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1 In tro duction

Randomgraph processesand related discreterandom processesarebeingusedincreasinglyin
the analysisof randomisedalgorithms and the study of randomgraphs. Someof the important
results have recently been obtained by establishing a connection between the processand
an associated di®erential equation1 or system of di®erential equations. The solution of the
di®erential equationsprovidesa deterministic approximation for the dynamicsof the random
process.

This ideaof approximation hasexistedin connectionwith continuousprocesses(essentially
since the invention of di®erential equationsby Newton for approximation of the motion of
bodies in mechanics) before being applied to random graphs, and someresults for discrete
processesalso appearedbefore. For instance, Kurtz's theorem [31] is applicable to discrete
processes.It was usedin the analysisof a random greedymatching algorithm by Karp and
Sipser[29], which was the ¯rst application of this method to random graphs.

This paper is partly a survey of applications of a method or approach, but mainly an
exposition of the method and what we can expect from it. The main theorem(Theorem 5.1)
attempts to be general-purpose. The generalsetting is a sequenceof random processesin-
dexed by n (which is often the number of vertices in the initial graph of the process),and
the aim is to ¯nd properties of the random processin the limit as n ! 1 . In general,the
conclusiononedraws after applying the method is that variablesde¯ned on a random process
are sharply concentrated, which informally meansthat they are asymptotically equal to cer-
tain deterministic functions with probability tending to 1 (as n ! 1 ). Thesedeterministic
functions ariseas the solutions to a systemof ordinary ¯rst order di®erential equations. For
somerandom graph applications the situation is rather delicate and higher accuracyin the
approximation is crucial (seeSections5.2 and 7.2). Higher accuracycan usually be obtained
by using ideasfrom the proof of the main theoremor associated resultssuch asCorollary 4.1.

Oneof the important featuresof this approach is that the computation of the approximate
behaviour of processesis clearly separatedfrom the proof that the approximation is correct.
A good exampleof this is in Section3.3.4. In addition, the solution of the di®erential equation
in Section7.2givesa suggestionof the crucial point in time at which a randomgreedypacking
algorithm will cometo a grinding halt. This feature is hard to glean from other approaches
to this problem which usethe nibble method of RÄodl [48].

This paper givesexamplesof the various typesof results, categorisedaccordingto which
versionof the method is required to obtain them. Somenew results are included, in partic-
ular, the ¯rst application of the di®erential equation method to packing in hypergraphsin
Section7.2. Also, the main theorem is a little stronger than that in [61], although the proof
is almost identical, and the derivation in Section 3.3.3 is new, as is the application to the

1What is a title with the first two words “differential equations” doing on a paper which is mainly about
graphs? Any reader feeling uncomfortable about this is assured that no real method of solving differential
equations is required to read this article except for simple first order ordinary differential equations, and even
those only in one or two places. More importantly, the same reader is encouraged to examine the interplay
between discrete and continuous mathematics more closely, and to note that obscure methods are not a
prerequisite of obtaining interesting results in this area.
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processin Section3.1 and 3.2.
Di®erential equations have of course turned up in studies of random graphs in other

contexts. One appearanceparticularly related to the present topic occurs in the study by
Pittel [43] of the limiting distribution of the number Yi of tree components of size i in the
random graph G(n; m). A Gaussiandistribution result is derived there by consideringthe
dynamicsof the processinduced on the Yi by adding a random edgeto the graph. A system
of ordinary di®erential equationsdescribes the behaviour of other variables from which the
varianceand covarianceof the Yi can be estimated. Another exampleis in Benderet al. [10]
which also has G(n; m) in the background, but there the object of study is the probability
of connectednessof the random graph. In that case,the di®erential equation also gives an
indication of trends in the process,but is not usedin the sameway as in the present notes.

There are naturally somerandom graph processesto which the di®erential equation ap-
proach hasnot beenapplied at all so far. The tree-growing processessuch as that studied by
Mahmoud et al. [39] provide a good example.

1.1 A brief look at the general metho d

The basic idea is quite simple. Compute the expected changesin random variables of the
processper unit time at time t and, regarding the variables as continuous, write down the
di®erential equationssuggestedby the expectedchanges.Then uselarge deviation theorems
to show that with high probability the solution of the di®erential equations is closeto the
valuesof the variables.

As mentioned above, this approach is standard in the study of continuoustime processes,
such as in the book by Kurtz [32]. (There the main emphasisis convergencein distribution,
rather than bounding the probability of very rare events which is regularly required for com-
binatorial applications.) Conversion to discretecan be doneby simple relations betweenthe
discretetime and continuous time processes(seeKurtz [32, Proposition 4.5]). Basically, this
is becausethe number of stepswhich the continuous time random processhas taken after a
given (long) time is sharply concentrated. More recently, Aldous [2] examinedthe generali-
sation of someof the results on the emergenceof the giant component in random graphs in
the setting of continuousprocesses.A di®erential equation result on that type of problem is
mentioned in [2, Section5.2]. Thoseinterestedin working with integration and measuresmay
prefer the continuousversionof this method. For combinatorialists, especially thosefamiliar
with sharp concentration phenomenain the discrete setting, working entirely with discrete
processesis no doubt easier.

The theorem in Kurtz [31] usedin [29] is stated for discreteprocesses.Being quite gen-
eral, it is similar in spirit to Theorem 5.1, but only giveso(1) type bounds on the errors in
probability, whereascombinatorial applicationsoften require boundsof the form O(n¡ C ) (for
someparticular constant C).

One of the distinguishing featuresof the applications consideredhere,to graph processes,
comparedto many other applications of di®erential equationsto random processes,is that
the vector processesconsideredare quite often not Markovian. However, they do needto be
closeto Markovian for the method to work, and fortunately this is often the case.
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1.2 Graph pro cesses

Most of the random processeswe consider here are graph processes. By this we mean a
processwhich beginswith somestarting graph (usually n isolated vertices) and repeatedly
adds edgesrandomly according to some stochastic rule. (Equivalently, there is a known
probability distribution for the next edgeor set of edgesto be added.) At somepoint, when
there are no more edgeswhich can legally be added, the processbecomesconstant. This
determines the probability spaceof sequencesG0; G1; : : : where Gt is the t th graph in the
process.If at time t no more edgescan be added,then Gi +1 = Gi for all i ¸ t and we call Gt

the ¯nal graph of the process. We will call the ¯rst such t the natural stopping time of the
process.

As an alternative, the starting graph G0 can be any given graph and during the process
the edgescan be deleted at random. The natural stopping time of such a processis again
when it becomesconstant. Another processwill usehypergraphsrather than graphs.

For all our graph processes,Gt will denote the evolving graph (or hypergraph) at time
t. Throughout, we use Yi (t) to denote the number of vertices of degreei in Gt , and with
referenceto any processin which edgesare added,thoseedge(s)addedat time t are denoted
by A t . In generalA t is permitted to be a set of edges.After the natural stopping time, A t

will be empty. We restrict the discussionhere to processesthat create no loops or multiple
edges. It follows that the natural stopping time is ¯nite in each case. If it is ¯xed at some
integer T, we may write G0; G1; : : : = G0; G1; : : : ; GT . We will be interestedin the behaviour
of the processas n ! 1 . Thus, we actually considera sequenceof random processes,each
with starting graphs of di®erent sizes. The behaviour of variables (such as Yi (t) which now
dependson n) can in many casesbe approximated well as n ! 1 , and this is the type of
result we aim for.

It turns out that with most random processeslike this, it is hard to tell what the prob-
abilit y distribution of the ¯nal graph is. One exception to this is also perhapsthe simplest,
called the standard random graph processin Section2. Another is a processwhich generates
regular graphsuniformly at random. But in general,the lack of knowledgeabout the precise
distribution of the processmeansthat somenon-elementary method such as that presented
herewill be crucial in determining the asymptotic behaviour of somefeaturesof the process,
and, in particular, properties of the ¯nal graph. Even when the distribution of the ¯nal
graph is \w ell known", such aswith random regular graphs,we can obtain resultswhich have
not beenobtained by other meansby consideringthe random processgeneratingthe graphs.
Examplesof this occur in [42] and [61].

1.3 Basic notation

1.3.1 Graph Theory

V(G) and E(G) are the vertex set and edgeset, respectively, of a graph G. Unlessotherwise
speci¯ed, V(G) = [n] = f 1; 2; : : : ; ng. We used(v) for a vertex v to meanits degree(usually
the graph is understood from context, but if not we may write dG(v)). ¢( G) denotesthe
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maximum degreeof a vertex of G, and ±(G) the minimum. There should be no confusion
betweenthis and the Kronecker delta function

±ij =

(
1 if i = j ;
0 otherwise:

The completegraph on n verticesis asusual denotedby K n , and the complement of a graph
G is denotedby G.

1.3.2 Probabilit y

We usethe notation P (probabilit y), E (expectation), Var (variance)and u.a.r. (uniformly at
random). Also, an event B = Bn holdsa.a.s.(asymptotically almostsurely) if limn!1 P(Bn ) =
1.

Po(¸ ) denotesthe Poissondistribution with expectation ¸ . Thus, if X has distribution
Po(¸ ) then P(X = i ) = ¸ i e¡ i =i! for i ¸ 0.

For probabilistic methods usedin combinatorics, see[4].

1.3.3 Other

For any integer k ¸ 0,
[x]k = x(x ¡ 1) ¢¢¢(x ¡ k + 1):

The sequencex0; x1; : : : is denotedby hx i i .

2 Some random pro cessesand their histories

This is a description of the random processeswhich are investigatedin detail in thesenotes,
togetherwith somebackground information. Thesearethe oneswith which I am most familiar
and sorepresent a biasedselectionof the processesto which the di®erential equationmethod
hasbeenpro¯tably applied. Other such processesare mentioned in Section8.

The ¯rst is the classicrandom graph process,which is mainly included for comparison.

Standard random graph pro cess.

Here G0 = K n , and chooseA t at random from the remaining non-adjacent pairs of
vertices. This stops when t =

³
n
2

´
. This is a processsuch that the m'th graph in

the sequenceis distributed as in G(n; m), the probability spaceof (n; m)-graphs with
uniform distribution.

Min-degree graph pro cess.

This processdoes not seemto have appeared elsewhere,and is mainly included to
provide a simplebut non-trivial exampleof the useof the di®erential equationmethod.
G0 = K n . Given Gt , choosea vertex u of minimum degreein Gt u.a.r., then a vertex v
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not adjacent to u in Gt u.a.r. Put A t+1 = uv. The process¯nishes with the complete
graph.

As an example,if G4 is the examplein Figure 1 and d = 2, then P(A5 = f 6; 2g) = 1=16
sinceu cannot be 2, P(u = 6) = 1=4, and P(v = 2 j u = 6) = 1=4. On the other hand,
P(A5 = f 6; 1g) = 1=8, sinceu can be either 1 or 6.

1 2

3

45

6

Figure 1: A graph in a random process

Degree bounded graph pro cess.

This processhas a parameter d, where d ¸ 2 for non-trivialit y. G0 = K n . Given Gt ,
chooseu.a.r. a pair of non-adjacent vertices which both have degreestrictly lessthan
d. Put A t+1 = uv. As in [50], for a given d, we call this simply the d-process. The
processstops when the graph induced by the verticesof degreelessthan d is a clique.
For example,if G4 is the examplein Figure 1 with d = 2, then the next edgeadded is
f 6; 1g with probability 1=5 sincethere are ¯v e vacant sitesfor edgesto join two vertices
of degreelessthan 2.

This processhasreceived a lot of attention (Ruci¶nski and Wormald [50, 51] and various
papers by Bali¶nska and Quintas, for example [7]), due to an interesting question of
Erd}os, asking for the asymptotic distribution of the number of vertices of degreeless
than d in the ¯nal graph. This questionwassettled in [50] usingthe di®erential equation
approach together with someother arguments. It wasshown that a.a.s.the ¯nal graph
is regular if dn is even, and almost regular, with onevertex of degreed¡ 1 and the rest
of degreed, otherwise. Such a graph we call d-saturated.

Degree bounded star graph pro cesses.

The degreeboundedstar graphprocesswasintroducedby Robalewska [45] (see[46, 47]).
It also has a parameterd which determinesthe maximum degreeof the vertices in the
graphs generated. It can begin with G0 = K n . Here several edgesare added in each
step of the process,the idea being that a natural and quick way to generatea d-regular
graph is to \¯ll" the vertices one after another. Given Gt , chooseu.a.r. a vertex v of
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minimum degreein Gt , and d ¡ d(v) other randomly chosenverticesof degreestrictly
lessthan d. The edgesfrom v to thesevertices form a star, in fact a (d ¡ d(v))-star.
Gt+1 is formed by adding the edgesof this star to Gt . For given d we call this simply
the star d-process. In this process,up to d edgesare added in each step, and so the
number of edgesin Gt can be as large as td. This processstops when Gt is d-regular
or, for somev of minimum degree,there are lessthan d ¡ d(v) other verticesof degree
strictly lessthan d.

This processis useful for generating random regular graphs, but the distribution is
not controlled. Other related random graph generationalgorithms were given by Tin-
hofer [57]. Theseprocessescould also be analysedusing the di®erential equation ap-
proach.

Pro cess generating random regular graphs

What is the size of the largest independent set (also called stable set) in a d-regular
graph? Finding the answer requires solving an NP-complete problem. Here, we are
interested in this question when the graphs are chosenu.a.r. Lower bounds on this
number wereobtained in [61] by studying the standard model (called the con¯guration
or pairing model) for uniformly generating random regular graphs. In this way, the
performanceof algorithms for ¯nding large independent sets in regular graphs can be
studied.

The model (seeBollob¶as [12] for example)can be described as follows. Take dn points
in n buckets labelled 1; 2; : : : ; n, with d in each bucket, and choose u.a.r. a pairing
P = p1; : : : ; pdn=2 of the points such that each pi is an unordered pair of points, and
each point is in preciselyonepair pi . If no pair contains two points in the samebucket,
and no two pairs contain four points from just two buckets, then we can produce a d-
regular graph by joining two distinct verticesi and j if somepair hasa point in bucket
i and one in bucket j . The d-regular graphson n verticesare all producedwith equal
probabilities. In any discussionof this model and algorithms on d-regular graphsin this
paper, we assumethat dn is even to avoid parity problems.

We rede¯ne this processslightly by specifying that the pairs are chosensequentially .
Actually it is useful to considera whole variety of processes,each of which producesa
pairing chosenu.a.r. Thesearisefrom the fact that in choosingthe pairs in the random
pairing sequentially , the ¯rst point in the next random pair can be selectedusing any
rule whatsoever, as long as the secondis chosenu.a.r. from the remaining points. For
example,onecaninsist that the next point chosencomesfrom the lowest-labelledbucket
(i.e. vertex) available, or from the vertex containing one of the points in the previous
completedpair (if any such ponts are still unpaired). As a consequenceof this, for any
algorithm being applied to the ¯nal random graph, the processfor generatingthe pairs
can be determinedby the order in which the algorithm queriesthe edgesof the graph,
and this order can be de¯ned dynamically. Two special casesof such a processwill be
treated, arising from two algorithms for ¯nding independent setsof vertices. This was
donein [61] to obtain lower boundson the expectedsizeof a maximal independent set

8



       

in a random d-regular graph. One of thesealgorithms, the degree-greedy algorithm, was
alsostudied by Friezeand Suen[21] in the cased = 3 (and calledMINGREEDY). Their
argument relies on a result from Frieze et al. [20] which used a di®erential equation
approach to approximate the number of verticesof degree0 in the random process.

An approximation algorithm for another graph function, the dominating number, can
be studied in the sameway for random regular graphs (seeSection 8). Undoubtedly,
there are still more that can be donein this way.

Onecan alsoask for propertiesof the evolving graph during the generationof a random
regular graph by the method above, if the pairs are chosenu.a.r. at each step. After
t pairs have beenchosen,plenty of properties can be deducedby direct computation,
becauseall sets of t non-intersecting (i.e. pairwise disjoint) pairs are equally likely.
However, for someof the morerecalcitrant questions,the di®erential equationapproach
may help. Molloy and Reed[42] have examinedthe sizeof the largestcomponent in the
evolving graph in this way.

