input d, returns
U; Ti, where T; = S if d(S7) < ¢(S7) and () otherwise, and pays player 7, ¢(S;), if d(S;) < ¢(S]) and 0 otherwise.



Roughly speaking, the impossibility results stem from the fact that there could be a single player 7
responsible for a large fraction of the total value, who can then act as a monopolist: a budget-feasible
mechanism can be forced to spend the entire budget on player ¢, even if only one item from G; is chosen,
which leads to a poor approximation factor. There are two approaches for bypassing this issue: (1) restrict
attention to inputs where no player is a monopolist (and still compare against OPT jg); or (2) come up
with a new benchmark whose definition captures that there is no monopolist. We adopt the latter approach,
as it has the benefit that it yields guarantees for all inputs. Given a vector ¢ = (cy, ..., ci) of player cost
functions, define ¢(S) := ), ¢;(S N G;). Define

OPTgench(v, B, c) = Iélg(}fc{fgﬁv(S —Gi): c(9) < B}.

This benchmark safeguards against a monopolist in that its objective function min; v(.S—G;) degrades in the
presence of a a monopolistE] An appealing aspect of OP T gench is that it is parameter-free. Observe also that
for subadditive v (i.e., v(SUT) < v(S) + v(T) for all S, T C U), on inputs where there is no monopolist,
OP T'gench essentially coincides with OPT ajg: if we have some S* C U with v(S*) = OPT ag(v, B, ¢)
satisfying v(S* N G;) < e - v(S*) forall i € [k], then OPT'gench > (1 — ) OPT jg.

We discuss this benchmark further in Section relating it also to other mechanism-design domains
where the need for considering suitable banchmarks arises.

Approximation results. We devise budget-feasible mechanisms that achieve constant-factor approxima-
tion guarantees with respect to the above OPT gench benchmark. Unless otherwise stated, in the sequel,
when we refer to the approximation factor of a mechanism, it is always with respect to the OPT gench
benchmark, and without assuming no-overbidding. (As noted earlier, overbidding provides increased mod-
eling power, allowing us to also model settings where player ¢’s set of items is private.)

Note that since budget-feasibility imposes a condition on the payments of the mechanism, even the
existence of budget-feasible mechanisms, bereft of computational concerns, that achieve a “good” approx-
imation with respect to the above benchmark is not guaranteed This situation applies also to the single-
dimensional setting (where we seek approximation with respect to OPT ), and therefore even the devel-
opment of good budget-feasible mechanisms setting aside computational considerations has been the focus
of a significant body of work. For instance, Dobzinski et al. [28] explicitly raised the question of whether
there exists an O(1)-approximation budget-feasible mechanism for subadditive valuations, which was an-
swered affirmatively by Bei et al. [[14], albeit in a very non-constructive fashion, and only very recently an
explicit, but non-polytime, mechanism was obtained [53]]; a polytime mechanism for subadditive valuations
remains elusive. Similarly, for multidimensional cost-sharing mechanism design, the work of [27] focuses
on proving the existence of good cost-sharing mechanisms, regardless of computational considerations.

Our main results are for XOS valuations (and subclasses), and are summarized in Table |1} A function v
is XOS if it is the maximum of a collection of additive functions.

Our mechanisms access the valuation function v via a suitably generalized form of demand oracle, and
leverage the VCG mechanism (see Theorem . (Recall that given ¢ € C := IL;C;, we define ¢(S) :=
Y. ci(SNG;) for S C U.) In the multidimensional setting, since player-cost functions are not necessarily
additive, it is natural to extend the notion of a demand oracle to consider general price functions: a demand

SFor subadditive v, this is always larger than the alternate objective v(S) — max; v(S N G;). Also, it is important to remove the
maximum contribution of any player towards v(S). For instance, if in the alternate objective, we subtract the average contribution
of the players and consider the objective v(S) — (3, v(S N G:)) /K, where k' = |{i : SN G; # 0}|, then the benchmark again
becomes too strong; this is because one can always pad an instance with a monopolist with dummy players that contribute little
value and incur O cost, thereby increasing &’ and driving the subtracted term to 0.

"In fact, in the multidimensional setting, the existence of even just a truthful (but not necessarily budget-feasible) mechanism that
achieves a good approximation relative to OPT ajg is not guaranteed; see Theorem[3.3] This in contrast to the single-dimensional
setting, where the algorithm that returns an optimal solution is monotone and hence truthfully implementable.



Valuations Costs O(1)-approximation wrt. Mechanism type Oracle
) OPTgench BF-in-expectation (Theorem 4.1 Demand
Arbitrary
XOS OPTgench Universally BF (Theorem|5.6 *
Superadditive OPTgench Universally BF (Theorem|5.11 Constrained demand
Additive Additive OPTgench Universally BF (Theorem|5.8 -
Submodular | Arbitrary OPTgench — O (maxi v(Gi)) Universally BF (Theorem|6.1 Demand

Table 1: Summary of our results for XOS valuations, and subclasses. BF stands for budget-feasible. BF-in-expectation
denotes truthful-in-expectation with expected total payment at most B, where IR holds with probability 1; universally
BF means that truthfulness, IR, and “total payment < B”, all hold with probability 1. All our results hold without
assuming no-overbidding. The value obtained is at least ﬁ times the quantity listed under “O(1) approximation
wrt.” Our mechanisms run in polytime given access to the specified oracle; the entry marked * requires a more
involved oracle. For additive valuations and costs, the valuation and costs are explicitly given.

oracle for class C = I1;C;, takes ¢ € C, x € Ry as input, and returns argmax gy (v(S) — & - ¢(S5)). Some
of our mechanisms utilize a constrained demand oracle, where we are also given a cap Val, and the oracle
returns argmax {v(S) — k- ¢(S) : S C U, v(S) < Val}. (We remark that we can also work with an oracle
that returns argmax gy (min(v(S), Val) — & - ¢(S)).)

Our most general results apply to XOS valuations and arbitrary (monotone, normalized) cost functions.
We devise two types of mechanisms that both achieve O(1)-approximation (with respect to OP T gench)-
The first mechanism is budget-feasible-in-expectation and runs in polytime given a demand oracle (The-
orem [4.T). The second mechanism (Theorem [5.6)) satisfies a much stronger mechanism-design guarantee,
universal budget-feasibility—wherein truthfulness, IR, and the budget constraint on total payment, hold with
probability 1—but requires stronger oracle access. Note that this also demonstrates the existence of a good
universally budget-feasible mechanism, even in the most general setting of arbitrary cost functions.

We next design polytime universally budget-feasible mechanisms for various special cases of interest
(that achieve O(1) approximation). For XOS valuations and superadditive cost functions, our mechanisms
run in polytime given a constrained demand oracle (Theorems {8 and [5.TT).

For additive valuations and additive cost functions, a constrained demand oracle corresponds to solv-
ing a knapsack problem, and we show that, we can (roughly speaking) solve related (scaled and rounded)
knapsack problems optimally and thereby obtain polytime mechanisms (Theorems and [5.8). (We do
not require any oracle access here since the additive valuation and costs are now explicitly specified in the
input.)

In presenting our universally budget-feasible mechanisms, we present them first in the simpler setting
where we assume no-overbidding (Section [4.2)), as this helps to illustrate some of the main ideas, and the
arguments become much simpler. We then discuss how to drop this assumption in Section[5] (Recall that all
the results in Table [T]hold without assuming no-overbidding.)

For the subclass of monotone submodular valuations and arbitrary cost functions, we design a polytime
universally budget-feasible mechanism using demand oracles, with a weaker approximation guarantee (The-
orem|6.T)). Interestingly, this mechanism is not VCG-based: we do not perform a global VCG computation,
but only perform VCG computations locally, for individual players (see Algorithm[Submod-UniBF).

Our mechanisms for XOS mechanisms also yield O(log k)-approximation guarantees for subadditive
valuations (Section[7). Recall that & is the number of players. This essentially capitalizes on the idea that an
XOS function can pointwise approximate a subadditive function. However: (a) we cannot use this as a black-
box since a pointwise approximation of v by ¥ does not imply that the benchmarks OP T gench (v, B, ¢) and
OPTgench(7, B, ¢) are close to each other; (b) the best pointwise-approximation of v by an XOS function



can incur an O(log n)-factor loss [14} [16], as v is defined over a universe of n items. Instead, we obtain our
results by working with a pointwise O(log k)-approximation of v that satisfies a property weaker than XOS,
and utilizing this internally within our mechanisms in a suitable fashion.

We obtain two other types of results as a byproduct of our techniques. First, we also obtain tight approx-
imation guarantees using demand oracles for the algorithmic problem of approximating OPT ajg(v, B, c)
in polynomial time (Section [8.1). Theorem [8.1] shows that when the ¢;s are superadditive, we can obtain
a polytime (2 + ¢)-approximation, for any constant € > 0, even for subadditive valuations (i.e., we have
v(SUT) <wv(S)+v(T) forall S, T C U), which is tight, even for additive cost functions [11]].

Second, we can show that the lower bounds mentioned in our impossibility result (Theorem [I.1)) are
tight for XOS valuations (see Section[8.2)). For instance, we obtain randomized budget-feasible mechanisms
that achieve O(log n)-approximation relative to OPT ag(v, B, ¢) assuming no-overbidding (Theorem 3.2)).
This is a consequence of the fact (see Section that our mechanisms work with an estimate V7 of our
benchmark, and one can isolate OPT pjg within a multiplicative factor of n (in fact, within an O(max; |Gi)-
factor). Notably, this also implies substantially more-general results even for the single-dimensional LOS
setting mentioned at the start of the Introduction, which is the very special case where ¢;(S) = ¢;|S| for
S C G;. For this setup (where no-overbidding is without loss of generality), prior work yields approximation
factors of O(logn) [21] and O(max; |G;|) [3], assuming that v is additive across players and concave for a
single player. Our results yield similar guarantees, but we do not need additivity across players; they apply
to any XOS valuation, and to the much-richer multidimensional LOS setting, where ¢;(S) is a monotone (as
opposed to linear) function of |S|.

Our work opens up the area of multidimensional budget-feasible mechanism design as an exciting well-
motivated research direction. Our results show that, notwithstanding the substantial challenges faced in
multidimensional mechanism design, one can obtain interesting guarantees in this domain. While we make
substantial progress in this area, a variety of interesting questions remain, and we hope that our work will
stimulate further work in this area.

1.2 Technical overview

We give an overview of our techniques, highlighting the salient ideas underlying our mechanisms and their
analysis. We use v(e), ¢;(e), and c(e) to denote the respective function value for the singleton set {e}.
Broadly speaking, our mechanisms for XOS valuations capitalize on two main ideas. (A) We can obtain
a good estimate of the target value to aim for via random partitioning; and (B) we can leverage such an
estimate to select a suitable subset via a suitable demand-oracle computation, which amounts to a VCG
computation. These ideas have been shown to be useful for single-dimensional budget-feasible mechanism
design [[14} 53], but the multidimensional setting inevitably leads to various challenges, including a rather
tricky technical difficulty that arises when we aim for guarantees without assuming no-overbidding.

(A) Random partitioning. The idea here is to estimate the target value from a suitable random subset of
U, which is then discarded. In the single-dimensional setting, this has been utilized in prior work (see,
e.g., [14} 12, 153]]), where one randomly samples each element in U with probability 0.5, and one can argue
that this well-estimates OPT . In the single-dimensional setting, sampling players or elements amounts
to the same thing, but when players hold multiple items, the two versions differ, and one needs to be careful
in selecting the right sampling procedure. To ensure truthfulness, we do not want any player ¢’s item-set G;
to be straddled by the sample as then a player ¢ whose items are still in “play” after the sample is discarded
can influence the computation on the sample. Therefore, we pick a random subset N7 of players by selecting
each player with probability 0.5, and use the items owned by these players Uy := [ J;¢ A, Gi to estimate the
target value to aim for and discard U;. However, we hit an immediate snag, namely that if a single player



contributes a large fraction of OPT g (i.€., is a monopolist), then such a sample will be quite noisy and not
yield a good estimate.

As shown by our impossibility result, this is a real issue that precludes good approximation with respect
to OPT ajg (and not simply an artifact of random sampling). Crucially (and conveniently) however, when
we move to the OPT gench benchmark, this no longer presents a difficulty, as this benchmark specifically
safeguards against a monopolist.

Specifically, we can argue (see Lemma [2.4] and Corollary [2.5) that this random sampling: (i) yields an
O(1)-factor estimate Vi of OPT'gench, 1., Vi = Q(OPTgench) With constant probability; and (ii) the
set Up = U — Uj also contains a good approximation to OP T gench. Moreover, we show that for XOS
valuations, it also holds that, for any 5 = 1,2, the optimal value of the LP-relaxation of the algorithmic
problem on U; yields a good estimate for OP T gench (see Lemma .

It is worth noting that the definition of our benchmark OP T gench to suitably account for a monopolist, is
key here to showing that random sampling remains an effective tool that can be leveraged in the multidi-
mensional setting.

(B) Leveraging the estimate V; via suitable demand oracles. Given the estimate 1/}, we show how to
exploit the VCG mechanism—the prototypical truthful mechanism for social-welfare maximization—in a
careful fashion via suitable demand oracles. One insight to emerge from the work of 53] on the single-
dimensional setting is that computing S* = argmaxgc;, {v(9) — % -¢(S)} via a demand oracle, yields
suitable payments. The argument therein is based on the monotonicity condition that characterizes truth-
fulness in single-dimensional settings, where payments correspond to threshold values, and they show that
with an XOS valuation v, if we prune S* to a set 7" with v(7") < AV}, then the payments satisfy the budget
constraint.

The above demand-oracle computation is a VCG computation: it amounts to minimizing an affine function
of players’ costs. This is promising, since it implies that there are payments that can be combined with
the algorithm to obtain a truthful mechanism (see Theorem [2.2] and (VCG)). However, these payments
may not satisfy the budget constraint, even in the single-dimensional setting, which is why [53]] need the
postprocessing pruning step.

The pruning operation is however quite problematic and no longer works in the multidimensional setting,
even if we are careful and select or discard the entire set S* N G; of a player . The crux of the issue is that,
since players own multiple items, there is a much-richer space of possibilities in terms of how a player’s
cost function can influence S* (and hence, the final outcome): a player who gets discarded by pruning can
lie so that a different subset from G; is included in .S* and she is no longer discarded, and the VCG payment
then provides her with positive utilityﬂ This makes pruning S* and discarding items and/or players quite
problematic. Indeed, in general, composing procedures (e.g., VCG + postprocessing) while maintaining
truthfulness is quite challenging in multidimensional settings, due to the fact that one has much less control
on how a player’s reported cost can affect the output of a procedure, and hence the overall output.

We avoid this issue altogether by eliminating pruning. Instead, we use a constrained demand oracle that only
considers sets with v(S) < AVi; thatis, we compute $* = argmaxgcy;, {v(S)— % e(9) : v(S) < A1}
This still corresponds to a VCG computation, and we can again use VCG to infer payments that ensure
truthfulness. Also, when v is XOS, due to the upper bound on v(.S*), budget-feasibility easily follows.

The proof of approximation guarantee requires one additional idea to show that v(S*) = Q(OPTgench)-
Due to our random sampling, we know that, with constant probability, Us contains some set 75 with ¢(T5) <
B, and v(T3) = Q(OPTgench); for instance, the maximum-value set in U with cost at most B satisfies

8In contrast, in the one-item-per-player setting, the demand-set computation is immune to a player i € S in the sense that
cannot lie and cause a different demand-set to be computed that still contains .



this. However, we may have v(75) > AVj, and so it is unclear how to utilize this to lower bound v(S*).
The key is to argue that we can extract a suitable subset of 7% that can act as a witness for lower bounding
v(S*) — % - ¢(S*): we show that we can always find 7" C T4 such that v(T") is roughly AV}, and for
which ¢(7T') is bounded away from B, say is at most B/2 (see Lemmas and [2.8). This step incurs an
additive loss bounded by O (maxeeTQ* v(e)) for superadditive cost functions, and O (max; v(T5 N G;)) for
general cost functions. With superadditive costs, this loss is not a problem when we assume no-overbidding,
since we can “recover” this by returning the maximum-value element in U with some constant probability.
Without no-overbidding however, this poses a rather tricky issue, and one needs to come up with novel ideas
to help offset this loss (as discussed below).

Putting everything together, with no-overbidding, our mechanisms for XOS valuations consist essen-
tially of two steps: (1) random partitioning to estimate OP T gench; and (2) using a constrained demand-
oracle computation to obtain .S*, which is tailored to ensure that the corresponding VCG payments yield a
budget-feasible mechanism. The chief component in the analysis, and the differences in the various mech-
anisms, lie in the proof of approximation (since, as noted above, VCG payments easily ensure truthfulness
and satisfy the budget constraint).

The above template yields universally budget-feasible mechanisms using a constrained demand oracle.
We also show that using a (standard) demand oracle, one can obtain a budget-feasible-in-expectation mech-
anism (Algorithm in Section [4.1). Here, we consider an LP-relaxation for a constrained-
demand oracle (CDLP(A)), which we argue can be solved efficiently using a demand oracle. Viewing the
LP-solution as a distribution, and again using VCG payments, we obtain a budget-feasible-in-expectation
mechanism.

An important takeaway from our constructions and techniques is that the VCG mechanism can be suit-
ably adapted and controlled to obtain payments that satisfy the budget condition.

Dropping no-overbidding (Section | . Asdiscussed above, one incurs an additive loss—O (maxeeTg U(e))
with superadditive costs, and a worse loss of O(maxie N, 0(T5 N GZ)) with general costs—in arguing the
existence of a good set 7' C Ty with v(T") < AVi, ¢(T) < B/2. The question that arises is: how do we
offset this loss?

While this may seem like a benign issue, it actually presents a serious obstacle. Let e* = argmax {v(e) :
e € U, c(e) < B} and vmax = v(e*). Also, let opt; = maxgce, {v(S) : ¢;(S) < B} fori € N, and
opt* = max;enr opt;; clearly opt® > wpax. The additive loss incurred is bounded by opt*, so a natural
thought would be to return the set corresponding to opt™ with some probability; or, with superadditive costs,
to return e* with some probability. However, observe that, even for superadditive costs, and unlike the
situation with no-overbidding, returning e* does not yield a truthful mechanism: the player ¢ owning e* can
benefit by overbidding on e* and cause the mechanism to choose a lower-cost element from G;. The same
issue arises with returning the set corresponding to opt*. More tellingly, and this points to the trickiness of
this question, the impossibility result in Theorem (a) implies that no deterministic truthful mechanism
can obtain value Q(vmay ), as this would yield an O(n)-approximation relative to OPT pjg.

