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Full does not imply strong, does it?

Brian A. Davey, Miroslav Haviar, and Ross Willard

Abstract. We give a duality for the variety of bounded distributive lattices that is not
full (and therefore not strong) although it is full but not strong at the finite level. While
this does not give a complete solution to the “Full vs Strong” Problem, which dates back
to the beginnings of natural duality theory in 1980, it does solve it at the finite level. One
consequence of this result is that although there is a Duality Compactness Theorem, which
says that if an alter ego of finite type yields a duality at the finite level then it yields a
duality, there cannot be a corresponding Full Duality Compactness Theorem.

Is every full duality strong? This question is as old as the theory of natural dualities,
and remains one of the most tantalising open problems in the foundations of the
theory. A full duality is a special kind of dual equivalence between a quasi-variety
A := ISP(M) of algebras and a category X := IScP

+(M∼ ) of structured topological
spaces. The earliest version of the “Full versus Strong” problem was formulated by
Davey and Werner [13]:

Question 1. If M∼ yields a full duality between A := ISP(M) and X := IScP
+(M∼ )

does it follow that M∼ is injective in X?

This question stems from a fundamental asymmetry in all known full dualities.
For every full duality between A := ISP(M) and X := IScP

+(M∼ ), the injectivity of
the algebra M in A implies the injectivity of the alter ego M∼ in X. But the converse
statement is false. Nevertheless, M∼ is injective in X in every known example of a
full duality. (The interconnections between the injectivity of M and the injectivity
of M∼ were discussed at length in [13]: see Proposition 1.11 on page 128 and pages
258–263 in the Appendix. The setting there was a general category-theoretic one
and not specific to natural dualities. Some refinements in the setting of natural
dualities are given in Exercises 6.2–6.6 of Clark and Davey [2].) The monograph [2]
is recommended as the best source of basic facts as well as recent developments in
the theory of natural dualities.

Clark and Krauss [4] introduced the important notions of term-closed subsets
of MS and hom-closed subsets of MS and proved that they are the same. They
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showed that, if M∼ yields a duality on A and every closed substructure of a non-
zero power of M∼ is term-closed, then M∼ yields a full duality on A. Moreover,
they observed that every natural duality known at that time could be proved to
be full by establishing this apparently stronger condition. This led to the following
(equivalent) problems:

Question 2. If M∼ yields a full duality between A := ISP(M) and X := IScP
+(M∼ )

does it follow that every closed substructure of a non-zero power of M∼ is term-
closed?

Question 3. If M∼ yields a full duality between A := ISP(M) and X := IScP
+(M∼ )

does it follow that every closed substructure of a non-zero power of M∼ is hom-
closed?

Later, Clark and Davey [1] showed that the questions posed in [13] and [4] were
one and the same. They proved that, given a duality between A := ISP(M) and
X := IScP

+(M∼ ), every closed substructure of a non-zero power of M∼ is term-closed
(hom-closed) if and only if M∼ yields a full duality on A and M∼ is injective in X.
When these equivalent conditions hold we now say that M∼ yields a strong duality
on A. We refer the reader to the text by Clark and Davey [2] for the definitions of
term-closed and hom-closed subsets of MS and for a detailed discussion of full and
strong natural dualities.

All three problems above can now be re-formulated as the following question.

Question. Is every full duality strong?

In this paper we give a partial answer to this question by constructing a duality
for the quasi-variety of bounded distributive lattices, based on the three-element
chain, that is full but not strong at the finite level. We show that our duality is
not even full, and therefore not strong, at the infinite level. (See Theorem 1.) This
means there is no Full Duality Compactness Theorem—if an alter ego of finite type
yields a full duality at the finite level, then it does not follow that it yields a full
duality. We also prove that any duality for the quasi-variety of bounded distributive
lattices, based on the three-element chain, that is full is necessarily strong. (See
Theorem 2.)

At the beginning of this story was a failed attempt by the first and third authors
to prove that full implies strong. Within days of distributing a preprint of a “proof”,
they discovered a gaping hole and withdrew their claim. Nevertheless, all was not
lost. With a lot of further work (and further failed attempts), the present team of
three was able to obtain the results presented in this paper and its companion, [10].

In the first section of this paper, we shall introduce and state our theorems. In
Section 2, we list the quasi-equations upon which many of our arguments are based.
Our first main theorem is proved in Section 3. In Section 4, we give a sneak preview
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of structural entailment, which will be developed more fully in [10]. Just enough
is presented here to facilitate the proof of our second main theorem in Section 5.
In the final section, we give descriptions of the three dual categories which arise in
our work.

1. Full versus strong

Davey, Haviar and Priestley [8] proved that the three-element bounded distributive
lattice

M = 〈{0, a, 1};∨,∧, 0, 1〉
is endodualisable. (See also Davey [6] and Davey and Pitkethly [11].) The only
non-identity endomorphisms of M are f and g, given by f(0) = f(a) = 0, f(1) = 1
and g(0) = 0, g(a) = g(1) = 1. So it follows that M is dualised by the alter ego

M∼ = 〈{0, a, 1}; f, g, T〉.

This duality is certainly not strong: for example, the set {0, 1} determines a sub-
structure of M∼ but it is not hom-closed as it is not closed under the binary algebraic
partial operation m : {(0, 0), (0, 1), (1, 1)} → {0, a, 1} with m(0, 0) = 0, m(0, 1) = a

and m(1, 1) = 1 (see Figure 1). To see that the duality is not full requires a larger
structure: a simple calculation shows that X := {(0, 0), (0, a), (0, 1), (a, 1), (1, 1)}
determines a substructure of M∼

2, that E(X) is a four-element chain and that
|DE(X)| = 6, whence X �∼= DE(X).

m

(0, 0)

(0, 1)

(1, 1)

0
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Figure 1. The partial operations m and h

This paper concerns the enrichment of M∼ given by the alter ego

M∼ h = 〈{0, a, 1}; f, g, h, T〉,

where the partial binary operation h : {(0, 0), (0, a), (a, 1), (1, 1)} → {0, a, 1} is de-
fined by h(0, 0) = 0, h(0, a) = h(a, 1) = a and h(1, 1) = 1 (see Figure 1). We shall
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see that this structure yields a duality which is not full, although it is full at the
finite level. This duality is certainly not strong (at the finite level): again, the set
{0, 1} determines a substructure of M∼ h but is not closed under m. The partial
operation m, while not in the type of M∼ h, will play a vital role in our delibera-
tions. By the main result of Davey and Haviar [7] (see also [9], where the original
computer-based proof was given), the alter ego

M∼m = 〈{0, a, 1}; f, g, m, T〉

does yield a strong and therefore full duality. As we shall see in Lemma 2.2, the
structure M∼ h may be viewed as intermediate between M∼ and M∼m.

