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The purpose of this note is to record a proof that the space of finite-to-finite cor-
respondences on an OT-manifold (these are the compact complex manifolds intro-
duced by Oeljeklaus and the second author in [6]) is discrete. As a consequnce we
obtain that OT-manifolds with t = 1 (see the description below) are essentially
saturated.

By a finite-to-finite corrrespondence on a compact complex manifold X we mean
an irreducible complex-anlaytic subset of X × X that projects finite-to-one and
onto each co-ordinate. We denote by Corr(X) the set of all finite-to-finite corre-
spondences.

Theorem 1. If X is an OT-manifold then Corr(X) is discrete.

The proof, which we will sketch below, follows to some extent what was done
for Inoue surfaces of type SM in [3]. But this approach leads naturally to the
consideration of finite unramified coverings of OT-manifolds, and the latter need no
longer be OT; at least they are not formally instances of the original construction
in [6]. However, the second author has worked out a mild generalisation that is
preserved under finite unramified coverings. We will quickly review the original
construction of OT-manifolds from [6] and then describe how to generalise it.

Fix a number field K admitting n = s + 2t distinct embeddings into C, which
we will denote by σ1, . . . , σn where σ1, . . . , σs are real and each σs+i is complex
conjugate to σs+i+t. Let U be a rank s subgroup of the multpilicative group

O∗,+
K := {a ∈ O∗

K : σi(a) > 0 for all 1 ≤ i ≤ s}
that is admissible for K in the sense of [6]. With respect to the natural action of
U on the additive group OK , consider the semidirect product Γ = U n OK . Let
m = s+ t and consider the action of Γ on Cm given by,

(a, x)(z1, . . . , zm) :=
(
σ1(ax) + σ1(a)z1, . . . , σm(ax) + σm(a)zm

)
.

As U ≤ O∗,+
K , this action leaves Hs × Ct invariant, and, by the admissibility con-

dition, the action is proper and discontinuous. The original OT-manifold, denoted
by X(K,U), is the quotient of Hs × Ct by this action.

The above construction is generalised by replacing the role of OK in Γ by any
rank n additive subgroup M ≤ OK that is stable under the action of U . We say
then that U is admissible for M . Taking Γ = U n M , we again get a proper
and discontinuous action on Hs × Ct, and the quotient is denoted by X(M,U).
Let us call these compact complex manifolds the generalised OT-manifolds. They
have universal cover Hs × Ct and fundamental group U nM . As the latter is of
finite index in U n OK , we see that X(M,U) is a finite unramified covering of
X(OK , U) = X(K,U). In fact,

Date: July 9th, 2013.

1



2 RAHIM MOOSA AND MATEI TOMA

Lemma 2. The generalised OT-manifolds are precisely the finite unramified cov-
erings of the OT-manifolds.

Proof. We need to show that generalised OT-manifolds are preserved under taking
finite unramified coverings. Given X(M,U) such a covering would correspond to a
finite index subgroup Γ1 ≤ U n M . Taking U1 to be the image of Γ1 in U , and
setting M1 := Γ1∩M , it is not hard to check that U1 is admissible for M1 and that
the covering is nothing other than X(M1, U1). �

Much of the theory of OT-manifolds developed in [6] goes through in this more
general setting. In particular,

Lemma 3. If X is a generalised OT-manifold then H0(X,TX) = 0.

Proof. For OT-manifolds this is Proposition 2.5 of [6]. Imitating that argument, it
suffices to prove for M a rank n additive subgroup of OK , that the image of M in
Rs under (σ1, . . . , σs) is dense. But this is the case because M has finite index in
OK and the latter does have dense image (see the proof of Lemma 2.4 of [6]). �

We can now prove the theorem.

Proof of Theorem 1. Let S ⊆ X2 be a finite-to-finite correspondence, and let Y →
S be a normalisation of S. In [1] it is shown that OT-manifolds have no divisors.
The purity of branch locus then implies that π1 : Y → X, the composition of f
with the first co-ordinate projection, is a finite unramified covering (see the proof
of 4.2 in [3]). By Lemmas 2 and 3, H0(Y, TY ) = 0.

Deformation theory (see 3.6.2 and 3.6.3 of [5]) tells us that for any holomorphic
map f : V →W between compact complex manifolds, if

• H0(V, f∗TW ) = 0, and
• f∗ : H1(V, TV )→ H1(V, f∗TW ) is injective,

then V is rigid over W in the sense that there are no nontrivial deformations of f
that keep W fixed.

We apply this to V = Y , W = X×X, and f = (π1, π2). As each πi is unramified,
we have that f∗TX×X = TY ⊕ TY . Hence,

H0(Y, f∗TX×X) = H0(Y, TY )⊕H0(Y, TY ) = 0

On the other hand, the isomorphism (π1)∗ : H1(Y, TY ) → H1(Y, π∗
1TX) factors

through f∗ : H1(Y, TY ) → H1(Y, f∗TX×X), and hence the latter is injective. So
f : Y → X ×X is rigid over X ×X. In particular, S = f(Y ) must be rigid as a
subvariety of X ×X. Indeed, arguing as in the proof of Proposition 4.3 of [3], any
nontrivial deformation of S in X ×X would lead to a nontrivial deformations of Y
over X ×X.

We have shown that every finite-to-finite correspondence on X is rigid as a
subvariety of X × X. That is, every point of CorrX is an isolated point of the
Douady space of X ×X. �

In the case when in the construction the number field K is chosen so that t = 1,
Ornea and Verbitsky [7] have shown that such X have no proper positive dimen-
sional complex-analytic subsets. That is, in the language of model theory, X is
strongly minimal. From this and the discreteness of CorrX we will conclude quite
a bit about the structure of the subvarieties of the cartesian powers of X.
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First, extending the notion of correspondence to arbitrary cartesian powers, let
us define a generalised correspondence on a strongly minimal compact complex man-
ifold X to be an irreducible dim(X)-dimensional complex-analytic subset of some
cartesian power X that projects onto X in each co-ordinate. Note that we allow
the first cartesian power, so that X can be viewed as a generalised correspondence
on itself.

Corollary 4. Suppose X is an OT-manifold with t = 1 and let n > 0.

(a) Every subvariety of the cartesian power Xn lives in a compact irreducible
component of the Douady space of Xn.

(b) Every subvariety of Xn is, up to a permutation of the co-ordinates, a carte-
sian product of points and generalised correspondences.

Proof. This follows from [4]. Proposition 3.5 of [4] says that if X is a strongly
minimal compact complex manifold with CorrX discrete then X is essentially sat-
urated and has trivial geometry. By [2], essential saturation is precisely part (a).
By Lemma 3.3 of [4], triviality implies part (b). �
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