To circumvent this issue, we develop novel (non-VCG-based) budget-feasible mechanisms (Mech-
anisms [2ndOpt, 2ndOpt-Poly] and 2ndOpt-CDemd)) to serve as a kind of “proxy” for the “return set-
corresponding-to-opt* mechanism” (which is not truthfully implementable), which satisfy the following
guarantee: they obtain expected value proportional to the second-largest opt; value, which we denote by
opt®) (Theorems and . Mechanism has a particularly clean description: it carefully
selects a player/z'\with opt; = opt™ and returns a minimum-cost set from G; whose value is at least opt®
Mechanisms [2ndOpt-Poly| and 2ndOpt-CDemd| build upon this idea to ensure polytime computation for ad-
ditive valuations and additive costs, and superadditive costs with a constrained demand oracle, respectively.

The Q(opt(2))—value guarantee that we obtain lies in a nice sweet spot: it is weak enough to not be
precluded by our impossibility result, and yet is strong enough that we can still exploit this to recoup the
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additive loss incurred, provided that we can ensure that max;ca, v(T5 NG;) < opt(®). We show that we can
rework the analysis to achieve this, by choosing T;; C U appropriately. The upshot is that, if we now run
the random-sampling based mechanism with suitable probability p, and Mechanism[2ndOpt| with probability
1 — p, then we obtain a good approximation relative to our benchmark (without assuming no-overbidding).

Submodular and subadditive valuations. Our mechanism for monotone, submodular valuations (Sec-
tion[6) departs from the above template in that after obtaining an estimate V7, it does not use a VCG mecha-
nism. Instead, we use a greedy algorithm and process the players in a sequence, and for each player ¢ select
a suitable subset from Uz N G; via a demand oracle. Thus, we perform “local” VCG computations but the
overall mechanism is not VCG-based.

For subadditive valuations (Section[7), we utilize our mechanisms for XOS valuations, by working with
a suitable pointwise-approximation of the subadditive valuation v in the demand-set computation. It is
well known that any subadditive valuation can be pointwise-approximated by an XOS function within an
O(log n)-factor; but utilizing this this would only yield an O(logn)-approximation. Instead, we observe
that our mechanisms for XOS valuations work when the valuation function satisfies a limited fractional-
cover property (see Section , namely, that for any S C U, every fractional cover {x1}rcgs of S by player-
respecting sets of S has value at least v(S), where T C S is player-respecting if T’NG; € {0, SNG,} for all
i. One can show that a subadditive valuation can be pointwise-approximated within an O(log k)-factor by a
function satisfying this player-respecting fractional-cover property, and this yields O(log k)-approximation
factors for subadditive valuations.

1.3 Related work

As mentioned earlier, to our knowledge, all of the work on budget-feasible mechanism design has solely
considered single-dimensional settings, and the vast majority of it has focussed on the setting where each
player owns a single item. Following the work of Singer [55]], which introduced budget-feasible mechanism
design in the single-item setting, there has been much work on developing budget-feasible mechanisms
for different types of valuation functions, with approximation factors comparing the value returned by the
mechanism to the algorithmic optimum OPT pjg. The prominent classes of valuation classes considered are
submodular valuations [23, 142, 1, 2 141} [12]], XOS valuations [14}, 15, 53], and subadditive valuations [28),
141115, 153]]. For submodular and XOS valuations, the mechanism-design guarantees qualitatively match the
guarantees known for the algorithmic problem. For subadditive valuations, there is a gap: Bei et al. [[14]
showed that an O(1)-approximation mechanism exists, and an explicit exponential-time mechanism was
devised by [53]], but obtaining a polytime O(1)-approximation mechanism using demand oracles remains
an intriguing open question.

Some work [21], 5] 45] 3] has considered a richer, but still single-dimensional, level-of-service (LOS)
setting, wherein a player can provide multiple levels of service (or multiple units of an item) and incurs the
same incremental cost for each additional unit provided. Typically, one assumes that the valuation function
v is additive across players, and is a linear or concave function of each player’s provided level of service.
In this setup, approximation factors of O(logn) and O(max; |G;|) were obtained by [21} 3] respectively;
[21]] also considered subadditive valuations and obtained an O(lg;glzgn)—approximation. Another line of
work considers the divisible-item setting, wherein one can buy a fraction of an item from a seller, and a
related large-market assumption [4}, 13} 42], which assumes that a single player has a negligible “effect”
on the overall value. The latter assumption is similar in spirit to what our benchmark aims to capture,
but the goal in these works is quite different. They still examine the single-dimensional setting, and the
goal is to derive improved approximation guarantees (with respect to OPT pig) under this assumption. A
natural extension of the large-market assumption to the multidimensional setting would be to assume that
v(G;) < €+ OPTpg(v,B,c) for all i € N, for some parameter ¢ < 1. This precludes a monopolist




by design, and so an alternate approach would have been to restrict attention to such inputs, but compare
against OPT ajg. As discussed earlier, the benefit of coming up with an alternate benchmark that applies to
all inputs (as we do) is that one can then obtain guarantees for al/ inputs. Moreover, a guarantee relative to
OPT gench is stronger, in the sense that any such guarantee translates to a guarantee relative to OPT g for
inputs satisfying the large-market assumption, as we have OPT'gench > (1 — €) OPT pjg for such inputs.

The need for considering suitable alternate benchmarks invites comparison to the areas of prior-free
profit maximization [36} 37] and frugal mechanism design [6l [57]], where similar considerations arise. The
issues we encounter in multidimensional budget-feasible mechanism design are similar in flavor (but the
details differ) to those arising in prior-free profit-maximization. There as well, the need for alternate bench-
marks arises because the natural comparison point proves to be too strong due to the presence of a single
“dominant” player: one cannot obtain any non-trivial guarantees with respect to the optimal fixed-price
revenue F, as this could extract all its revenue from a single winner [36]]. One therefore considers the F ).
benchmark [36, |37]] that hard-codes that there are at least two winners, which is perhaps closest in spirit as
our benchmark. Frugal mechanism design considers a similar setup as budget-feasible mechanism design,
where a buyer seeks to procure a suitable set from self-interested players. But any feasible set suffices,
and the buyer’s goal is to minimize the total payment made to the players. There is no clear benchmark
here to compare the payment of a truthful mechanism, and a variety of benchmarks have been proposed in
the literature, such as the cost of the second-cheapest set [6, 57, and quantities that are, loosely speaking,
motivated by considering equilibria of first-price auctions [43} 33} 39]], and various mechanisms have been
devised that obtain good guarantees relative to these benchmarks [43] 33} 144} |22} [39]]. With the sole excep-
tion of [52] who consider multidimensional vertex cover, all of this work focusses on single-dimensional
problems. Finally, we remark that removing the maximum contribution from a player in the definition of
OPTgench bears cosmetic similarity to the approximate envy-free fairness notions EF1 [50] and EFX [20].

The setting of cost-sharing mechanisms provides an interesting comparison point with budget-feasible
mechanism design, being another example of a prominent domain where: (1) prices feature both in truthful-
ness and the constraints; (2) even the existence of mechanisms satisfying the desirable criteria (truthfulness,
cost-recovery, and good approximation of the social-cost objective [54]) is not a given; and (3) most work
has investigated only the single-dimensional setting. Unlike budget-feasible mechanism design, there has
been some prior work that has explored multidimensional cost-sharing mechanism design, both in a com-
binatorial setting [35} 27, [17]] that is similar in spirit to the setting we consider, as also in a level-of-service
setting [S1) [35]]. While the technical aspects are quite different, it is worth pointing out that Dobzinski and
Ovadia [27]] also leverage VCG in novel ways, developing mechanisms that significantly advance the realm
of problems for which one can obtain good cost-sharing mechanisms, and they focus on demonstrating the
existence of good mechanisms bereft of computational considerations.

Multidimensional mechanism design has been most prominently considered in the setting of combina-
torial auctions, both in the context of social-welfare maximization (see, e.g., [46, 48,129, 8. [7]]), and profit or
revenue maximization, (see, e.g. [40, 30, (18,199,131} 32]), where one often considers the goal of obtaining
a good approximation via a simple mechanism. As noted earlier, one key source of difficulty in multidimen-
sional mechanism design, compared to the single-dimensional setting, is the lack of a convenient character-
ization of truthfulness. Although characterizations based on cycle monotonicity and weak-monotonicity are
known for truthfulness, and payments can be obtained by computing shortest paths in a certain graph, these
have found quite scant application in the design of multidimensional truthful mechanisms; see [47, [10] for
some exceptions. Instead, VCG-based mechanisms (leading to the MIDR approach) [48], 26, 25| 29] and
posted-price mechanisms [34} 30], where one offers take-it-or-leave-it prices, have been the chief means for
obtaining truthful mechanisms.



2 Preliminaries

We use Ry and Z to denote the set of nonnegative reals, and nonnegative integers respectively. For an
integer n > 1, let [n] denote {1,...,n}. Let k be the number of players, and N' = [k| denote the set
of all players. Let n = |U|. Throughout, we use 7 to index players, and e to index items. Recall that:
(a) G; C U is the publicly-known set of items owned by player 4; (b) the G;s partition U; (¢) C; is the
publicly-known collection of possible player-¢ cost functions; and (d) C = Hlecz‘- Given a cost-function
vector ¢ € C, we define c(S) := >,y ci(S N G;) for any S € U. Throughout, OPT ag(v, B, c) :=
max {v(S) : S C U, ¢(S) < B} denotes the algorithmic optimum. It will be convenient to introduce the
notation v_1 () := minge) v(S — G;) for S C U. Recall that we utilize the following benchmark

OPTgench(v, B,c) = glgaé( {?61[1131)(5 —Gi): c(S) < B} = Iglcaé({v_l(S) c¢(9) < B}.

To avoid cumbersome notation, we will frequently drop v, B from the arguments, as these will usually be
fixed and clear from the context; we also drop ¢ when this is clear from the context. For a singleton set {e},
we use v(e), ¢;(e) and c(e) to denote the respective function value on that set.

Valuation functions. Let v : 2V i R be a valuation function. We will always assume that v is normal-
ized, i.e., v(0)) = 0. We say that v is monotone, if v(S) < v(T') whenever S C T C U. We consider various
classes of valuation functions. We say that v is:

e additive (or modular), if there exists some a € RY such that v(S) = a(S) for all S C U. Note that an
additive valuation is monotone iff it is nonnegative.

o submodular, if v(S) +v(T) > v(SNT)+v(SUT)forall S,T CU.

e XOS, if v is the maximum of a finite collection of additive functions, i.e., there exist a',...,a* € RV

such that v(S) = max;c ) a’(S) forall S C U. Note that we allow the additive functions to be negative,
and this allows us to capture non-monotone XOS functions. The above definition is equivalent to saying
that for every S C U, there exists some w € RY such that v(S) = w(S) and v(T) > w(T) for all
T C S; we say that w (or the corresponding additive valuation) supports S. XOS valuations are also
called fractionally subadditive valuations, and can be equivalently defined in terms of fractional covers.
A fractional cover of a set S C U is a collection {7} rcs such that 3 " p-g..cppr = 1foralle € S,
and its value is defined as ) |~ g v(T") . We say that v is fractionally subadditive, if for every S C U,
every fractional cover of S has value at least v(S). Using LP duality, it is not hard to infer that this is
equivalent to stating that every S C U has a supporting additive valuation.
When v is monotone and XOS, we can assume that v is the maximum of a collection of nonnegative
additive valuations, and we can relax the fractional-cover condition to the inequality » . cp pir > 1
for all e € S. This is because we can always ensure that equality holds here by dropping elements from
sets if needed, and with a monotone valuation, this does not increase the value of the fractional cover.

o subadditive, if v(SUT) < v(S)+v(T) forall S,T C U.

It is well known that additive valuations are a strict subclass of submodular valuations, which in turn form

a strict subclass of both XOS and subadditive valuations. Also, monotone XOS valuations form a strict

subclass of monotone subadditive valuations.

Oracles used for accessing v. Our mechanisms chiefly utilize two types of oracles for accessing the
valuation v, in addition to a value oracle: a (suitably generalized) demand oracle and a constrained demand
oracle. As noted earlier, since in the multidimensional setting, we work with player-cost functions that are
more general than additive functions (e.g., monotone, normalized functions, or superadditive functions), we
need to extend the notion of a demand to consider such general price functions.
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Recall that C; C Rici denotes the class of possible player-i cost functions, C = II;C;, and for ¢ € C and
S € U, wedefine c(S) 1=,y ci(SNGi). A demand oracle for the class C takes q € C, k = 0, as input,

and returns argmax g (v(S) — k- ¢(S)). Note that a standard demand oracle amounts to a demand oracle
for the class of additive functions: it takes item prices q € Rg and performs the above computation for the
additive function specified by ¢q. The underlying motivation and rationale behind this definition is the same
as that for a standard demand oracle. A demand oracle answers the economic question of what is the most
profitable set for the buyer under given prices for the items, which turns out to be beneficial because it serves
as a means of aggregating players’ costs. Since players’ costs are now given by general cost functions, it
is only apt that we use the same expressive power when considering item prices, and therefore we now
consider a price function ¢ € C when answering this questionﬂ

A constrained demand oracle for the class C additionally takes a cap Val € R, as input, and returns
argmax {v(S) — k- ¢q(S) : S C U, v(S) < Val}. It can be seen as answering the more-nuanced economic
question of what is the most profitable value-capped set for the buyer.

We will often need to optimize the objective of a demand- or constrained-demand oracle only over
subsets of some given set A C U. We assume that a demand-oracle or constrained-demand oracle has this
flexibility[[]

Theorem 2.1. Let (U 2V — Ry, B, {G;,C; C Rici,ci S Cz}) be a budget-feasible mechanism-design
instance. Suppose we are given a demand oracle for C = 11;C;. Forany A C U, k > 0, Val € R, the
following LPs can be solved in polytime:

(a) max Z v(S)xs s.t. Z c(S)rs < B, Z rg <1, xz>0. (BFLP(A))
SCA SCA SCA

(b) max > (v(S)—k-c(S))zs st. Y wv(S)rg< Val, > wg<1, z>0. (CDLP(A))
SCA SCU» SCA

Proof. Both parts follow by considering the dual of the respective LPs and observing that a demand oracle
yields a separation oracle for the dual. Therefore, the ellipsoid method can be used to solve the dual LPs,
and hence the primal LPs.

For part (a), the dual of (BFLP(A)) has the constraint @ - ¢(S) + 5 > v(S) for all S C A, where
o, S > 0 are the dual variables corresponding to the primal constraints. This amounts to determining if
maxgca (v(S) — a - ¢(S)) < B, which we can determine by using a demand-oracle query over the set A
to find S*. For part (b), the dual of has the constraint « - v(S) + 8 > v(S) — k - ¢(5) for all
S C A, where a, 8 > 0. If « > 1, then these constraints are trivially satisfied, so assume otherwise. Then,

K

feasibility amounts to determining if maxgc 4 (v(S) — £ - ¢(S)) < %, which can again be answered

via a demand-oracle query over A. O

Mechanism design. In the basic mechanism design setup, we have a set of k players, and a set A of
possible outcomes. Each player ¢ has a private type ¢; : A — R, where ¢;(a) gives the cost of alternative
a € A to player zE] Let C; be the publicly-known set of all valid types of player i (so ¢; € C;). Let
C = (1 x --+ X C, denote the space of all players’ valid types. (We have deliberately overloaded notation

“From a computational perspective, it is known that value oracles are insufficient even for the algorithmic problem of computing
a good approximation to OP T ajg in polynomial time, even with additive costs.

"Most often, the set A will be of the form U,e; Gi for some I C [k]. A demand oracle on A can be encoded as a query over
the entire set U by taking c,, for £ ¢ I to be the constant function: ¢¢(S) = M, for all S C 2Ge _ {0}, where M, is sufficiently
large, say 2v(G¢)/k (assuming v is monotone, subadditive). Thus, this added flexibility is a very benign requirement.

""'We describe the setup in terms of cost incurred and payments, instead of the more-common choice of value obtained and prices,
as this is what we encounter in budget-feasible mechanism design.
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here, as the type ¢; and set C; above are essentially the same as the cost-function ¢; : 2Gi 1y R, and set C;
of such cost functions in the budget-feasible mechanism-design (MD) setup.)

For example, multidimensional budget-feasible mechanism design can be cast in the above setup as
follows. We have A = 2V, Each player 4’s cost function ¢; : 2¢¢ — R yields a corresponding type, that
we also denote by ¢;, where ¢;(S) := ¢;(SNG;); the set C; of player-i cost functions, correspondingly maps
to the set of valid player types for player i. We use c to denote the tuple (c1, ..., cx), and c_; to denote the
tuple that excludes i’s type (or cost function). Similarly C_; =[] jelk]—{i} C;.

A (direct revelation) mechanism consists of an algorithm or allocation rule f : C — A, and a payment
function p; : C — R for each player . Each player ¢ reports some type ¢; € C; (possibly deviating
from her true type), and the mechanism computes the outcome f(c) and pays p;(c) to each player 7. Note
that in budget-feasible mechanism design, f and the p;s can depend on the publicly-known information
(v, B,{G;,C;}), which we will treat implicitly as being fixed. The utility that ¢ obtains when her true type
is ¢;, she reports ¢;, and other players report c_; is u;(¢;; ¢;, c—;) := pi(ci,c—;) — ¢(f(ci,c—;)), and each
player aims to maximize her own utility. In multidimensional budget-feasible mechanism design, we seek a
mechanism M = ( fs {pi}ie[k]) satisfying the following properties.

e M is truthful: each player ¢ maximizes her utility by reporting her true private type: for every ¢;, ¢; € C;
and c_; € C_;, we have u(Ce; Ce, C—¢) > Ue(Ce; Ce, C—e).

e M is individually rational (IR): u;(¢;; ¢;, c—;) > 0 for every i, every ¢; € C; and ¢_; € C_;; note that this
implies that p;(c¢) > 0 for all c. We say that M makes no positive transfers (NPT) if p;(c) = 0 whenever
S = f(¢) C U issuch that S N G; = (). (More abstractly, we can say that p;(c¢) = 0 whenever a = f(c)
is such that ¢}(a) = 0 for all ¢, € C;.) In the sequel, we will always implicitly require NPTE]

o M is budget feasible: we have ), p;(c) < B for every type ¢ € C. Note that if M is individually
rational, this implies that Y, ¢;(f(c)) < B.