Theorem 1. The structure M∼ h = 〈{0, a, 1}; f, g, h, T〉 yields a full duality, which
is not strong, on the category Dfin of finite bounded distributive lattices and yields a
duality which is not even full on the category D of all bounded distributive lattices.

In view of our success at the finite level, we could not be blamed for hoping that,
with a bit more effort, we might find an example of a full but not strong duality
for D based on the three-element chain. It turned out that this hope was forlorn.

Theorem 2. Every full duality for the category D of all bounded distributive lattices
that is based on the three-element chain is strong.

2. A clutch of quasi-equations

Before we embark on the proofs of the theorems, we make a short excursion into
the three dual categories whose subtle interplay is at the heart of our analysis.

Many of our arguments rely only on certain equations and quasi-equations which
hold in the structures M∼ , M∼ h and M∼m. We collect them together here for future
reference. Since equations and quasi-equations involving partial operations may be
somewhat unfamiliar, we note that, for a partial binary operation p, the statement
(x, y) ∈ dom(p) can be expressed by the equation p(x, y) = p(x, y). Each of the
following is equivalent to a finite conjunct of quasi-equations:

(1) g(f(x)) = f(f(x)) = f(x) and f(g(x)) = g(g(x)) = g(x),
(2) f(x) = x ⇐⇒ g(x) = x, that is, fix(f) = fix(g),
(3) [f(x) = g(y) & f(y) = g(x)] =⇒ x = y,
(4) [f(x) = f(y) & g(x) = g(y)] =⇒ x = y,
(5) (x, y) ∈ dom(h) ⇐⇒ g(x) = f(y),
(6) (x, y) ∈ dom(h) =⇒ f(h(x, y)) = f(x) & g(h(x, y)) = g(y),
(7) (f(x), g(x)) ∈ dom(m) and m(f(x), g(x)) = x,
(8) (x, y) ∈ dom(m) =⇒ f(m(x, y)) = x & g(m(x, y)) = y,
(9) (x, y) ∈ dom(m) & (y, z) ∈ dom(m) =⇒ (x, z) ∈ dom(m),
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(10) (x, x) ∈ dom(m) =⇒ f(x) = x & g(x) = x,
(11) (x, x) ∈ dom(m) =⇒ m(x, x) = x,
(12) (x, y) ∈ dom(h) =⇒ (f(x), g(y)) ∈ dom(m) & h(x, y) = m(f(x), g(y)).

These quasi-equations are certainly not independent.

Lemma 2.1. The following relations hold amongst the quasi-equations listed above:

(a) (1) =⇒ (2);
(b) (7) =⇒ (4);
(c) given (4) and (8), we have (10) ⇐⇒ (11);
(d) [(5) & (6) & (7) & (8) & (9)] =⇒ (12).

Proof. (a) and (b) are almost trivial, (c) is easy while (d) requires a little explana-
tion. Assume that (5)–(9) hold and assume that (x, y) ∈ dom(h). By (5), we have
g(x) = f(y) and, by (7), we have (f(x), g(x)) ∈ dom(m) and (f(y), g(y)) ∈ dom(m).
Hence, by (9), (f(x), g(y)) ∈ dom(m). By (6) and (8), we have

f(h(x, y)) = f(x) = f(m(f(x), g(y))) and g(h(x, y)) = g(y) = g(m(f(x), g(y))).

Since (7) implies (4), we may apply (4) to conclude that h(x, y) = m(f(x), g(y)).
Hence (d) holds. �

We now introduce topological quasi-equational classes corresponding to each of
the topological quasi-varieties

X := IScP
+(M∼ ), Xh := IScP

+(M∼ h) and Xm := IScP
+(M∼m).

Let G be a set of operation symbols, H a set of partial-operation symbols and Σ a
set of equations and quasi-equations of type G∪H . Then ModT(Σ) denotes the class
of all Boolean topological models of Σ, that is, structures X = 〈X ; GX, HX, T 〉 such
that T is a Boolean topology on X , for each g ∈ G the corresponding operation
gX on X is continuous, for each h ∈ H the corresponding partial operation hX

on X has a (topologically) closed domain and is continuous, and all of the quasi-
equations in Σ hold in X. Whenever possible, we drop the superscript X. (In
general, a set R of relation symbols is allowed as well.) Now consider the following
sets of quasi-equations

Σ := {(1), (2), (3), (4)},
Σh := {(1), (2), (3), (4), (5), (6)},
Σm := {(1), (2), (3), (4), (7), (8), (9), (10), (11)},

and note that M∼ |= Σ, M∼ h |= Σh and M∼m |= Σm. Define Y, Yh and Ym to be the
categories with ModT(Σ), ModT(Σh), and ModT(Σm), respectively, as their classes
of objects and with all continuous homomorphisms between objects as morphisms.

There is an obvious forgetful functor from Yh into Y: just drop the partial
operation h. The following lemma, whose proof is easy and left to the reader,
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shows that there is a natural (but not so obvious) forgetful functor from Ym into Yh:
define h in terms of f , g and m, then forget m and remember h. This justifies our
earlier claim that M∼ h is an intermediate structure between M∼ and M∼m.

Lemma 2.2. Let 〈X ; f, g, m, T 〉 belong to Ym and define a partial operation h on
X by dom(h) = { (x, y) ∈ X2 | g(x) = f(y) } and h(x, y) := m(f(x), g(y)), for all
(x, y) ∈ dom(h). Then 〈X ; f, g, h, T 〉 belongs to Yh.

If we suppress the forgetful functors, we obtain the following diagram of (non-
full) subcategories.

Ym ⊆ Yh ⊆ Y

∪ ∪ ∪
Xm ⊆ Xh ⊆ X

We turn now to the proof of Theorem 1. Wherever possible we shall work within
the appropriate category Y, Yh or Ym. We shall restrict our attention to objects
in the subcategory X, Xh or Xm only when forced to.

3. The proof of Theorem 1

The idea behind the proof of Theorem 1 is quite simple. We shall be working with
two different dualities for the category D of bounded distributive lattices. Priest-
ley’s duality is based on the two-element bounded lattice D = 〈{0, 1};∨,∧, 0, 1〉
and the discrete ordered space D∼ = 〈{0, 1}; �, T〉. Let

H: D → P and K: P → D

be the associated functors, where P := IScP
+(D∼) is the category of Priestley spaces.

(For details on Priestley duality see Priestley [14], Davey and Priestley [12] and
Clark and Davey [2].) We will also be using the duality for D based on M and M∼ h

given by functors

D: D → Xh and E: Xh → D.

The functors H, K, D and E are hom-functors and are given, at the underlying-set
level on objects, by H(A) = D(A,D), K(Y) = P(Y,D∼), D(A) = D(A,M) and
E(X) = Xh(X,M∼ h), for all A ∈ D, all Y ∈ P and all X ∈ Xh.

