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Lecture 5, May 18, 2018

Recall:

V is a residually small variety in signature �.

V
01
si :“ tA P Vsi : p0A, 1Aq P µAz0Au.

Corollary 2: every A P V
01
si can be extended to a maximal member of V 01

si .

If A is maximal in V
01
si and C Ñ A with |C| § !, then SpCq “ ttppppa{Cq : a P Au.

Corollary 8. For such A and C, either |SpCq| § ! or |SpCq| “ 2!.

Theorem 9. If A P V
01
si is maximal and |A| ° !, then |A| “ 2!.

Proof. We just need to prove |A| • 2!.

Case 1: There exists C Ñ A with |A| § ! and |SpCq| ° !.
Then |A| • |SpCq| “ 2! by Corollary 8.

Case 2: Otherwise. (For all C Ñ A, |C| § ! ùñ |SpCq| § !)
For C Ñ A with |C| § ! and p P SpCq, let vpw “ ta P A : tppppa{Cq “ pu.
The sets vpw (p P SpCq) partition A into countably many classes, at least one of

which is uncountable.
Define S1pCq “ tp P SpCq : |vpw| ° !u.
Also note that if C Ñ D Ñ A and p P SpCq, then there exists q P SpDq with p Ñ q.
If p P S1pCq, then there exists q P S1pDq with p Ñ q.

Subcase 2a: For all C Ñ A with |C| § ! and all p P S1pCq, there exists D with
C Ñ D Ñ A and |D| § !, and there exist q1, q2 P S1pDq with p Ñ q1, q2 and q1 ‰ q2.

In this case we can define a binary tree of types over increasing countable sets.
Start with any C" Ñ A with |C"| § ! and p" P S1pC"q.

p"

p0 p1

p00 p01 p10 p11

p000 p001 p010 p011 p100 p101 p110 p111

...
...

...
...
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C"

C0 C1

C00 C01 C10 C11

C000 C001 C010 C011 C100 C101 C110 C111

...
...

...
...

At each node we have C⌘ Ñ C⌘0 X C⌘1 and p⌘ Ñ p⌘0 X p⌘1 and p⌘0 ‰ p⌘1.
There are countably many sets C⌘ in the tree. Let C “ î

⌘ C⌘ and note |C| § !.
If we take the union of the p⌘’s down any branch, we get a subset of Fppp1, Cq

which is consistent with ⌃ Y Diag`
A Y t0 ‰ 1u, hence which can be extended to a

type over C.
Di↵erent branches must lead to di↵erent types (exercise). Hence |A| • 2!.

Subcase 2b: Else.
D C Ñ A with |C| § !, D p P S1pCq, such that for all D with C Ñ D Ñ A and

|D| § !, there is a unique q P S1pDq with p Ñ q. Fix such C and p.

Lemma. Suppose C Ñ D1 Ñ D2 Ñ A with |D2| § !, and qi P S1pDiq is the unique

extension of p for i “ 1, 2. Then q1 Ñ q2.

Proof. Pick b P vq2w and let q1
1 “ tppppb{D1q. Clearly p Ñ q

1
1 Ñ q2, so vq2w Ñ vq1

1w, so
vq1

1w is uncountable, meaning q
1
1 P S1pD1q. By uniqueness, q1

1 “ q1. ⇤

Now we define by transfinite recursion three sequences pC↵q, pa↵q, pq↵q (↵ † !1)
as follows:

C↵ “ C Y ta� : � † ↵u
q↵ “ the unique extension of p in S1pC↵q
a↵ P vq↵w (any).

We have C0 Ñ C1 Ñ ¨ ¨ ¨ and p “ q0 Ñ q1 Ñ ¨ ¨ ¨ (the latter by the Lemma). Thus vpw “
vq0w Ö vq1w Ö ¨ ¨ ¨ is an uncountable decreasing sequence with each set uncountable.
(In e↵ect, our subcase guarantees that the intersection of any countable number of
them is always uncountable, so we can always keep going.)

Can show that a↵ R C↵ (else vq↵w “ tc↵u), so the elements a0, a1, . . . are pairwise
distinct.

Thus for each ↵ † !1 we have p0, 1q P Cgpa↵, a↵`1q. Pick a principal congruence
formula ⇡↵ in signature � witnessing this.



UNCOUNTABLE SIS 13

There are only countable many principal congruence formulas, so there is an un-
countable subset S Ñ !1 and a single principal congruence formula ⇡ such that ⇡↵ “ ⇡

for all ↵ P S.

Claim: for all ↵, � P S with ↵ † �, A |ù ⇡pa↵, a�, 0, 1q.
Proof of claim. ↵ † � implies q↵`1 Ñ q�, so vq↵`1w Ö vq�w, so a� P vq↵`1w, which
means

tppppa�{C↵`1q “ q↵`1 “ tppppa↵`1{C↵`1q.
Since a↵ P C↵`1 we have ⇡pa↵, x, 0, 1q P q↵`1, so A |ù ⇡pa↵, a�, 0, 1q. ⇤

But this is a big problem: as Justin explained on March 16, in a residually small
variety you cannot have the above Claim holding with S infinite. ⇤