A randomized mechanism can use random bits to determine f(c) and {p;(c)}; so the cost-incurred by,

payment made to, and utility of, a player are all random variables. We say that a randomized mechanism is:
(a) universally budget feasible, if truthfulness, IR, and budget feasibility hold with probability 1, i.e., the
mechanism can be viewed as a distribution over deterministic budget-feasible mechanisms.
(b) budget-feasible in expectation, it M is truthful in expectation, the expected total payment is at most B,
and IR (and NPT) holds with probability 1E] Truthful in expectation means that the expected utility of
a player is maximized by truthful reporting.
We say that M achieves approximation ratio a with respect to a benchmark Bmark, if v (f(c)) > Bmark(c) /o
for all ¢ € C. If M is randomized, then we have E[v(f(c))] > Bmark(c)/a forall ¢ € C.

A central tool that we utilize is the VCG mechanism 158,124} 38]], which is in fact a family of mechanisms,
showing that if the algorithm f is such that it minimizes an affine function of the players’ costs, then one
can always combine it with suitable payments to obtain a truthful mechanism. This classical result is one
of the predominant tools often leveraged in multidimensional mechanism design [48, 25 29]], forming the
basis of the maximal-in-distributional-range (MIDR) approach.

Theorem 2.2 (VCG mechanism [58,124,38])). Let f : C — R be given by f(c) = argmin, ¢ 4 (Zie[k] a;ci(a)+
ﬁa) for all ¢ € C, where a;; > O for every player i. Consider the following payments:
—1
pi(c) = a—( Z agce(a®) + Bax) + hi(c—;), where a* = f(c) foralli,ceC (VCG)
btk —{4}

where h; is some function that depends only c_;. Then the mechanism (f,p) is truthful.

12We remark that the lower bounds we prove in Sectionhold also for mechanisms that may not satisfy NPT.
BIf IR holds in expectation, i.e., the expected utility of a truthful player is nonnegative, then one can define random payments
that ensure that IR holds with probability 1, without changing the expected payment made by the mechanism; see Lemma@
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For budget-feasible mechanism design (where A = 2Y), one choice of h;s that ensures IR and NPT is to
set hi(c_;) = a% -mingcr—a; (3, e —iyce(S) + Bs) foralli, c_; € C_,.

Proof sketch. Fix player i, ¢;, ¢; € Ci, c—; € C_;. Leta® = f(¢;,c—;) and b = f(¢;,c—;). Then

1
w(C;; Gy c—i) = hi(c—;) — —( Z agee(a®) + a;ci(a”) —|—Ba*), and
b orelk) ot
1
w(Gi; ¢, cq) = hi(e_;) — ;( > ager(b) + iti(b) + B).
b orelk) ot

But by definition, } ¢ Kot agee(a®)+a;6i(a*) + Bar = mingea (ZZG[W# apce(a) +aici(a) + B,). This
also shows that with the given choice of h;s for budget-feasible mechanism design, we obtain IR, since h;
can be viewed as optimizing the objective function underlying f over a subset of A. We obtain IR because
if a* = S* C U is such that S* N G; = (), then u(¢;;¢;, c—;) = 0 and ¢;(a*) = 0, so p;(¢;, c—;) = 0. d

Our mechanisms utilize the VCG mechanism in a bit more generality. We will usually have a set N/’ of
players, with o; > 0 for all i € A", and o; = 0 for all ¢ ¢ N”. With this, one can still utilize Theorem[2.2]
taking the alternative set A to be 2V, where U’ = U, e Gi» and setting the payments of players not in AV’
to always be 0.

Properties of XOS and subadditive valuations.

Claim 2.3. Let v : 2V — R be an XOS valuation. Then, for any S C U, and any partition Ay, ..., A, of
U, we have we have 3 ;1,1 (v(S) —v(S — A;)) <v(S).

Proof. Let I C [r] be the indices 4 for which A; NS # (). The stated inequality is equivalent to showing
that ), ; ”(S| Ai) > v(S). This inequality follows because taking p7 = Il\%l forallT € {S—A;:i eI}
yields a fractlonal cover of S. U

Our randomized mechanisms all use a random-sampling step to compute a good estimate of OP T gench.
Let N1, N3 be a random partition of A/ obtained by placing each player independently with probability %
in M or Ny. Let Uj := Uz‘eNj G; for j = 1,2 be the corresponding partition of U induced by N7, N5.
The idea is to use U; to obtain a good estimate, and work with this estimate for Us. Random partitioning
has also been used in prior work [14} 2| |53] for single-dimensional budget-feasible mechanism design,
where U is directly partitioned by assigning each element to a part with probability % While in the single-
dimensional setting, players and items are synonymous, as noted earlier, in the multidimensional setting,
to ensure truthfulness, it is important to partition players and consider the partition of U induced by this
partition of players, as defined above. We prove the following result.

Lemma 2.4 (Random-partitioning lemma). Let g : 2V — R, be subadditive. Define g_1(S) :=
min;e ) 9(S — Gy) for S C U. Consider any S C U, and let Sy = SNUy, Sy = SNUz. Let €2 be the event

{9(82),9($1) > =Y Then, (a) Pr(Q] > 4, and (b) Pr[{g(S2) > 25, g(S) > g(S1)} N Q] > L.

Proof. Let I be a minimal prefix of [k] such that, letting A1 = (J;;(SNG;), we have g(A;) > %= 1( ) Let
Ay = S — Aj. Letting ¢ be the last index in I, we have g(A4; — Gy) < &= 1( ). Also, g(S — Gy) > g-1(S).
So since g is subadditive, we have g(As) > g(S — G¢) — g(A; — Gy) > i- 12(5).

Now fix a partition A AL of A, and a partition A, AL of A,, where g(Af) > g(A1)/2 and
g(A) > g(A3)/2. We call AT and A%, the “big sets”.

The random partition U;, U, induces random partitions of A; and Ay. Consider the event I' that for
both ¢/ = 1,2, the random partition of Ay induced by Uj, Us is the same as the partition Af , AgL, up to
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permutations of the parts. That is, " is the event that U; N Ay € {A, AL} for j = 1,2 and ¢ = 1, 2. For
any j = 1,2, we have Pr [Uj NAy = AL U;n Ay = AL |F] = i. So conditioned on I', with probability
at least % we have that both Uy, U, contain some big set. Removing the conditioning yields part (a).

For part (b), we observe that g(S51), g(S2) are identically distributed, and this remains true even when
we condition on the event . It follows that Pr[g(S2) > ¢(S1)|€2] > 1. Also g(51) + g(S2) > g(S), so

9(S2) > g(S1) also implies that g(S3) > @, o

Throughout, for j = 1,2, we use V" := max {v(S) : S C Uj, ¢(S) < B} to denote the optimal value
that can be achieved using only players in \; and elements in Uj.

OPT g (v,B,c)

Corollary 2.5. Let v : 2V + R, be subadditive. We have Pr [VQ* > : ,

OPTBench(Uvac) 1
4 ] =

| G

Proof. Let O* C U be such that v_1(O*) = OPTgench(v, B, ¢). Since V;* > v(O* NUj) for j = 1,2,

applying Lemma (a) to the set S = O%, yields Pr[Vy, Vi > MBS+"(”’B’C)] > 3. VL VS are
identically distributed, even conditioned on the above event, so V5" > V" with probability 1/2, conditioned
on this event. Also V;* + Vi > OPT (v, B, ¢), so Vs > Vi implies that Vi > X ag(:5.0) 0
For XOS valuations, we prove an analogous result for the optimal value of the LP-relaxation for the
algorithmic problem of computing OPT pig. For A C U, let LP*(A) be the optimal value of (BFLP(A)),
which recall is the following LP that can be solved in polytime using a demand oracle (Theorem [2.T)).

max Z v(S)zs s.t. Z c(S)zs < B, Z rxg <1, x> 0. (BFLP(A))
SCA SCA SCA

Throughout, for j = 1,2, let LP} denote the optimal value of (BFLP(Uj)), and let LP* be the optimal value
of (BELP(U)).

Lemma 2.6. Let v : 2V — R, be XOS. With probability at least 1 /4, we have LP} > LP% > OPTB&+"(”’B’C)
and LP3 > L.

Proof. Again, let O* C U be such that v_1(O*) = OPTpgench(v, B, ¢). Clearly, we have LP;f > V>
v(0O*NUj) for j = 1,2. So by Lemma(a), we have Pr[LP3, LP] > w} > 1. Conditioned
on this event, with probability %, we have that LP5 > LP7, which also implies that LP5 > LP*/2 since
LP% + LP5 > LP*. m

In the analysis of our mechanisms, we will often need to demonstrate the existence of a good-value
set whose cost is bounded away from the budget, say, is at most B/2. We obtain this by arguing that a
good-value set satisfying the budget constraint can be suitably pruned, as shown by Lemmas and [2.8]for
general cost functions and superadditive cost functions respectively. Recall that ¢(S) := 3,y ci(S N Gi)
for S C U. Note that the cost-function c inherits the properties of the ¢;s: it is monotone and normalized,
and if all ¢;s are superadditive, then so is c.

Lemma 2.7. Let g : 2V — R be subadditive. Let Val € R, and S C U be such that ¢(S) < B. We can
find T C S such that ¢(T') < B/2 and min{g_1(S) — Val, Val — max.ecg g(e)} < g(T) < Val.

Proof. Let 0 = maxcesv(e). Let I be a minimal prefix of [k] such that, letting S1 = (J,;o;(S N G;), we
have ¢(S1) > B/2or g(S1) > Val. Let So = S — Sy, and let S| = S1 — Gy, where / is the last index in I.

If ¢(S1) < B/2, then we must have g(S1) > Val. Considering elements of S; in some fixed order, we
take 7" to be a maximal prefix of S; such that g(7") < Val. Then we have ¢(T") < B/2 (since T' C S7), and
the maximality of 7" shows that g(T") > Val — 6.

14



If ¢(S1) > B/2, then ¢(S2) < B/2. By the minimality of I, we have g(S]) < Val. We have
g(S—Gy) > g_1(S), from the definition of g_; (5). So since g is subadditive, g(S2) > g(S—G¢)—g(S]) >
g—1(S) — Val. So again taking 7" to be a maximal prefix of Sy with g(T") < Val, we obtain that 7" = S
and g(T') > g—1(S) — Val, or g(T) > Val — 6. O

Lemma 2.8. Let g : 2V — R be subadditive, and c : 2V +— R be superadditive. Let Val € R, and
S C U be such that ¢(S) < B. We can find T'C S such that ¢(T') < B/2 and min{g(S) — Val, Val} —
maxees g(e) < g(T) < Val.

Proof. Let § = maxccs g(e). We proceed as in the proof of Lemma except that we can exploit super-
additivity and do not need to consider whole player-sets when forming .S; and Ss. Considering elements
in some fixed order, we now take S; to be a minimal prefix of S such that ¢(S1) > B/2 or g(S1) > Val.
If ¢(S1) < B/2, then we again take 7" to be a maximal prefix of value at most Val. Otherwise, we have
g(S1) < Val 4 6. Letting So = S — 51, we than have g(S2) > ¢(S) — Val — 6. We again let T be a
maximal prefix of Sy of value at most Val, so that T = Sy or g(T') > Val — 6. Also, ¢(T) < ¢(S2), and
since ¢ is superadditive, we obtain that ¢(S2) < ¢(S) — ¢(51) < B/2. O

3 Impossibility results and lower bounds

We prove here the impossibility results that were stated informally in Theorem [I.T] which rule out any good
approximation with respect to OP T aig(v, B, ¢).

Theorem 3.1. Consider any o« > 1. There is an additive valuation v and budget B, such that if M is
a deterministic budget-feasible mechanism, then M obtains value at most OPT pg(v, B, )/ for some
additive cost function c.

Proof. LetU = {e, f} withv(e) = a, v(f) = 1. Let the budget B be 1. There is only one player. Consider
the additive cost function c(!) given by cgl) = B, cgcl) = 0, and ¢ given by c,(f) =B+1, 0;2) = B. (Note
that ¢() is a valid input since we are not assuming no-overbidding.)

On input ¢ = ¢, the mechanism cannot return e due to budget-feasibility, and must return f, as
otherwise the statement holds for ¢ = ¢(). By IR, M must pay B to the player under ¢(2). Now, M cannot
output e on input c(l), and so the statement holds for ¢ = ¢(1). This is because, otherwise, on input c(l),
the player obtains 0 utility by reporting ¢(!) (as she is paid at most B due to budget feasibility), but obtains
utility B by reporting 2, contradicting truthfulness. 0

Theorem 3.2. Consider any ¢ > 0. There is an additive valuation v and budget B, such that if M is a
budget-feasible-in-expectation mechanism, then M obtains value at most OPT pig(v, B, ¢) - % for some
additive cost function c.

Proof. We may assume that e < 1. Let v = 1 + . Again, there is only one player. We identify U with
[n]. Let v be the additive valuation defined by v(e) = "¢ for all e € [n], and the budget B be 1. For
each ¢ € [n], let ¢(¥) be the additive cost function defined by D= M > (1 +ny")Bforalle € [¢ — 1],
cy) =1, and cg) =0foralle € {¢{+1,...,n}. We argue that on some input C(Z), M obtains value at most
OPT ag (v, B, c(g)) . % (Again, ¢\ is allowed as input, since we are not assuming no-overbidding.)

For ¢,r € [n], let p; be the expected payment made by M when the player reports ¢®, and let by, be
the expected cost incurred by the player when her true cost is ¢(©) and she reports ¢("). Note that on input

c(f), the expected number of items returned by M from [¢ — 1] is at most ﬁ This is because otherwise,
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we would have b,y > B, and so py > B by IR, which contradicts budget-feasibility in expectation. By
truthfulness, we have py — by ¢ > p, — by, for all £, € [n]. In particular, we have

Pe— Per1 > b — by for all £ € [n].

Adding the above for all ¢/ € [n — 1], along with p,, > b n, which follows due to IR, we obtain that
p1 > b+ >y _o(bee — be—14). By budget-feasibility in expectation, we have p; < 1. Therefore, we
have b1 1 < 1/n or there is some ¢ € {2,...,n} with byy — b1, < % Since byp — by—1,¢ is at least
Pr [/\/l returns a set containing item £ on input c(é)], this in turn implies that there is some ¢ € [n] such that
Pr [M returns a set containing item ¢ on input c(z)] <1/n.

Finally, we argue that this last inequality implies that on input ¢ = ¢(¥), M obtains value at most
OPTaig(v, B,c) - L. We have OPTaig(v, B, ') = v({(, ..., n}). The expected value Val obtained by
M on input (v, B, ¢’) is at most

@—H}({E—i—l, ...,n})+v(1)-E [no. of items returned by M from [¢ — 1]] < v(¢)- (%%—117;171)—#21({6—%1, co,m}).

So we have OPTaig —v({¢+1,...,n}) > n(Val —v({{+1,...,n}) — % -v({)). Therefore
v(€) n
OPTag>n-Val—(n—1v({{+1,...,n}) ——— >n-Val — 225 -v({) 2 n- Val —€- OPTpjg. U
Y

The following impossibility result under no-overbidding was shown by [21]], even for the single-dimensional
LOS setting. We include a proof in Appendix [A| for completeness.

Theorem 3.3 ([21]]). Let v be the additive valuation with v(e) = 1 for all e € U, and let the budget be

B = n = |U|. Let M be a budget-feasible mechanism.

(a) If M is deterministic, then for the above (v, B), there is some additive cost function c for which M
obtains value at most OPT pig(v, B, c)/n.

(b) If M is budget-feasible in expectation, there is some additive cost function c for which M obtains value

at most OPT aig(v, B, c)/O(log n).

The above lower bounds are obtained on instances involving a single player. One can therefore argue
using Yao’s minimax principle that the lower bounds for randomized mechanisms in Theorems [3.2] and [3.3]
(b) extend to Bayesian budget-feasible mechanisms. We define the Bayesian setting, and prove the following
corollary, in Appendix [A]

Corollary 3.4. No Bayesian budget-feasible mechanism can achieve approximation ratio better than n, and
better than O(log n) assuming no-overbidding, relative to OPT njg(v, B, c).

We also prove a lower bound on the approximation guarantee achievable with respect to OPT'p;g by
any truthful (even non budget-feasible) mechanism. This is in stark contrast to the single-dimensional
setting, where lower bounds only exist for budget-feasible mechanisms; the algorithm that returns an optimal
solution argmaxgcy {v(S) : ¢(S) < B} (with consistent tie breaking) satisfies Myerson’s monotonicity
condition, and hence is truthfully implementable.

Theorem 3.5. No deterministic truthful mechanism can achieve approximation ratio strictly larger than
¢ _ 145
=2

with respect to OPT pg, even with additive valuations and additive cost functions.

Proof. Consider again the setting with a single player. There are 2 items, with values v(e1) = 1, v(e2) =
¢, and v is additive, and the budget is B = 2. Consider the additive cost functions c;, c’1 that assign
costs ci(e1) = 1,ci(e2) = B and ¢|(e1) = 1.5,cj(e2) = 0.5. We have OPTpig(c1) = ¢, so if the
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mechanism attains approximation ratio larger than ¢, it must return e on input ¢;. But then on input ¢},
due to truthfulness, the mechanism must still return only e,. Suppose the mechanism returns S C {eq, e2}.
Then, by weak-monotonicity, we must have ¢1 (e2)+c; (S) < ¢1(S)+c] (e2), i.e., ¢} (S) < ¢1(S)—(B-0.5),
and only S = {ea} satisfies this inequality. But then the mechanism’s approximation ratio on input ¢} is

%Zdh O

We remark that while the constructions above utilize only a single player, we can always pad the instance
by introducing “dummy” players that incur 0 cost, and contribute very little value to OPT pjq.