Finding the k-core of a random graph

The k-core of a graph G is the unique maximal subgraphof minimum degreeat least k.
We discusshereonly the casek ¸ 3; most aspects of the casek = 2 are much simpler.
To ¯nd the k-coreof G onecanbeginby deleting all the verticesof degreelessthan k in
G. During thesedeletions,the degreesof someother verticescan fall below k, which are
then deletedin a secondround, and soon. This is continued until no verticesof degree
lessthan k remain. The resulting graph is the k-coreof G. The processdiscussedhere
is a slowed-down version of this: beginning with G, choosea random vertex of degree
lessthan k, delete it, and then repeat.

In [44] this random processwasapplied to a random graph with m edges,to show that
a.a.s.in G(n; m) the k-core ¯rst appearsat time m » c1(k)n and with size(number of
vertices)» c2(k)n. Both c1 and c2 weredetermined,aswell asa.a.s.the asymptotic size
of the k-core for larger m's. The successof this work lay in the choice of the process.
The massdeletion processmentioned above takesstepswhich are seeminglytoo large
to analysepreciselyin the limit (though boundson the threshold of appearanceof the
k-core were previously obtained in just this way | seeMolloy [40]). Other processes,
such asthe evenmoreslowed-down processof randomly deletinga randomedgeincident
with a vertex of degreelessthan k, were also consideredbut don't seemamenableto
analysis. An important feature of the chosenprocessis that at each stage the graph
remains random subject to a simple set of random variableswhich also determine the
transition probabilities at each step. No other simple,slow processwith this featurehas
beenfound for this problem. This wasoneof the recent big successesof the di®erential
equation method, so quite a lot of attention is devoted to it in thesenotes.

Greedy packing pro cess

The starting object of this processis somek-uniform hypergraphG0, soall hyperedges
of G0 contain exactly k vertices. We assumek ¸ 3. Gt+1 comesfrom Gt by selecting
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one hyperedgeu.a.r., marking its vertices, and deleting the hyperedgeas well as all
the hyperedgesintersecting it. The processstops when no hyperedgesremain. The
main item of interest is the number of vertices remaining unmarked when the process
¯nishes. This is called greedy packing becauseit greedily selectsa set of mutually non-
intersecting hyperedges(packing of hyperedges).Hence,unmarked vertices are called
uncovered. For a good non-trivial example,take G0 to be the hypergraphwhosevertices
are the edgesof the completegraph K n , and whoseedgesare the triangles of K n . Then
the processjust repeatedly deletestriangles from K n until no triangles remain, and the
question is how many edgesremain. Joel Spencerhaso®ered$200for a proof that the
answer is n3=2+ o(1) a.a.s.

The interest in this type of questionstemsfrom RÄodl's solution [48] of an old conjecture
of Erd}osand Hanani on existenceof near-perfectSteinersystems.This wasthe origin of
RÄodl's \nibble" method, which wasusedby several authors to obtain resultsshowing the
existenceof packings which cover almost all the verticesof hypergraphs. For a simple
hypergraph; that is, one in which any two verticesare in at most onehyperedge,it can
be extendedfurther. The best known result is the recent theoremof Alon et al. [3] that
a simple k-uniform, D-regular hypergraphon N verticeshasa packing which coversall
verticesbut at most O(N D ¡ 1=(k¡ 1)) if k > 3 and O(N D ¡ 1=2 ln3=2 D) if k = 3.

However, it is not known how good a packing the greedy algorithm produces. RÄodl
and Thoma [49], and Spencer [55] show that if the degreesof G0 are all D(1 + o(1))
with D ! 1 and the co-degrees(numbers of commonhyperedgesin which the pairs
of vertices lie) are all o(D) then the greedy algorithm almost surely leaves o(jV(G)j)
verticesuncovered. Grable [24] recently improved this to n7=4+ o(1) for the aboveexample
of triangles in K n (in which N =

³
n
2

´
) and states that his argument generalisesto the

bound N D ¡ 1=2(k¡ 1)+ o(1) for k-uniform D-regular simple hypergraphson N vertices.

Thus far, all the results obtaining upper boundsstronger than o(N ) on the number of
uncoveredverticesassumethe initial hypergraph G0 is simple and regular. It was only
very recently that the result of the greedyalgorithm was shown to be below N 1¡ ² for
some² > 0 [24].

The processeswe study herealso assumethat G0 is simple, as well as someother con-
ditions on the degreesof the verticeswhich allows them to vary a little. The conclusion
is that the greedyalgorithm a.a.s. leaves o(jV(G)j1¡ ² ) vertices uncovered. This proof
is not very complicatedand the value of ² which results can be improved with a little
work (but somenon-trivial modi¯cation would be required to equal or better Grable's
result).

The approach taken here with greedy packing and di®erential equationshas a lot in
commonwith the RÄodl nibble method and adaptations such asusedby Grable [24]. In
the original nibble method (as applied to this problem), a small number of hyperedges
are selectedat random, clashing ones(which intersect) are thrown away or otherwise
dealt with so that the degreesin the hypergraph do not di®er too much, and then
this is repeated. In [49] and [24] the greedy algorithm is analysed in roughly this
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way. In the present article there is a step in the proof of Theorem 5.1 which usesa
supermartingale spanning a number of steps; this is an analogueof a nibble, and the
idea is repeatedin proving Theorem7.1 on the packing process.On the other hand, the
di®erential equation method has no needto take nibbles. This is done in Theorem 5.1
for convenienceof obtaining a general theorem. Swallowing the processwhole tends
to give stronger results, as shown in Section 5.2. The relationship between the two
approachesis not yet fully explained.

3 Preliminary investigations

In this section we examinesomeof the processesde¯ned above and make someconclusions
basedon the non-rigorousassumptionthat everything goesmoreor lessat the expectedrate.
The sharp concentration of the variableswhich is required in theseassumptionsis discussed
rigorously in Section5.3.

3.1 Min-degree graph pro cess: phase 0

In order to study the structure of the evolving graph Gt in the min-degreegraph process,a
¯rst step is to ¯nd the expectednumber of verticesof given degree.The processgoesthrough
various phases:when the minimum degreeis k, the verticesof degreek disappear at a higher
rate than they do at any other time. Let us say that at time t the processis in phasek
if ±(Gt ) = k. That is, recalling Yi (t) denotesthe number of vertices of degreei in Gt , k is
minimum such that Yk(t) > 0.

Phase0 is the easiestto analyse,so this is taken separatelyin this discussionas a simple
example. During this phase,for each new edgeA t+1 the ¯rst vertex u has degree0, and the
secondv has

P(d(v) = i ) =
Yi (t)
n ¡ 1

(3.1)

sincev is free to be any vertex apart from u.
As an aside, note that the vector processY = (Y0; Y1; : : : ; Yn¡ 1) is Markovian; that is,

its distribution at time t + 1 is determinedby its value at time t independently of its earlier
history. This suggestsa quite valid next step in the analysis, namely to compute all the
transition probabilities in the Markov chain. This is a straightforward approach, but in many
casesit leadsto rather complicatedformulaebeforean almostmiraculoussimpli¯cation occurs
whencomputing the expectedchangein the variables. Insteadof taking this course,we prefer
to work out the expectedchangesby consideringthe contributions from the various possible
sources,thereby avoiding the sometimescomplicatedintermediate formulae.

When the edgeA t+1 is added,the changein Yi hascontributions from two sources;namely,
the changein degreeof u and the changein degreeof v. The former only a®ectsY0 and Y1,
sinceu changesfrom degree0 to degree1. The latter can a®ectYi in two ways: it can change
from i ¡ 1 to i , increasingYi by 1, or from i to i + 1, decreasingYi by 1. Separatethese
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possibilitiesby de¯ning indicator variablesX i , for the event d(v) = i . Then

Y0(t + 1) = Y0(t) ¡ 1 ¡ X 0;

Y1(t + 1) = Y1(t) + 1 + X 0 ¡ X 1;

Yi (t + 1) = Yi (t) + X i ¡ 1 ¡ X i for i ¸ 2.

In other words,
Yi (t + 1) = Yi (t) ¡ ±i 0 + ±i 1 + X i ¡ 1 ¡ X i :

Taking expectations,we have by linearity of expectation

E(Yi (t + 1) ¡ Yi (t) j Gt ) = ¡ ±i 0 + ±i 1 + EX i ¡ 1 ¡ EX i

= ¡ ±i 0 + ±i 1 +
Yi ¡ 1(t) ¡ Yi (t)

n ¡ 1
(3.2)

in view of (3.1), whereY¡ 1(t) is taken to be 0.
If we now imagine interpolating these variables Yi , which are de¯ned only at the non-

negative integers,by real functions, and presumethat the changesin the functions are equal
to their expectedchanges,we obtain a systemof di®erential equationsfor Yi (t), (i = 0; 1; : : :):

Y 0
i (t) = ¡ ±i 0 + ±i 1 +

Yi ¡ 1(t) ¡ Yi (t)
n ¡ 1

(i ¸ 0):

It should be emphasisedthat thesedi®erential equationsare only suggested (at this stage).
However, the steps of the processare almost independent, in a senseto be exploited in
Section5.1, where it is shown that the Yi are indeedconcentrated near the valuessuggested
by the solution of theseequations.

The nature of the limiting behaviour as n ! 1 can be emphasisedby consideringscaled
versionsof the variableswhich approach ¯xed functions in the limit. For i ¸ 0, we de¯ne a
real function zi (x) to model the behaviour of 1

n Yi (xn). Then, sincen ¡ 1 ¼ n in the limit, the
above di®erential equationsbecome

z0
i (x) = ¡ ±i 0 + ±i 1 + zi ¡ 1(x) ¡ zi (x) (i ¸ 0) (3.3)

wherez¡ 1(t) = 0 for all t. The initial conditions are z0(0) = 1 and zi (0) = 0 for i > 0.
Theseequationsareeasilysolvedoneby one,beginningwith z0

0(x) = ¡ 1¡ z0(x), z0(0) = 1.
This is ¯rst-order linear; the solution is

z0(x) = 2e¡ x ¡ 1: (3.4)

From herewe ¯nd z1(x) = 2xe¡ x , and then in generalfor i > 0

zi (x) =
2x i

i !ex
: (3.5)

We will show that (3.4) and (3.5) represent the \shape" of a typical process.
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Theorem 3.1 Take any function a = a(n) for which 1 · a · n. For ¸ and s satisfying
¸ = o(ln 2 ¡ s), with probability 1 ¡ O( a

¸ e¡ n¸ 3=8)

Yl (t) = nzl (t=n) + O(¸n )

uniformly for all 0 · l · a ¡ 1 and 0 · t · sn.

The proof is in Section5.3.
By taking for example a = n, ¸ = n¡ 1=4 and s = ln 2 ¡ n¡ 1=5, we obtain very sharp

concentration of all the Yi (t) near nzi (xn) until t is within n4=5 of n ln 2. From here,sinceY0

decreasesin each stepby at least1, Y0 inevitably reaches0 within another O(n4=5) steps,that
is, with t » n ln 2, at which point the evolving graph has approximately n ln 2 edges. (The
sameconclusioncomesby applying the theorem with a = 1.) When Y0 reaches 0, phase1
¯nishes and phase2 begins.

3.2 Min-degree graph pro cess: later phases

A similar analysis applies to phasek for k = 1; 2; : : :. There is a complicating factor here
however, that there may be edgesalready present between vertices of degreek and other
candidateverticesto join to. We call thesenuisance edges.Note that onecannot determine,
merely from the degreesequenceof Gt , the numbersof nuisanceedgesbetweenthe verticesof
variousdegrees.On the other hand, the previoushistory of the processa®ectsthe distribution
of thesenumbers, which are random variables. As a result of this, the vector processY =
(Y0; Y1; : : : ; Yn¡ 1) is not Markovian. (This is not a proof, but this statement is easily veri¯ed
even in the casek = 1.)

However, until the graph Gt is fairly dense,these nuisanceedgesshould be quite rare,
and so should not a®ectthe generaltrend. So, for now, we ignore them. Within each phase,
the assumptionthat the random variablesYi behave asexpectedleadsagain to the equations
(3.3), but with two di®erences.This ¯rst is that the equationsnow only apply for Yi with
i ¸ k, ¡ ±i 0 + ±i 1 becomes¡ ±ik + ±i (k+1) and Yk¡ 1 is taken as 0. The secondis that the
initial conditions are determinedby the previousphase,for which we can take the solutions
of the di®erential equations (3.3). This leads to a rather complicated set of functions zi ,
even for phase1 where the initial conditions are given by (3.5) with x = ln 2. However, the
solution can be obtained recursively, and it can be veri¯ed that zi in phasek can be written
as Pk;i e¡ x ¡ ±ik where the Pk;i are polynomials in x with Pk;i +1 =

R
Pk;i dx, the constant of

integration determinedby the initial conditions at the beginningof phasek. For example,in
phase1, z1 = 2(1+ ln 2)e¡ x ¡ 1. The endof phase1 is thusrepresented by x = ln 2+ ln(1+ ln 2),
sowe expect the evolving graph to have approximately (ln 2+ ln(1+ ln 2))n edgeswhenphase
2 begins. Theseresults about the processcan easily be made preciselike Theorem 3.1, and
proved inductively phaseby phase.

3.3 Degree bounded graph pro cess

Given d, this process(the d-process)adds edgesrandomly subject to the degreeof vertices
not exceedingd. Here we take d ¯xed. Unlike the min-degreegraph process,the degree
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boundedprocessis \smooth" in that there are no identi¯able phases.However, the process
is less\w ell rounded" at the end: the ¯nal graph can in generalbe any graph on n vertices
which is edge-maximalsubject to the condition ¢ · d.

As before, for 0 · i · d let Yi (t) denote the number of vertices of degreei in Gt . Since
verticesof degreed are ineligible for receivingan edge,the number of sitesavailable for A t is

Q(t) =

Ã
n ¡ Yd(t)

2

!

¡ F (t)

where F (t) denotesthe number of nuisanceedges;that is, edgesalready present between
vertices of degreelessthan d. We will have somecontrol over Yd(t) but very little control
over the random variable F (t). Luckily, it doesnot a®ectmatters too much sinced is ¯xed:
the trivial bound F (t) · dn=2 gives

Q(t) =
1
2

(n ¡ Yd(t))2 + O(n): (3.6)

However, note that as is the casefor the min-degreegraph process,the vector processY =
(Y0; Y1; : : : ; Yd) is not Markovian.

The probability that A t+1 occupiesany oneof the available placesis
1

Q(t)
. Next, what is

the expected changein the variables Yi in a single step of the process?In order to provide
a simple example, we examined = 2 separatelyand in more detail. The treatment of the
generalcasein Section3.3.2doesnot depend on Section3.3.1.

3.3.1 The 2-pro cess

In [50] it was the behaviour of the number of vertices of degree0 that lead to the main
theorem, that the d-processalmost always results in a d-regular graph (or almost d-regular,
in the sensethat one vertex has degreed ¡ 1 instead). Then in [51] various properties of
the processwere obtained in the cased = 2. Underlying this was the behaviour of the basic
probability in the process,which is determinedby Q(t). In this sectionweconsiderthe general
behaviour of Q(t) when d = 2.

Given Gt , the probability that the edgeA t+1 joins two vertices of degree0 is just the
number of such pairs of verticesdivided by the number Q(t) of availableplaces,or

³
Y0 (t )

2

´
=Q(t).

The probability it joins a vertex of degree0 to oneof degree1 is Y0(t)Y1(t)=Q(t). Hence

E(Y0(t + 1) ¡ Y0(t) j Gt ) =
¡ 2

³
Y0 (t )

2

´
¡ Y0(t)Y1(t)

Q(t)
: (3.7)

But note that the number of edgesin Gt is t = 1
2(Y1(t) + 2Y2(t)) by counting degrees,and

also
n = Y0(t) + Y1(t) + Y2(t): (3.8)

Eliminating Y2 from these,we ¯nd

Y1(t) = 2(n ¡ t ¡ Y0(t)) (3.9)
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and so, from (3.8) and (3.6),

Q(t) =
1
2

(2n ¡ 2t ¡ Y0(t))2 + O(n) (3.10)

»
1
2

(2n ¡ 2t ¡ Y0(t))2 (3.11)

provided n¡ tp
n ! 1 . Herewe usedthe bound Y0(t) · n ¡ t, which can be inferred from (3.9).

