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INTRODUCTION
Let λ, µ, ν be partitions. Let l(λ) be the length of λ, and sλ be the Schur
function associated to the partition λ. The Littlewood-Richardson co-
efficients cνλµ appear in the expansion

sλsµ =
∑
ν

cνλµsν .

If now λ, µ, ν are strict partitions, letQλ be the shifted SchurQ-function
associated to the strict partition λ. The shifted Littlewood-Richardson
coefficients appear in the expansion

QλQµ =
∑
ν

2l(λ)+l(µ)−l(ν)fνλµQν .

For any strict partition λ, and a partition µ of the same integer, the
coefficients gλµ appear in the decomposition ([4])

Qλ = 2l(λ)
∑
µ

gλµsµ.

The coefficients gλµ can be considered as shifted Littlewood-
Richardson coefficients by the identity ([4])

gλµ = fµ+δ
λδ ,

where δ = (l, l − 1, . . . , 1) with l = l(µ).

µ ∼ =⇒ µt ∼

λ(strict) ∼ =⇒ λ̃ ∼

We use the shifted Littlewood-Richardson rule given by Stembridge [4]
to obtain a new combinatorial models for the coefficients fνλµ and gλµ.
The advantage of the new results allows us to compute the coefficients
easier and to realize the connections with Littlewood-Richardson co-
efficients. The motivation of our work comes from the work of P. Bel-
kale, S. Kumar and N. Ressayre [1]. The main results in the article [1]
raised up some first clues about relations between shifted Littlewood-
Richardson coefficients with Littlewood-Richardson coefficients. N.
Ressayre conjectures an inequality between them in [3]

gλµ ≤ cλ̃µtµ.

We do not use the approach from geometry as in [1], but we try to de-
velop the combinatorial model of Stembridge [4] to discover the bridge
between coefficients.

A NEW COMBINATORIAL MODELS FOR THE COEFFICIENTS f νλµ
Given a skew shifted shape ν/µ, we number the boxes from top to bottom and right to left in each row by 1, 2, . . . , ν/µ, respectively. The result is
denoted by T̃ν/µ.

Let l be the number of boxes in the shifted skew diagram of ν/µ. For each k = 1, 2, . . . , l, let k∗ to be meant k or k′.

Let Õ(ν/µ) be the set of all tableaux T of size l of unshifted shape constructed from T̃ν/µ, satisfying the following conditions:

(C1) If k and k + 1 appear in the same row of T̃ν/µ, then (k + 1)∗ appears weakly above k or (k + 1)∗ appears strictly above k′ in T .

(C2) If h appears in the box directly below k in T̃ν/µ, then h∗ appears weakly below k′ or h∗ appears strictly below k in T .

(C3) T is filled by the alphabet {1′ < 1 < 2′ < 2 < · · · < l′ < l} such that only one of k or k′ appears in T for each k = 1, 2, . . . , l. The
rightmost letter in each row of T is unmarked.

(C4) For each j = 1, 2, . . . , n− 1, let T j↓ be the result of T by removing the boxes with entries k′ or k > j if exists. Suppose that the shape of
T j↓ is (τ1, τ2, . . . ). Then τ1 ≥ τ2 ≥ . . . and if τi−1 = τi for some i, the entry (j + 1)∗ does not belong to the ith row of T .

(C5) For each j = n, n − 1, . . . , 2, let T j↑ be the result of T by changing k′ to k with k ≥ j, removing the boxes with entries k′ < j if exists.
Suppose that the shape of T j↑ is (τ1, τ2, . . . ). Then τ1 ≥ τ2 ≥ . . . and if τi−1 = τi for some i, the entry j − 1 does not belong to the (i − 1)th
row of T and the entry (j − 1)′ does not belong to the ith row of T .

Theorem 0.1. Let λ, µ, ν be strict partitions. Then the coefficient fνλµ is the number of the tableaux T in Õ(ν/µ) of shape λ.

Theorem 0.2. Let λ be a strict partition and µ be a partition. Then the coefficient gλµ is the number of the tableaux T in Õ(µ+ δ/δ) of shape λ.

ON THE COEFFICIENTS gλµ

s(Tλ) = 1 1 2 . . . k

2 . . .
...

...

k

T (µt, µ, s(Tλ)) = {pairs of tableaux (T,U) of shape (µt, µ) | T.U = s(Tλ)}

T (µt, µ, s(Tλ)) = {pairs of tableaux (U t, U) of shape (µt, µ) | U t.U = s(Tλ)}

Theorem 0.3. Let λ be a strict partition and µ be a partition. Then gλµ = #T (µt, µ, s(Tλ)).

Theorem 0.4. Let λ be a strict partition and µ be a partition. Then gλµ ≤ cλ̃µtµ.

Conjecture 0.5. Let λ be a strict partition and µ be a partition. Then g2
λµ ≤ cλ̃µtµ.

Conjecture 0.6. There exists a bijection S from the set T (µt, µ, s(Tλ)) to the set T (µ, µt, s(Tλ)) such that

1. The restriction of the map S on the set T (µt, µ, s(Tλ)) is a bijection onto the set T (µ, µt, s(Tλ)).

2. The elements of the set T (µt, µ, s(Tλ)) have the form (U tα, Uα), with index α. Let (Vα, V tα) be the image of (U tα, Uα) through the bijection S. Let (U tα, Uα)
and (U tβ , Uβ) be elements of the set T (µt, µ, s(Tλ)). If (U tα, Uβ) is not in the set T (µt, µ, s(Tλ)), then (Vα, V tβ ) is in the set T (µ, µt, s(Tλ)).

Remark 0.7. We describe the map S in [2].

Proposition 0.8. Let λ be a strict partition and µ be a partition. Then gλµ = gλµt .

Proposition 0.9. Suppose that Conjecture 0.6 holds. Then we have g2
λµ ≤ cλ̃µtµ.

Remark 0.10. Thanks to Theorem 0.3, the validity of Conjecture 0.6 1. implies Proposition 0.8.

EXAMPLE
For λ = (3, 2), µ = (3, 2), ν = (5, 3, 2), we have

The set Õν/µ contains two tableaux below. Hence fνλµ = 2

The computation data below show the inequality conjecture g2
λµ ≤

cλ̃µtµ, and the conjecture between combinatorial models for λ =
(5, 2), µ = (4, 2, 1)
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