Lower bounds on the approximation factor relative to OP T'gench.  Lower bounds under a large-market
assumption introduced by [4] in the single-dimensional setting, carry over to lower bounds on the approxi-
mation factor achievable relative to OPT gench. This is simply because under the large-market assumption
Umax <K< OPT plg in the single-dimensional setting, OP T gench, Which is at least OPT pjg — Unmax, €ssentially
coincides with OPT pjg. Therefore, an ﬁ approximation-factor lower bound (relative to OPT ajg) shown
by [4] in the large market setting, translates to the same lower bound against OP T gench in our setting. The
lower bound is proved in [4] under the assumption max, c(e) < B, but they mention that it carries over to
the setting vyyax < OPT alg. We include a proof of the following theorem in Appendix@for completeness.

Theorem 3.6 (Follows from [4]). No budget-feasible mechanism can achieve value better than (1 - %) .
OPTgench(v, B, ¢) on every instance, even with additive v and additive cost functions.

4 XOS Valuations

We design and analyze mechanisms for XOS valuations that achieve O(1)-approximation ratio with respect
to our benchmark OP T gench. Sectiond.T|describes a budget-feasible-in-expectation mechanism for general
cost functions, and Section[4.2]focuses on universally budget-feasible mechanisms under the no-overbidding
assumption. We show how to drop the no-overbidding assumption in Section [5] As noted earlier, our
mechanisms perform a VCG computation, which then defines the payments made to the players as in the
VCG mechanism (see Theorem [2.2] and (VCG)), so we describe the underlying algorithm, and discuss

payments given by (VCG) in the analysis.

4.1 Budget-feasible-in-expectation mechanism for general cost functions

Our budget-feasible-in-expectation mechanism uses random sampling to compute an estimate of OP T gench
from one part (A7, Uy), and utilizes this to solve an LP-relaxation of a constrained demand-oracle query on
(N2, Us). By viewing the LP solution as a distribution, and using VCG payments, we obtain the desired
mechanism. Recall that LP} is the optimal value of (BFLP(U})), for j = 1, 2.

Theorem 4.1. Taking A = 0.5 in Algorithm [XOS-BFInExp|, along with suitable payments, we obtain a

budget-feasible-in-expectation mechanism that obtains expected value at least OPTBe+(U’B’C). The mecha-
nism runs in polytime given a demand oracle.

Proof. The polynomial running time follows from Theorem [2.1} which shows that we can solve LPs of the
form (BFLP(A)) and in polytime given a demand oracle. Lemma 4.3 specifies the payments,
shows that they can be computed efficiently, and the resulting mechanism is budget-feasible in expectation.
Lemma shows that LP5 > LP} > (MBE+"(”’B’C) holds with probability at least %. Assuming that this

event happens, Lemma 4.2/ shows that we obtain value at least % > mBe+g(”’B’C), therefore the expected

PT B
value returned at least OBG%;W. O
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Algorithm XOS-BFINEXP // budget-feasible-in-expectation mechanism for general costs
Input: Budget-feasible MD instance (v : 2V — Ry, B,{G;,C; C R?fi ¢ €Ci})s A e[0,1]
Output: subset of U; payments are VCG payments, as specified in Lemma

1 Partition AV into two sets V7, N> by placing each player independently with probability 3 in A or

Na. LetUj := ;e N; G be the induced partition of U. Compute V; = LP7 using a demand
oracle.

2 Obtain z* by solving the following constrained-demand-oracle LP, which is with

A=Us, k=25, Val = \V4.

max Z (U(S) — % . c(S))xS s.t. Z v(S)rs < AV, Z rs <1, x>0. (1)

SCU, SCU2 SCU2

3 Sample a set 7" from the distribution (%) sc,, and return 7.

Lemma 4.2. Suppose that LP3 > V1. Then the optimal value of (1) is at least \V; (1 — ﬁ,‘j/l ) > A1-M\V.
Proof. Let T be an optimal solution to (BFLP(U;)). We use S below to index over subsets of Us. So
> gv(S)Ts = LP5 and )¢ c(S)Ts < B. Consider 2’ = %. We have ) ¢ v(S)zly = AVi, s0 2 is
feasible to (I). We also have ¢ c(S)zy < il‘j/l B. So the optimal value of (I)) is at least the objective
value of 2/, which is

A A N%
Zv(S)wg _A c(S)xly > AV — a4 i
8 B4 B LP;

B =V (1-25). O

Lemma 4.3. Given a demand oracle, one can efficiently compute payments that when combined with Al-
gorithm | XOS-BFInExp|yield a budget-feasible-in-expectation mechanism (where IR holds with probability
1.

Proof. We first obtain expected payments that yield truthfulness in expectation and budget-feasibility in
expectation. Given these, there is a standard way of obtaining actual payments for each random outcome of
the mechanism that satisfy IR and NPT with probability 1.

Observe that the computation in step [2] amounts to a VCG computation over the domain of feasible
fractional solutions to (I)). Thus, we can still use expression to obtain expected payments for the
players. Let k = %. The expected payment to player i € N5 when step [2| returns the fractional solution
z is given by Y g zs(L - v(S) — ¢(S — G;)) — hi(c—;), where h_;(c;) is L times the optimal value of
when player i is excluded, that is, we are only allowed to use sets S C Uz — G;. Note that h_;(c_;) can be
calculated efficiently given a demand oracle, so these expected payments can be computed efficiently. Since
the expected cost to playeriis ) ¢ ¢;(SNG;)x s, the expected utility is % x (objective value of z)—h_;(c_;),
which is maximized by x = x*, the outcome when player ¢ reports truthfully. This shows truthfulness in
expectation, and also shows that the expected utility under truthful reporting is nonnegative. One feasible
solution to (I)) when player 7 is excluded is given by setting /. = > o (. s_G=1 Tg forall T" C Uy — Gj,
whose objective value is 3 gy v(S — Gi)ag — K- 3o pepn,— gy (SN Gy)x%. This yields a lower bound on
h_i(c_;) and an upper bound of £ - 3> ¢(v(S) — v(S — G;))z% on the payment made to player 4. Therefore,
the total expected payment is at most

AV1 szz S) —v(S — Gy)) ﬁv stv < 2

LeN

where the first inequality follows from Claim[2.3]
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Fix a random partition (N7,U7), (N3, Usz). We obtain payments for each random outcome 7' of the
mechanism as follows. Consider a player i € N>. Let u; be the expected payment to 4, as computed above.
Let E[cost;| = Y ¢ ¢;(SNG;)z% be the expected cost incurred by i. We set the payment of i under outcome
T to be = [ C‘:) ist} - ¢i(T N Gy). (Here ¢; is i’s reported cost, which we may assume is her true cost, due to

truthfulness in expectation.) Since p; > E [costi] , this ensures that the payment is always the cost incurred

by %, and is 0 if this cost is 0. U
Remark 4.4. With additive valuations and additive cost functions, observe that Algorithm

runs in polynomial time, since the LPs (BFLP(U7)) and (CDLP(A)) can be solved in polytime.

4.2 Universally budget-feasible mechanisms assuming no-overbidding

We next describe how to obtain the stronger mechanism-design guarantee of universal budget-feasibility. We
consider here the simpler setting where we assume no-overbidding; we show how to drop this assumption in
Section While the results here are subsumed by those obtained in Section (modulo O(1) approximation
factors), we discuss things first in the simpler setting of no-overbidding as this will introduce many of the
key underlying ideas, and the arguments are simpler.

Recall that no-overbidding imposes that for every player ¢, cost-function ¢; € C;, element e € G;, we
have ¢j(e) < B. Let e* = argmax,c;; v(e), and vpmax denotes v(e*). Our mechanisms will exploit the
fact that under no-overbidding, the mechanism that returns e* and pays B to the player who owns e* is
a budget-feasible mechanism. (As noted earlier, without no-overbidding, the adaptation where we return
argmax,c;r {v(e) : c(e) < B} is not truthfully implementable.)

Algorithm describes the underlying algorithm for general cost functions. It yields an
O(1)-approximation with respect to a weaker benchmark than OPT'gench, Which we describe below. This
serves chiefly as a warm-up for the more sophisticated constructions in Section [5| where we drop the no-
overbidding assumption by suitably mdifying portions of the algorithm (and obtain O(1)-approximation
relative to OPT'gench). We then consider superadditive costs (Section 4.2.1)), and show that with some mi-
nor changes, we can achieve a stronger guarantee, namely, O(1)-approximation with respect to OP T gench,
and we can do so in polytime given a constrained demand oracle.

Algorithm XOS-UNIBF /l universally budget-feasible mechanism for general costs

Input: Budget-feasible MD instance (v : 2V — R, B, {G;,C; C R%rci }. {ci € C;}); parameters
A €10,0.5],p € [0,1]
Output: subset of U; payments are VCG payments
1 Partition AV into two sets V7, N> by placing each player independently with probability 3 in A7 or
Na. Forj =1,2,1letU; := Uz‘e/\fj G; give the induced partition of U.
2 Compute V; = maxgcy, {v_1(5) : ¢(S) < B}, the benchmark OP T gench associated with N;
and item-set Uj.

3 Compute S* + argmaxgcy;, {v(S) — 25 - ¢(S) : v(S) < AV;} using a constrained demand
oracle.
4 return S* with probability p and e* with probability 1 — p.

Algorithm is based on the template used in [53]] for budget-feasible mechanism design in
the single-dimensional setting, and this works out because of the no-overbidding assumption. Without this,
as discussed earlier, returning e* in step |4 is no longer viable and one needs a much-more sophisticated
approach to find a workaround; so the mechanism and its analysis become more involved, especially when
we seek polytime guarantees using a constrained demand oracle (see Section[5.2.2).
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To state the performance guarantee obtained by Algorithm we introduce the following
notation. For an integer £ > 1, and function g : 2V +— R define g_(S) := mingcx):|7)<¢ g(S — Uier Gi)
for S C U. Define OPT'gench({) = OPTench(¢;v, B, ¢) := maxscy {v_¢(S) : ¢(S) < B}. Also, define
the parametrized benchmark

OPTparam(€) = OPTparam(g;v, B,c) = répca[)]({v(S) cce(S)< B, v(SNG;) <e-v(S) Vie [k]}
Note that OPT'gench(¢) > maxge[o,l](l —le) - OPTparam(€).
In Appendix [B] we prove the following generalization of Lemma[2.4](a).

Lemma 4.5. Let g : U R be subadditive, and £ > 0 be an integer. Consider any S C U, and let

_ S
S1=5NUy, So=5SNUs. Then Pr[g_g(Sl),g_g(Sg) > 9(4[%1)()] > %
Theorem 4.6. Taking A = 0.5 and p = 0.8 in Algorithm [XOS-UniBF| together with suitable payments, we
obtain a universally budget-feasible mechanism that obtains expected value at least %- OPTgench(5; v, B, ¢)

& - maxe(o,1)(1 — 56) OPTparam(g; v, B, ¢).

Proof. Lemma shows that we obtain a universally budget-feasible mechanism with suitable payments.
We focus on proving the approximation guarantee.

Let O* = argmaxgcy {v—5(5) : ¢(S) < B}. Let O = O*NUjfor j = 1,2. Let T :=
argmaxgcp, {v-1(5) : ¢(S) < B}, and Vo = v_1(T5) be the OPTgench-benchmark associated with
player-set N and item-set Us. Let T’ be the event that v_1(OF),v_1(0%) > v_5(0*)/4. Applying
Lemma to O*, we obtain that Pr[I'] > 0.5. Note that V; and V5 are identically distributed, and this
remains true even when we condition on I'. Therefore, we have that Pr[{Vs > V1} NT'] > 1. Assume that
this event happens.

Applying Lemma[2.7jon T3, we can obtain T' C T’ such that ¢(T) < B/2 and AV} — vmax < v(T) <
AVi. It follows that

AV

v(S*) > v(S*) — 5 c(S*) >v(T) — AV

A
: C(T) > AV1 — Umax — )\V1/2 > % — Umax-

We also have V] > v_1(07) > %.
Putting everything together, and taking A = % we obtain that the expected value returned is at least

1 1
(- PT enc — Umax 1— max>7' PT enc > - 1- PT aram . O
(16 - OPTBench(5) =~ Vmax) + (1 =) Umax > g OF Teencn(5) = o5 ;él[gﬁ]( 5¢) OPT'param(€)

p
4
Lemma 4.7. There exist payments that when combined with Algorithm | XOS-UniBF| yield a universally

budget-feasible mechanism.

Proof. We consider each possible outcome of the random choices in Algorithm and supply
payments for which the resulting mechanism is budget feasible. If the outcome is to return ¢* and i is
such that e* € Gj, then we pay B to player ¢ and O to the other players. The utility of player ¢ is then
B — ¢;(e*) > 0, regardless of her reported cost function. So we trivially obtain truthfulness, IR, and budget
feasibility.

So suppose otherwise, and let (N7, Uy ), (N2, Uz) be the partition obtained in step Letxk = %. The
computation in step[3]is a VCG computation. So using (VCG), paying each player i € N5 the amount

v(S*)

1
— Y alS'NG)—hile—),  where hi(e—) =~ _max_ {U(S)—H-C(S): u(S) < )\Vl}
CeN>—{i} =vr
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and the other players 0, yields truthfulness. Under this payment, the utility of every player i € N3 is
L. (v(8*) = k- ¢(S*)) — h—;i(c—;), which is nonnegative since v(S*) — k- ¢(S*) > v(S) — & - ¢(S) for all
S C Uy with v(S) < AV;. Moreover, if S* N G; = 0, then this utility, and hence payment to i are 0. This
shows IR and NPT.

Finally, since h;(c—;) > < - (v(S* — G;) — k- ¢(S* — G;)), the payment to ¢ € N5 is at most
L (v(S*) —v(S* — Gy)). We have Y,y (v(S*) — v(S* — Gy)) < v(S*) by Claim and so the
total payment is at most B. O

4.2.1 Superadditive cost functions: polytime O (1)-approximation with respect to OP T gench

With superadditive costs, we show that with minor tweaks to Algorithm we can obtain a
mechanism that runs in polytime given a constrained demand oracle, and achieves an O(1)-approximation
with respect to OP T gench (Theorem- In step Iof Algonthm | we now compute V; = LPJ,
and in stepl we compute 5* < argmaxgcy, {v(S) ”\VLB”"‘“ . c(S) : (S) < A4 + VUmax -

As in Lemma 4.7, we can obtain suitable payments that when combined with this modified algorithm
yield a universally budget—feasible mechanism. The computations of V3, S* and the payments, can all be
done in polytime, since we are given a constrained demand oracle. The only portion of the analysis that
changes more significantly is the proof of the approximation guarantee.

Theorem 4.8. Taking A = £ 2 and p = m the above modified version of Algorithm XOS-UniBF) together
with suitable payments, we obtain a umversally budget-feasible mechanism for superadditive costs with

approximation ratio 100 that runs in polytime given a constrained demand oracle.

Proof. As discussed above, we focus on proving the approximation guarantee. Fix an input (v, B, ¢), where
the ¢;s are superadditive. We abbreviate OP T'gench (v, B, ¢) to OPTgench. Lemma [2.6] shows that LP3 >
LPT > %, holds with probability at least i. Assume that this event happens.

Let Kk = AVi 4+ vmax. Let T be an optimal solution to (BFLP(Us3)). We use S below to index over
subsets of Uy. We transform 7 into a fractional solution 2’ such that 2 > 0 only if v(S) < &, and then
use 2’ to obtain a lower bound on v(S*). Initialize 2’ <— 0. Consider a set S with Tg > 0. By repeatedly
finding a maximal subset of S having value at most x, and deleting this, we obtain that as long as v(.S) > &,

the deleted subset has value strictly larger than A\V;. So we can partition S into at most { /\({jw sets in this
fashion, each having value at most ; we increase the z’-value of each of these sets by Tg. Observe that
Yog¥lg <D gTs R(‘f w < LP2 + 1. Also, > g v(S)zly > > g v(S)Ts = LP3 since v is subadditive, and
Yogc(S)rlg <D ge(S)Ts S B since the costs are superadditive. Since 2’ > 0 only if v(S) < , any such
set is a candidate set for the constrained demand oracle. So we have

(59— 1 e(5) 2 o St (0(8) — - e(5)) = ot
v ——=c —_ - relv(S) - £ ¢ _
B T sty 500 B = LP5/AV; +1
B N K S A% K B A(1—=N) Umax
T4 AVI/LPES  1+LP3/AAVE T 14X 14+1/x ' 14+A 141/A
where the final inequality above follows since LP5 > LP] = V;. We have FIGES oY) +1 N = = 1 — p, and the
expected value returned is at least § - v(S*) 4 (1 — p)Umax > OPTBench/100. O

Remark 4.9. We can also tweak Algorithm differently, by taking V4 = V* in step 2| (and no
other changes). Recall that V" := max {v(S5) : S C Uj, ¢(S) < B} for j = 1,2. This yields a slightly
better 80-approximation (the same factor as in Theorem [4.6) relative to OP T gench for superadditive costs,
but not in polytime, since computing V" is NP-hard even for additive valuations and costs. To see this, let
A = 0.5, p = 0.8 (as in Theorem[4.6)). As before, we can obtain suitable payments that when combined with
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this modified algorithm yield a universally-budget-feasible mechanism. For the approximation guarantee,
suppose that the event V5" > V" > mBe+'“(”’B’C) occurs, which happens with probability }1 (Corollary
Let 75 be an optimal solution to max {v(S) : S C Us, ¢(S5) < B}. So ¢(Ty) < B and v(Ty) = V5 >
2\V1. Applying Lemma we can obtain 7' C T35 such that ¢(T") < B/2 and AV} — vpax < U( ) < AVh.

We can now proceed as in the proof of Theoremto obtain expected value at least OPT'gench (v, B, ¢)/80.

4.2.2 Polytime mechanism for additive valuations and additive costs

The above polytime mechanism for XOS valuations and superadditive costs can be adapted to run in poly-
nomial time (i.e., without any oracle) for additive valuations and additive costs. With additive valuations and
additive cost functions, a constrained demand oracle involves solving a knapsack problem. We argue that we
can instead work with a related knapsack problem that can be solved efficiently using dynamic programming
(DP), and thereby obtain a polytime O(1)-approximation mechanism.