Consider a lattice A ∈ D. We can easily recover the Priestley dual H(A) from
the dual D(A). The underlying set of H(A) is D(A,D), which is equal to the
fixpoint set fix(f) ⊆ D(A,M). The maps in H(A) are ordered pointwise using the
order 0 � 1 on D. It is straightforward to check that, for all u, v ∈ D(A,D), we
have u � v if and only if there is x ∈ D(A,M) with f ◦ x = u and g ◦ x = v. We
begin by mimicking this in an arbitrary structure X ∈ Y.
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Let X ∈ Y and define PX := fix(f) = fix(g) ⊆ X . Endow PX with the subspace
topology and define a binary relation � on PX by

u � v ⇐⇒ (∃x ∈ X) f(x) = u & g(x) = v.

We shall show that, for all X ∈ Yh, the structure PX := 〈PX; �, T〉 is an ordered
Boolean space. Note that PD(A) = H(A), for all A ∈ D. If PX is a Priestley space
and in particular if X is finite, then, by Priestley duality, PX

∼= HK(PX). Using
this fact, we are able to prove that, for each X ∈ Xh, we have X ∼= DE(X) if and
only if PX is a Priestley space. Finally, we present an example of a (necessarily
infinite) structure X in Xh for which PX is not a Priestley space.

Lemma 3.1. Let X ∈ Y and define PX := 〈PX; �, T〉 as above.

(a) The topological space 〈PX; T〉 is compact and therefore Boolean.
(b) The relation � is topologically closed.
(c) The relation � is reflexive and anti-symmetric.
(d) The relation � is transitive, and therefore an order, provided X is the reduct

of a structure in Yh.

Proof. Since the topology on X is Hausdorff and f is continuous, PX = fix(f) is
closed in X and hence, since X is compact, so is PX. Note that

� = (f � g)(X) = { (f(x), g(x)) | x ∈ X },

where f � g : X → X × X is the natural map. Thus, since the topology on X is
compact and Hausdorff and since f � g is continuous, the set � is closed in X ×X

and is therefore closed in PX × PX. This proves (a) and (b).
Let u ∈ PX. By (2), f(u) = u = g(u), whence u � u. Hence, the relation �

is reflexive. Now let u, v ∈ PX with u � v and v � u. There exist x, y ∈ X with
f(x) = u = g(y) and g(x) = v = f(y). By (3), we have x = y and consequently
u = f(x) = f(y) = v. Hence, the relation � is reflexive and anti-symmetric, which
establishes (c).

Finally, assume that X is the reduct of a structure in Yh. Let u, v, w ∈ PX with
u � v � w. There exist x, y ∈ X with f(x) = u, g(x) = v = f(y) and g(y) = w.
By (5) and (6), we have z := h(x, y) in X with f(z) = u and g(z) = w, that is,
u � w. Hence, the relation � is transitive, which proves (d). �

Let X ∈ Xh. Since Xh = IScP
+(M∼ h), the natural evaluation map εX : X →

DE(X) is an embedding, and by the lemma above, since Xh ⊆ Yh, the structure PX

is an ordered Boolean space. As remarked earlier, since every finite ordered Boolean
space is discrete and is therefore a Priestley space, the first half of Theorem 1 follows
at once from our next result. (Note that we have extended the domain of the functor
E and the codomain of the functor D from Xh to Yh.)
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Proposition 3.2. Let D: D → Yh and E: Yh → D be the hom-functors induced
by the alter ego M∼ h.

(a) If X ∈ Yh and the ordered Boolean space PX is a Priestley space, then the
evaluation map εX : X → DE(X) is surjective.

(b) Let X ∈ Yh. Then εX : X → DE(X) is an isomorphism if and only if X ∈ Xh

and PX is a Priestley space.

Proof. Let X ∈ Yh. We first show that (b) is an easy consequence of (a). If
X ∼= DE(X) = D(A), with A := E(X), then X ∈ Xh and the ordered space PX is
isomorphic to H(A), viewed as the subset fix(f) of D(A), and consequently PX is
a Priestley space since H(A) is. The converse follows at once from (a). As we shall
now see, the proof of (a) requires considerably more effort.

Assume that PX is a Priestley space. First of all, we shall prove that the
bounded distributive lattices E(X), with underlying set Yh(X,M∼ h), and K(PX),
with underlying set P(PX,D∼), are isomorphic. For each α ∈ Yh(X,M∼ h), define a
map α∗ := α�PX

: PX → D = {0, 1}. Then α∗ is well defined since α preserves f .
Now let α ∈ Yh(X,M∼ h). Since α is continuous, so is α∗. Moreover, for all u, v ∈ PX,

u � v ⇐⇒ (∃x ∈ X) f(x) = u & g(x) = v

=⇒ α∗(u) = α(f(x)) = f(α(x)) & α∗(v) = α(g(x)) = g(α(x))

=⇒ α∗(u) � α∗(v).

Hence, α∗ ∈ P(PX,D∼). For each ϕ ∈ P(PX,D∼), define ϕ∗ : X → M by

ϕ∗(x) := m(ϕ(f(x)), ϕ(g(x)))

for all x ∈ X . Now let ϕ ∈ P(PX,D∼). Since ϕ is order-preserving, since f(x) � g(x)
in PX, for all x ∈ X , and since the domain of m is precisely � ⊆ D2 ⊆ M2, it
follows that ϕ∗ is well defined. We want to show that ϕ∗ ∈ Yh(X,M∼ h). Since the
maps ϕ, f and g are continuous, so is ϕ∗. For all x ∈ X ,

ϕ∗(f(x)) = m(ϕ(f(f(x))), ϕ(g(f(x)))) definition of ϕ∗

= m(ϕ(f(x)), ϕ(f(x))) as X |= (1)

= ϕ(f(x)) by (11) in M

= f(m(ϕ(f(x)), ϕ(g(x)))) by (8) in M

= f(ϕ∗(x)) definition of ϕ∗.

Thus ϕ∗ preserves f and, by symmetry, ϕ∗ also preserves g. Let (x, y) ∈ dom(h).
Since ϕ∗ preserves f and g, we have

g(ϕ∗(x)) = ϕ∗(g(x)) = ϕ∗(f(y)) = f(ϕ∗(y)) as X |= (5).
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Hence (ϕ∗(x), ϕ∗(y)) ∈ dom(h) in M , by (5). But,

h(ϕ∗(x), ϕ∗(y))

= h(m(ϕ(f(x)), ϕ(g(x))), m(ϕ(f(y)), ϕ(g(y)))) definition of ϕ∗

= m(f(m(ϕ(f(x)), ϕ(g(x)))), g(m(ϕ(f(y)), ϕ(g(y))))) by (12) in M

= m(ϕ(f(x)), ϕ(g(y))) by (8) in M

= m(ϕ(f(h(x, y))), ϕ(g(h(x, y)))) as X |= (6)

= ϕ∗(h(x, y)) definition of ϕ∗.

So ϕ∗ preserves h, and consequently ϕ∗ ∈ Yh(X,M∼ h).
If α � β in Yh(X,M∼ h), then certainly α∗ = α�PX

� β�PX
= β∗ in P(PX,D∼).