Thus, again using (3.9), (3.7) becomes(after a little algebra and dropping an insigni¯cant
term)

E(Y0(t + 1) ¡ Y0(t) j Gt ) =
¡ 2Y0(t)

2n ¡ 2t ¡ Y0(t)
+ o(1) (3.12)

provided n¡ tp
n ! 1 . De¯ning z(x) to model 1

n Y0(xn), asin Section3.1,suggeststhe di®erential
equation

z0(x) =
¡ 2z(x)

2 ¡ 2x ¡ z(x)
: (3.13)

The generalsolution of this is
2(1 ¡ x) = z(C ¡ ln z): (3.14)

SinceY0(0) = n, the initial condition is z(0) = 1, and so

z(2 ¡ ln z) = 2(1 ¡ x) (3.15)

(but seealsoSection3.3.3for a di®erent way to arrive at this result). The conclusionis that
the number of vertices of degree0 in Gt is a.a.s.closeto nz(t=n). This is made precisein
Theorem5.2. The behaviour of Q(t) is alsoobtained now via (3.11).

In [51], a version of this approximation result was proved, and using this it was shown
that the expectednumber of cyclesin the ¯nal graph Gn of this processis at most 3 + logn.
Properties of the number of short cycleswerealsoobtained, as discussedin Section3.3.4.

More preciseresultson numbersof cyclesand the probability that Gn is hamiltonian were
later determinedin [58] (seeSection5.4).

3.3.2 The d-pro cess for arbitrary d

In general,the nuisanceedgescomplicatethe formula analogousto (3.7) for Y1, Y2 etc., sowe
work with approximations. We needonepreliminary inequality. Noting that dn=2 ¡ t is the
number of extra edgeswhich Gt would needto make a d-regular graph, which cannot exceed
half of the de¯ciency in all the vertex degreeslessthan d, we have

dn ¡ 2t · d(n ¡ Yd(t)) : (3.16)

Given Gt and i < d, the expectednumber of verticesof degreei which are changedto degree
i + 1 by the addition of the edgeA t+1 is

Yi (t)(n ¡ Yd(t) ¡ 1) + O(n)
Q(t)

=
2Yi (t)

n ¡ Yd(t)
+ O

Ã
n

(n ¡ Yd(t))2

!
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provided dn=2¡ tp
n ! 1 . Here the error term O(n) on the left is due to those sites already

occupiedby edges.The error term on the right is from (3.6) and Yi (t) < n. In the following,
we assumet < n(d=2 ¡ ²) for some² > 0. Then in view of (3.16), this expressionbecomes

2Yi (t)
n ¡ Yd(t)

+ O
³
n¡ 1

´
: (3.17)

As (3.17) contributes negatively to the expected increaseof Yi (t), and positively to that
of Yi +1 (t) for i < d, we now obtain for 0 · i · d

E(Yi (t + 1) ¡ Yi (t) j Gt ) =
2(1 ¡ ±i 0)Yi ¡ 1(t) ¡ 2(1 ¡ ±id )Yi (t)

n ¡ Yd(t)
+ O

³
n¡ 1

´
: (3.18)

Here the Kronecker ± terms ensurethat Yi ¡ 1(t) is ignoredwhen i = 0, as is Yi (t) when i = d.
Introducing zi (x) to model 1

n Yi (xn) as before,the suggesteddi®erential equationsare

z0
i (x) =

2(1 ¡ ±i 0)zi ¡ 1(x) ¡ 2(1 ¡ ±id )zi (x)
1 ¡ zd(x)

; i = 0; 1; : : : ; d: (3.19)

The initial conditions are z0(0) = 1 and zi (0) = 0 for all other i . Theseequationsweregiven
for this processin [61], without a solution. In the following subsectionwe derive a solution
without \solving" them!

Theorem 3.2 Let zi , 0 · i · d be the solutions of (3.19), and ¸ = o(1). Then with
probability 1 ¡ O( 1

¸ e¡ n¸ 3=8)
Yl (t) = nzl (t=n) + O(¸n )

uniformly for all 0 · l · d and 0 · t < n(d=2 ¡ ²).

Sharp concentration is shown by taking ¸ = n¡ 1=4 for instance.
An improvement of this theorem(seeSection5.4) can be obtained which appliesto values

of t much closerto the natural end of the process,which occursby time nd=2. A result like
this (but with only an upper bound on Y0) was used together with an easyargument [50,
Corollary to Lemma 3.1] to show that a.a.s.Y0(t) = 0 for somet with nd=2 ¡ t ! 1 . From
this it was shown that the ¯nal graph of the d-processis a.a.s.d-saturated.

3.3.3 Probabilistic solution to the di®eren tial equations

Someof the justi¯cation of the argument in this sectionis only sketched. Sincethe argument
is merely a device to ¯nd a solution to (3.19), this is acceptable. On the other hand, the
discussionherealsoservesasa simple exampleof an approach which is useful for calculating
other things about processes,such as in the next section.

From Theorem3.2 and (3.6), with probability 1 ¡ O(n¡ K ) (for any ¯xed K )

Q(t) »
1
2

n2®2(t) (3.20)
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where®(t) = 1 ¡ zd(t=n). This and the other statements in this sectionapply only for time
t < n(d=2 ¡ ²) for some² > 0. (The processendsanyway by the time nd=2.) By (3.16), we
can assumethroughout that ®(t) ¸ ²0 for some²0 > 0. Now \forget" where ® camefrom,
and askwhat is implied by the knowledgethat Q(t) is usually closeto some¯xed function as
given by (3.20). If the concentration is sharpenough,we can determinethe expectednumber
of verticesof given degrees,as follows.

Let u 2 [n]. With knowledge of Q(t) and Yd(t) we can compute approximately the
probability that A t+1 is incident with u. If d(u) = i , the number of placesan edgecan
go incident with u is betweenn ¡ 1 ¡ i ¡ Yd(t) and n ¡ 1 ¡ Yd(t), and henceapproximately
n®(t). Thus, de¯ning H t to be the event that A t is incident with u,

P(H t+1 ) »
n®(t)
Q(t)

»
2

n®(t)
; (3.21)

P(H t+1 ) » 1 ¡
2

n®(t)
» exp

Ã

¡
2

n®(t)

!

: (3.22)

The probability that u has degreek < d in Gs can be calculated by classifying processes
accordingto the times t1 + 1; : : : ; tk + 1 that the edgesarrive. The probability of not receiving
edgesat any of the other times is the product of (3.22) over all 0 < t < s apart from t =
t1; : : : ; tk . Including theseextra k factors in this product makesno di®erenceasymptotically,
and so the probability of not receiving edgesat the undesiredtimes is approximately (see
justi¯cation below)

s¡ 1Y

t=0

exp

Ã

¡
2

n®(t)

!

= exp

Ã

¡
s¡ 1X

t=0

2
n®(t)

!

¼ exp

Ã

¡
Z s=n

0

2
n®(t)

dt

!

= e¡ ¸ (x) ;

wherewe de¯ne
¸ (x) =

Z x

0

2
n®(t)

dt (3.23)

and x = s=n. The probability that u does receive edgesat all of the desired times is the
product of (3.21) for t = t1; : : : ; tk , and so

P(dGs(u) = k) ¼ e¡ ¸ (x)
X

0· t1< ¢¢¢<t k<s

kY

i =1

2
n®(t i )

¼ e¡ ¸ (x) 1
k!

X

0· t1< ¢¢¢<t k<s

kY

i =1

2
n®(t i )

= e¡ ¸ (x) 1
k!

kY

i =1

s¡ 1X

t=0

2
n®(t)

¼
¸ (x)ke¡ ¸ (x)

k!
: (3.24)

We pausehere to note that the requirement in making this argument rigorous is to show
that the approximations in (3.21) and (3.22) are valid also when conditioning on the events
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that up until time t, the edgesincident with u arrived preciselyat the prescribed times. Since
® > ²0, this event turns out to have probability at least C(²)n¡ d (strictly , this is shown by
using this justi¯cation inductively | see[51, Theorem1] for the details of an argument just
like this one) and (3.20) holdswith probability at least 1¡ O(n¡ d¡ 1), soconditioning on such
events makesno di®erenceto the conclusion.

Interestingly, (3.24) shows that the distribution of the degreeof any given vertex in Gs is
asymptotically the sameas the distribution of minf X ; dg whereX is a Poissonvariable with
mean¸ (s=n). This determinesYk(t)=n, and hencezk(x) (approximately), for i < d, in terms
of ¸ (x). Another equationcomesfrom the fact that the sum of zi must equal1 sincethe total
number of vertices is n. Thus we are lead to

zi (x) =
¸ (x) i e¡ ¸ (x)

i !
(0 · i < d ¡ 1); zd(x) = 1 ¡

d¡ 1X

i =0

zi (x): (3.25)

It is easily veri¯ed that these functions satisfy the di®erential equations (3.19) for i < d.
However, all the variables are expressedin terms of the unknown function ¸ (x). This is
determined by the di®erential equation in (3.19) for i = d. However, it is simpler to ¯nd
anotherequation,solvefor ¸ , and then check that the di®erential equationin (3.19) is satis¯ed.
Note that Gs has s = 1

2

P d
i =1 Yi (s) edges.So, from the approximate equality of Yk(t)=n and

zk(x),
dX

i =0

iz i (x) = 2x: (3.26)

Eliminating zd betweenthis and (3.25), we obtain

e¡ ¸ (x)
d¡ 1X

i =0

(d ¡ i )¸ (x) i

i !
= d ¡ 2x:

This implicitly determines¸ (x) and henceall the zi (x). Finally, it is easyto check that the
equation for z0

d(x) is satis¯ed, by di®erentiating (3.26) and using the equation for zd in (3.25).

3.3.4 Distribution of short cycles in the 2-pro cess

In the previoussectionthe vertex degreedistribution wasobtainedpurely from the knowledge
of Q contained in (3.20). The samemethodology was usedin [51] to obtain the distribution
of short cycles in the ¯nal graph Gn of the 2-process. There it was shown that in Gn the
number of cyclesof length l is asymptotically Poissonfor ¯xed l ¸ 3. The samemethod of
proof actually gives the fact that the numbers of cyclesof given lengths up to some¯xed
bound are asymptotically independent Poisson. For l = 3 the mean was shown to converge
to 1

2

R1
0

(log(1+ x)) 2

xex dx ¼ 0:1887: This is closeto but, signi¯cantly, di®erent from the expected
number of triangles in a 2-regular graph selecteduniformly at random, which is 1

6 (seeBol-
lob¶as[11] or Wormald [60]). For l ¸ 3, the meanwasfound in the form of a rather intractible
n-fold integral.
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Underlying the proofs was knowledgeof the concentration of Q. The required concen-
tration is easily deducedfrom the concentration of Y0 given in Theorem 5.2 of the present
paper.

Here is a description of the argument (sketching someof the details, as in the previous
section). It usesthe method of moments. For this, de¯ne the random variable X l to denote
the number of cyclesof length l in Gn . One then computesthe factorial moments E[X l ]k
of X l , checks that they tend towards the factorial moments ¸ k of a Poissonvariable, and
concludesthat the variable is asymptotically Poisson,that is

P(X l = j ) »
¸ j

j !ej
: (3.27)

SeeBender [8], Bollob¶as [12], Alon, Spencer and Erd}os [4] for generaldescriptions of this
method in the combinatorial setting.

We examineonly l = 3 with k = 1 in detail, sincethe other casesare donethe sameway.
For f u; v; wg µ [n], considerthe indicator variable Wuvw for the event that uvw is a triangle
of Gn . Then X 3 =

P
Wuvw . Soby linearity of expectation

EX 3 =
X

EWuvw =

Ã
n
3

!

EW123 =

Ã
n
3

!

P(W123 = 1) (3.28)

sinceby symmetry, each of these
³

n
3

´
indicator variableshas the sameexpectation.

The event W123 = 1 can be partitioned into the events

Tq;r ;s = f Aq = f 1; 2gg^ f A r = f 1; 3gg^ f As = f 2; 3gg

whereq, r and s are distinct and 1 · q; r; s · n. We ¯rst compute the probabilities of these
events approximately, assuming

Y0(t) » nz(t=n) (3.29)

wherez is given by (3.15), and then describe the justi¯cation of this and the other approxi-
mations which useit.

To ¯nd the probability of Tq;r ;s we need to estimate the probability of not hitting the
vertices 1, 2 or 3 except with the edgesAq, A r and As. So consider the complementary
probability, of hitting one of these vertices. Take ¯xed values of q, r and s, and assume
without lossof generality q < r < s. The number of ways to add an edgeto Gt such that the
edgeis incident with at least oneof the verticesf 1; 2; 3g is

3(n ¡ Y2(t) ¡ 3) + 3 if t < q;

3(n ¡ Y2(t) ¡ 3) + 2 if q · t < r;

2(n ¡ Y2(t) ¡ 2) + 1 if r · t < s; and

0 if t ¸ s:

In view of (3.11) and (3.29), write

Q(t) ¼
n2

2
v(x)2 (3.30)
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where
x =

t
n

; v(x) = 2 ¡ 2x ¡ z(x): (3.31)

From (3.9) and (3.29) we have

n ¡ Y2(t) = Y0(t) + Y1(t) ¼ nv(x):

The probability that A t+1 is incident with at least oneof the vertices1, 2 or 3 is obtained by
dividing the expressionsabove by Q(t). Neglectingterms which are O(1=Q(t)) and using the
approximations for Q(t) and n ¡ Y2(t), this is

6
nv(x)

if t < r;
4

nv(x)
if r · t < s; and 0 if t ¸ s:

This leadsto the expression

q¡ 2Y

t=0

Ã

1 ¡
6

nv(x)

!

¼ exp
q¡ 2X

t=0

¡ 6
nv(x)

¼ exp
Z q=n

0

¡ 6
v(x)

dx

for the probability of not hitting f 1; 2; 3g with any A t+1 for t < q. The summation here is a
Riemannsumfor the integral, and the approximations are justi¯ed aslong asv(x) is bounded
away from 0, or at least does not go to 0 too quickly with n. (This statement is justi¯ed
in [51] using a sharp concentration result similar to, but actually weaker than, that obtained
herein Theorem5.2. The basicproblem is that of estimating probabilities of the conjunctions
of events such asAq = 12 and A r = 13, and the justi¯cation is similar to that described in the
argument in Section3.3.3. The speedwith which v(x) is permitted to go to 0 leadsto some
complicationswhich we omit from this sketch.) For q < t < r we obtain a similar expression
with lower limits q or q=n and upper limits r ¡ 2 or r=n, and for r < t < s we get

s¡ 2Y

t= r

Ã

1 ¡
4

nv(x)

!

» exp
s¡ 2X

t= r

¡ 4
nv(x)

» exp
Z s=n

r =n

¡ 4
v(x)

dx :

This is all an estimate of the probability that the processdoesnot join any edgesto the
verticesf 1; 2; 3g at the wrong times. On the other hand,

P(Aq = 12) =
1

Q(q ¡ 1)
; P(A r = 13) =

1
Q(r ¡ 1)

; P(As = 23) =
1

Q(s ¡ 1)
;

where theseprobabilities are conditional on Gq, Gr and Gs respectively. Estimating each of
theseusing (3.30) and assumingthey are asymptotically independent of the probabilities of
not hitting at the other times (which alsofollowsfrom the conditioning argument asmentioned
above) leadsto

P(Tq;r ;s) »
8

n6(v( q
n )v( r

n )v( s
n ))2

exp

Ã

¡ 6
Z r =n

0

dx
v(x)

¡ 4
Z s=n

r =n

dx
v(x)

!