This result is subsumed (modulo O(1) approximation factors) by the result in Section where we
do not assume no-overbidding, but the mechanism and its analysis become much simpler assuming no-
overbidding, so we include this below. The reader interested in the setting without assuming no-overbidding
(for additive valuations and additive costs) can directly skip to Section[5.2.1]

Theorem 4.10. There is a polytime mechanism for additive valuations and additive costs that achieves
approximation ratio 272 with respect to OPT gench.

Proof. In the oracle polytime algorithm for superadditive costs described at the start of Section[4.2.1] recall
that we modify Algorithm by computing V; = LP7 in step and S* = argmaxgcy, {v(S) -
k- c(S): v(S) < kB} in step[3| where x = 2Vitlmax  With additive v and additive costs, (BFLP(U))
becomes a polynomial-size LP, so it can be solved in polytime, and setting u. = v(e) — & - ¢(e) for all
e € Uy, computing S* amounts to solving the knapsack problem, maximize u(S) subject to v(S) < kB,
S CUs,.

We scale the v(e)’s to obtain polynomially-bounded weights, modifying the u.s and the knapsack budget
correspondingly, to obtain a polytime-solvable knapsack problem. Set B"®" = Z:}—Zﬁ +n, and w, = {mw

VUmax
and u,, = w, — % - c(e) for all e € U,. We now obtain S* by solving the knapsack problem over Us,

with item-values {u/ }, item weights {w,. } and knapsack budget B"*" + n; since the weights lie in {0} U [n]
this takes polynomial time. We return S* with probability p and e* with probability 1 — p

The modified knapsack problem minimizes an affine function of the player costs. Since we solve this
knapsack problem optimally, VCG again applies. So as in Lemma one obtains universal truthfulness,
and the payment to each player i € N> is at most B"%i‘rn -(w(S*) —w(S*NG;)). Budget-feasibility follows
since w(S*) < B"™ + n; so we only need to analyze the approximation ratio.

We argue as in the proof of Lemma We may assume that LP3 > LP] > OPT%“(U’B@, which
happens with probability at least %. Let T be an optimal solution to (BFLP(U3)). We transform Z into a
fractional solution 2’ such that 'y > 0 only if v(S) < &, and then use 2’ to obtain a lower bound on v(S*).

w(S)
Bnew

w-weight at most B"" + n, and increase x’-value of each of these sets by Tg. We then have

Initialize =’ < 0. Consider a set S with Zg > 0. We partition S into at most [ -‘ sets, each having

LP3

o w(S)Ts P} +n . LP3
< 1< max 1: max
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where the last inequality follows since LP5 > AV;. Therefore,

w(S™) > u'(S*) > Zs u/(S)fU’S > st(S):z:fg — (B"" +n)

YosTe LP5/AVi +1

- o LPy = (B™4n) o LP3— AV 2n
= P 1 1 " Umax P2 g L3

T max 3y T it

o LP3 = AV
= U(S ) Z ngil _Umax(ﬁ‘i‘l)
wi T vt
A=A 3IA+1

A St +

= 1+)\ _Umax’)\+1-

We take A = 0.5 and p = % so that & - ?’/\)‘T”Lll = 1 — p. The expected value returned is at least § - v(S*) +

(1 — p)vmax = OPTgench(v, B, c)/272. O

5 Dropping the no-overbidding assumption

We now describe how to obtain universally-budget-feasible mechanisms for XOS valuations without assum-
ing no-overbidding. Recall that N' = [k] is the set of all players. Now define e* to be argmax {v(e) : e €
U, c(e) < B}, and let vmax = v(e*). Let opt* = max;en maxgce, {v(S) : ¢;(S) < B}.

As discussed in Section[I.2] dropping this assumption entails figuring out a way of offsetting the additive
loss incurred in arguing the existence of a large-value set T C Us with v(T') < AVy, ¢(T') < B/2. While
this additive loss is bounded by opt™, as noted earlier, the mechanism that returns S C G;, for some player 4,
with v(S) = opt*, ¢(S) < B, is not truthfully implementableE] So we need to devise an alternative to this
“return (set corresponding to) opt* mechanism.” We devise such a mechanism in Section[5.1] and show in
Section[5.2]how the analyses of algorithms from Section .2]can be modified so as to leverage the guarantee
of this mechanism and obtain approximation guarantees relative to OP T gench-

5.1 Truthful mechanism to offset additive loss

Recall that given cost functions {¢; € C;}, we define ¢(S) := )", ¢;(SNG;) forall S C U.

Mechanism 2NDOPT // budget-feasible mechanism: substitute for returning e*
Input: Budget-feasible MD instance (v 2V Ry, B, {G;,C; C Rfi ,Ci € CZ})
Output: subset of G; for some player ¢; payment =B
1 For every player i, define opt; := max {v(S) : S C G, ¢(S) < B}. Also, for each player i, define
S; = SZ'(Cfi) = {S C G;: U(S) > maX;<; optj, U(S) > Mmaxjs; Optj}.
2 Choose S = argmin {c(5) : S € Uien Si}» and let Se S;. (We show in the analysis that

3 return S, and pay B to player i

Lemma 5.1. There exists some player i’ and some S' € S such that ¢y (S") < B.

" Concretely, suppose B = 4, there is one player, U = {e, f}, v is additive with v(e) > v(f), and we have two additive cost
functions c(l), c<2>, given by cgl) = B, c;l) = 1 and cf) = B+1, 0;2) = B. When the true cost function is c(l), truthful
reporting would yield utility 0, whereas reporting ¢'®) would yield utility B — 1 > 0.
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Proof. Let i’ be the player with largest index such that opt;, = max;c opt;, and let S’ C G be such that
v(S’) = opty and ¢y (S’) < B. By definition then, we have v(S") > opt; for all j < 4, and v(S’) > opt;
forall j > . So 5" € Sy. O

Theorem 5.2. Mecham'sm zAs budget-feasible, and its output S C G; satisfies v(§ ) > max, 40Pt =
max {v(S) : S C G, for some i # i, ¢(S) < B}.

Proof. Lemmal[5.T|shows that the mechanism is well defined. The performance-guarantee statement follows
from construction, since we have S € S;. The payment made is B by construction. Individual rationality
follows from Lemma since this implies that there is some S € J; S; with ¢(S) < B, We focus on
proving truthfulness.

The key observation is that a player ¢ cannot affect her collection of sets S;. We first claim that player
i cannot benefit by lying. We have that S is a minimum-cost set from &;. So since c; does not affect S,
player i cannot lie and cause a lower c;-cost subset of G; to be chosen.

Next, consider a player ¢ # 4. We show that cZ(S ) > B for every S € S;, which implies that ¢ cannot
obtain positive utility by reporting some ¢’ € C;, ¢ # ¢;. Again, S; does not depend on player ’s reported
cost (so we can unambiguously say S; given that c_; is fixed). Suppose i < i. We have U(S ) > opt;, and
s0 v(S) > v(S) forevery S C G; with ¢;(S) < B. Therefore, if S C G; is such that v(S) > opt; > v(§),
then we must have ¢;(S) > B. Similarly, suppose i > i. Then, we have v(g) > opt;, and so v(§) > v(S)
for every S C G; with ¢;(S) < B. Soif S C G satisfies v(5) > opt; > v(S), then we must again have
Cz(S ) > B. ]

We obtain the following immediate corollary. Let opt(?) be the second-largest opt; value.
Corollary 5.3. The set S returned by Mechanism [2ndOpt| satisfies v(S ) > opt(?),

Remark 5.4. We remark that the asymmetry in the definition of S; in Mechanism is crucial. The
proof evidently exploits this, and we can show that if we change the definition of S; to {S CG;:v(S) >
max;£; opt; }, then we do not obtain truthfulness.

Remark 5.5 (Computation using oracles). Computing the set S requires two types of oracles: an oracle
for computing the opt; quantities, and a knapsack-cover oracle [53] to find a minimum-cost set in S; for
every player i, in step [I] In the multidimensional setting, a knapsack-cover oracle for the class C = I1,C;
takes ¢ € C and a target value Val as input, and returns argmingcy; {g(S) : v(S) > Val}, or “infeasible”,
if no feasible set exists. As with a demand- and constrained- demand oracle, we assume, somewhat more
generally, that we can specify a subset A C U of the form A = | J,.; G, for some I C [k], and the oracle
returns the optimum over A (as opposed to U ).

Given a knapsack-cover oracle, we can compute S as follows. By scaling, we may assume that v(S) is
an integer for all S C U. For every player i, we compute S} = argming,g, ¢;(.S) by calling the knapsack-
cover oracle with the set A = G, ¢ = c, and target value Val; = max{max;; opt;, 1 + max;; opt;}. We

then return S = argmin {ci(S) i e N}

5.2 Universally-budget-feasible mechanisms without assuming no-overbidding

We now utilize Mechanism (and variants of it) in conjunction with mechanisms from Section
(with some changes) to obtain universally-budget feasible mechanisms that achieve O(1)-approximation
with respect to OPT gench, wWithout assuming no-overbidding.

'>This can be achieved by taking g, for £ ¢ I to be the constant function q¢(S) = M for all } # S C Gy, where M is
sufficiently large, say 2| A| - max;ca q:(G:). We call the knapsack-cover oracle with this modified ¢, and return the oracle’s output
if the output is “infeasible”, or a set S C A; otherwise, we return “infeasible”.
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Recall that opt; = max {v(S) : S C Gj, ¢(S) < B}, and opt® is the second-largest opt; value.
Examining the analysis of Algorithm in Theorem we see that one of the places where we
incur a loss in value is when we argue the existence of a large-value set of cost at most B/2, by applying
Lemmato a suitable set S C U, (the set 75 in the proof of Theorem : this incurs a loss bounded by
roughly O (max;ens v(S N G;)) (due to the g—1(S) term in the statement of Lemma . The key insight
is that we can now recover this loss using Mechanism provided that we can engineer things in the
analysis so that max;e s, v(S N U;) is at most opt?), and v(.S) is large. This requires a careful application
of the random-partitioning lemma (Lemma [2.4)) coupled with some additional observations. The procedure
is described in Algorithm [XOS-Gen|below, and follows the same template as in prior algorithms, but we use
Mechanism 2ndOpf|in place of the “return-e* mechanism.”

In Section we consider additive valuations and additive costs, and obtain a polytime O(1)-factor
approximation, universally budget-feasible mechanism for such instances. Here, we exploit the fact that
with additive valuations and costs, various computations in Mechanism and the mechanism from
Section .2]amount to solving knapsack or knapsack-cover problems, and we can make suitable changes to
these mechanisms to move to related problems that can be solved efficiently using dynamic programming.
In Section[5.2.2] we consider general XOS valuations and superadditive cost functions, and devise polytime
mechanisms given access to a constrained demand oracle. The crucial (and only) change here compared

to Algorithm lies in coming up with a different “version” of Mechanism that can be
implemented in polytime using a constrained demand oracle.

Algorithm XOS-GEN // universally budget-feasible mechanism: general costs without no-
overbidding

Input: Budget-feasible MD instance (v : 2V — R, B,{G;,C; C Rfi }, {ci € C;}); parameters
A €1[0,0.5],p € [0,1]
Output: subset of U; payments are VCG payments
1 Independently, for each player i € N, place i in NV or N3, each with probability 3. For j = 1,2,
letUj := Uze/\/g G;.
2 Compute V; = Vj* := maxgcy, {v(S5) : ¢(S5) < B}.
3 Use a constrained demand oracle to obtain
S* +— argmaxgcp, {v(S) — A e(S) : v(S) < AV Y.
4 return S* with probability p and the output of Mechanism with probability 1 — p.

Theorem 5.6. Taking A = 0.5 and p = % in Algorithm together with suitable payments, we
obtain a universally budget-feasible mechanism that obtains expected value at least Ti&’) -OPTgench(v, B, ¢).

Proof. Universal budget-feasibility follows from the same arguments as in the proof of Lemma.7| so we
focus on proving the approximation guarantee. We may assume that n > 2, otherwise OP T gench = 0, and
there is nothing to be shown.

We follow a similar approach as in the proof of Theorem#.6] As alluded to earlier, we carefully identify
aset S C Us with ¢(S) < B such that when we apply Lemma to .S to extract a subset of cost at most
B/2 and value roughly AV, the additive loss incurred (relative to A\V}) can be charged to opt(2). More
precisely, we identify such a set S with v(S) = ﬁ : (OPT Bench — opt(2)) assuming a certain good event

happens, and argue that this good event happens with constant probability. Coupled with the opt? value
returned by Mechanism this will yield the stated approximation bound.

Let i* € N be such that opt;» = max;caropt;, and let G* = G;«. Essentially, the idea is that since
opt;« is the only opt; quantity that we cannot recover using Mechanism we simply consider the
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effect of random partitioning after excluding ¢*, noting that excluding G* only incurs a bounded loss in
value. Let O* = argmaxgcy {v-1(S) : ¢(S) < B}. Define O = O* — G*, and O; = O N Uj for
j = 1,2. Note that v(O) > v_1(0*) = OPTgench. Also, for any S C U — G* with ¢(S) < B, we have
v_1(S) > v(S) — opt®), since by definition, for every i € N with S N G; # (), we have i # * and so
v(S N G;) < opt; < opt?. In particular, we have v_1(O) > OPTgench — opt(?).

Let T" be the event that v(01),v(02) > v_1(0)/4. Applying Lemma (a) to O, we obtain that
Pr[I[T > 0.5. Let V] = max{v(S) : S C Uj — G*, ¢(S) < B} forj = 1,2. Let T; C U — G* be
such that v(73) = V3 and ¢(T%) < B. Note that V/{ and V; are identically distributed, and this remains true
even when we condition on I'. So we have Pr[{Vj > V/} NnT] > %. Finally, let 2 be the event G* C Us.
Clearly, Pr[Q2] = 0.5. Event €2 depends only on the random choice made for player i*, whereas event I' and
the random variables V{, VJ depend only on the random choices made for the other players. So 2 and the
event {V3 > Vi } NT are independent, and we have Pr[{V; > V/} NI N Q] > 1.

Let us condition on the good event {V; > V/} NT' N Q. Note then that since G* N U; = (), we have
Vi = Vi = Vj*. Applying Lemmaon T} with Val = A\Vj, we can obtain 7' C T% such that ¢(T') < B/2
and min{v_1(T3) — AV1, AVi — max.eqy v(e)} < o(T) < AVi. We also have v (T3) > V3 — opt®), and
max.cry v(e) < maxien, v(15NG;) < opt®). Since V§ > 2AV4, it follows that v(T) > AV; — opt(?). So
we have

AV

(%) 2 0(S") = 5= - e(57) 2 0(T) = =5~ - e(T) 2 AV1 — opt

@ _ A AN
2 = 2

We also have

4 = 4
By Corollary the value obtained by Mechanism is at least opt(?). Putting everything together,
we obtain that the expected value returned is at least

1 /1
Py (16 - (OPTgench — opt?) — opt@)) + (1 - p)opt? 3)
P oPTe. — L . opPT 0
— 128 Bench — 145 Bench-

5.2.1 Polytime mechanism for additive valuations and additive costs

With additive valuations and additive cost functions, a constrained demand oracle involves solving a knap-
sack problem. The computation of opt;’s in Mechanism[2ndOpt|also amounts to solving knapsack problems.
We argue that, using scaling and rounding, we can instead work with related knapsack problems that can
be solved efficiently using dynamic programming (DP), and thereby obtain a polytime O(1)-approximation
mechanism. But we need to exercise some care, because we cannot use vy, in the scaling.
We discuss below the changes to Algorithm and Mechanism Algorithm
contains the entire description.
1. In step[2of Algorithm[XOS-Gen| we now use any S-approximation algorithm for the knapsack problem,
where 3 > 1, to obtain V; > V;*/f5.

2. In step 3| of Algorithm |[XOS-Gen| we compute S* by solving the following roughly-equivalent knapsack

problem. Set B"" = 4n, and w, = [n/\v—‘(/f)-‘ and u), = w. — 25~ -c(e) forall e € Us. Solve the knapsack

problem over Us, with item-values {u.}, item weights {w,} and knapsack budget B"®", to obtain S*.
This takes polytime since B"*" = 4n. (Without the [.] in the w.s, this would be the same as the problem
maxgcy, {v(S) — 4’\7‘/1 c(S) 1 v(S) <4}
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3. Dealing with the (efficient computation of the) opt, quantities in Mechanism poses more dif-
ficulties, and the workaround is more involved. The issue is that the truthfulness guarantee of Mecha-
nism 2ndOpf|relies crucially on the fact that we are working with the exact opt; quantities. To make this
more approximation-friendly, we use random partitioning (again!). We obtain an estimate of max; opt;
from one part, for which we can use any approximation algorithm for computing the opt;s. For each
player 7 in the second part, we solve the knapsack-cover problem of finding a min-cost set 7;" C G;
whose value is at least this estimate. Finding the smallest-index player ¢ (from the second part) for which
¢i(T7) < B, if one exists, returning 7* and paying B to player 4, yields a truthful mechanism with a
guarantee similar to that stated in Theorem [5.2] for Mechanism Finally, since the valuation and
costs are additive, we use scaling and rounding to solve a related knapsack-cover problem in polynomial
time, which suffices.

This modified version of Mechanism is described below, and Theorem [5.7]states its performance
guarantee.

Mechanism 2NDOPT-POLY
Input: Budget-feasible MD instance (v S RE{, B, {G;,c; € R%}) with additive valuation and
additive costs
Output: subset of G; for some player ¢; payment =5
1 For every player i, define opt; := maxgcg, {v(9) : ¢;(S) < B}. Partition AV into two sets N, s
by placing each player independently with probability % in A7 or Na.
2 For every i € N7, compute opt/, a y-approximation to opt;. Set Val := max;en;, opt;.
3 For every i € N3, do the following. Set wt, = LQ{};}fJ forall e € G;. Let T)* C G; be an optimal
solution to the following knapsack-cover problem: mingcg, {¢;i(S) : wt(S) > n}.
4 If ¢;(T7) > B forall i € N, return () and make no payment to any player. Otherwise, leti € Ns
be the smallest index ¢ € N such that ¢;(T}*) < Bj; return S = T* and pay B to player i.