If ϕ � ψ in P(PX,D∼), then, for all x ∈ X we have ϕ(f(x)) � ψ(f(x)) and
ϕ(g(x)) � ψ(g(x)) and consequently, as m is order-preserving,

ϕ∗(x) = m(ϕ(f(x)), ϕ(g(x))) � m(ψ(f(x)), ψ(g(x))) = ψ∗(x).

Hence, ϕ∗ � ψ∗ in Yh(X,M∼ h). For all x ∈ X , we have

α∗∗(x) = (α�PX
)∗(x)

= m(α�PX
(f(x)), α�PX

(g(x)))

= m(α(f(x)), α(g(x)))

= m(f(α(x)), g(α(x)))

= α(x) by (7) in M .

Thus α∗∗ = α. For all u ∈ PX, we have

ϕ∗∗(u) = ϕ∗�PX
(u)

= ϕ∗(u)

= m(ϕ(f(u)), ϕ(g(u)))

= m(ϕ(u), ϕ(u)) as u ∈ PX

= ϕ(u) by (11) in M ,

whence ϕ∗∗ = ϕ. We have proved that the maps Φ: α �→ α∗ and Ψ: ϕ �→ ϕ∗ are
mutually inverse lattice isomorphisms.

In order to prove that εX : X → DE(X) is surjective, it remains to show that
if k : E(X) → M is a {0, 1}-lattice homomorphism, then there exists x ∈ X such
that k = εX(x), that is, that k(α) = α(x) for all α ∈ Yh(X,M∼ h). Define l :=
k ◦ Ψ: K(PX) → M, then f ◦ l � g ◦ l in HK(PX). Since Priestley duality is full,
there exist u, v ∈ PX such that u � v and (f ◦ l)(ϕ) = ϕ(u) and (g ◦ l)(ϕ) = ϕ(v),
for all ϕ ∈ P(PX,D∼). Since u � v, there exists x ∈ X such that f(x) = u and
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g(x) = v. We shall now show that k(α) = α(x) for all α ∈ Yh(X,M∼ h). Let
α ∈ Yh(X,M∼ h); then

f(l(α∗)) = α∗(u) & g(l(α∗)) = α∗(v)

=⇒ f(k(Ψ(Φ(α)))) = α∗(u) & g(k(Ψ(Φ(α)))) = α∗(v)

=⇒ f(k(α)) = α(u) & g(k(α)) = α(v)

=⇒ f(k(α)) = α(f(x)) & g(k(α)) = α(g(x))

=⇒ f(k(α)) = f(α(x)) & g(k(α)) = g(α(x)),

whence k(α) = α(x), since f and g separate the points of M . �

It follows from this proposition that, to complete the proof of Theorem 1, we
must construct a structure X ∈ Xh such that PX is not a Priestley space. Let C

be the Cantor set, obtained, as usual, from the unit interval [0, 1] by the removal
of middle thirds, and let � be the usual order on C. Define a new order � on C

by x � y if and only if x = y or x is covered by y with respect to �. Thus 〈C; �〉
is an ordered set of length one in which x is covered by y if and only if x and y

are end points of one of the middle thirds which was removed in the construction
of C. Let C := 〈C; �, T〉 be the resulting ordered Boolean space. As was first
observed by Stralka [15], C is not totally order-disconnected and therefore is not
a Priestley space: if y > x but y does not cover x with respect to �, then x �� y

but every clopen downset in C which contains y also contains x. We will construct
a structure X ∈ Xh := IScP

+(M∼ h) such that PX = C. Let ∆ be the set of all
d ∈ [0, 1] such that d is the midpoint of one of the open intervals (ld, ud) removed
in the construction of C. Define X := C ∪ ∆ and endow X with the relative
topology, T, from the interval [0, 1]. Note that ∆ is a discretely topologised, open
subset of X . Define f and g on X as follows:

f(x) =

{
x if x ∈ C,

lx if x ∈ ∆,
and g(x) =

{
x if x ∈ C,

ux if x ∈ ∆.

Define the domain of the partial map h by

dom(h) = { (c, c) | c ∈ C } ∪ { (ld, d) | d ∈ ∆ } ∪ { (d, ud) | d ∈ ∆ },

and define h : dom(h) → X by h(c, c) = c, h(ld, d) = d and h(d, ud) = d. Define
X := 〈X ; f, g, h, T〉 and note that, for each d ∈ ∆, the subset Zd := {ld, d, ud} forms
a closed substructure Zd of X which is isomorphic to M∼ h.

Lemma 3.3. The structure X := 〈X ; f, g, h, T〉 defined above belongs to Xh, but
the corresponding compact ordered space PX is not a Priestley space.

Proof. Since it is clear that PX = C, it remains to verify that X is isomorphic to
a closed substructure of M∼

S
h for some set S.
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For each d ∈ ∆, define αd : X → M by

αd(x) =

⎧⎪⎪⎨
⎪⎪⎩

1 if x � ud,

a if x = d,

0 if x � ld.

Now let d ∈ ∆. We want to show that αd ∈ Xh(X,M∼ h). Clearly αd is continuous
and preserves both f and g. To check that αd preserves h, let (x, y) ∈ dom(h).
If (x, y) = (c, c), for some c ∈ C, then (αd(x), αd(y)) ∈ {(0, 0), (1, 1)} ⊆ dom(h),
and αd(h(x, y)) = αd(x) = h(αd(x), αd(y)). We can now assume that x, y ∈ Zd′ for
some d′ ∈ ∆. The map αd�Zd′ is either constant onto {0}, constant onto {1} or the
isomorphism of Zd onto M∼ h. So αd preserves h.

For all x < y in X , there exists d ∈ ∆ with x � d � y and consequently
αd(x) �= αd(y). To prove that X is isomorphic to a closed substructure of a power
of M∼ h it only remains to prove that if (x, y) ∈ X2\dom(h), then there exists
a continuous morphism α : X → M∼ h with (α(x), α(y)) ∈ M2\ dom(h): see the
Separation Theorem 1.4.4 in [2]. Let (x, y) ∈ X2\dom(h). First assume that
x < y. Since (x, y) /∈ dom(h), there is some d ∈ ∆ with x < d < y. It follows that
(αd(x), αd(y)) = (0, 1) /∈ dom(h). Now assume that x > y. Choose d ∈ ∆ with
x � d � y. Then αd(x) > αd(y), whence (αd(x), αd(y)) /∈ dom(h). Finally, assume
that x = y. Then x ∈ ∆ and consequently (αx(x), αx(y)) = (a, a) /∈ dom(h). Thus,
X ∈ IScP

+(M∼ h), as claimed. �

4. Structural entailment: a sneak preview

Entailment and hom-entailment play important roles in the study of dualities and
strong dualities, respectively: see Chapters 8 and 9 in Clark and Davey [2]. Before
we prove Theorem 2, we need to introduce a form of entailment that appears to
be important in the study of full dualities. A more detailed discussion will appear
in [10].