:
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From (3.13) and (3.31), v(x) = ¡ 2z(x)
z0(x) and so

Z dx
v(x)

=
Z ¡ z0(x)

2z(x)
dx =

¡ ln z(x)
2

+ C :

Sincez(0) = 1, this simpli¯es the exponent to 2ln(z( r
n )) + 4ln(z( s

n )) and the result is

P(W123 = 1) =
X

1· q;r ;s· n

P(Tq;r ;s)

= 6
X

1· q<r <s · n

P(Tq;r ;s)

» 6
X

1· q<r <s · n

8z( r
n )(z( s

n ))2

n6(v( q
n )v( r

n )v( s
n ))2

» 48
Z 1

0

Z 1

x1

Z 1

x2

z(x2)(z(x3))2

n3(v(x1)v(x2)v(x3))2
dx3 dx2 dx1

wherethere is negligibleerror in replacing the sum by the integral. (The justi¯cation of this
is omitted in this sketch | this is whereit is important how closeto 1 x is permitted to get
in the above argument, sincev goesto 0.)

Now by (3.28), since
³

n
3

´
» n3=6,

EX 3 » 8
Z 1

0

Z 1

x1

Z 1

x2

z(x2)(z(x3))2

(v(x1)v(x2)v(x3))2
dx3 dx2 dx1:

Set
yi = v(x i )=z(x i ):

Then by (3.31), (3.15) and (3.13)

yi = 1 ¡ logz(x i ); dyi =
2dxi

v(x i )
:

With this changeof variables,and sincey(z(0)) = y(1) = 1 and lim
x! 1

y(z(x)) = lim
z! 0

y(z) = 1 ,

EX 3 » 8
Z 1

1

Z 1

y1

Z 1

y2

ey1 ¡ y3

y1y2y3
dy3 dy2 dy1 :

where the factor z(x3)=z(x1) was replacedby ey1 ¡ y3 by the de¯nition of yi . This integral
becomes Z 1

1

Z 1

y1

ey1 ¡ y3 (log y1 ¡ logy3)
y1y3

dy3 dy1

upon reversingthe order of the secondand third integrals. Making the substitutions

x = y3 ¡ y1;

y = logy3 ¡ logy1
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gives

EX 3 »
Z 1

0

Z log(x+1)

0

e¡ xy
x

dydx »
1
2

Z 1

0

(log(1 + x))2

xex
dx;

which givesthe above-mentioned integral formula for ¸ in (3.27) when l = 3.
To establish the fact that X 3 is asymptotically Poisson,we can show that its factorial

moments, for exampleE(X 3(X 3 ¡ 1)), behave as required for (3.27). The argument is very
similar to that for EX 3, so we do not include the details here.

3.4 Degree bounded star graph pro cess

3.4.1 The star d-pro cess in general

This processresembles the min-degreegraph process,sinceit progressesthrough phasessep-
arated by the times at which the minimum degreeof Gt increases.Again, phasei denotesthe
set of t for which ±(Gt ) = i . We will take d to be ¯xed.

An important simplifying featureof the star d-processcomparedto the onesaboveconcerns
the nature of the vector processY (t) = (Y0(t); : : : ; Yd(t)). The sourceof this simpli¯cation is
the fact that there cannot be any nuisanceedgesjoining a newly selectedvertex and the other
verticesof degreelessthan d. This is becauseat each step, at least oneend of every edgehas
degreed. The verticesof degreelessthan d henceform an independent set in Gt , and so it is
clear that the probability distribution of Y (t + 1) is determinedentirely from Y (t). It follows
that the vector processY (t) is Markov. The advantage of this is that in the analysisof the
expectedchangeof the variablesin onestep conditional on Y (t), there is no needfor an error
term of the sort occuring in (3.17). However, the di®erential equationsassociated with this
processunfortunately seemto have more complicatedsolutions than for the d-process,even
for d = 2.

We can argueas in Section3.3.2. If the processis in phasek at time t, when the star is
added to form Gt+1 the centre of the star changesfrom degreek to degreed. In addition,
the expectednumber of other verticeschanging from degreei to degreei + 1 is (d ¡ k)(Yi ¡
O(1))=(n ¡ Yd(t) ¡ 1) for i · d ¡ 1. This is becausethe other vertices in the star are chosen
u.a.r. from the n ¡ Yd(t) ¡ 1 verticesof degreelessthan d. The O(1) error term accounts for
the fact that during the processof adding thesed¡ k edgesoneby one,the value of Yi and of
the denominator can changeby O(1). (However, as mentioned above, sinceY (t) is Markov,
it is possibleto compute this error term explicitly. At this point we include such an error
term for minor simpli¯cation of the formulas and argument rather than by necessity as it was
for d-processes.)Soprovided n ¡ Yd(t) ! 1 , the expectedincreasein Yi in this step is

±id ¡ ±ik +
(d ¡ k)(Yi ¡ 1(t) ¡ Yi (t))

n ¡ Yd(t)
+ o(1):

Following [45, 47], write Z i =
P i ¡ 1

j =0 Yj , the number of verticesof degreestrictly lessthan
i . (This seemsto give slightly simpler equationsthan consideringYi .) The expressionabove
now becomes

¡ 1 ¡
(d ¡ k)(Z i (t) ¡ Z i ¡ 1(t))

Zd(t)
:
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Writing z(x) = 1
n Z(xn), the di®erential equationssuggestedare

z0
i (x) = ¡ 1 ¡

(d ¡ k)(zi (x) ¡ zi ¡ 1(x))
zd(x)

(3.32)

for i = k + 1; : : : ; d, wherez0; : : : ; zk are de¯ned to be 0. As zi corresponds to Z i , the initial
conditions for phase0 of the processare zi = 1 for all i > 0.

A result likeTheorems3.1and 3.2cannow bestated, which says that the Z i area.a.s.close
to the functions nzi (t=n). The validit y extendsuntil the time that Zk becomes0, which must
be closeto xk wherexk is the ¯rst positive solution of zk(x) = 0 (seethe proof of Theorem3.2
in Section5.3 for a similar argument). Sincephase0 ¯nishes when Y0 ¯rst becomes0, and
Y0 decreasesby at least 1 in each step in phase0, we can concludethat phase1 will a.a.s.
begin approximately when t ¼ nx0. Then during phase1 the samedi®erential equationswill
govern the process,but with k = 1, and the initial conditions are the valuesof the solution to
the ¯rst systemat x = x0. Sonote that the functions zi will behave di®erently here,and the
derivatives are not continuous at the phasetransition. The ¯nish of phase1 is determined
by x1 which is de¯ned in terms of the phase1 equations. And so on for the later phases.
Without actually solving the di®erential equations(3.32) in [47] it is shown that the solutions
are such that for 0 < k · d ¡ 1, zk+1 (x) is strictly positive when phasek begins(which is
when zk¡ 1(x) ¯rst reaches0 in phasek ¡ 1). Hencea.a.s. the processitself exhibits all the
phasesup to d ¡ 1; that is, at the end of each phasek there is at least a constant times n
verticesof degreek + 1.

Star d-processeshavea particular appealasan object of study, dueto the fact that the last
phase(d¡ 1) consistsof the addition of a uniformly chosenrandommatching to an independent
set of verticesof degreed¡ 1 (assumingthe number of such verticesis even!). Such a random
matching is for the most part much easierto analysethan say the last constant times n edges
of the random d-process. For example, in Section 3.3.4, the last part of the processcauses
the most trouble, where we have lessinformation about the conditional distribution of the
changesin the degreesequencefor each step.

3.4.2 The star 2-pro cess

Robalewska [46] wasable to obtain a good deal of information in the cased = 2. In this case
for phase0 the di®erential equations(3.32) becomez0

1 = ¡ 1 ¡ 2z1=z2 and z0
2 = ¡ 3 + 2z1=z2.

The solution for z1 is given implicitly by the equation

¡
1
2

ln(2v2 + 3v + 2) ¡
5

p
7

arctan

p
7(v + 1)
1 ¡ v

= ln(2x ¡ 1);

wherev = z1=(2x ¡ 1), and from this that the ¯rst positive solution of z1 = 0 is at

x0 =
1
2

Ã

1 ¡
1

p
2

exp

Ã

¡
5

p
7

arctan
p

7

! !

¼ 0:4640: (3.33)

So from the sharp concentration demonstrated in the previous section for star d-processes
in general, the random star 2-processa.a.s. has a transition from phase0 to phase1 (i.e.,
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all verticesof degree0 disappear) at t » x0n ¼ 0:4640n. Upon summing the degreesof the
vertices of Gt one obtains the relation Z1 + Z2 = 2(n ¡ 2t), from which it follows (using
the sharp concentration) that z1 + z2 = 2(1 ¡ 2x) (which can alternatively be derived from,
but is not immediately suggestedby, the di®erential equations(3.32)). This meansthat z2

and Z2 are now determined in phase0 (a.a.s., in the caseof Z2). On the other hand, in
phase1 the number of verticesof degree1 decreasesby exactly 2 at every step. Equivalently,
z2(x) = 2(1 ¡ x0 ¡ x). Sincez2 = 0 in this phasecorresponds to the end of the whole star
2-process,this must occur when t ¼ 1 ¡ x0 ¼ 0:5360.

In [46] several featuresof the star 2-processeswerestudied using the above results on the
concentration of the variables Z i . Theseinclude the distribution of the number of paths of
length k · 4 at time t, and similarly for cycles. It wasshown for instancethat the number of
cyclesin the evolving graph at the end of phase0 is asymptotically PoissonPo(¸ 0) with

¸ 0 = ¡
1
4

ln 2 +
3

2
p

7
arctan

p
7 ¼ 0:5124 (3.34)

and the number in the ¯nal graph of the processis asymptotically PoissonPo(¸ ) with

¸ =
1
2

(° + ln n) ¡
1

p
7

arctan
p

7;

where° ¼ 0:5772is Euler's constant. (Note that the term 1
2° in [46, Theorem3.1]shouldbe °

2 .
Also, the claimed bound O(1=ln n) on the total variation distancebetweenthis variable and
Po(¸ ) appliesonly for the number of cyclesformed in phase1; the addition of the number of
cyclesin phase0 could conceivably increasethis. However, it doesfollow from the argument
there that the expected number of cycles is equal to ¸ + o(1).) As in Section 3.3.4 for 2-
processes,the numbers of cyclesof given ¯xed length in the ¯nal graph of the random star
2-processareasymptotically Poisson,and Robalewska obtainedthe expectednumbersof 3-, 4-
and 5-cyclesassingleor double integrals. The expectednumber of triangles is approximately
0:0797,which is very di®erent from that in d-processesor random 2-regular graphswith the
uniform distribution (seeSection3.3.4). Theseresultsabout short cycleswereobtained using
an argument which is quite di®erent from that in Section3.3.4and [51], but which usesresults
from yet another application of the di®erential equation method. It runs along the following
lines. First, the auxiliary variable giving the number of paths of length l is shown, at the
end of phase0, to be a.a.s.cln + o(n) wherecl is a constant depending on l. This is proved
using a systemof di®erential equationsfor variablescounting the numbersof paths of length
l (l = 2; : : : ; k) at time t. The number of cyclesof length j is determinedfrom thesenumbers
and from the number of ways to join up paths of various lengths into a j -cycle. Using the
uniformit y of the matching placedin phase1, the expectation can be determined,as well as
the asymptotic Poissonproperty (using the method of moments).

Another result from [46] is that the probability that the ¯nal graph is hamiltonian is
asymptotically 1

2e¡ ¸ 0
p

¼=
q

n(1 ¡ 2x0) with ¸ 0 and x0 as in (3.34,3.33). This was obtained
by computing the probability of creating no cyclesuntil the last edgeof the whole process.
Unlike the paths and cycles,this requiresonly knowledgeof the concentration of the Z i , and
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no auxiliary variables. The argument requiredis lessdelicatethan the analogouscomputation
for the random (non-star) 2-process.

3.5 Simple greedy algorithm for indep endent sets

This is the ¯rst of the two algorithms we consider for ¯nding independent sets in random
d-regular graphs. The analysisusesthe pairing processdescribed in Section2. Note that at
any stageof selectingthe pairs, there is a corresponding graph whoseedgescorrespond to the
pairs, and which we refer to as the evolving graph.

This algorithm is the following: given a random d-regular graph G, choosethe verticesin
an independent set I consecutively, each vertex chosenrandomly from those not already in
the set, nor adjacent to a vertex in the set. In order to satisfy its description, this algorithm
must ¯nd all verticesadjacent to I as each new vertex is addedto I , which requiresprobing
all the edgesadjacent to vertices in I .

We needto relate the algorithm to the random pairing described in Section2, in which
we are free to chooseat each step any unpaired point, and then randomly selectits mate for
a pair. This can be done using what is called the method of deferred decisions by Knuth et
al. [30]. Randomly selectingthe mate of an unpaired point is called exposing the pair. When
the algorithm calls for probing all edgesincident with a vertex v added to the independent
set, the pairing processcan exposeall the unexposedpairs containing points in (the bucket
correspondingto) v. When the algorithm choosesanothervertex v, the pairing processexposes
all the points in that vertex, and so on. (In this respect, this processis the sameas the star
d-process,which exposesa star at each step, but the probabilities are di®erent.) Thus, if we
incorporate the random choice of v into the pairing process,then this processsimulates the
greedyindependent setalgorithm on a randomd-regulargraph. The pairing processgenerates
the edgesof the random graph just as the algorithm requiresthem. When no more vertices
with no paired points are left, i.e. the graph being generatedhasminimum degreeat least 1,
the algorithm stops,so the rest of the pairing processis irrelevant.

An appropriate set of random variableshasto be speci¯ed. Also, there is no needto have
the basic time parameter for thesevariables the sameas the canonicalone in the de¯nition
of the pairing process.The sizeof the independent set producedby the algorithm is equal to
the number of times the pairing processselectsa new vertex for pairing all its points, before
the number of verticeswith no paired points drops to 0. So keepingtrack of the number of
verticesof degree0 in the evolving graph, and the number of verticesaddedto I , will su±ce
to determineall that is required. However, if we choosethe basictime variable t to denotethe
number of pairs chosen,then thesevariablesbehave somewhaterratically, sincethe ¯rst pair
chosenafter putting a new vertex v into I always reducesthe number of vertices of degree
0, whereasother pairs sometimesreducethis number. So instead let the time t denote the
number of verticesin the set I , and let Y(t) denotethe number of verticesof degree0 in the
evolving graph after all the edgesincident with theset vertices have beengenerated. Then
the sizeof the independent set found is just the ¯rst t for which Y(t) = 0.

The number of points in the verticesof degree0 at time t is dY(t), and there are nd ¡ 2td
unmatched points in total (sinced pairs are chosenfor each unit of time). So the probability
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that a random point is in a vertex of degree0 at time t is dY (t)
nd¡ 2dt = Y (t)

n¡ 2t . This probability
changesa little during the next step, when the new vertex of degree0 is chosen,as soon as
the ¯rst point is eliminated from it (and the edgeto this point is about to be exposed). When
this happens, Y(t) immediately decreasesby 1, and the other point in the exposededgeis
chosenrandomly from the nd ¡ 2dt ¡ 1 remaining points. Nevertheless,for each of the d
edgesexposedin this step, the probability of joining to a vertex of degree0 (previously) is
Y (t)
n¡ 2t + O( 1

n¡ 2t¡ 2) provided 2t + 2 < n. Thus, usingPt to denotethe pairing generatedby time
t, and noting Y(t) · n ¡ 2t,

E(Y(t + 1) ¡ Y(t) j Pt ) = ¡ 1 ¡
dY(t)
n ¡ 2t

+ O(
1

n ¡ 2t ¡ 2
) (3.35)

for 2t + 2 < n.
Writing Y(t) = nz(t=n), the di®erential equation suggestedis

z0(x) = ¡ 1 ¡
dz(x)
1 ¡ 2x

(3.36)

with initial condition z(0) = 1. This is a ¯rst-order equation with solution

z(x) =
(d ¡ 1)(1 ¡ 2x)d=2 ¡ (1 ¡ 2x)

d ¡ 2
:

The smallestpositive solution of z(x) = 0 is

x0 =
1
2

¡
1
2

µ 1
d ¡ 1

¶ 2=(d¡ 2)

:

Using the samemethod of proof asTheorems3.1 and 3.2, it follows that the independent
setwhich the greedyalgorithm ¯nds in a randomd-regulargrapha.a.s.hassizeasymptotically
n
2 ¡ n

2

³
1

d¡ 1

´ 2=(d¡ 2)
.

This is not as large as the one found using the degree-greedyalgorithm (seeSection7.1).