We run steps [TH3] of Algorithm [XOS-Gen|with the above changes, and return S* or the output of Mech-
anism 2ndOpt-Poly| each with some probability. The entire algorithm is descibed below.

Algorithm ADDITIVE // polytime universally budget-feasible mechanism: additive valuation
and costs, without no-overbidding

Input: Budget-feasible MD instance (U € RH, B, {G;,c; € Rf’}) with additive valuation and
additive costs; parameters A € [0,0.5], p € [0,1], r € Zy,7r > 2.
Output: subset of U; payments are VCG payments
1 Independently, for each player i € N, place i in N or N3, each with probability 3. For j = 1,2,
let Uj = Uze./\f] G;.
2 Compute V1, a S-approximation to V}* := maxgcy, {v(5) : ¢(S) < B}

3 Set w, = {";"(/f)w and v, = we — % - ¢(e) for all e € Uy. Compute an optimal solution S* to the

knapsack problem over Us, with item-values {u/ }, item weights {w, } and knapsack budget
B"Y = 4n.

4 return S* with probability p and the output of Mechanism [2ndOpt-Poly| with probability 1 — p.

Theorem states the performance guarantee of Mechanism We first prove that Mech-
anism is an O(1)-approximation, universally budget-feasible mechanism assuming Theorem
and then prove Theorem
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Theorem 5.7. Mechanism[2ndOpt-Poly\is a polytime, universally budget-feasible mechanism that with prob-

o, 5 ~ (2) .
ability at least %, returns a set S such that v(S) > °p2t7 , where opt(Q) is the second-largest opt; value.

Theorem 5.8. Tuking A\ = 0.125, and for a suitable choice of p, Algorithm together with suitable
payments, yields a polytime, universally budget-feasible mechanism for additive valuations and additive
costs that achieves O(1) approximation with respect to OP T gench.

Proof. We proceed similarly to the proof of Theorem Let p be such that % . (@ + 1) = 18—;7’. Note that
such a p € [0, 1] always exists. Assume that n > 2.

Let i* € N be such that opt;. = max;en opt;, and let G* = G+, Let O* = argmaxgcy; {v_1(5) :
¢(S) < B}. Define O = O* — G*,and O; = O N Uj for j = 1,2. We have v_1(0) > OPTgench — opt®
by construction. Let V; = max {v(S) : S C U; — G*, ¢(S) < B} forj = 1,2. Let Tj C Uy — G* be such
that v(7%) = V4 and ¢(7%) < B.

Let T' be the event that v(O1),v(02) > v_1(0)/4, and € be the event that G* C U,. Applying
Lemma (a) to O, we obtain that Pr[I'] > 0.5. Vl’ and V2’ are identically distributed, which also holds
when we condition on I'. So Pr[{V; > V{}NI] > 1. Finally, event {2 is independent of events I and {VJ >
V/'}, since 2 depends only on the random choice for player i*, and events I' and the random variables VY, V3
depend only on the random choices for the other players. The upshot is that Pr[{V; > V/} NT' N Q] > %.

We condition on this good event {Vy > V/} NT' N Q. Since G* N U; = (), we have V/ = V;* and
Vi > Vi*/B. Since v(T3) > V4§ > 8AV/, we have w(T3) > 8n. We now apply Lemma [2.8| with Val = 4n
to the additive valuation given by the {we }ccy, Weights, to obtain T C T} such that c(T) < B/2 and
dn — max ey we < w(T) < 4n. We have max cpy we < 5p- - Maxeery v(e) +1 < 53~ opt® + 1,
where the last 1nequa11ty is because we have T3 C U2 — G*. Recall that the set S* computed in step I
of Algorithm is the optimal solution to the knapsack problem over Us with item values u], =
We — B]n;w - ¢e for all e € Us, item weights {w,} and knapsack budget B"*" = 4n. So the above implies
that

Bnew
w(S*) > /(S*) > W/(T) > w(T) — >om— 2 opt® — 1.
2 N
AL

. (w(S*) —n) > AV (1 — %) —opt® >

*

A
Therefore v(S*) > 2751 —opt®,

. . . . —opt(2)
where the last inequality follows since 7 > 2. As in the proof of Theorem|5.6, we have V|* > OPTBG"+‘M.

By Theorem the expected value returned by Mechanism |[2ndOpt-Poly|is at least i : °p2t;2). So the ex-
pected value returned by Mechanism [Additive]is at least
1 1 opt(2)
=g OPTgench — opt?) — opt® 1—p)- - OPT O
p 3 <645 ( Bench — OP ) op + p) 8y 5126 Bench-

Proof of Theorem The mechanism runs in polytime because the knapsack-cover problem in step 3] takes
polytime as the target value n is polynomially bounded, and the wt.’s are integers. Payment of at most
B, and individual rationality are baked into the mechanism. We focus on proving truthfulness and the
performance guarantee.

Clearly, players in N7 always get 0 utility, so again nothing by lying. For each i € A5, the collection
Si = {S C G; : wt(S) > n} of feasible sets for player i does not depend on the cost-vector c. If the
mechanism outputs (), then every set S € Uze N, Si has ¢(S ) > B, so no player can achieve positive utility

by lying. Suppose the mechanism outputs S C G. Player 7 cannot benefit by lymg, since S already has
minimum cost in S; among her feasible sets. Consider a player ¢ € Na, i ;é i. If i < i, then by the choice
of i, we have ¢;(1;) > B, so player i cannot achieve positive utility by lying. If ¢ > 4, then ¢ will never be
chosen in step[d] so again i cannot benefit by lying.
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Let i and ] be players in J\/ having the largest and second-largest opt; values respectively among all
players in A/. With probability X 7- we have j € NV, i € Na. Assume that this event happens. Then, we have

Val > —2% oPt = optv( ! and there is some set T; € Gy such that v(T;) = opt; > Val, ¢;(T;) < B. This implies
that wt(T) > n, so we must have c(S) < B for some S € [J;cp;, Si- So the mechanism will output a set S
with wt(S) > n, which implies that U(S’\) > %‘l > %. O

5.2.2 Superadditive costs: polytime mechanism using constrained demand oracle

For general XOS valuations and superadditive cost functions, we devise a polytime O(1)-approximation
universally budget-feasible mechanism given access to a constrained demand oracle. This generalizes the
result in Section 4.2.1] where we assumed no-overbidding. The only change to Algorithm for
general costs is that we run a new mechanism (Mechanism 2ndOpt-CDemd) in place of Mechanism [2ndOpf]
in step 4| of the algorithm. We first describe this new mechanism, and then show that the corresponding
modified-version of Algorithm yields an O(1)-approximation universally budget-feasible mech-
anism (Theorem [5.11)).

Mechanism to replace Mechanism We extend the ideas underlying Mechanism
which was used for additive valuations and costs. The key is to view Mechanism [2ndOpt-Poly|as a means

of combining single-player budget-feasible mechanisms—the mechanism for player i € N5 outputs 7}*
computed in step [3| and payment B, if ¢(T;*) < B, and () and zero payment, otherwise—while preserving
truthfulness (and budget-feasibility).

We make this framework for combining single-player budget-feasible mechanisms explicit, and devise
suitable single-player mechanisms that utilize a constrained demand oracle. To elaborate, we devise two
budget-feasible mechanisms ./\/lgl) , MZ(Q) for each player i. Both mechanisms take a target value Val as a
parameter, and their outputs have the property that if opt; > Val, then at least one of mechanisms returns
expected value Q( Val) (Theorem . Both mechanisms also output a “success bit,” which if set to 0, indi-
cates that player ¢ receives zero utility under truthful reporting. We combine this collection of mechanisms
to obtain expected value €2 (opt(Q)) while maintaining budget-feasibility, by using random partitioning. We

find, from one part A1, the right target Val to aim for. Then, we pick 5 = 1 or 2 with probability 0.5. We

select the first player i € N whose ./\/l(j ) mechanism’s success bit is set to 1, and return the output of /\/l(

if no bit is set to 1, we output () and 0 payment. We now delve into the details.

Mechanisms: Mgl) and Mgz) for player i € N
Input: Valuation v : 2V — R, budget B, item-set G;, superadditive cost function ¢; : 2 — R,
¢; € C;, target Val € Ry
Output: subset of G;, payment to player ¢, success bit flag;

Mechanism Mgl)
1 Compute T < argmaxgcg, {v(S) — Fal . ¢;(S) : v(S) < %} using a constrained demand
oracle.

2 fo(T)) — 5% cf(TF) > %, then return T°*, payment %Bl o(Ty) — B, flag; = 1; otherwise

return (), zero payment, flag, = 0
Mechanism Mz@)
1 Letef = argmin g, {ci(e) : v(e) > VTC‘Z}
2 If ¢i(e) < B, return T}, payment B, flag; = 1; otherwise return (), zero payment, flag; = 0
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Mechanism 2NDOPT-CDEMD // Combining the {Mgl), MP }z ¢ mechanisms

)

Input: Budget-feasible MD instance (v : 2V — Ry, B, {G;,C; C Rici }, {ci € C;}) with
superadditive costs
Output: subset of GG; for some player 4, suitable payments
1 For every player i, define opt; := maxgcg, {v(9) : ¢;(S) < B}. Partition AV into two sets N7, As
by placing each player independently with probability 3 in \; or NVa.
2 For every i € N, compute opt}, a y-approximation to opt;. We can achieve v = (2 + ¢), for any
€ > 0, in polytime using a constrained demand oracle; see Section Set Val := max;e;, opt).

3 Set 7 = 1 or j = 2, each with probability % If for every i € Na, mechanism MZ(»] ) sets flag; = 0,
return () and make no payment to any player. Otherwise, leti € N> be the smallest index i € N>
for which MZ(J ) Sets flag; = 1; return the output of ./\/lg] ) (i.e., subset of (5;, and payment).

Theorem 5.9. Mechanism [2ndOpt-CDemd)| is universally budget-feasible, runs in polytime given a con-

. . .. . . (2)
strained demand oracle, and with superadditive cost functions, obtains expected value at least °§;7 , where

opt® is the second-largest opt; value.
Theorem [5.9| will follow fairly directly from the following result about the ./\/lgl) , M 52) mechanisms.

Theorem 5.10. For any player i, and any parameter Val, mechanisms M 51) and ./\/lz@) are budget-feasible,
run in polytime given a constrained demand oracle, and satisfy the following properties.

(a) If opt;, > Val and c; is superadditive, then at least one of /\/ll(-l) or M(2)

i

Val

obtains value at least 5

(b) Ifflag; is set to O by Ml(j) for any j = 1,2, then player i cannot obtain positive utility by lying.

Proof. 1t is clear that Mgl), MZ@) run in polytime given a constrained demand oracle. We first argue that

both Ml(»l) and MZ(-Q) are budget feasible. Consider Mgl). The payment made is always at most B and at
least the cost incurred by ¢ under truthful reporting, since if the mechanism outputs 77", we have v(1}") < %
and v(T}) — 3% . ¢;(Ty) > %. So the budget constraint is met, and individual rationality (IR) holds. To
see truthfulness, suppose that i reports ¢, # ¢;, and some other set S C G is output by the constrained
demand oracle. However, we have v(T}") — 5% . ¢;(T}) > v(S) — 5% - ¢;(S), so the utility of i cannot
increase under this mis-report. Moreover if v(7}) — g—g co(TY) < V?“l, then 7 obtains negative utility if
mis-report causes flag; to be set to 1.

For MZ@), things are even more straightforward. It is immediate that the payment is at most B and IR
holds. Truthfulness is also immediate since we are outputting a min-cost element from a feasible set that is
not affected by #’s reported cost.

Part (a) follows, because by a now-routine analysis, we can show that if opt; > Val, then there is some
S C G; withe(S) < B/2and v(S) € [% — maxcec, {v(e) : ¢;(e) < B}, Y2]. This follows by applying
Lemmato the set S* with ¢;(S*) < B that achieves value opt;. So if max.cq,{v(e) : ¢i(e) < B} < %,
then

Val Val Val ~ Val  Val Val
T — — . ¢, (T > - . > - T = .
o) = g alli) 2 vlS) = g -ald) 2 5= - =7 = o =
otherwise M 52) obtains value at least %‘”.
Given the truthfulness of Mgl), MEZ), part (b) follows from construction. O]

Proof of Theorem[5.9) The polynomial running time follows from Theorem [5.10} and since the opt; esti-
mates can be efficiently computed using a constrained demand oracle.
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As in the proof of Theorem we may assume that the largest opt,; corresponds to player in N5,
and the second-largest opt; value corresponds to a player in A7. This event happens with probability i,

and assuming this, we have Val > °pfy( " in Mechanism 2ndOpt-CDemd| So using Theorem [5.10| (a), the

1 Opt(2)
expected value returned is at least 1°§8"

5
Fix j € {1,2} as chosen by the mechamsm If Mechanism 2ndOpt-CDemd| outputs (), then flag; = 0
for all i € N5, which implies, by Theorem [5.10] that no player can obtain positive utility by lying. So

suppose otherwise. Consider any i € N5. Player?cannot benefit by lying, since M;Q ) is truthful. If i > i,
then ¢ will never be chosen in step 3| so 7 cannot benefit by lying. If ¢ < i, then since flag; = 0, again by
Theorem [5.10} player ¢ cannot achieve positive utility by lying and causing flag; to be set to 1. The budget
constraint and IR hold with probability 1, because this holds for all the M §1) ) Ml(z) mechanisms. It follows

that Mechanism [2ndOpt-CDemd|is universally budget-feasible. O
Algorithm modified for superadditive costs: proof of Theorem As mentioned ear-
lier, the modified algorithm is simply Algorithm replacing Mechanism with Mecha-

nism 2ndOpt-CDemd)in step ] of the algorithm. Therefore taking A = 0.5, the exact same analysis as in the
proof of Theorem 5.6|leading up to (3) holds, and we obtain that the expected value returned is at least

17p opt(®
- OPTgench — —& - opt® + (1 —p) - 527

128 128

where we have utilized the guarantee in Theorem about Mechanism [2ndOpt-CDemd| So taking p =
1+17177/4’ we obtain expected value m - OPTgench. All steps run in polytime given a constrained
demand oracle. So we obtain the following result.

Theorem 5.11. Taking A\ = 0.5 and suitable p in the above modified version of Algorithm
together with suitable payments, we obtain a universally budget-feasible mechanism for superadditive costs

that runs in polytime given a constrained demand oracle and achieves O(1)-approximation with respect to
OPTBench-

6 Submodular valuations

We now devise universally budget-feasible mechanisms for monotone submodular functions, which form a
subclass of XOS valuations. Our mechanism works for arbitrary costs, without assuming no-overbidding,
and runs in polytime given a demand oracle; but it yields a weaker approximation guarantee.

Let v be a monotone, submodular valuation. After obtaining an estimate of OP 7T gench Via random
partitioning, we depart from the template used for the algorithms in Section d] We now use a greedy
algorithm that iteratively considers the players in A in some fixed order, and picks a suitable set from
Us N G; to add to the current set 7" using a demand oracle, until v(7") becomes large enough. The analysis
proceeds along the lines of the analysis of the standard greedy algorithm for monotone submodular-function
maximization, to show that we obtain expected value OP T'gench (v, B, ¢)/48 — max; v(G;)/4. Thus, under
inputs (v, B, c) satisfying the large-market assumption v(G;) < € - OPT aig(v, B, ¢), we obtain an O(1)-
approximation with respect to OPT aig(v, B, ¢).

Our algorithm below uses demand queries of the form argmaxgc g, (v(S|T) — k- ¢;(S)), where T C U
and v(S|T) := v(SUT) —v(T) is the incremental value of adding S to T'. Such a demand-oracle query can
be translated to a demand-oracle query for v over the set 7'UG; by setting by taking c, to be the identically-0
function over 26 for all £ # i, and ¢;(A) = ¢;(A — T) for all A C G;. This amounts to “setting the prices
for elements in 7" to be 0”. (We assume that C; is closed under this operation.)
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Mechanism SUBMOD-UNIBF // universally-budget-feasible mechanism for monotone sub-
modular valuations, general cost functions

Input: Budget-feasible MD instance (v : 2V — R, B, {G;,C; C Rici }. {ci € C;}); parameter
A€ [0,1]
Output: subset of U and payments

1 Partition AV into two sets V7, N> by placing each player independently with probability 3 in A7 or
Na. Let Uj := ;e N; G; be the induced partition of U. Compute LP7] using a demand oracle. Set
Vi = LP.

2 Initialize T' < (). Considering players i € N> in some fixed order: if v(7'U G;) < AV, compute
demd; < argmaxgcq, {v(S|T) — % -¢i(5)} andset T; = T'and T < T U demd;; otherwise,
exit the loop.

3 return 7. Pay % - v(demd; |T}) to each player i € N3 for which T'N G; # (), and 0 to the other
players.

Theorem 6.1. Taking A = 0.5 in Mechanism |Submod-UniBF} we obtain a universally budget-feasible
mechanism that obtains expected value OP T'gench(v, B, ) /48 — max;c( v(G;) /4.

Proof. Lemma proves that the mechanism is universally budget feasible. We prove the approxima-
tion guarantee here. We drop (v, B, c¢) from the argument of OPT'gench. Let k = %. Let O3 :=
argmaxgcyy, {v(S) — £ - ¢(S)}. We first argue that v(03) — k- ¢(O3) > LP5 — kB. Let z* be an
optimal solution to (BFLP(U3)). Then, v(03%) — k- ¢(03) > > g 2% (v(S) — k- ¢(S)) > LP5 — kB.

If we exit the loop in step [2| prematurely without going over all the players in N5, then we clearly have
v(T) > AV] — max;en, v(G;). Suppose otherwise. Then we consider all players in N, and if player ¢’ is
considered right after player i, we have T;y = T; U demd;. For any i € N>, we have

v(demd; |T;) — K - ¢;(demd;) > v(O5 N G;|T;) — k- c(O53 N G;) > v(05NGT) — k- (O3 N G;) (4)

where the last inequality follows from submodularity of v. Adding this for all i € N3, since v(-|T) is
also monotone and submodular, and hence subadditive, and {O3 N G, }ien;, partitions O3, we obtain that
v(T) —k-¢e(T) > v(05]T) — k- ¢(03) = v(05 UT) —v(T) — k- ¢(O3). It follows that 2v(T") >
v(03%) — k- ¢(0%) > LP5 — AV. Therefore, v(T) > w.
By Lemma we have that LP5 > V3 = LP] > % holds with probability at least %.VAS—
1

suming that this event happens, plugging in A = % the above analysis shows that that v(7T') > 3 —

max;en, v(G;) > % — max;en;, V(G2). So the expected value returned is at least O}'Eigemh -

maxiej\f v(G2) . O

Lemma 6.2. Mechanism is universally budget feasible.