Let M∼ = 〈M ; G, H, R, T〉 be an alter ego of a finite algebra M and let s be an
algebraic relation on M. Given a closed substructure X of a non-zero power of M∼ ,
we say that G ∪H ∪R, or simply M∼ , entails s on X if each morphism α : X → M∼
preserves s. We shall say that M∼ structurally entails s if M∼ entails s on X, for
every closed substructure X of a non-zero power of M∼ . Recall that M∼ entails s

precisely when it entails s on every structure of the form D(A), for A ∈ ISP(M).
Hence it is trivial that if M∼ structurally entails s, then M∼ entails s. The converse
statement is not true; for example, M∼ , as defined in Section 1, entails the order
relation �, but for the substructure {0, 1} of M∼ , the M∼ -morphism {0, 1} → {0, 1}
given by Boolean complementation does not preserve �.
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Now assume that s is n-ary and let s be the corresponding subalgebra of Mn.
For i = 1, . . . , n, let ρi = πi�s : s → M be the natural projection. We wish to
describe the substructure of M∼

s generated by the set {ρ1, . . . , ρn}. Since D(s) is a
substructure of M∼

s containing {ρ1, . . . , ρn}, it suffices to describe the substructure
sgD(s)({ρ1, . . . , ρn}) of D(s).

The enriched partial clone generated by G ∪ H is denoted by [G ∪ H ] and is
referred to as the enriched partial clone of M∼ . The set of all n-ary maps in [G∪H ]
is denoted by [G ∪ H ]n. (See pages 21, 64 and 278–283 of Clark and Davey [2] for
a discussion of the enriched partial clone of M∼ .)

Lemma 4.1. Let M be a finite algebra, let M∼ be an alter ego of M and let s be an
n-ary algebraic relation on M. The substructure of D(s) generated by {ρ1, . . . , ρn}
consists of all homomorphisms from s to M that have an extension in the enriched
partial clone of M∼ . Thus,

sgD(s)({ρ1, . . . , ρn}) =
{

t�s : s → M
∣∣ t ∈ [G ∪ H ]n & s ⊆ dom(t)

}
.

Proof. It is easy to verify that sgD(s)({ρ1, . . . , ρn}) equals{
tD(s)(ρ1, . . . , ρn)

∣∣ t ∈ [G ∪ H ]n & (ρ1, . . . , ρn) ∈ dom(tD(s))
}
.

Thus, we must check that, for all t ∈ [G ∪ H ]n, we have s ⊆ dom(t) if and only if
(ρ1, . . . , ρn) ∈ dom(tD(s)). We must also check that, for all t ∈ [G ∪ H ]n, we have
tD(s)(ρ1, . . . , ρn) = t�s. These simple calculations, which are left to the reader, use
only the fact that (ρ1(c), . . . , ρn(c)) = c, for all c ∈ s. �

We leave the proof of the following result as an easy exercise for the reader.

Lemma 4.2. Let M∼ be an alter ego of a finite algebra M and let s be an n-ary
algebraic relation on M. If s is definable in the language of M∼ via a conjunct of
atomic formulæ in n free variables, then M∼ structurally entails s.

Proposition 4.3. Let M∼ be an alter ego of a finite algebra M and assume that M∼
fully dualises M at the finite level.

(a) Let n ∈ N and let s be an n-ary algebraic relation on M. If M∼ structurally
entails s, then every n-ary algebraic partial operation on M with domain s

has an extension in the enriched partial clone of M∼ .
(b) Every total algebraic operation on M is in the enriched partial clone of M∼ .

Proof. Fix n ∈ N and assume that s is an n-ary algebraic relation on M that is
structurally entailed by M∼ . Let X := sgD(s)({ρ1, . . . , ρn}). By Lemma 4.1, in order
to prove (a), it suffices to prove that X = D(s).

Since (ρ1(c), . . . , ρn(c)) = c, for all c ∈ s, we have (ρ1, . . . , ρn) ∈ sD(s). Hence,
(ρ1, . . . , ρn) ∈ sX, as X is a substructure of D(s). Let α be an element of E(X),
that is, assume α : X → M∼ is a morphism. As M∼ structurally entails s, it follows
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that α preserves s. Since (ρ1, . . . , ρn) ∈ sX, we have (α(ρ1), . . . , α(ρn)) ∈ s. Thus,
u : E(X) → s, given by u(α) := (α(ρ1), . . . , α(ρn)), for all α in the algebra E(X), is
a well-defined homomorphism. Since X is generated by {ρ1, . . . , ρn}, the map u is
one-to-one. To see that u is surjective, let c ∈ s and define α := es(c)�X : X → M∼ ,
where es : s → ED(s) is the natural isomorphism. Then α belongs to the algebra
E(X) and

u(α) = (α(ρ1), . . . , α(ρn)) = (es(c)(ρ1), . . . , es(c)(ρn)) = (ρ1(c), . . . , ρn(c)) = c.

Consequently, u : E(X) → s is an isomorphism. Because M∼ fully dualises M at the
finite level, we get X ∼= DE(X) ∼= D(s). But X � D(s) and both are finite, so by
cardinality considerations we have X = D(s). This proves (a).

Since Mn is clearly definable via a conjunct of atomic formulæ, it follows imme-
diately from (a) and the previous lemma that (b) holds. �

5. The proof of Theorem 2

Throughout this section, M∼ is a fixed alter ego which fully dualises the three-
element chain M = 〈{0, a, 1};∨,∧, 0, 1〉. By Proposition 4.3, the endomorphisms
f and g are in the enriched partial clone of M∼ and so can be considered, with no
loss of generality, to be in the type of M∼ . Since M∼m = 〈M ; f, g, m, T〉 strongly
dualises M, to prove that M∼ strongly dualises M it now suffices to prove that
m has an extension in the enriched partial clone of M∼ . Note that, since we do
not know the language of M∼ precisely, we do not know that dom(m) = �{0,1} is
appropriately definable in the language of M∼ and, consequently, we cannot apply
Proposition 4.3 to the partial operation m. We must work harder, and not at the
finite level.

Let I be the bounded distributive lattice with universe I = [0, 1] ∩ Q and with
its order inherited from R. We shall describe some elements of the underlying set
D(I,M) of the dual D(I). For each real number r ∈ (0, 1) define xr ∈ D(I,M) by

xr(q) =

⎧⎨
⎩

0 if q < r,
a if q = r,
1 if q > r.

Note that the range of xr is {0, a, 1} if r ∈ Q and is {0, 1} otherwise. For r ∈ [0, 1]∩Q

and k ∈ {0, 1}, define yk
r ∈ D(I,M) by

yk
r (q) =

⎧⎨
⎩

0 if q < r,
k if q = r,
1 if q > r.
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We shall focus our attention on the subset

Y := { xr | r ∈ (0, 1) } ∪ { y0
r | r ∈ [0, 1) ∩ Q } ∪ { y1

r | r ∈ (0, 1] ∩ Q }

of D(I,M) and on the closed substructure X of D(I) that it generates.