4 Bounding large deviations

To show that the randomvariablesin a processusually approximate the solution of di®erential
equationsas derived in Section3, we uselarge deviation inequalities. Theseinequalities are
often usedto give an upper bound on the probability that a random variable deviatesvery
far from its expectedvalue. In probabilistic applications to discretemathematics,abundant
useis madeof Markov's inequality,

P(X ¸ ®EX ) ·
1
®

(4.1)

whereX is a non-negative random variable and ® > 1.
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Although Markov's inequality is the simplest,someof the most powerful inequalitiesof this
typecomerelatively easilyby applying Markov's to a simpletransform of the randomvariable
in question. In a typical situation with a random process,the aim is to show that the random
variable Yt of interest is sharply concentrated. In fact, Yt ¡ Y0 is the sum of the di®erences
Yi ¡ Yi ¡ 1, 1 · i · t. If one is lucky, the di®erencesYi ¡ Yi ¡ 1 are independent, in which case
the Cherno®bounds(see[16] and [4]) are very useful and are often closeto the true values.
When the di®erencesare not independent but there is a large degreeof independence,results
can often be obtained by making use of analogousbounds given for martingales (de¯ned
below) by Hoe®ding[26], which are alsouseful in the independent case.Theseweresurveyed
by McDiarmid [34] and Bollob¶as [12] and new applications are continually occurring (for a
physically closeexample,seeSrinivasan[56]). The martingale is often related to hYt i in some
indirect, occasionally ingenious,way, designedso that concentration of the elements in the
martingale sequenceimplies concentration of Yt .

In using these inequalities it is helpful to realise that they tend to be close to sharp.
Hencethey usually give bounds lessthan 1 on the probability as long as the deviations are
approximately as large as the standard deviation, or bigger.

4.1 Martingales and supermartingales

A martingale with respect to a random processG0; G1; : : :, with G0 ¯xed, is a sequence
X 0; X 1; : : : of random variablesde¯ned on the random processsuch that 2

E(X i +1 j G0; G1; : : : ; Gi ) = X i (i = 0; 1; : : :) :

In most applicationsin the randomgraph literature, and in the present article, the martingale
satis¯es the property that E(X i +1 j G0; G1; : : : ; Gi ) = E(X i +1 j Gi ), so the condition above
becomes

E(X i +1 j Gi ) = X i : (4.2)

Also, in most of theseapplications, the random processis of ¯nite length. This can also be
viewed asan in¯nite processwhich becomesconstant by somepredeterminedtime. Similarly,
the restriction of any associated martingale to an initial sequencecan alsobe de¯ned to be a
martingale.

The martingale above can be written as the sequenceof partial sums of the sequence
hYi i = hX i ¡ X i ¡ 1i , in which casehYi i is calleda martingaledi®erence sequence. The Hoe®ding
and Cherno®boundsrely on the sametype of largenumber e®ectthat causesthe distribution
of

P t
i =1 Yi to be close to normal, and so they work best when no small subset of the Yi

dominates the sum. This is most conveniently ensuredby hypothesisingthat there is some
uniform upper bound on the di®erencesjX i ¡ X i ¡ 1j, hencethe term \b ounded di®erence
inequality".

We begin with a simple example of a martingale de¯ned on a graph processin a very
natural way. Considera processG0; G1; : : : whereG0 is any given graph with n ¸ 3 vertices,

2Also EX i should be finite for all i .
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and Gi +1 comesfrom Gi by the following operation. Choosethree vertices at random from
Gi . If they induce a completegraph K 3 or its complement, do nothing. If there is only one
edgejoining them, with probability 2

3 deleteit and otherwiseadd the other two edgesto make
a K 3. If there are two edgesjoining them, with probability 1

3 deletethem and otherwiseadd
the third edge. Put X i = jE(Gi )j. If we condition on Gi and additionally on the outcome
of the random selectionof three vertices, the expected increasein the number of edgesis 0.
Consequently, it is also0 conditioning only on Gi , and so (4.2) is immediately satis¯ed; that
is, f X i g is a martingale with respect to f Gi g.

Sincethis processis such a simple one, somequestionsabout it can be answered easily.
For instance, note that with probability 1 the processeventually becomesconstant. It is a
Markov chain whosestates are the n-vertex graphs, and the only absorbing states are the
complete graph and its complement. We call the absorbing state reached the ¯nal graph.
What is the probability p that the ¯nal graph G is the completegraph? This is easily found
from the observation that for a martingale EX i +1 = EX 0 for all i ¸ 0, and so

jE(G0)j = EjE(G0)j = EjE(Gi )j ! p

Ã
n
2

!

as n ! 1 , from which p = jE(G0)j=
³

n
2

´
.

A natural follow-up question is on the rate of convergence:how long doesit usually take
to reach the ¯nal graph? This is much harder to answer, but a good indication comesfrom
the boundeddi®erenceinequalitiesof Hoe®ding[26], such as the following onewhich is often
called Azuma's inequality [6].

Lemma 4.1 Let X 0; X 1; : : : ; X t be a martingale such that jX i ¡ X i ¡ 1j · ci , 1 · i · t, for
constantsci . Then for any ® > 0

P(jX t ¡ X 0j ¸ ®) · 2exp

Ã

¡
®2

2
P

c2
i

!

:

This is often appliedwith ® >>
p

t and the ci all smallnon-zerointegers. In the martingale
discussedabove, ci = 2 for all i . HenceP(jX j ¡ X 0j ¸ ®) · 2e¡ ®2=8j (® > 0). From this,
the expected time taken for the processto reach an absorbingstate is at least C®2, where
® = minfj E(G0)j;

³
n
2

´
¡ jE(G0)jg, and C is a constant.

Unfortunately, natural martingales of the type in this exampleare not often useful. In-
stead,oneoften appliesthe above inequality to the sequenceof variables

Yi = E(X n j G0; G1; : : : ; Gi )

for i · n. Often calledDoob'smartingale process,this is always a martingale for any variables
X i determined by G0; G1; : : : ; Gi . Establishing somebound on the di®erencesin such Yi is
required for Lemma 4.1. There is a broad classof graph processesfor which such bounds
have beenshown to be automatic (seeMcDiarmid [34, x3] and Alon, Spencerand Erd}os [4]).
However, it can be rather tricky, such as in [50], wherethe Doob processwas originally used
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to establishthe relevanceof di®erential equationssuch asthat occurring in Section3.3.1(also
usedin [51]).

Instead of using the Doob martingale, for our purposeshere it is easierto obtain results
which are just asstrong usingsupermartingales.A supermartingale with respect to G0; G1; : : :
is a sequenceX 0; X 1; : : : of random variablesde¯ned on G0; G1; : : : such that

E(X i +1 j G0; G1; : : : ; Gi ) · X i (i = 0; 1; : : :):

We will use the following simple supermartingale inequality analogousto Lemma 4.1. This
lemma appeared in [61], but it is nothing more than the standard technique for estimat-
ing large deviations, which involvesapplying Markov's inequality to the moment generating
function of X i . The proof comesimmediately, from a standard proof of Lemma 4.1 as given
in [34]. We give the proof herebecausethe method and its adaptations are very powerful for
obtaining Hoe®dingand Cherno®[16] type inequalities.

Lemma 4.2 Let X 0; X 1; : : : ; X t be a supermartingale where X 0 = 0 and jX i ¡ X i ¡ 1j · ci for
i ¸ 1 and constantsci . Then for all ® > 0,

P(X t ¸ ®) · exp

Ã

¡
®2

2
P

c2
i

!

:

Pro of. Take any h > 0 (whosevalue will be optimised later). Using Markov's inequality for
the secondstep,

P(X t ¸ ®) = P(ehX t ¸ eh®) · e¡ h®E(ehX t): (4.3)

But

E(ehX t) = E
³
ehX t¡ 1 eh(X t¡ X t¡ 1 )

´

= E(ehX t¡ 1 E(eh(X t¡ X t¡ 1 ) j G0; : : : ; Gt ¡ 1)) (4.4)

since3 E(AB ) = E(AE(B j C)) for any random variablesA, B and C with A a function of C.
Sinceehx is convex on [¡ ct ; ct ], we have for x 2 [¡ ct ; ct ]

ehx ·
1
2

(ehct + e¡ hct) +
x

2ct
(ehct ¡ e¡ hct):

So

E(eh(X t¡ X t¡ 1 ) j G0; : : : ; Gt ¡ 1)

· E
µ 1

2
(ehct + e¡ hct) +

X t ¡ X t ¡ 1

2ct
(ehct ¡ e¡ hct) j G0; : : : ; Gt ¡ 1

¶

·
1
2

(ehct + e¡ hct) as X 0; X 1; : : : is a supermartingale

= cosh(hct ) =
1X

k=0

(cth)2k

(2k)!
·

1X

k=0

c2k
t h2k

2kk!
= e

1
2 c2
th2

: (4.5)

3See, for example, Grimmett and Stirzaker [25, Section 3.7]). Technically, in this application we are not
conditioning on a variable C but a sub-¾-field of the ¾-field of our random process. This works the same
way since we can always define a random variable with distinct values on the blocks of the partition of the
underlying set induced by the sub-¾-field.
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So(4.4) now becomes
E(ehX t) · E(ehX t¡ 1 )e

1
2 c2
th2

· e
1
2

P t

i=1
c2
i h2

by induction. So from (4.3),

P(X t ¸ ®) · e¡ h®e
1
2

P
c2
i h2

:

From this the best bound is obtained by putting h = ®P
c2
i
, which givesthe lemma.

A submartingaleis de¯ned likea supermartingale,but with E(X i +1 j G0; G1; : : : ; Gi ) ¸ X i .
Since this is equivalent to ¡ X i being a supermartingale, statements like Lemma 4.2 also
provide upper bounds on the lower tails of submartingales. Since a martingale is both a
submartingaleand a supermartingale, Lemma 4.1 follows.

4.2 Use of stopping times

The concept of a stopping time with respect to a random processis almost indispensible.
This is any random variable T with valuesin f 0; 1; 2; : : :g[ f1g such that 4 onecandetermine
whether T = n from knowledgeof the processup to time n. The name can be misleading,
sincea processdoesnot necessarilystop when it reachesa stopping time.

The key result we requireof stopping times is the following from [25, Section12.4]. It says
that if a supermartingale hX i i is stopped at a stopping time (i.e., hX i i becomesstatic for all
time after the stopping time) then the result is a supermartingale. In the caseof processesof
¯nite length, this is a special caseof the Optional Sampling Theorem. We denoteminf i; Tg
by i ^ T.

Theorem 4.1 If, with respect to someprocess,hX i i is a supermartingale and T is a stopping
time, then hX i ^ T i is also a supermartingale with respect to the sameprocess.

Many applicationsof Lemma4.2 to processeswill bene¯t slightly from the useof stopping
times. A common situation is that the expected increaseof a variable X i , per step of the
process,can be bounded above. It will then follow that the variable is unlikely to increase
much faster than at the rate suggestedby that upper bound. This turns out to be such an
important application that we state it as a separateresult. (This contains Lemma 4.2 in the
caseb = 0.) Stopping times help by showing that the bound given by Lemma 4.2 for the
deviation of X t applies with the sameprobability for all of the X i , i · t (which appears to
give somethingfor free):

4Technically, T is defined with respect to a filtration; that is, a nested sequence of ¾-fields fF i g, with F0

trivial. In the case of random graph processes, fF i g is just the ¾-field generated by the graph subsequences
G0; G1; : : : ; Gi , which is equivalent to the partition of the underlying set of the probability space induced by
all possible outcomes of the graph sequence up to time i . The random variable T is a stopping time if it has
values in f 0; 1; 2; : : :g [ f1g and the event f T = ng is measurable with respect to Fn .
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Corollary 4.1 Let G0; G1; : : : ; Gt be a randomprocessand X i a randomvariabledetermined5

by G0; G1; : : : ; Gi , 0 · i · t. Suppose that for somereal b and constants ci , E(X i ¡ X i ¡ 1 j
G0; G1; : : : ; Gi ¡ 1) < b and jX i ¡ X i ¡ 1 ¡ bj · ci for all 1 · i · t. Then for all ® > 0,

P (9i (0 · i · t) : X i ¡ X 0 ¸ ib + ®) · exp

Ã

¡
®2

2
P

c2
j

!

:

Pro of. Note that Yi = X i ¡ X 0 ¡ ib de¯nesa supermartingalewhosedi®erencesare bounded
above by ci . Let T be the stopping time which is de¯ned as the ¯rst time that Yi ¸ ®. By
Theorem 4.1, hYi ^ T i is a supermartingale. Applying Lemma 4.2 to this supermartingale at
time t givesthe corollary.

Note. Now that we have stopping times under our belt, we can give a slightly slicker proof
of Lemma 4.2 and Corollary 4.1. From (4.5)

E(ehX i j G0; : : : ; Gi ¡ 1) · ehX i¡ 1 e
1
2 c2
i h2

:

It follows that

Yi = ehX ie¡ 1
2 sih2

where si =
iX

j =1

c2
j

de¯nes a supermartingale (with respect to the sameprocessas hX i i ). De¯ne the stopping
time T0 to be minf i : X i > ®g, and T = t ^ T0. By Theorem4.1, hYT i is a supermartingale.
SoEYT · EY0 = 1; that is,

E(ehX T · e
1
2 sT h2

) · e
1
2 sth2

:

So
P(X i ¡ X 0 ¸ ® for some 0 · i · t) · e

1
2 sth2 ¡ h®:

As beforeput h = ®
st

, to obtain Corollary 4.1 in the caseb = 0. (The generalcaseis similar,
again by consideringYi = X i ¡ X 0 ¡ ib.)

Besidesbeingusedto prove the main theorem,Corollary 4.1canbe especially usefulwhen
a processis nearingits completion,or nearingthe transition to another phase,and the trends
in someof the relevant variablesbecomeerratic, which is typical if the variablesare discrete
and their values becomesmall. One of the variables, or a function of them, can have its
behaviour boundedat least in onedirection by bounding the expecteddi®erences.Examples
occur in establishing the phasetransitions in the degree-greedyalgorithm for independent
setsin Section7.1 and also the ¯nal part of the process̄ nding the k-core in Theorem6.4.

A simple application is given next.

4.3 Large comp onents in d-pro cesses

One of the central themesin the study of random graphs is the phasetransition, being the
time at which the largestcomponent of the evolving random graph G(n; m) grows from \v ery

5To be precise, X t is measurable with respect to the ¾-field generated by G0; G1; : : : ; Gi .
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small" to \v ery large". \V ery small" can be de¯ned as smaller than any ¯xed power of n,
and \v ery large" can be larger than a constant times n. SeeJanson et al. [28] for many
interesting results on this. (This usageof \phase transition" is a little di®erent from the
phasesof processesin the present paper.)

Considerthe degreeboundedgraph process(d-process)with d ¸ 3, and de¯ne l(G) to be
the number of verticesin the largest component of Gt . An unsolved problem is to show that
this processexhibits a phasetransition in the above sense. In particular, does there exist
c > 0 such that for all ² > 0,

P(l(Gt ) < n0:1) ! 1 for t < n(c ¡ ²) and P(l(Gt ) > n0:9) ! 1 for t > n(c + ²):

This occurs at c = 1
2 in G(n; m). In [52] it is shown that if the phasetransition occurs in

the random d-process,d ¸ 3, then c · ( d
2 ¡ 1

6)n. This was doneby showing a versionof the
following which is slightly stronger (and for generald). The argument is restricted here to
d = 3 for simplicity, and without trying to get the best constants. In any case,the argument
herecannot reducet0 below n, whereasthe phasetransition no doubt occurswell beforethis
time.

Prop osition 4.1 For t0 = d5
4ne in the random 3-process,l(Gt0 ) ¸ n

100 a.a.s.

Pro of. This is basedon the fact that if there is no large component then there is a good
chanceof joining two components. Every time this happens,the number of components goes
down. This cannot happen more than n ¡ 1 times!