Proof. We consider each possible random outcome of the mechanism, and show that the payments given in
step [3] yield a budget-feasible mechanism. Let (N7, Uy), (N2, Us) be the partition obtained in step [1] Let
K= %. Fix an input (v, B, ¢).

Consider a player 7. If 7 € N7, then her payment, cost incurred, and utility are always 0. So suppose
i € Ny. We say that player i is processed in step [2] if we consider 7 in the loop in that step and compute a
demand-set for i. The key observation is that whether player ¢ is processed, and the set 7' = T; at the point
when we consider ¢ do not depend on i’s reported cost function. If i is not processed, then ¢’s payment, cost
incurred, and utility are always 0. Otherwise, 4’s utility is £ - v(S|T}) — ¢;(S), where S is the demand-set
computed for ¢ when we process her. So by construction, this utility is maximized by reporting her true cost
function, which yields the set S = demd;, and we obtain truthfulness.

32



The total payment made by the mechanism is - >, i Jrocessea V(demd; [T;) = v(T') /k < B, where the

last inequality follows because v(7") < AV} by construction. U

7 Subadditive valuations

Our mechanisms for XOS valuations can be utilized to obtain budget-feasible mechanisms for monotone
subadditive valuations that achieve O(log k)-approximation with respect to OP T gench, Without assuming
no-overbidding. Recall that & is the number of players. In particular, we obtain an O(log k)-approximation
budget-feasible-in-expectation mechanism that runs in polytime given a demand oracle, and an O(log k)-
approximation universally budget-feasible mechanism. Both mechanisms work for general costs and with-
out assuming no-overbidding.

The idea here is to use an “XOS-like” pointwise-approximation of the subadditive valuation v. How-
ever, note that if ¢ is a pointwise approximation of v satisfying v(S)/v < 9(S) < v(S) forall S C U,
this does not imply that OP T gench inherits this approximation property: i.e., we do not necessarily have
that 81;;*:&?8 € [1, O(’y)}. So we need to proceed more carefully, and utilize v internally in our
mechanisms, in the appropriate demand-set computations of our mechanisms for XOS valuations.

It is well-known that v can be pointwise-approximated within an O(logn)-factor (in the sense of ©
above) by an XOS function, and that this is tight [16}14]. To do better, we observe that the analysis of our
mechanisms for XOS valuations relies on a weaker property than the function being XOS. An XOS function
g satisfies the fractional-cover property (see Section [2)) that for every set S, the value ZTQ g9(T)xr of
every fractional cover {x7}rcg of S is at least g(S). Our mechanisms for XOS valuations only require
this property to hold for fractional covers supported on player-respecting subsets of S, i.e., on sets T C S,
where T NG; € {0,S N G,} for all i € [k] (see Definition [7.1). This is because we only use the XOS
property via Claim to argue that >, (v(S) —v(S — G;)) < v(S) (see, e.g., [@)), which follows from the
fractional-cover property applied to a cover supported on {.S — Gi}ie[k}, which are player-respecting subsets
of S.

Definition 7.1. Given a set S C U, we say that T' C S is a player-respecting subset of S if T N G; €
{0, S N G;} foralli € [k]. Let P(S) C 2° denote the collection of player-respecting subsets of S.

We say that a function ¢ : 2V — R, is a player-respecting XOS function, if for every set S C U, the
optimum value of the following LP, denoted LPj¢(.5), is g(.5):

min Y g(T)er st Y ar=1 VYeeS, x>0 (PFC(S))
TeP(S) TeP(S):ecT

A feasible solution to the above LP is called a player-respecting fractional cover of S. When ¢ is monotone,
we can relax the equality constraints above to >-constraints.

The approximation factor we obtain is actually O(~), where v > 1 is the best factor possible for a
pointwise approximation of v by a player-respecting XOS function. One can show that the best such ap-
proximation comes from the family of LPs (PFC(.S)) (just as the best pointwise XOS-approximation can be
obtained by solving the fractional-cover LP [14]); v corresponds to the integrality gap of this family, and we
always have v = O(log k).

Lemma 7.2. Let g : 2V +— R be a monotone subadditive function. Define gP™°%(S) := LPjc(S) for all

S CU. Then

(a) gP™* is a player-respecting XOS function; hence, Zie[k] (gP™O5(S) — gP™o%(S — Gy)) < gP™°%(S) for
all S CU.
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(b) if h is a player-respecting XOS function with h(S) < g(S) for all S C U, then we have h(S) <
gP™3(S) forall S C U;

(c) we have g(S) /vy < gP™*(S) < g(S) forall S C U, where v is maxgcy (integrality gap of (PFC(S)));

(d) v < O(log k).

We defer the proof of the above lemma to the end of the section. In the rest of this section, we fix the
monotone, subadditive valuation v, and suppose that we have a player-respecting XOS function vP™°* such
that v(S) /v < vP™5(S) < v(S) for all S C U, where v = O(log k). We briefly describe the changes to
the suitable mechanisms from Sections 4] and |5/ below.

Budget-feasible-in-expectation mechanism for general costs. We modify Algorithm [XOS-BFInExp|by
solving the following LP in step|2|to obtain x*.

Y%
max Z (vP™3(S) — % o(S))zs st Z VP (S)rg < 27 Z xs <1, >0. (5
SCUs SCUs T s

Since this is again a VCG computation and vP™® is a player-respecting XOS function by definition, as in

Lemma {.3] we obtain truthfulness and budget-feasibility in expectation. For the approximation, taking
A = 0.5, we argue as in Lemma that assuming that LP5 > LPT > w, which happens with
probability i, the optimal value of the above LP is V; /4. It follows that the expected value returned is at

OPTBench
O(y

least . Let T be an optimal solution to (BFLP(U3)), when we use the actual valuation v. We have

> g vP™%(S)Tg > LP3 /. Considering the solution 2’ = Zv)‘pr#() , we then have that 2’ < AZ is

a feasible solution to (3]) with objective value

AV A A1 =X
Wi AN AN Vi
v 9B g vPe(9)Ts gl Ay
Universally budget-feasible mechanism for general costs. Recall that V" := max{v(S) : § C

Uj, ¢(S) < B} for j = 1,2, where Uy, U, are identically-distributed player-respecting subsets of U
that partition U. We proceed as in Algorithm (in Section for XOS valuations without
assuming no-overbidding, with the only change being that in step [3] of the algorithm, we now compute
S* « argmaxgcy, {vP™5(S) — % ce(S) 1 vPPs(S) < %} As before, we obtain universal budget-
feasibility. For the approximation, we proceed as in the proof for XOS valuations.

Let opt; = maxgcg, max{v(S) : ¢;(S) < B} fori € N, and opt(®) be the second-largest opt; value.
Let i* € N be such that opt;« = max;cpropt;, and let G* = G;«. Let O* be such that ¢(O*) < B
and v_1(0*) = OPTgench.- Let O = O* — G*, and O; = O N U;j for j = 1,2. Note that for any
S C U — G* with ¢(S) < B, and any i € N, we have vP*5(S N G;) < v(SNG;) < opt?. Let
V] =max{v(S): 5 CU; —G*, c(5) < B}forj=1,2.let Ty C Uy — G* be such that v(73) = V5 and
c(Ty) < B.

We may assume that v(01),v(03) > v_1(0)/4, V§ > V{, and G* C Us,, an event that occurs with

probability at least . We take A = 0.5, and p = %5’11 so that £ - (1 + ﬁ) = 1 — p. We have

!
oPPos(T) > > P = 2450 using Lemma 2.8 with vP", we can find T C T4 with ¢(T) < B/2
and min { 0P (T3) — 2%, A% —max eqy v(e) } < 0P™*(T) < AL This implies that vP™°5(T') > 271 —

opt(?), which can be used to show that VPXOS(§*) > ’Wl —opt®. So proceeding as in the rest of the proof of

Theorem | the expected value returned is at least -OPTpgench(v, B, c) = -OPTgench(v, B, ¢).

1287 1447+1

34



Proof of Lemma (7.2

Part (a). Consider any S C U, and any player-respecting fractional cover {JZT}TG'])( s) of S. For each
T € P(S), let 4T be an optimal solution to (PFC(T)), so that gP™°%(T) = > zep(T) g(Z)yL. Note that,
forany 7' € P(S), we have P(T) = {Z € P(S) : Z C T'}. Now consider the solution T, where we set
Tz = Y rep(S)yTo7 xryL for every Z € P(S). We argue that this is a feasible solution to (PFC(S)) of
objective value S p(g) 9™ (T")xr, which implies that gP™**(S) = LPpec(S) < Y orep(s) 97 (1),
proving part (a).

For any e € S, we have

Z Tz = Z Z :rw? = Z T - Z yg

ZeP(S):eeZ ZeP(S):eeZTeP(S):T2Z TeP(S):eeT ZeP(S):ZCTeeZ
T
R S U L SR
TeP(S):eeT ZeP(T):e€Z TeP(S):eeT

The third equality is because P(T) = P(S) N 2T, for T € P(S9), the fourth is because y is a feasible
solution to (PFC(T")), and the final equality is because x7 is a feasible solution to (PFC(.S)). This shows
that 7 is a feasible solution to (PFC(.S)). Its objective value is

o 92mEs= Y 9(Dzryy = Y wr- Y 92y

ZeP(S) ZeP(S)TeP(S):T2Z TeP(S) ZeP(T)
Z o prxos )
TeP(S

where the final equality is because gP™*°5(T) = LPp(T') and y” is an optimal solution to (PFC(T')). The
second statement follows from Claim 2.3

Part (b). Consider any S C U. Let 2* be an optimal solution to (PFC(.5)). Then,

e = Y 9T > W(T)ar > h(S)
TeP(S) TeP(S)

where the last inequality is because h is a player-respecting XOS function.

Part (c). Consider any S C U. It is clear that gP™%(S) < ¢(5) because setting xg = 1 and all other
xr = 0 is a feasible solution to (PFC(.S)). Moreover, the optimal value of an integer solution to (PFC(S))
is g(.S), since any integer solution corresponds to a partition 71, ..., 7T, of player-respecting subsets of S
and has value g(71) + g(T2) + ... + g(Ty) > g(S), since g is subadditive. Therefore, we obtain that
g7 =(S5) =z g(S) /-

Part (d). Consider any S C U. Relaxing the equality constraints of (PFC(.S)) to >-inequalities, we see that
(PFC(S)) consists of at most k distinct covering constraints, one for each i € [k] for which S N G; # 0.
This is simply because if e, ¢’ € S are such that {e,e’} C S N G; for some 4, then T € P(S) contains e
iff it contains ¢, and so the constraints for e, ¢’ are identical. Thus, by standard results on set cover, the
integrality gap is O(log k). O

8 Guarantees relative to OPT pq

8.1 Algorithmic problem of approximately computing OPT .

We now consider the algorithmic problem of developing polytime approximation algorithms for computing
OPTaig(v, B, c) = maxgcy {v(5) : ¢(S) < B} given (v, B, ¢) as input, and a demand oracle. We exploit
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the ideas underlying our mechanisms to obtain a (2 + €)-approximation for subadditive v and superadditive
¢, i.e., csatisfies c(SUT) < ¢(S) + ¢(T) forall S,T" C U. Note that when the cost functions ¢y, ..., c
comprising ¢ are superadditive, then the function ¢(S) = ). ¢;(S N G;) is superadditive. Our guarantee is
tight, since even for additive ¢, one cannot do better [[11]. Also, it is known that value oracles are insufficient
to obtain any approximation factor better than /n, even for XOS valuations and additive c.

Theorem 8.1. We can obtain a (2+ ¢)-approximation with subadditive v and superadditive c, using demand
oracles.

Proof. The idea is similar to the algorithm in [11]], which we simplify somewhat. Recall that LP* is the
optimal value of the following LP, which can be solved using a demand oracle. Here S ranges over subsets
of U.

max Y o(S)rs st Y c(S)zg<B, D ws<l, x>0, (BFLP(U)))
S S S

We may assume that c¢(e) < B for all e € U. We first describe a simple 3-approximation algorithm.
Let T be an optimal solution to the above LP. If there exists e € U with v(e) > LP*/3, then we simply
return such an element. Otherwise, find S* = argmaxgc; (v(S) — & - ¢(S)), where £ = 2'3;—2*. We have
v(S*) — k- c(S*) > Y g Ts(v(S) — k- ¢(S)) = LP* — kB = LP*/3. Now let T' be a maximal subset of
S* with ¢(T') < B. If T = S*, then we are done. Otherwise, for any e € S* — T, taking 7' = T'U {e}, we
have v(S*) — k- c(S*) < [v(T") — k- ¢(T")] + [v(S* = T') — k- ¢(S* — T")] since v is subadditive, and c is
superadditive, and so v(T") — k- ¢(T") > 0. So v(T") > kB, and v(T') > KB — vpax > LP*/3. Note that
we do not actually need LP* above: we can consider the largest V' such that maxgcy (v(S) — % - ¢(9)) is
at least V/3.

To refine this to a (2 4 €)-approximation, we use enumeration to enumerate all elements e that belong to
some fixed optimal solution O* with c¢(e) > ¢B. Since c is superadditive, there are at most % such elements.
Soletting H ={e € U :c(e) >ecB}and L = {e € U : ¢(e) < eB}, we may assume that we know the set
A= 0*NH. Note that |A| < ! and ¢(4) < B. We now compute 5* = argmaxgc 4,1, (v(S) — £’ - ¢(5))
where k' = %. As before, we may assume that vy, < LP*/2. Now when we pick a maximal subset
T C S* with ¢(T") < B, we first pick all the elements in A N S*. This ensures that ¢(7") > B — B, and so

o(T) > (1 — £)LP* /2. O

8.2 Tightness of the lower bounds in Theorem [I.1I; mechanism-design guarantees

We now devise budget-feasible mechanisms obtaining approximation factors relative OPT aig(v, B, ¢),
which will show that the lower bounds stated in Theorems [3.2] and [3.3] are tight for XOS valuations, and
in some cases, also for subadditive valuations. Let O* = argmaxg-;; {v(S) : ¢(S) < B} be an optimal
solution to the algorithmic problem. Let ( = max; |G;|. For every player i, order the elements in G; arbi-
trarily; let €}, ..., e’ be this ordering, where n; < ¢. For an index j € [(], let W/ := Uie[k]{eé-}, with the
understanding that {e;'-} is the empty-set if j > n;.

Without no-overbidding, consider the following randomized mechanism: we pick an element e € U
uniformly at random, and return e if ¢(e) < B along with a payment of B (to the player owning e), and
the empty-set with 0 payments otherwise. This is clearly universally budget-feasible, and the expected
value returned is at least ) . v(e)/n > OPT pjg/n; this holds for any subadditive function. We can
also obtain an O(()-approximation in this setting. We achieve this by reducing to the single-dimensional
single-item setting losing an O(()-factor. We pick a random index j € [(], and run a budget-feasible
mechanism for the single-dimensional setting with universe U7, valuation v restricted to ¥/, and element-

costs {ci(e;)}ie[k]. Letting OPT ]Alg denote the optimum for this instance, by subadditivity of v, we have
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that v(O*) < Z§:1 v(0* N W) < 25:1 OPT{Mg. So if the budget-feasible mechanism for the single-
dimensional instance achieves an O(1)-approximation, we obtain O(()-approximation relative to OPT g
for the original instance. The mechanism inherits the budget-feasibility guarantee, i.e., universally budget-
feasible or budget-feasible in expectation, from the budget-feasibility guarantee of the single-dimensional
mechanisms.

Assuming no-overbidding, it is easy to see that returning e* = argmax,c;; v(e) and making a pay-
ment of B (to the player owning e*) yields a deterministic budget-feasible mechanism that achieves an
n-approximation relative to OPT i, for any subadditive function, since v(O*) < nv(e*) due to subadditiv-
ity.

The above mechanisms match the lower bounds in Theorems [3.2] and [3.3] (a). We next devise a uni-
versally budget-feasible mechanism that achieves an O(log ¢)-approximation relative to OPT ajg, assuming
no-overbidding.

Theorem 8.2. Assuming no-overbidding, we can obtain polytime mechanisms My and M for XOS valu-

ations that achieve an O(logn)-approximation relative to OPT g, such that:

(a) My is budget-feasible in expectation, works with general costs, and uses a demand oracle;

(b) Ms is universally budget-feasible, works with superadditive costs, and uses a constrained demand
oracle.

The approximation guarantees can be improved to O(log max; |G;|) (relative to OPT ayg), provided that we

can solve the following algorithmic problem, for a given player-set N C [k]:

max o(S) st.  SC ]G o9 <B, ISNG;| <1 VieN' (SD(N"))
1EN?

Proof. This is a consequence of the fact that all our mechanisms work with a suitable estimate 1 of our
benchmarks. Their budget-feasibility guarantees hold regardless of the quality of this estimate, but their
approximation guarantee relies on V; being a good-enough estimate. In our mechanisms, we obtain V)
using random partitioning. But instead, since we know that vy,ax > OPT plg /n, we can take Vi = Upax - 2!,

for a random exponent ¢ € {0} U [[logy n]]. One of the choices for ¢, will yield a good estimate of OPT ajg,
and this happens with probability at least €2 (@) Recall that LP? is the optimal value of (BFLP(U})) for
j=1,2,and V}" := max {v(S) : S C Uj, ¢(5) < B} forj =1,2.

To elaborate, M; simply runs steps 2] 3] of Algorithm where we now work with the
entire universe U (so LP5 = LP* now), with a random value V) obtained as above. The approximation
factor of M follows from Lemma@ which shows that for a given V7, the expected value obtained is at
least AV; (1 — ﬁl‘%) Since LP5 < nupax, for some Vi, we have V; < LP5 < 2V, we obtain value Q(LP3)
for this V7.