Lemma 5.1.

(a) For each z ∈ D(I,M)\Y there exist rational numbers r, s with 0 < r < s < 1
such that [r, s] ∩ Q ⊆ z−1(a).

(b) The set Y is a topologically closed proper subset of D(I,M).

Proof. The first claim is clearly true as is the fact that Y is a proper subset of
D(I,M). We now prove that Y is topologically closed in D(I,M). The subbasic
clopen sets in D(I,M) are of all the form

Ur,m := { z ∈ D(I,M) | z(r) = m },

for r ∈ I and m ∈ M = {0, a, 1}. Let z ∈ D(I)\Y . By (a), there exist r, s ∈ z−1(a)
with r �= s. Thus, Ur,a ∩ Us,a is a clopen subset of D(I,M) that contains z and is
disjoint from Y . Hence, Y is topologically closed in D(I,M). �

Recall that we are assuming that M∼ fully dualises M and that we need to show
that the partial binary operation m can be extended to a member of the enriched
partial clone of M∼ . Define X to be the topologically closed substructure of D(I)
generated by Y . The main step of the argument is to show that X �= Y by showing
X = D(I). (This step uses full duality.) This will suffice, as we now show.

Lemma 5.2. If X �= Y , then m can be extended to a member of the enriched
partial clone of M∼ .

Proof. Assume that X �= Y . Since Y is a topologically closed subset of D(I,M),
the set Y must fail to be closed under some partial operation p in the type of M∼ .
Let the arity of p be n, and choose y1, . . . , yn ∈ Y so that p(y1, . . . , yn) is defined
and p(y1, . . . , yn) ∈ X\Y . Hence, by Lemma 5.1(a), there exist r, s ∈ I with r < s

such that [r, s] ∩ Q ⊆ p(y1, . . . , yn)−1(a).
By the definition of Y , we have |y−1

i (a)| � 1, for i = 1, . . . , n. Since the set
y−1
1 (a) ∪ · · · ∪ y−1

n (a) is finite, there exists t ∈ ([r, s] ∩ Q)\(y−1
1 (a) ∪ · · · ∪ y−1

n (a)).
Hence,

p(y1, . . . , yn)(t) = a and y1(t), . . . , yn(t) ∈ {0, 1}.

For each i = 1, . . . , n, define ci := yi(t) ∈ {0, 1}. Then (c1, . . . , cn) ∈ dom(p) with
p(c1, . . . , cn) = a. Since p(0, . . . , 0) = 0 and p(1, . . . , 1) = 1, there must exist i and
j such that ci = 0 and cj = 1. By rearranging the variables of p if necessary, we
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conclude that

p(0, . . . , 0, 0, . . . , 0) = 0,

p(0, . . . , 0, 1, . . . , 1) = a,

p(1, . . . , 1, 1, . . . , 1) = 1.

Collapsing variables yields an extension of m in the enriched partial clone of M∼ , as
required. �

We now work towards showing that X = D(I). Define the unary relation D and
the ternary relation s by

D = fix(f) = {0, 1},
s = graph(m) = {(0, 0, 0), (0, 1, a), (1, 1, 1)}.

Lemma 5.3. The relations D and s are definable via conjuncts of equations using
f and g, and hence M∼ structurally entails D and s.

Proof. Clearly, s is defined by “f(x3) = x1 & g(x3) = x2” and D is defined by
“f(x1) = x1”. Now apply Lemma 4.2. �

As X is a substructure of D(I), the maps eI(q)�X : X → M and eI(q)�Y : Y → M

are well defined, for all q ∈ I, where eI : I → DE(I) is the natural isomorphism.

Lemma 5.4. If α : Y → M is continuous and preserves D and s, interpreted
coordinatewise, then there exists q ∈ I such that α = eI(q)�Y .

Proof. Let α : Y → M satisfy the hypotheses of the lemma. Define Φ: [0, 1] → M

by

Φ(r) =

⎧⎨
⎩

α(xr) if 0 < r < 1,
α(y0

0) if r = 0,
α(y1

1) if r = 1.

We shall study Φ quite closely. Firstly, note that for all r ∈ (0, 1)\Q, the map xr

is coordinatewise in D and therefore α(xr) ∈ D. So

Φ(r) ∈ {0, 1}, for r ∈ (0, 1)\Q. (5.1)

Similarly,

Φ(0), Φ(1) ∈ {0, 1}. (5.2)

Secondly, note that if r ∈ (0, 1) ∩ Q, then (y0
r , y1

r , xr) is coordinatewise in s, so
we get

(α(y0
r ), α(y1

r ), α(xr)) ∈ s.
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This means that, for r ∈ (0, 1) ∩ Q, we have

Φ(r) = 0 implies α(y0
r ) = α(y1

r ) = 0, (5.3)

Φ(r) = a implies α(y0
r ) = 0 and α(y1

r) = 1, (5.4)

Φ(r) = 1 implies α(y0
r ) = α(y1

r ) = 1. (5.5)

It follows from (5.3)–(5.5) that Φ determines α.
Recall that we want to show that α = eI(q)�Y for some q ∈ I. By (5.3)–(5.5),

this is equivalent to showing that one of the following conditions holds:

(i) Φ is the constant 0 function (giving α = eI(0)�Y );
(ii) Φ is the constant 1 function (giving α = eI(1)�Y );
(iii) there exists q ∈ (0, 1) ∩ Q such that

Φ(r) =

⎧⎨
⎩

1 if r < q,
a if r = q,
0 if r > q,

(giving α = eI(q)�Y ).

In order to use the continuity of α, we need the following readily established
topological facts about Y .

Claim. Let V be a (relatively) open subset of Y and let r ∈ [0, 1].

(a) Assume that r ∈ [0, 1) ∩ Q and y0
r ∈ V . There exists δ > 0 such that, for all

s ∈ (r, r + δ) and all t ∈ (r, r + δ) ∩ Q, we have xs ∈ V and y0
t , y1

t ∈ V .
(b) Assume that r ∈ (0, 1] ∩ Q and y1

r ∈ V . There exists δ > 0 such that, for all
s ∈ (r − δ, r) and all t ∈ (r − δ, r) ∩ Q, we have xs ∈ V and y0

t , y1
t ∈ V .

(c) Assume that r ∈ (0, 1)\Q and xr ∈ V . There exists δ > 0 such that, for all
s ∈ (r− δ, r+ δ) and all t ∈ (r− δ, r+ δ)∩Q, we have xs ∈ V and y0

t , y1
t ∈ V .

Combining this claim with (5.1)–(5.5) and the continuity of α, we can deduce
the following facts (which we also leave to the reader).