If l (Gt ) ¸ n
100 at time t > 0, we say that the processis successful at time t, and let S(t)

be the indicator variable for this event.
Consider G(t) in the casethat the 3-processis not successfulat time t · 5n

4 . All com-
ponents have at most n

100 vertices, and by counting edges,the number of vertices of degree
3 is at most 5n

6 . It follows that when the next edgeA t+1 is chosen,there are at least n
6 ¡ 1

choicesfor each of its endsu and v. We can regard u as being chosen¯rst. Then sinceall
components have at most n

100 vertices, the probability that v is in the samecomponent as
u (this is conditional on Gt ) is at most ( n

100 ¡ 1)=( n
6 ¡ 1) < 6

100. Thus for G(t) such that
S(t) = 0,

P(D(t + 1) = D(t) ¡ 1 j Gt ) >
94
100

whereD(t) denotesthe number of components of Gt . The only other possibility is D(t + 1) =
D(t). Thus

E(D(t + 1) ¡ D(t) j Gt ) · ¡ 0:94:

De¯ning

Y(t) =

8
<

:
D(t) S(t ¡ 1) = 0

Y(t ¡ 1) ¡ 0:94t otherwise;

it follows that for all G(t), E(Y(t + 1) ¡ Y(t) j Gt ) · 0:94. Moreover, the di®erencessatisfy
jY(i ) ¡ Y(i ¡ 1) + 0:94j · 0:94. Applying Corollary 4.1 (with c = 1 for convenience,and
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noting Y(0) = n),

P(Y(t) ¸ n ¡ 0:94t + n
2
3 ) · exp(¡ n

4
3 =(2t)) · exp(¡ 2n

1
3 =5) ! 0 (4.6)

for t · 5
4n. But if the processis unsuccessfulat time t0 ¡ 1, Y(t0) = D(t) > 0 always, whereas

(4.6) implies that Y(t0) < ¡ 1
6n a.a.s. Thus, a.a.s. the processis successfulby time t0, and

the proposition follows.

4.4 Bounded di®erences with a tail

The large deviation inequalities in this article usethe method of boundeddi®erences.How-
ever, it is a mistake to think that the method only applieswhenthere are relatively small sure
bounds(i.e., boundswhich always hold) on the di®erencesas in Corollary 4.1. Occasionally,
the only sure bound on the di®erencesis too large to be useful, and yet the di®erencesare
small with high probability. Shamir and Spencer [53] were apparently the ¯rst to exploit
this feature in connectionwith graph theory, and the consequencesof their proof werestated
more generally in McKay and Wormald [38, Lemma 3.1]. The method of proof there uses
the technique as if the di®erenceswere all small, but with an extra twist to cope with the
occasionallarge di®erences.Godbole and Hitczenko [23] give a survey of results of this type.
We call this situation \di®erenceswith a tail" to distinguish it from the casewherethe sure
upper boundson di®erencesare just as useful as the almost sureones.

Although the large deviation inequalities given so far seemto require sureupper bounds,
no separatelemmaof that type is neededfor di®erenceswith a tail, asthey can be taken care
of essentially by stopping the processappropriately (as in the proof of Theorem 5.1). The
processesfor independent sets in regular graphs (Section 7.1) and for packing use analysis
involving di®erenceswith a tail and require this aspect of Theorem5.1.

5 Pro ving appro ximation by di®eren tial equations

Having large deviation inequalities as in the previous section, there are various ways to go
about showing, for a variable Y(t) in a random process,that Y(t) ¼ f (t) for somefunction
f arising from the solution of one or more di®erential equations. A quite generalsituation
is treated ¯rst, in which the theorem usually serves to show the approximation holds with
probability 1¡ o(e¡ nε) for some² > 0. Additionally , it usually shows the error in the approx-
imation is quite small (t ypically o(n¡ ²0

), but hasa Lipschitz condition which often causesthis
accuracyto be lost near the end of the process. However, in such situations the technique
usedin the proof is often good enoughto recover this accuracyto a large extent.

For convenience,the general theorem breaks time up into little piecesand considersa
supermartingale and submartingale in each piece. Another approach is to transform the
random variable into something \close" to a martingale throughout the whole process(or
almost all of it) so that the large deviation inequality can be applied just once. This tends
to producebetter boundssince,for example,with ci = c for each i , the deviation inequalities
produce small probabilities when the deviation ® is a constant times the squareroot of the
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number of steps. So one long supermartingale is better than many shorter ones. The same
e®ectoccursif oneconsidersbounding the total number of heads,X , occurring in n fair coin
tossesby summing bounds on the deviations due to

p
n successive runs of

p
n coin tosses

each. In each casethe standard deviation is Cn1=4, so the sum of theseboundswill be of the
order of Cn3=4. On the other hand, the standard deviation of X is 1

2

p
n, and by considering

the processas a whole, one begins to get meaningful bounds for deviations of this order of
magnitude. We call this the wholistic approach. It is not so easyto write a generaltheorem
using this principle, so instead we give an examplein Section5.2.

5.1 General-purp ose theorem

For the main theoremwe lay a fairly generalsetting. The random processesare any discrete
time random processes. Such a processis a probability spacewhich can be conveniently
denotedby (Q0; Q1; : : :) whereeach Qi takesvaluesin someset S. The elements of the space
are sequences(q0; q1; : : :) whereeach qi 2 S. We useht to denote (q0; q1; : : : ; qt ), the history
of the processup to time t.

Consider a sequenceof random processesindexed by n, n = 1; 2; : : :. Thus qt = q(n)
t

and S = S(n) , but for simplicity the dependenceon n is usually dropped from the notation.
Asymptotics, denotedby the notations o and O, are for n ! 1 but uniform over all other
variables. S(n)+ denotesthe set of all ht = (q0; : : : ; qt ) whereeach qi 2 S(n) , t = 0; 1; : : :.

Wesay that a function f (u1; : : : ; uj ) satis¯esa Lipschitz condition on D µ IRj if a constant
L > 0 exists with the property that

jf (u1; : : : ; uj ) ¡ f (v1; : : : ; vj )j · L max
1· i · j

jui ¡ vi j

for all (u1; : : : ; uj ) and (v1; : : : ; vj ) in D. We call L a Lipschitz constant for f , and note that
max1· i · j jui ¡ vi j is the distancebetween(u1; : : : ; uj ) and (v1; : : : ; vj ) in the `1 metric. (For
the existenceof a solution to a set of di®erential equations, a Lipschitz condition is only
neededon the variablesafter the ¯rst, but for our purposesherewe demandit on all of them.
Note that `1 distancewas usedin [61], but the `1 distance¯ts a little more nicely into the
proof. Both distancesgive equivalent theorems.)

We scaleboth variable valuesand time by a factor of n becausefor many combinatorial
applicationsthis givesthem a ¯xed limiting distribution. This is convenient whenconsidering
the solution of the corresponding di®erential equations: there is only one set of equations
rather than di®erent equationsfor each n. Whenever the needfor di®erent scalingsof variables
and time arises,time can be pre-scalingas in the proof of Theorem7.1.

For variablesY1; : : : ; Ya de¯ned on the components of the process,and D µ IRa+1 , de¯ne
the stoppingtime TD (Y1; : : : ; Ya) to be the minimum t such that (t=n; Y1(t)=n;: : : ; Ya(t)=n) =2
D. This is written as TD when Y1; : : : ; Ya are understood from the context.

The following theorem is a generalisationof the two theoremsin [61], and has stronger
conclusions.Although only very fewchangesarerequiredin the proof, weincludethe full proof
heresincesomeof the details skimmedin the proof in [61] require more careful examination
in the present setting.
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In the statement of the theorem, \uniformly" refersto the convergenceimplicit in the o()
terms. Hypothesis(i) ensuresthat Yl (t) doesnot changetoo quickly throughout the process,
(ii) tells us what we expect the rate of changeto be, and (iii) ensuresthat this rate doesnot
changetoo quickly in time (or as the valuesof the variableschange).

The main di®erencesbetween this theorem and the ¯rst theorem in [61] are that the
probability that the variablesof the processare not well approximated by the solution of the
di®erential equationcannow bemadevery small, and the error of approximation canbemade
small, if the errors in hypotheses(i) and (ii) are small. Also, the note after the theoremgives
a version with the number of variablesunbounded. There doesnot seemsuch a great need
for this versionsothe main theoremis stated without this option to avoid further complexity.

Theorem 5.1 For 1 · l · a, where a is ¯xed, let yl : S(n)+ ! IR and f l : IRa+1 ! IR, such
that for someconstant C0 and all l , jyl (ht )j < C0n for all ht 2 S(n)+ for all n. Let Yl (t)
denotethe random counterpart of yl (ht ). Assumethe following three conditions hold, where
in (ii) and (iii) D is somebounded connected open set containing the closure of

f (0; z1; : : : ; za) : P(Yl (0) = zln; 1 · l · a) 6= 0 for someng :

(i) (Boundednesshypothesis.) For somefunctions ¯ = ¯ (n) ¸ 1 and ° = ° (n), the probabil-
ity that

max
1· l · a

jYl (t + 1) ¡ Yl (t)j · ¯ ;

conditional upon H t , is at least 1 ¡ ° for t < TD .

(ii) (Trend hypothesis.) For somefunction ¸ 1 = ¸ 1(n) = o(1), for all l · a

j E(Yl (t + 1) ¡ Yl (t) j H t ) ¡ f l (t=n; Y1(t)=n;: : : ; Ya(t)=n) j · ¸ 1

for t < TD .

(iii) (Lipschitz hypothesis.) Each function f l is continuous, and satis¯es a Lipschitz condi-
tion, on

D \ f (t; z1; : : : ; za) : t ¸ 0g;

with the sameLipschitz constant for each l.

Then the following are true.

(a) For (0; ẑ1; : : : ; ẑa) 2 D the systemof di®erential equations

dzl

dx
= f l (x; z1; : : : ; za); l = 1; : : : ; a

hasa unique solution in D for zl : IR ! IR passingthrough

zl (0) = ẑl ;

1 · l · a, and which extendsto points arbitrarily closeto the boundary of D;
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(b) Let ¸ > ¸ 1 + C0n° with ¸ = o(1). For a su±ciently large constant C, with probability
1 ¡ O(n° + ¯

¸ exp(¡ n¸ 3

¯ 3 )) ,
Yl (t) = nzl (t=n) + O(¸n ) (5.1)

uniformly for 0 · t · ¾n and for each l, where zl (x) is the solution in (a) with ẑl =
1
n Yl (0), and ¾= ¾(n) is the supremumof thosex to which the solution can be extended
before reaching within `1 -distance C¸ of the boundary of D.

Note. A versionof the theorem also holds with the number a of variablesa function of n,
the domain D a function of n but with all Lipschitz constants uniformly bounded,and with
the probability in (b) replacedby

1 ¡ O

Ã

an° +
a¯
¸

exp

Ã

¡
n¸ 3

¯ 3

! !

;

provided each function f l dependsonly on x and z1; : : : ; zl . This last condition is to avoid
complicated issuesaround the solutions of in¯nite setsof di®erential equations: in this case,
the solution of the in¯nite system is de¯ned to be the set of functions solving all the ¯nite
systemsobtainedfor each ¯xed l by restricting to the equationsfor the derivativesof z1; : : : ; zl .
Pro of. There is a unique solution in (a) by a standard result in the theory of ¯rst order
di®erential equations. (SeeHurewicz [27, Chapter 2, Theorem11].)

To present the proof, we simplify notation by considering¯rst a = 1 and refer to y1, z1

and f 1 as y, z and f , and so on. We also initially take ° = 0, so that the inequality in the
boundednesshypothesis is deterministically true. The modi¯cation for generala and ° is
referredto at the end.

Taking ¸ > ¸ 1 as in (b), de¯ne

w =

&
n¸
¯

'

(5.2)

and let t ¸ 0. Note immediately that if ¯ =¸ > n1=3 there is nothing to prove becausethe
probability in the conclusionis not restricted. Hencew ¸ n2=3. Similarly, we can assume
¸ < 1 by the assumption ¸ = o(1), or by noting the approximation in the conclusion is
otherwise trivially satis¯ed. The trend hypothesis gives the expected trend in the rate of
change of Y(t) at somestage of the process. In order to show that this trend is followed
almost surely, we demonstrateconcentration of

Y(t + w) ¡ Y(t):

We will assumefor now that for a su±ciently large positive constant C, (t=n; y(t)=n) is
`1 -distanceat least C¸ from the boundary of D. The sizeof C required is determinedfrom
the Lipschitz constant in the Lipschitz hypothesis; wherever this hypothesis is used in the
following argument, we needto know that the point is still inside D. For 0 · k < w, noting
that k¯ =n = O(¸ ), we have by the trend hypothesis

E(Y(t + k + 1) ¡ Y(t + k) j H t+ k) = f (( t + k)=n;Y(t + k)=n) + O(¸ 1)

= f (t=n; Y(t)=n) + O(¸ 1 + k¯ =n) (5.3)
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by the Lipschitz hypothesisas jY(t + k) ¡ Y(t)j · k¯ by the boundednesshypothesis. Thus
there exists a function

g(n) = O(¸ 1 + w¯ =n) = O(¸ ) (5.4)

such that conditional on H t ,

Y(t + k) ¡ Y(t) ¡ kf (t=n; Y(t)=n) ¡ kg(n)

(k = 0; : : : ; w) is a supermartingale in k with respect to the sequenceof ¾-¯elds generatedby
H t ; : : : ; H t+ w . The di®erencesin this supermartingaleare, by the boundednesshypothesis,at
most

¯ + jf (t=n; Y(t)=n) + g(n)j · ¯ + O(1) · ·¯ (5.5)

for someconstant · > 0 (using the boundednessof D and again the Lipschitz hypothesis
to make sure the variables do not leave D, and the fact that ¯ is bounded below). So by
Lemma 4.2 (and replacing®2=2w· 2¯ 2 by a new ®),

P
³
Y(t + w) ¡ Y(t) ¡ wf (t=n; Y(t)=n) ¸ wg(n) + ·¯

p
2w® j H t

´
· e¡ ® (5.6)

for all ® > 0. We will now set

® =
n¸ 3

¯ 3
: (5.7)

The lower tail of Y(t + w) ¡ Y(t) ¡ wf (t=n; Y(t)=n) can be boundedby exactly the same
argument, but using a submartingale (or, as an alternative, negate the function and use a
supermartingale). Hence(increasing· by a constant factor) we have

P
³
jY (t + w) ¡ Y(t) ¡ wf (t=n; Y(t)=n)j ¸ wg(n) + ·¯

p
w® j H t

´
· 2e¡ ®: (5.8)

Now de¯ne ki = iw, i = 0; 1; : : : ; i 0 where i 0 = b¾n=wc. We next show by induction that
for each such i ,

P(jY(kj ) ¡ z(kj =n)nj ¸ B j for somej · i ) = O(ie¡ ®) (5.9)

where

B j = Bw
µ

¸ +
w
n

¶ ³ µ

1 +
Bw
n

¶ j

¡ 1
´ n

Bw
and B is a constant determinedbelow.