Similarly, My runs steps of Algorithm taking A\ = p = 0.5, again considering the
entire universe U, with a random value V] obtained as above. Applying Lemma to O*, an optimal
solution to the algorithmic problem, we can extracta set 7" C O* such that ¢(T") < B/2 and min{ OPT ajg —
AV, AVi = vmax < v(T') < AV, so that v(S*) > min{ OPT aig — 1.5AV1, 0.5AV; } — Upax. There is some
V1 with Vi < OPTajg < 2V7, and for this V7, we obtain expected value at least % = Q(OPTNg).

O(log ¢)-approximation factors. To obtain the improved guarantees, we refine our initial, coarse, esti-
mate of OPT ajg, from vmayx above, to (an estimate of) SDopt(N), which is the optimal value of (SD(N)).
We have SDopt(N) > OPTaig/¢, and so, roughly speaking, starting V; from SDopt(/N) in place of vmax,
leads to an O(log ¢)-approximation.

To implement this, we revert to randomly partitioning the players into sets N, A5, but this time to
estimate SDopt(N). Let SDopt; := SDopt(N;), for j = 1,2. We use max{SDopti, Umax } as our initial
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estimate. We then consider V; of the form max{SDopt;, vmax} - 2¢. for a random exponent £ € {0} U
[[log (], and run our earlier mechanisms with this V;, now again doing the demand-set computation with
item-set Us. We now furnish the details.

We first argue that Pr[max{SDopt;, Umax} > Oifg“'g forj =1,2] > 0.5. We call this the “good-
estimate event” Let S be an optimal solution to (SD(N)). Note that max; v(S N G;) < VUmax Since
|SNG;| <1foralli € [k]. So applying Lemma (a) to S, with probability 0.5, for j = 1,2, we have
SDopt; > v(SNG;) > %. This implies that max{SDopt;, Umax} > % - SDopt; + %  Umax >
SDopt(N)

.

Now the analogue of M runs steps of Algorithm [XOS-BFInExp| (on the item-set Us) with V; of
the form max{SDopt1, Umax } - 2. We have that LP%, LP} are identically distributed, and this remains true

even when we condition on the above good-estimate event. Hence, we have that the probability that the
good-estimate event happens and LP5 > LP7, and hence LP5 > LP*/2, is at least 0.25. So the expected
value obtained when we have V) satisfying V; < LP5 < 2V is Q(LP3). Consequently, we obtain an
O(log ¢)-approximation.

Similarly, the analogue of M runs steps[3] | of Algorithm[XOS-UniBFtaking A = p = 0.5, again with
a random value V; of the form max{SDopti, Umax} 2¢. We have that V¥, V5 are identically distributed,
so the probability that the good-estimate event happens and V5* > V{*, and hence V5" > OPTpig/2, is at
least 0.25. Applying Lemma 2.8|to T C Uy such that v(T%) = V5, ¢(T5) < B, we can extract T C T
such that ¢(T') < B/2 and min{V5" — AV, A\Vi} — vmax < v(T) < AVA, so that v(S*) > min{V;" —
1.5AV1,0.5AV1 } — vpmax. There is some V; with V; < OPT pjg < 2V4, and for this V4, we obtain expected
value at least % = Q(OPTpjg). So the overall expected value obtained is Q2(OPT pjg/ log (). O

Remark 8.3. Amanatidis et al. [3] make an “all-in” assumption in the single-dimensional LOS setting,
which assumes that the budget B is large enough that the buyer can buy all levels of service from any
player [3], which allows them to bypass the impossibility results in Theorem and obtain an O(1)-
approximation with respect to OP TAlgm

Under our notation, this translates to assuming that for every i, and ¢ € C;, we have ¢;(G;) < B.
This is a rather strong assumption, but we note that under this assumption, it is quite easy to convert our
results for XOS valuations to obtain O(1)-approximation relative to OPT ajg. To see this, note that, un-
der this assumption, choosing player i* = argmax; v(G;), and returning G;+ and paying B to player *
yields a budget-feasible mechanism. Say we have a mechanism M that obtains expected value at least
OPTgench(¢;v, B, c)/a, for some o > 1 and integer ¢ > 1, where recall that OPT'gench(¢; v, B, c) :=
max {v_¢(S) : S C U, ¢(S) < B}, which is at least OPT aig(v, B, ¢) — £ - v(Gj+); all our mechanisms
have this type of guarantee, for / = O(1). Then, we can obtain (o + ¢)-approximation relative to OPT ag
by simply running M with probability a%re, and the mechanism that returns GG;= with probability o#f'
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A Results and proofs omitted from Section 3]

Proof of Theorem[3.3] As mentioned earlier, this result was proved by [21]. We include a proof here for
completeness. For both results, we only require a single player. For § € R, let ¢() denote the additive cost
function given by ¢, = f forall e € U.

For part (a), consider the cost functions ¢ = ¢®) and ¢’ = ¢V). On input ¢, M must return at least one
element, otherwise the statement holds for ¢/. Due to budget feasibility and IR, M can return at most one
element, and so M returns exactly one element. Now consider input ¢’. We now have OPT pi¢(c”) = n.
But we claim that M must still output at most one element on input ¢, which will prove part (a). If M
outputs more than one item under input ¢”, the player’s utility when ¢’ is her true cost, is less than B — 1,
but her utility when she reports ¢’ would be B — 1, contradicting truthfulness.

For part (b), let n be a power of 2. Let I = {0}U[log, n]. For ¢ € I, let p, be the expected payment made
by M and a, be the expected number of items procured by M, when the player reports the cost-function
") Since M is truthful in expectation, the player’s expected utility is maximized by reporting truthfully.
So for any £, € [log, n], we have p, — 2fay > p, — 2%a,.. Define Plog, nt+1 = Glog,nt+1 = 0 for notational
convenience. Then, we have

pe— pes1 > 2 (ar — apy1) forall £ € I.

where the inequality for ¢/ = log, n follows from individual rationality. Adding the above for all ¢ € I we
obtain that pg > ag + Zzozgg n71(2€+1 — 29ap,1 > ch;ggn 2=1a,. We have py < B = n since M is
budget-feasible in expectation. So there is some ¢ € I for which 2¢a;, < 2n/(1 +log, n). But then on input

2% since OPT (v, B, ) = n, M obtains value at most % - OPT pjg. O

A.1 Bayesian budget-feasible mechanism design.

In the Bayesian setting, there is a publicly-known prior distribution D on C from which players’ private cost
functions are drawn. (Note that players are not necessarily independent.) A possibly randomized mechanism
M is Bayesian budget-feasible if:
(a) IR holds with probability 1, where the probability is over both D, and any random choices made by M;
and
(b) The expected payment made by M on any input ¢ € C drawn from D is at most the budget B; and
(c) It is Bayesian incentive compatible (BIC), which means that each player ¢ maximizes her expected
utility by reporting truthfully, where the expectation is both over the conditional distribution of other
player’s types given i’s true type, and any random choices made by M: for every i, every ¢;, ¢, € C;,
we have E(ci,c_i)ND [uz (Ei; Ci, C,i) | c; = Ei] > E(ci,c_i)ND [UZ (61'; C;, C,i) | c; = Ei] .
Note that if there is only one player, then BIC coincides with truthfulness.
We say that M achieves an a-approximation relative to OPTaig for (v, B), if Ecup [v(f(c))] >
ECND [OPTNg(U, B, C)] .
With these definitions in place, we now prove Corollary

Q=
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Proof of Corollary[3.4, We give two proofs. One is a black-box reduction showing that by Yao’s minimax
principle (or equivalently, the min-max formula for two-person zero-sum games), any approximation lower
bound for budget-feasible-in-expectation mechanisms when there is only one player also applies to Bayesian
budget-feasible mechanisms. Second, one can easily adapt the lower-bound constructions in Theorems [3.2]
and [3.3](b) to apply to the Bayesian setting.

Using Yao’s minimax principle. The min-max formula for two-person zero-sum games states that for any
m X n matrix A, we have max,ea,, mingea, p? Ag = mingea, maxyen,, p? Aq.

Suppose there is only one player, so that BIC coincides with truthfulness. Fix some (v, B). Consider the
two-person game, where the row player chooses an input ¢ € C, and the column player chooses a budget-
feasible-in-expectation mechanism M, and the payoff for (¢, M) is the approximation ratio achieved by M
on input (v, B, ¢), i.e., OPTaig(v, B, ¢) /E [value returned by M on (v, B, c)]. To make the strategy-space
finite, we consider inputs ¢ and mechanisms M of some finite bit complexity. Since there is only one player,
the strategy-space of the column player consists of all Bayesian budget-feasible mechanisms.

Suppose that for every distribution D on C, there is a Bayesian budget-feasible mechanism that achieves
approximation ratio o with respect to OPT pjg. In terms of the above two-person game, this means that for
every mixed-strategy of the row player, there is a column-player strategy that yields payoff at most .. By the
min-max formula for two-person zero-sum games, this implies that there is a mixed strategy of the column
player that guarantees that for every row-player (mixed) strategy, the payoff is at most «. That is, there
is some distribution over budget-feasible-in-expectation mechanisms, which is another budget-feasible-in-
expectation mechanism, that achieves approximation ratio at most . on every input. Hence, a lower bound
on the approximation ratio achievable by budget-feasible-in-expectation mechanisms yields the same lower
bound for Bayesian budget-feasible mechanisms.

Adapting the lower bounds in Theorems [3.2] and [3.3 (b). Recall the setup of the n-approximation lower
bound in Theorem We have v = 1 + 2, U = [n], v is the additive valuation defined by v(e) =
y"=¢ for all e € [n], the budget B is 1, and for each £ € [n], ¢(¥) is the additive cost function defined
by D= M > (14+ny")B foralle € [¢ — 1], cy) = Landc” = 0foralle € {{+1,...,n}.
The distribution D chooses input c(*) with probability K/OP T aig(v, B, (), where K is a normalization
constant; so E.p [OPTNg(v, B, c)] =nk.
The proof of Theorem [3.2uses truthfulness, IR, and budget-feasibility to argue that, letting

q = Pr [M returns a set containing item ¢ on input c(g)], we have Z€e[n] q¢ < 1. We then obtain that

letting Val, denote the expected value obtained by M on input (v, B, ¢()), we have

n—1

Valg S qe - OPTA|g(U,B,C(£)) + (1 — qZ)U({f + 1, .. ,n}) + 1177,1 . U(f)

Multiplying the above by W < ﬁ and simplifying, we obtain that
g\vH 2
Val, (1-q0) n—1 n—1 1 n
) <> (ae+2 4+ 2 n>§1+—+—§—§1+e.
) ( =1 T T4n _ _
sl OPT aig(v, B, c®) ot vy—1 v v-1

Next consider the setup of Theorem [3.3] (b), which considers n to be a power of 2, the additive valuation v
specified by v(e) = 1 forall e € U, budget B = n, and additive cost functions d® specified by d®) (e) = 2°
for all e € U, where £ ranges in I = {0} U [log, n]. The arguments therein show that if ay is the expected
number of items procured by a Bayesian budget-feasible mechanism, then we have Zleo:gg "ol-lg, < n.
Consider the distribution where d¥) is chosen with probability 2¢ /K for some normalization constant K.

The expected value of the optimum is then % (1 + logy n), whereas the expected value returned by the

o 1
mechanism is at most Y, %2 " 2¢a, /K < 22 O
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A.2  Proof of Theorem [3.6; approximation-factor lower bounds relative to OP T gench

As mentioned in Section 3| we adapt the lower bound construction given by [4] to our setting. They describe
an instance with an additive valuation in the Bayesian setting, that is, the costs for the items are drawn from
a distribution. They show that there is no budget-feasible mechanism that achieves expected value strictly
larger than (1—2)E[OPT aig], where the expectation is over the distribution of the costs and the randomness
of the mechanism. (Recall that in our terminology, a budget-feasible mechanism is also truthful.)

We will use the same instance as theirs, where each seller holds a single item. In order to convert their
lower bound into a lower bound for OP T'gench, We wish to utilize the fact that vyax < OPT plg in the large
market setting. Since OPTplg > OPTgench > OPTalg — Unmax, this implies that OPT'gench essentially
coincides with OPT pjg, and thus any lower bound with respect to OPT g is also a lower bound with
respect to OPT gench-

Such an argument will show that there is no budget-feasible mechanism that achieves expected value
strictly larger than (1 — %)E[OP T'Bench]» Where the expectation is over the distribution of the costs and the
randomness of the mechanism. However, one needs to be careful when arguing that this implies a lower
bound in the worst-case setting. Typically, one argues that, if a mechanism M achieves approximation ratio
less than « in the Bayesian setting, when given as input some distribution D of the costs, then there exists
some ¢ € supp(D) for which M achieves approximation ratio less than « in the worst-case setting, when
given c as input. However, for the distribution D used in the lower bound instance of Anari et al., there exist
cost vectors ¢ drawn from D) for which OPT pg (¢) is not much larger than vy,,x, and s0 OP T'gench could be
much smaller than OPT pjg. Nonetheless, one can show that the distribution D satisfies vyax < OP T ajg(c)
with very high probability, and this suffices to show a lower bound in the worst-case setting.

Now, we describe the lower bound instance of [4]. We are working in the single-dimensional setting,
where each seller holds one item. So n = |U] is the same as the number of players k. The valuation function
is additive, with v(e) = 1 for every item e. Consider the Bayesian instance Z, where the cost of each item is
drawn independently from the distribution D whose CDF F'(x) is given by

1 1

Fp) = Jeaay for0szs<l-—g
(z) = 1
1a fOI’,ZE>1_E

Note that the item costs i.i.d. Let DF denote the joint distribution of costs over all the items. Let
¢ = E,p[z]. The budget B of the instance is set tobe B = ¢-n = E__pr[c(U)]. We use the following
result proved in [4].

Lemma A.1 ([4]). No budget-feasible mechanism can achieve value better than (1 — %) “E.pr[OPT ajgl,
for the instance 1.

We also need to make use of a Hoeffding bound, which is stated in the following lemma.

LemmaA.2. Let x1, . .., 2y be i.i.d. randomvariables whose values always lie in [a, b]. Let p = E[>"7 | ;).

Then we have

262,,2

n
dwi=(1+e) u] < e nt-a?
=1

Pr

Finishing up the proof of Theorem[3.6] Suppose that there exists a budget-feasible mechanism M for this
instance that achieves an a-approximation with respect to OP T gench. € run M on the instance Z. For

€ R7, let M(c) denote the (expected) value procured by M on instance Z with costs c. Since the value
of each item is 1, and since each seller holds one item, we always have OPT'gench = OPT pjg — 1 for the
instance. So E..p»[M(c)] > aEcupn[OPTgench] = (Ecpn[OPT alg] — 1). Since the cost of each item
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is drawn i.i.d., by Lemma[A.2] we can show that the sum of the costs is concentrated around its mean, which
is B. In particular, for any constant ¢ > 0, we have,

Pric(U) > (1+¢)B] <e "

where p := p(e) is some constant depending only on €. Thus, with probability > 1 — e™”", we have that
c(U) < (1+¢)B.

Suppose that the event ¢(U) < (1 + €)B occurs. Let ey, . . ., e be the elements of U in ascending order
of their costs. Pick the smallest index ¢ such that S = {ej,..., e/} satisfies ¢(S) > B. We claim that

v(S) > 1L+e Indeed, since S is the set of smallest total cost among all sets on ¢ elements, we have that the

average cost of an element in .S, which is C(f ), is at most the average cost, c(nU), over all the elements. Thus,

B < @ < @ < % implying that £ > 7%~ Hence, the set S = S'\ {e,} satisfies ¢(S’) < B and
v(8) > ¢ — L

Thus, with probability > 1 — ™", we have that OPT p;g > (1”75) — 1. Now the guarantee of M with
respect to the algorithmic optimum is

Eevpn [M(c)] 2 a(Ecapr[OPT gl = 1) > a(1 —e™") <1 i e 2)

For large enough n, we can pick ¢’ > 0 small enough so that we have (1 — e=*") (ILJFE - 2) > (1—€)n.

Thus, E;.pn[M(c)] > (1—€)n > (1 —€)Ecupn [OPT plg). Hence M achieves a (1 — €’ ) o approximation
with respect to OPT'pg. By Lemma we must have that (1 — ¢')a < 1 — %, showing that we cannot get
a better than —— (1 — %) approximation with respect to OPT gench- d

1—¢

B Proof of Lemma

We mimic the proof of Lemma Let I be a minimal prefix of [£] such that, letting A1 = (J,c;(SNG;), we
have g_o¢(A1) > %1)(5). Let Ao = S—Aj. Let r be the last index in /. Then, we have g_o4(A; —G,) <
90 ® Yot gy C [k, Jp C [k] with [Jy], | Ja| < 2£be such that g_s0(A1—Gy) = g(A1—Gr—U,ey, Gi)
and g_o¢(A2) = g(A2 — Ujey, Gi) and Let 8’ = S — U, 5,5, Gi — Gy Since |J1 U Jo U {r}| < 40+1,

we have g(S’) > g_(4041)(S)- Also, As — ;e s, Gi = S' — (A1 — G — U, Gi), and so by subadditivity
of g, we have

9—(ae+1)(95)

g—20(A2) = 9<A2 - U Gi) > g(5") — g(A1 -G, — U GZ-) > 5

1€J2 €1

Now fix a partition A}, A] of Ay, and a partition A}, A} of Ay. Observe that g_,(A}) + g_¢(AY) >
g_20(A1). So some set AT € {A], AV} satisfies g_¢(AH) > g_2(A1)/2; let AF be the other set in
{ A}, AY}. Similarly, one of A, A4, denoted AL satisfies and g_,(AL) > g_2¢(A2)/2; let AL be the other
setin { A%, AT},

Now we proceed exactly as in the proof of Lemma The random partition Uy, Us induces random
partitions of A; and As. Consider the event I' that for both ¢ = 1,2, the random partition of A, induced
by Uy, Us is the same as the partition Af , AZL , up to permutations of the parts. For any j = 1,2, we have
Pr [Uj NA = AlL, UiNnAy = A% ] F] = i. So conditioned on I', with probability at least 1 we have that
both Uy, Uy contain some big set. Removing the conditioning completes the proof. O
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