(d) Φ−1(0) and Φ−1(1) are open subsets of [0, 1].
(e) (i) Φ−1(a) ⊆ (0, 1) ∩ Q,

(ii) if r ∈ Φ−1(a), then there exists δ > 0 such that (r − δ, r) ⊆ Φ−1(1) and
(r, r + δ) ⊆ Φ−1(0).

Now assume that Φ is neither constantly 0 nor constantly 1. If Φ−1(a) = ∅,
then, by (d), {Φ−1(0), Φ−1(1)} is a non-trivial partition of [0, 1] into two open
subsets, which is impossible as [0, 1] is connected. Thus, Φ−1(a) �= ∅. Choose
q ∈ Φ−1(a) ⊆ (0, 1) ∩ Q. Define q� :=

∨
{ r ∈ (q, 1] | (q, r] ⊆ Φ−1(0) }. By (e),

this join is over a non-empty set. Since Φ−1(1) is open, we must have Φ(q�) �= 1.
By (e), we must have Φ(q�) �= a. So Φ(q�) = 0. Since Φ−1(0) is open, it follows
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that q� = 1. Hence, (q, 1] ⊆ Φ−1(0). Similarly, [0, q) ⊆ Φ−1(1). Thus, we have
Φ−1(a) = {q}, Φ−1(1) = [0, q) and Φ−1(0) = (q, 1], which finishes the proof of the
lemma. �

Recall that the underlying set of the distributive lattice E(X) is the set X(X,M∼ )
of all continuous morphisms from X to M∼ .

Corollary 5.5. X(X,M∼ ) = { eI(r)�X | r ∈ I }.

Proof. Clearly { eI(r)�X | r ∈ I } ⊆ X(X,M∼ ). Let α ∈ X(X,M∼ ). Then α is
continuous and preserves D and s (by Lemma 5.3). Hence α�Y has the same
properties. By Lemma 5.4, there exists r ∈ I such that α�Y = eI(r)�Y . It follows
that α = eI(r)�X, since the equalizer, Z, of α : X → M∼ and eI(r)�X : X → M∼ is a
closed substructure of X that contains Y , forcing Z = X. �

Lemma 5.6. X = D(I).

Proof. Define ρ : I → X(X,M∼ ) by ρ(r) = eI(r)�X, for all r ∈ I. By Corollary 5.5,
the map ρ is surjective. It is also injective, since if r, s ∈ I with r < s, then,
for example, eI(r)�X(y1

s) = 0 �= 1 = eI(s)�X(y1
s). Further, ρ is a bounded-lattice

homomorphism since X ⊆ D(I,M). Thus ρ is an isomorphism from I onto E(X).
Let y ∈ D(I,M). (We must show that y ∈ X .) Let ϕ := y ◦ ρ−1 : E(X) → M.

Since M∼ fully dualises M, there must exist x ∈ X such that ϕ = εX(x). Thus
y = εX(x) ◦ ρ, which gives y = x, so y ∈ X as required. �

We have proved Theorem 2.

6. The characterizations of the dual categories

In this final section, M∼ , M∼ h and M∼m refer to the alter egos introduced in Section 1.
We shall characterize the members of the topological quasi-varieties X = IScP

+(M∼ ),
Xh = IScP

+(M∼ h) and Xm = IScP
+(M∼m) relative to the corresponding topological

quasi-equational classes Y = ModT(Σ), Yh = ModT(Σh) and Ym = ModT(Σm), as
introduced in Section 2. In each case, the given quasi-equations are insufficient to
characterise the topological quasi-variety and a further separation condition on the
“ordered” space PX is required.

Recall that, for all X ∈ Y, we define PX := 〈PX; �, T〉, where PX := fix(f) ⊆ X

and � is defined on PX by

u � v ⇐⇒ (∃x ∈ X) f(x) = u & g(x) = v.

By Lemma 3.1, the relation � is reflexive and anti-symmetric, and is transitive,
and therefore an order relation, provided X ∈ Yh. We say that a subset U ⊆ PX is
a downset of PX if u � v and v ∈ U imply u ∈ U , for all u, v ∈ PX. A pair x, y of
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distinct points in PX is separated by a clopen downset of PX provided there exists
a clopen downset U of PX containing exactly one of x and y.

We start by characterizing the members of the topological quasi-variety X. This
result was obtained while the first and second authors were working with David
Clark on part of [3].

Lemma 6.1. Let X ∈ Y and assume that each pair of distinct points of PX is
separated by a clopen downset of PX. If x �= y in X, then there is a morphism
α ∈ Y(X,M∼ ) such that α(x) �= α(y).

Proof. We first assume that x, y ∈ PX. By hypothesis we may assume that there
is a clopen downset U of PX containing y and not x. Let V := PX\U . Then there
are open sets U1, V1 ⊆ X with U = PX ∩ U1, V = PX ∩ V1. We partition X into
four open, and therefore clopen, sets:

X = W0

.
∪ Wa

.
∪ Wb

.
∪ W1,

where

W0 := f−1(U1) ∩ g−1(U1) = f−1(U) ∩ g−1(U) ⊇ U,

Wa := f−1(U1) ∩ g−1(V1) = f−1(U) ∩ g−1(V ),

Wb := f−1(V1) ∩ g−1(U1) = f−1(V ) ∩ g−1(U),

W1 := f−1(V1) ∩ g−1(V1) = f−1(V ) ∩ g−1(V ) ⊇ V.

(This uses quasi-equations (1) and (2).) However, Wb = ∅; indeed, if f(z) ∈ V

and g(z) ∈ U , then, as U is a downset and f(z) � g(z), we obtain f(z) ∈ U ∩ V , a
contradiction. Hence X = W0

.
∪ Wa

.
∪ W1. We define a map α : X → M by

α(x) =

⎧⎪⎪⎨
⎪⎪⎩

1 if x ∈ W1,

a if x ∈ Wa,

0 if x ∈ W0.

Clearly α is continuous, preserves both f and g and separates x and y.
Now we consider arbitrary x, y ∈ X , with x �= y. By quasi-equation (4) we

have f(x) �= f(y) or g(x) �= g(y). Without loss of generality we may assume
that f(x) �= f(y). As f(x), f(y) ∈ PX, by the previous case there exists a map
α ∈ Y(X,M∼ ) that separates f(x) and f(y). As α preserves f , we conclude that
α(x) �= α(y). �

Theorem 6.2. Let M∼ = 〈{0, a, 1}; f, g, T〉 and define X := IScP
+(M∼ ). Then

X ∈ X if and only if X ∈ Y := ModT(Σ) and each pair of distinct points of PX is
separated by a clopen downset of PX.
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Proof. Let X ∈ X. Certainly, X ∈ Y. Now let x, y ∈ PX with x �= y. Without
loss of generality we may assume that X � M∼

S for some non-empty set S and that
x(s) = 1 and y(s) = 0, for some s ∈ S. Then π−1

s (0) ∩ PX is a clopen downset in
PX containing y but not x, where πs : MS → M denotes the sth projection. The
converse follows from Lemma 6.1 and the Separation Theorem ([2, 1.4.4]). �

We now deal with the structure M∼ h = 〈{0, a, 1}; f, g, h, T〉.