The induction beginsby the fact that z(0) = Y(0)=n. Note that

jY(ki +1 ) ¡ z(ki +1 =n)nj = jA1 + A2 + A3 + A4j

where

A1 = Y(ki ) ¡ z(ki =n)n;

A2 = Y(ki +1 ) ¡ Y(ki ) ¡ wf (ki =n;Y(ki )=n);

A3 = wz0(ki =n) + z(ki =n)n ¡ z(ki +1 =n)n;

A4 = wf (ki =n;Y(ki )=n) ¡ wz0(ki =n):
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The inductive hypothesis(5.9) givesthat

jA1j < B i ; (5.10)

togetherwith the similar statements for smalleri , all hold with probability 1¡ O(ie¡ ®). When
this is true, by (5.8) and using (5.2), (5.4) and (5.7) we have with probability 1¡ O(exp(¡ ®))

jA2j < B 0w¸

for a suitable universal constant B 0. (This is the point at which the assumption included
above, about the scaledvariables not approaching within distance C¸ of the boundary of
D, is justi¯ed. It follows from the inductive hypothesis using the fact, seenbelow, that
B i = O(n¸ ).) Sincez is the solution given in (a) and f satis¯es the Lipschitz hypothesiswe
have

j(w=n)z0(ki =n) ¡ (z(ki +1 =n) ¡ z(ki =n)) j = O(w2=n2) · B 00w2=n2

(for n su±ciently large) for a suitable constant B 00, and so

jA3j ·
B 00w2

n
:

Again using the sametwo facts, as well as (5.10), we obtain

jA4j ·
B 00wB i

n

(rede¯ning B 00appropriately). Set B = maxf B 0; B 00g. Summing the bounds on the A i now
gives

jY(ki +1 ) ¡ z(ki +1 =n)nj < B i +1

with probability 1 ¡ o(( i + 1)e¡ ®); that is, we have (5.9) by induction for i · i 0.
Note that

B i = O(n¸ + w) = O(n¸ )

since¯ is boundedbelow. Also for any t · ¾n, put i = bt=wc. From time ki to t the change
in Y and z is at most w¯ = O(n¸ ). Hencefrom (5.9), with probability 1 ¡ O((n=w)e¡ ®)

jY(t) ¡ z(t=n)nj = O(¸n ):

The theorem now follows (for the casea = 1) from (5.2) and (5.7).
Finally, the modi¯cations requiredfor arbitrary a and ° arevery simple. The modi¯cation

for arbitrary ° is just to alter the processleading up to (5.5), by conditioning on the event
that the inequality in (i) holds at each step. This alters the expected changein Y given in
(ii), but sinceY · C0n it can only alter it by at most C0n° . So just replace¸ 1 by ¸ 1 + C0n°
in the rest of the proof, and note that the probability that any of theseevents fails to hold
throughout the processis O(n° ), so subtract this from the probability that (5.1) holds. The
result follows.
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Next for a > 1: the inductive hypothesis(5.9) is modi¯ed to

P(jYl (kj ) ¡ zl (kj =n)nj ¸ B j for somej · i ) = O(aie¡ ®)

for all l · a. The proof of the samestatement for i + 1 is modi¯ed only in that the statement
has to be veri¯ed for each of a variables,and so the probability of failure is multiplied by a.
The theorem follows when a is ¯xed, and the Note after the theorem follows for a arbitrary.

5.2 The wholistic approac h

This is a way of applying the large deviation inequalities alternative to that in Section5.1.
The generalidea is to transform the randomvariable to somethingcloseto a martingale. This
seemsto be di±cult to carry out e®ectively in generalwithout knowing somethingabout the
solution of the associated di®erential equations.

Supposethat Y is one of the variablesunder examination and the solution to the di®er-
ential equationsgives the function z(x), so that Y(t) is to be approximated by nz(t=n). A
simple idea is to considerthe random variable Y(t) ¡ nz(t=n) + f (t) wheref is someslowly
growing function. This should be a supermartingale if f is su±ciently large and positive,
and a submartingaleif f is large negative. Even this can give a signi¯cant improvement over
Theorem 5.1. How well the approximation works dependson the stabilit y of the di®erential
equations,and how badly the Lipschitz condition fails. One particular improvement on this
idea was ¯rst made, at least in a graph processsetting, in [44]. This usesthe generalsolu-
tion of the di®erential equations to ¯nd a function which is constant along all tra jectories
(as opposedto the one above, which is only 0 along the tra jectory whoseinitial conditions
correspond to thoseof the process).This function will be closeto a martingale, and the trick
of adding and subtracting a small function can be usedto create a true submartingaleand
supermartingale.

For an illustration, consider the number of isolated vertices in the random 2-process,
denotedby Y0. As well as demonstrating the \wholistic" approach described at the start of
Section5, this will also show how to cope with the problem often encountered near the end
of processeswherethe Lipschitz hypothesisfails (seeSection5.4 for more discussionon this.)
The argument here is in a form which generaliseseasily to the multiv ariate case.

Theorem 5.2 Take 0 < ± < minf 3²; 1
3 + 1

2²g. For su±ciently large · 0, with probability at
least 1 ¡ exp

³
¡ n2=3+ ²¡ 2±=· 0

´

n ¡ t = Y0(t)

Ã

1 + O(n¡ ±) +
1
2

ln
n

Y0(t)

!

(5.11)

for all 0 · t < bn ¡ n2=3+ ²c.
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Pro of. Recall that Y0(t) is approximated by nz( t
n ) wherez satis¯esthe associateddi®erential

equation (3.13) whosegeneralsolution is (3.14). This can be put in the form

2(x ¡ 1)
z

¡ ln z = C: (5.12)

It is a little simpler now to work with unscaledvariables,sonote that the unscaleddi®erential
equation is

Y 0
0 =

¡ 2Y0

2n ¡ 2t ¡ Y0
: (5.13)

De¯ning

H (w) =
2(t ¡ n)

Y0
¡ ln

Y0

n
; w = (t; Y0)

in view of (5.12), the generalsolution of (5.13) is

H (w) = C:

We will take w = w t = (t; Y0(t)), and considerthe sequenceof random variableshH (w t )i .
By counting vertex degreesin the 2-process,

Y0 · n ¡ t (5.14)

always. Given this, note that the secondorder partial derivativesof H (w) with respect to t
and Y0 are O(1=Y 2

0 ). Therefore

H (w t+1 ) ¡ H (w t ) = (w t+1 ¡ w t ) ¢ grad H (w t ) + O

Ã
1

Y0(t)2

!

(5.15)

where ¢denotesthe scalar product and grad H = (H t ; HY0 ), provided Y0(t + 1) ¸ 1. Note
that

E(w t+1 ¡ w t j Gt ) = (1; E(Y0(t + 1) ¡ Y0(t) j Gt ))

=

Ã

1;
¡ 2Y0(t)

2n ¡ 2t ¡ Y0(t)
+ O

Ã
n

(n ¡ t)2

! !

from (3.7), (3.9) and (3.10), (again using (5.14) in estimating the error) provided the error
term is o(1); that is, provided n ¡ t >>

p
n. Also observe that

Ã

1;
¡ 2Y0(t)

2n ¡ 2t ¡ Y0(t)

!

¢ grad H (w t ) = 0

as H (w) is constant along every tra jectory w of (5.13). So,noting that

grad H (w) =

Ã
O(1)
Y0

;
O(1)
Y0

+
O(n ¡ t)

Y 2
0

!

(5.16)
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and taking the expectation of (5.15) conditional on Gt we obtain

E(H (w t+1 ) ¡ H (w t ) j Gt ) = O

Ã
n

Y0(t)2(n ¡ t)

!

(5.17)

assuming3 · Y0(t) · n ¡ t (which ensuresY0(t + 1) ¸ 1) and
p

n = o(n ¡ t).
There is the problemthat H (w) is unde¯ned if the processhits Y0 = 0. The simpleremedy

is to stop the sequenceH (w t ) as soon as it hits Y0 · 2. More than that, sinceH (w0) = ¡ 2,
introducethe stopping time

T = minf t : jH (w t ) + 2j ¸ n¡ ±g

and note from the de¯nition of H that Y0 > (n ¡ t)=ln n for t < T. Then from (5.17),

E(H (w (t+1) ^ T ) ¡ H (w t^ T ) j Gt ) = O

Ã
n

Y0(t)2(n ¡ t)

!

= O

Ã
n(ln n)2

(n ¡ t)3

!

for 0 · t · n ¡ n1=2+ ² . From (5.16) and the fact that Y0 and t changeby at most 2 per step
of the process,we alsohave

jH (w (t+1) ^ T ) ¡ H (w t^ T )j = O

Ã
n ¡ t
Y0(t)2

!

= O

Ã
(ln n)2

n ¡ t

!

:

Put t0 = n ¡ n2=3+ ² and apply Corollary 4.1 to the sequenceshH (w t^ T )i , t · t0, and sym-
metrically h¡ H (w t^ T )i , with ® = 1

2n¡ ±, b = · (ln n)2n¡ 3² and cj = · (ln n)2=(n ¡ j ), for some
su±ciently large ¯xed · . Noting that

t0X

j =1

c2
j = O(n¡ 2=3¡ ² )(ln n)2

and since± < 3², the conclusionis

P
µ

jH (w i ^ T ) ¡ H (w0)j ¸
2
3

n¡ ± for some0 · i · t0

¶

· exp
³
¡ n2=3+ ²¡ 2±=· 0

´

for · 0 su±ciently large. As H (w0) = ¡ 2, this implies from the de¯nition of T that T < t0

with the samelow probability. But T ¸ t0 implies (5.11) as required.

Note. It is possibleto get good almost sure bounds on Y0 even much closerto the end of
the process.(SeeSection5.4.)

5.3 Simple applications

Herethe sharpconcentration results in Section3 areobtainedasapplicationsof Theorem5.1.

Pro of of Theorem 3.1. Note that Gt is determinedby the history H t . In view of (3.2), we
can set f l = ¡ ±i 0 + ±i 1 + zi ¡ 1 ¡ zi for (i ¸ 0) wherez¡ 1 is identically 0, and let D be de¯ned
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by z0 > 0 and (say) ¡ 1 < x < 3 and ¡ 1 < zi < 2 for all i > 0. Then the trend hypothesisof
Theorem5.1 holds with

¸ 1 = max
jYi ¡ 1(t) ¡ Yi (t)j

n(n ¡ 1)
·

1
n ¡ 1

since0 · Yi · n always. The boundednesshypothesisholdswith ¯ = 2 and ° = 0, and wecan
take a a function of n by the Note after the theorem. The conclusion(b) givesTheorem3.1,
sincethe relation between¸ and s ensuresthat z0(s=n) >> ¸ .

Note that the method in Section 5.2 can be applied to Y0 for example to get a sharper
result for that particular variable, and with somework can potentially give sharper results
for all the variables.

For degreeboundedgraph processes,asfor the later phasesof the min-degreeprocess,the
random vector under considerationis not Markovian (due to the nuisanceedges).Neverthe-
less,Theorem5.1 applies. For the next theoremthe domain D alsohasto be chosencarefully
to avoid the singularity in the functions f l as x approachesnd=2.

Pro of of Theorem 3.2. This is very similar to the previousproof, but using (3.18) for the
trend hypothesis. The choiceof the domain D is the only problem. There is a singularity in
the functions f i on the right in (3.19). So choosea domain D with zd > ²0 for some¯xed ²0,
and Theorem 5.1 can be applied. The statement of Theorem 3.2 follows, except only for all
0 · t < nx̂ wherex̂ is the leastx for which zd(x) < ²0+ C¸ . But sinceYd is well approximated
by nzd(t=n) insideD, by (3.16) it is impossiblethat x̂ < d=2. (The solution to the di®erential
equationsin Section3.3.3can be usedalternatively at this point.) The theoremfollows.

The veri¯cation of the statements about random star d-processes(Section 3.4) and the
simple greedyalgorithm for independent sets(Section 3.5) are similar.

5.4 Obtaining higher precision

As mentioned in Section3.3.2, Theorem 3.2 can easily be improved, in the sensethat good
approximation by the solutionsof the di®erential equationscan be shown to hold much closer
to the end of the process.This appliesto basically all the other applications of Theorem5.1
in which the function giving the expectedtrends in the processbecomeshighly non-Lipschitz
near the very end of the natural process.

One remedy is to use the wholistic approach, but it is hard to say how generally that
type of argument applies. A quite generalapproach is to rework the proof of Theorem 5.1
in any particular situation, using di®erent Lipschitz constants depending on what part of
the domain D the processhas reached. This is straightforward enoughgiven the inductive
nature of the proof. (For a similar argument, seethe proof of Theorem7.1.) In this way one
can easily extend the result of Theorem 5.1 to time n1¡ ² from the end of the process.This
givessu±cient accuracyto approach within n1¡ ² stepsof the end of the processin the case
of d-processes,for instance; a version of this argument was used in [50] and gave su±cient
accuracyfor the arguments there about saturation of processes.
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Moreover, in the caseof 2-processes,the di®erential equationhasa stabilit y property that
enablesthis approach to be pushedto the extreme: we canusethis idea to obtain almost sure
bounds on the number of isolated vertices and isolated edgesin the random 2-processuntil
only O(log4 n) stepsfrom the end, the limiting probability that the ¯nal graph of 2-processis
connected(Hamilton cycle) is obtained in [58]. Other propertiessuch asthe expectednumber
of cyclesfollow similarly. There is no doubt that such stabilit y can be taken advantage of in
other situations aswell, but no examplesseemto be in the randomgraphor randomalgorithm
literature.

6 Di±culties with transition probabilities

In this sectionwe will estimate the sizeof the k-coreof a random graph. This study has two
di±culties not met in this paper until now. One is that the transition probabilities are very
hard to compute,and sowe spend a good deal of e®ortestimating them. The secondis that,
partly asa result of the ¯rst di±cult y, somepossiblestatesof the processarevery undesirable
becausethe subsequent transition probabilities have not been estimated. We show how to
ignore such states even if they cannot be conveniently described in terms of a ¯xed domain
D. This only requiresthat the processavoids such stateswith high probability.

6.1 Eliminating undesirable states

Wewill usethe following variation of Theorem5.1in which the possibility existsthat the trend
and boundednesshypothesesbecomeinvalid, due to the processreaching some\un usual"
state. If this occurs with a su±ciently low probability, the conclusion of the theorem is
similar. In general,we can deducethat a.a.s.the approximation by di®erential equationsis
valid until oneof the \un usual" statesis reached. The \usual" statesare determinedby a set
D̂ .

Theorem 6.1 For any setD̂ = D̂ (n) µ IRa+1 , de¯ne thestoppingtime TD̂ = TD̂ (n)(Y1; : : : ; Ya)

to be the minimum t suchthat (t=n; Y1(t)=n;: : : ; Ya(t)=n) =2 D̂ . Assumethat the ¯rst two hy-
pothesesof Theorem 5.1 applyonly with the restricted ranget < TD̂ of t. Then the conclusions
of the theorem hold as before, except with 0 · t · ¾n replaced by 0 · t · minf ¾n; TD̂ g.

Pro of. For 1 · j · a de¯ne random variablesŶj by

Ŷj (t + 1) =

8
<

:
Yj (t + 1) if t < TD̂

Yl (t) + f j (t=n; Y1(t)=n;: : : ; Yl (t)=n) otherwise

for all t + 1 ¸ 0. Then the Ŷj satisfy the hypothesesof Theorem 5.1, and so the theorem
follows as Ŷj (t) = Yj (t) for 0 · t < TD̂ .
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6.2 The k-core of a random graph

As mentioned in Section2, the processconsideredherestarts with a graph G0 on n vertices
and repeats the operation of deleting a random vertex of degreelessthan k. Here k ¸ 3 is
¯xed, and G0 is a random graph in G(n; m(0)). (Here m(0) is used as it denotesthe ¯rst
element of the sequenceof random numbersof edgesin the deletion algorithm.) The object is
to determine the distribution of the number of verticesremaining in the ¯nal graph. In this
way we can capture the point at which the k-coreappearsin a random graph in G(n; m(0)).
Throughout this discussion,we will be assumingthat m(0) is boundedabove and below by
positive constants times n.

De¯ne a light vertex to be oneof degreestrictly lessthan k. All other verticesare heavy.
Instead of actually deleting vertices, it is more convenient to delete edgesonly. Thus, each
step of the processdeletesall the edgesincident with a randomly chosennon-isolatedlight
vertex x t from the current graph Gt to produceGt+1 . Introducethe random vector

w(t) = (v0(t); v1(t); : : : ; vk¡ 1(t); m(t)) ;

where vi (t) denotesthe random number of vertices of degreei in Gt , 0 · i · k ¡ 1, and
m(t) = jE(Gt )j. As usual, n is ¯xed for the processand we are interestedin the asymptotic
distribution of the variablesas n ! 1 . Someuseful notation is

v =
k¡ 1X

i =1

vi ; ¹v = n ¡
k¡ 1X

i =0

vi ; s =
k¡ 1X

i =1

iv i ¹s = 2m ¡ s (6.1)

so that v is the number of non-isolatedlight vertices, ¹v the number of heavy vertices,and s
and ¹s are total degreesof thesesetsof vertices. The processendswhen ¹v = n ¡ v0, at which
point there are no non-isolatedlight vertices. In order to examinethis point, we will show
sharp concentration of each of the entries in w(t) for appropriate t.