Lemma 6.3. Let X ∈ Yh. Then any map α : X → M that preserves f and g also
preserves h.

Proof. Let x, y ∈ X with (x, y) ∈ dom(h). Since X |= (5), we have g(x) = f(y). As
α preserves f and g, we obtain

g(α(x)) = α(g(x)) = α(f(y)) = f(α(y)).

Since M∼ |= (5), we have (α(x), α(y)) ∈ dom(h). Further,

f(h(α(x), α(y))) = f(α(x)) = α(f(x)) = α(f(h(x, y))) = f(α(h(x, y)))

using the fact that M∼ |= (6), that α preserves f , and that X |= (6).
Analogously, g(h(α(x), α(y))) = g(α(h(x, y))). Now, by quasi-equation (4), we

obtain α(h(x, y)) = h(α(x), α(y)). Hence α preserves h. �

Theorem 6.4. Let M∼ h = 〈{0, a, 1}; f, g, h, T〉 and define Xh := IScP
+(M∼ h). Then

X ∈ Xh if and only if X ∈ Yh := ModT(Σh) and each pair of distinct points of PX

is separated by a clopen downset of PX.

Proof. Necessity follows exactly as in the proof of Theorem 6.2. To prove sufficiency,
let X ∈ Yh and assume that each pair of distinct points of PX is separated by a
clopen downset of PX. By Lemmas 6.1 and 6.3, the morphisms in Yh(X,M∼ h)
separate the points of X . By the Separation Theorem (1.4.4 in [2]), it remains to
show that if x, y ∈ X with (x, y) /∈ dom(h), then there exists α ∈ Yh(X,M∼ h) with
(α(x), α(y)) /∈ dom(h). Let x, y ∈ X with (x, y) /∈ dom(h). Then, as X |= (5),
we have g(x) �= f(y). By Lemmas 6.1 and 6.3 once again, there is a morphism
α ∈ Yh(X,M∼ h) such that α(g(x)) �= α(f(y)). This gives g(α(x)) �= f(α(y)),
whence (α(x), α(y)) /∈ dom(h), since M∼ h |= (5). �

Finally, we deal with the structure M∼m = 〈{0, a, 1}; f, g, m, T〉. We require some
elementary facts about the partial operation m and the relation �.

Lemma 6.5. Let X ∈ Ym.

(a) For all u, v ∈ PX, we have u � v if and only if (u, v) ∈ dom(m).
(b) � is an order relation on PX.
(c) Let u, v ∈ PX. If (u, v) ∈ dom(m) and m(u, v) ∈ PX, then u = v = m(u, v).
(d) Any map α : X → M that preserves f and g also preserves m.
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Proof. The definition of � and quasi-equations (7) and (8) give (a). By Lemma 3.1,
the relation � is reflexive and anti-symmetric and, by (a), quasi-equation (9) says
precisely that � is transitive. This proves (b). If (u, v) ∈ dom(m) and m(u, v) ∈ PX,
then since PX = fix(f) = fix(g), it follows by quasi-equation (8) that

u = f(m(u, v)) = m(u, v) = g(m(u, v)) = v.

Thus, (c) holds. To prove (d), assume that the map α : X → M preserves f and g.
Let (x, y) ∈ dom(m). By quasi-equation (8), f(m(x, y)) = x and g(m(x, y)) = y.
As α preserves f and g, we obtain

f(α(m(x, y))) = α(f(m(x, y))) = α(x) and g(α(m(x, y))) = α(g(m(x, y))) = α(y),

so (α(x), α(y)) ∈ dom(m) and m(α(x), α(y)) = α(m(x, y)), by quasi-equation (7).
�

Recall that the category of Priestley spaces is denoted by P and that PX will be
a Priestley space provided that, for all u, v ∈ PX with u �� v, there exists a clopen
downset U such that v ∈ U and u /∈ U .

Theorem 6.6. Let M∼m = 〈{0, a, 1}; f, g, m, T〉 and define Xm := IScP
+(M∼m).

Then X ∈ Xm if and only if X ∈ Ym := ModT(Σm) and PX is a Priestley space.

Proof. Let X ∈ Xm and, without loss of generality, assume that X � M∼
S
m for some

non-empty set S. Certainly, X ∈ Ym. To show that PX is a Priestley space, let
x, y ∈ PX with x �� y. Then, by Lemma 6.5(a), we have (x, y) /∈ dom(m). This
means that there exists s ∈ S such that x(s) = 1 and y(s) = 0. Then π−1

s (0) ∩ PX

is a clopen downset in PX containing y but not x.
Conversely, let X ∈ Ym and assume that PX is a Priestley space. Hence, each

pair of distinct points of PX is separated by a clopen downset of PX. By Lemma 6.1
and Lemma 6.5(d), the morphisms in Ym(X,M∼m) separate the points of X . Again,
by the Separation Theorem (1.4.4 in [2]), it remains to show that if x, y ∈ X with
(x, y) /∈ dom(m), then there exists α ∈ Ym(X,M∼m) with (α(x), α(y)) /∈ dom(m).
On this occasion, we shall prove the contrapositive. Let x, y ∈ X and assume that(

∀α ∈ Ym(X,M∼m)
)

(α(x), α(y)) ∈ dom(m). (∗)

We must prove that (x, y) ∈ dom(m). Let ϕ ∈ P(PX,D∼) and define ϕ∗ : X → M

by ϕ∗(x) := m(ϕ(f(x)), ϕ(g(x))). Since X |= (1) it follows, exactly as in the proof
of Proposition 3.2, that ϕ∗ is well defined, continuous and preserves f and g. By
Lemma 6.5(d), ϕ∗ also preserves m, whence ϕ∗ ∈ Ym(X,M∼m). Hence, by (∗), we
have (ϕ∗(x), ϕ∗(y)) ∈ dom(m) that is,

(m(ϕ(f(x)), ϕ(g(x))), m(ϕ(f(y)), ϕ(g(y)))) ∈ {(0, 0), (0, 1), (1, 1)}.
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From this it follows, using Lemma 6.5(c), that

ϕ(f(x)) = ϕ(g(x)) � ϕ(f(y)) = ϕ(g(y)) in D∼.

Since this holds for every ϕ ∈ P(PX,D∼), the fact that PX is a Priestley space
yields

f(x) = g(x) � f(y) = g(y) in PX.

Hence, since X |= (7), (11), we have

x = m(f(x), g(x)) = f(x) � f(y) = m(f(y), g(y)) = y.

Thus, x, y ∈ PX = fix(f) with x � y, whence (x, y) ∈ dom(m), by Lemma 6.5(a).
�
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