SinceG0 is randomin G(n; m(0)), w(0) is a randomvector. The ¯rst important observation
is that conditional upon w(0), the distribution of G0 must be uniform in the set G(w(0)),
whereG(w) is the set of graphswith variablesgiven by w. The next important observation
is that, conditional upon w(t), Gt is uniformly distributed in G(w(t)). This follows by
induction, since, given w(t) and w(t + 1), and a graph G in G(w(t + 1)), the number of
graphsG0 2 G(w(t)) such that G comesfrom G0 by deleting the edgesincident with a non-
isolated light vertex is independent of G. (Just considerthe reverseoperation: selectas x t

any vertex of degree0 in G. The vectors w(t + 1) and w(t) determine the degreeof x t in
G0, the degreesof the light vertices which must join to x t , and also the number of heavy
verticessojoining. All theseverticescan be chosenin any way from the setsof verticesof the
required degrees.The number of ways of making this multiple choiceis determinedprecisely
by w(t + 1).) Thus, conditioning on w(t) and w(t + 1), the graphs in G(w(t + 1)) occur
uniformly at random. Hencethe sameis true conditional upon w(t + 1) alone.

This meansthat the processhw(t)i , t ¸ 0, is a Markov chain.
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6.2.1 The transition probabilities

A little thought reveals that the transition probabilities of hw(t)i can be determined from
the numbers of graphswith given degreesequence.The present sectionexaminesthis rather
intriguing problem, resulting in the di®erential equations(6.21). The sectioncan be omitted
if only the consequencesof the di®erential equationsare sought.

Before giving the details on how the computation works, we turn to examination of the
problem of estimating the requirednumbersof graphs. No \nice" formula for them is known.
Fortunately, an asymptotic formula su±cesfor the current purposes,but it takesa lot of work
to get into a usableform! The most generalresult in this direction for graphsof low degrees
is the onein the following theorem,appearing in [37]. De¯ne g(d) to be the number of graphs
with degreesequenced = (d1; : : : ; dn ).

Theorem 6.2 For r > 0, de¯ne M r =
P

1· j · n [dj ]r (in particular, M 1 = 2¹ =
P

j dj ), and
dmax = max1· j · n dj . If M 1 ! 1 and dmax = o(M 1=3

1 ) as n ! 1 then

g(d) =
(M 1 ¡ 1)!!

Q n
j =1 dj !

exp

Ã

¡
M 2

2M 1
¡

M 2
2

4M 2
1

¡
M 2

2 M 3

2M 4
1

+
M 4

2

4M 5
1

+
M 2

3

6M 3
1

+ O

Ã
d3

max

M 1

! !

: (6.2)

Here n!! denotes1 ¢3¢¢¢n for an odd integer n.
Previously, McKay [35] obtaineda weaker versionof this result, with the restriction dmax =

o(M 1=4
1 ) and with the error term O(d4

max=M 1). In this casethe error term absorbsthe last
three terms in the exponent, giving

g(d) =
(M 1 ¡ 1)!!e¡ ¸= 2¡ ¸ 2=4+ o(d4

max =M 1 )

Q n
j =1 dj !

(6.3)

where ¸ = M 2
M 1

, which was obtained even earlier by Bender and Can¯eld [9] in the casethat
dmax is bounded,and Bollob¶as [11] for dmax growing very slowly. Bollob¶asexplicitly usedthe
random pairing described in Section2 and usedso pro¯tably in Sections3.5 and 7.1, further
analysisof which yielded(6.2) and (6.3), whereasBenderand Can¯eld analysedan equivalent
model.

The cardinality of G(w) can now be found asymptotically, at least for all the signi¯cant
valuesof w. To simplify notation the dependenceon t is not displayed when it is clear from
context. Recalling (6.1),

jG(w)j =
n!

¹v!
Q k¡ 1

i =0 vi !

X

d2 A

g(d); (6.4)

where A = A(w) is the set of all nonnegative n-tuples d such that for 0 · i · k ¡ 1, the
number of dj which equal i is exactly vi ,

P n
j =1 dj = 2m, and i < j whenever di < dj < k

or di < k · dj . (These ordering conditions just ensurethat the entries of d occur in non-
decreasingorder except that thosewhich are at least k are not orderedamongstthemselves.)
Note that A will be nonempty for large n provided 2m ¸ k¹v +

P k¡ 1
i =0 iv i .

Before using (6.4) and (6.3) to estimate jG(w)j, we needto argue that the upper bound
dmax = o(M 1=4

1 ) causesno problems. This hingeson the fact that the number m(0) of edges
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at the start of the processis only O(n), and consequently ¢( G0) is a.a.s. small. One way
to do this (as in [44]) is to begin by using an idea in [17] to relax the processgenerating
G 2 G(n; m(0)) sothat multiple edgesand loopsare permitted. A bound on the probabilities
of having large degreesin the multigraph processis quite easyto obtain since(if it is de¯ned
appropriately) the vertex degreesare distributed as Poisson variables. The probability a
graph has a vertex of large degreeis then boundedabove by the probability the multigraph
has the sameproperty, divided by the probability that the multigraph processproducesa
graph. (In this sketch the details are omitted.) In this way, or others, it can be shown that
when m(0) = O(n), for ¯xed b2 (0; 1

3),

P(¢( G) ¸ nb) = O(e¡ nb) (6.5)

for G 2 G(n; m(0)). Taking b = 1
4 say, this shows that with very high probability the

initial vector w(0) is suitable for application of the asymptotic formulae, and even satis¯es
the stronger upper bound on dmax required in (6.3). However, it may be that the process
starts with such a w(0), but later (undesirably) reachesa state wherethe probability of high
degreeverticesin a random graph in G(w) is quite large. The solution to this di±cult y is to
arti¯cially stop the processif any w(t) is reached such that

P(¢( G) ¸ nb) · exp(¡ nb=2) for a random G 2 G(w(t)) (6.6)

is not true.
To apply Theorem 6.1 later, denote by D̂ the set of all (t; w(t)) for which (6.6) is true.

Regardlessof D (which we have not yet de¯ned), note that P(TD̂ < TD ) is boundedabove by
the probability that the processever reachesoneof the statesoutside D̂ . Since

P(¢( G0) ¸ nb) = O(exp(¡ nb))

and
P(¢( Gt ) ¸ nb j (t; w(t)) 62D̂ ) > exp(¡ nb=2);

it follows that
P((t; w(t)) 62D̂ ) = O(exp(¡ nb=2)) ;

and so the probability that w ever, for any t, leavesD̂ , is O(m exp(¡ nb=2)). Thus

P(TD̂ < TD ) = O(m(0) exp(¡ nb=2)) : (6.7)

To estimate the summation in (6.4), note that the vertex degreesbelow k are ¯xed and
so, provided m > ²1n for some²1 > 0, (6.3) becomes

X

d2 A

g(d) =
(2m ¡ 1)!!(1 + o(d4

max=M 1))
Q k¡ 1

i =1 i !vi
F (v0; : : : ; vk¡ 1; ¹s) (6.8)
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where

F (v0; : : : ; vk¡ 1; ¹s) =
X

d1+ ¢¢¢+ d¹v= ¹s

e¡ ¸= 2¡ ¸ 2=4

Q ¹v
j =1 dj !

;

¸ = ¸ (v0; : : : ; vk¡ 1; d1; : : : ; d¹v) =
P k¡ 1

i =1 i (i ¡ 1)vi +
P ¹v

j =1 dj (dj ¡ 1)
P k¡ 1

i =1 iv i +
P ¹v

j =1 dj
:

(We will stop the processwhen m(t) falls below ²1n for somesmall ²1 > 0.) So estimation
of F is all that is required. Apart from the exponential factor, which can be shown to be
sharply concentrated for the relevant sequencesd1; : : : ; d¹v, F canbe related to the probability
that the sum of a set of independent random variables is equal to ¹s, where each variable is
identically distributed asPoissonconditioned on being at least k. This wasdonein [44], and
the probability was found asymptotically by choosing the expectations of the variablesso as
to maximisethat probability and usinga local limit theoremfor the sumof i.i.d. (independent
identically distributed) random variables(see[19, Chapter XVI]). The result is (6.13) below,
which requiressomede¯nitions ¯rst.

Let Z (z) be a random variable with distribution Po(z), where the expectation z will be
speci¯ed shortly, and note that

P(Z (z) ¸ k) = e¡ zek(z)

where

ek(z) =
X

i ¸ k

zi

i !
: (6.9)

Also let X (z) be a random variable with the distribution of Z (z) conditionedupon Z(z) ¸ k,
so that

P(X (z) = i ) =
P(Z (z) = i )
P(Z (z) ¸ k)

; i ¸ k: (6.10)

Now choosethe value of z = z(¹v; ¹s; k) so that

¹vEX (z) = ¹s; (6.11)

(with ¹s de¯ned in (6.1)) which is determineduniquely sinceEX (z) is strictly increasingwith
z. It turns out that if d1; : : : ; d¹v are i.i.d. copiesof X (z) then ¸ is sharply concentrated near

¹̧ =
P k¡ 1

i =1 i (i ¡ 1)vi + ¹vE(X (z)(X (z) ¡ 1))
P k¡ 1

i =1 iv i + ¹vEX (z)
: (6.12)

Interpreting this appropriately, the formula which results is

F (v0; : : : ; vk¡ 1; ¹s) = (1 + O(n¡ 1=2 logn))
(ek(z)) ¹v exp(¡ ¹̧ =2 ¡ ¹̧ 2=4)

zs
q

¹v2¼VarX (z)
(6.13)
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provided
m > ²1n; ¹v ¸ ²1n and ¹s ¸ (k + ²1)¹v : (6.14)

(Again, we can stop the processif theseconditions fail to be met, by de¯ning the domain D
appropriately.) From (6.4), (6.8) and (6.13), if (6.6) and (6.14) hold then

jG(w)j =

Ã

1 + O

Ã
1

n1¡ 4b
+

logn
p

n

! !
n!(2m ¡ 1)!!(ek(z)) ¹ve¡ ¹̧ =2¡ ¹̧ 2=4

z¹s
q

¹v2¼VarX (z)¹v!
Q k¡ 1

i =0 vi !i !vi
: (6.15)

(Actually , in [44], the error exponent 1 ¡ 4b is improved to 1 ¡ 3b by arguing, similar to the
derivation of (6.6), that the likely degreesequencesencountered have M 2, M 3 and M 4 all
O(n), in which casethe error in (6.2) truly absorbstheseterms. This givesa slightly sharper
result in the end. A possiblysimpler argument for this improvement is that if we retain these
terms and use(6.2) in placeof (6.3), the fact that the terms vary slowly | seethe treatment
of ¹̧ below | shows that they have no asymptotic e®ect.)

At last, we can return to considerationof the transition probabilities in the Markov chain
hw(t)i , t ¸ 0. (In this process,unlikesomeof the earlieronessuch asin Section3.1, there does
not seemto be any way to calculatethe expectedchangesin the variableswithout essentially
computing all the transition probabilities of the Markov chain. There is no obvious way, for
instance, to separatethe expected changeinto separateexpectations for each deleted edge,
due to the presenceof factors depending on the degreeof the chosenvertex x t .) Denote
w(t) by w = (v0; v1; : : : ; vk¡ 1; m) and considerthe conditional probability (given w(t)) that
w(t + 1) is equalto somevector w0 = (v0

0; v0
1; : : : ; v0

k¡ 1; m0). Supposethat the vertex x t , whose
incident edgesare deletedfrom Gt , has degreej , and is adjacent in Gt to exactly ui vertices
of degreei for 1 · i · k and to uk+1 verticesof degreeat least k + 1. Also set u0 = ¡ 1; then
the following equationsare true:

v0
i ¡ vi = ¡ ui + ui +1 ¡ ±ij ; 0 · i · k ¡ 1;

¹v0¡ ¹v = ¡ uk ;

uk+1 = j ¡
kX

i =1

ui ;

(6.16)

where ¹v0 is for w0 as ¹v is for w.
We approach the transition probability computation by counting the possibilities for G 2

G(w(t)) with the vertex x t distinguished,and of degreej . The total number of thesegraphsis
just vj jG(w)j. By the uniformit y of the distribution of G, the probability that the neighbours
of the randomly chosenx t (conditional on d(x t ) = j ) are in accordancewith the ui can be
computed by counting such graphs. That is, we count the graphsG0 2 G(w0) after deletion
of the edgesincident with x t , with the vertex x t , and its neighbours, distinguished, since
from such G0 we can deduceG, and vice versa. Note that x t is now of degree0 (and specially
distinguished),and of the other distinguishedverticesthere areui of degreei ¡ 1 for 1 · i · k,
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and uk+1 of degreeat least k. Such verticescan be distinguishedin precisely

f (w; w0) = v0
0

kY

i =0

Ã
v0

i ¡ ±i 0

ui +1

!

ways, with v0
k denoting ¹v0. Using (6.16), this can be written as

f (w; w0) =
kY

i =0

v0
i !

(v0
i ¡ ui +1 ¡ ±i 0)!ui +1 !

=
v0

k !
(vk ¡ uk ¡ uk+1 )!uk+1 !

k¡ 1Y

i =0

v0
i !

(vi ¡ ui ¡ ±i 0 ¡ ±ij )!ui +1 !

=
¹v!vj

(vk ¡ uk ¡ uk+1 )!uk !uk+1 !

kY

i =0

v0
i !

vi !

k¡ 1Y

i =1

Ã
vi ¡ ±ij

ui

!

;

and we have from the above argument that

P(w(t + 1) = w0 j w(t) = w ^ d(x t ) = j ) =
f (w; w0)jG(w0)j

vj jG(w)j
:

Sincex t is chosenuniformly at random from the v non-isolatedlight vertices,

P(d(x t ) = j j w(t) = w) =
vj

v
:

Thus

P(w(t + 1) = w0 j w(t) = w) =
f (w; w0)jG(w0)j

vjG(w)j
: (6.17)

Next, we estimate this ratio using (6.15), taking various parts of the ratio separately, and
writing z0, ¹s0 and ¹̧ 0 for w0 as z, ¹s and ¹̧ are for w (and recalling that ¹v = vk):

(2m0¡ 1)!!
(2m ¡ 1)!!

= (1 + O(n¡ 1))
1

(2m) j
;

f (w; w0)¹v!
Q k¡ 1

i =0 vi !i !vi

v(¹v0)!
Q k¡ 1

i =0 v0
i !i !v

′
i

=

Ã
vk ¡ uk

uk+1

!
vj j !

v(k ¡ 1)!uk

k¡ 1Y

i =1

i ui
kY

i =1

Ã
vi ¡ ±ij

ui

!

:

Moreover, from (6.14) q
¹v2¼VarX (z)

q
¹v02¼VarX (z0)

= 1 + O(n¡ 1)

and
e¡ ¹̧ ′=2¡ ( ¹̧ ′)2=4

e¡ ¹̧ =2¡ ¹̧ 2=4
= 1 + O(n¡ 1):
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For the last remaining factors in (6.17), a fairly simplebut technical argument leadingto [44,
(4.30)] shows that regardlessof the degreeof x t , z and z0 are almost equal; to be precise,

zs̄(ek(z0)) v̄′

(z0)s̄′(ek(z)) v̄
= (1 + O(n¡ 1))zs̄¡ s̄′(ek(z)) v̄′¡ v̄ = (1 + O(n¡ 1))

Ã
zk

ek(z)

! uk

zuk+1

since ¹s is the total degreeof heavy vertices and so ¹s ¡ ¹s0 = kuk + uk+1. From (6.14), the
binomials and m factors can be estimatedby

1
(2m)ui

Ã
vr ¡ C

ui

!

=
µ vr

2m

¶ ui 1
ui !

+ O

Ã
vui¡ 1

r

mui

!

=
µ vr

2m

¶ ui 1
ui !

+ O
µ 1

n

¶

for any C > 0, with r = i · k or r + 1 = k + 1 = i .
Recalling that the total number of edgesdeletedis

d(x t ) = m ¡ m0 =
k+1X

i=1

ui ; (6.18)

and not forgetting the error term in (6.15), (6.17) now givesthe transition probability asymp-
totically in the very nice form

P(w(t + 1) = w0 j w(t) = w) =
vj

v

Ã
j

u1; : : : ; uk+1

!

pu1
1 pu2

2 ¢¢¢puk+1
k+1 + O

Ã
1

n1¡ 4b
+

logn
p

n

!

where

pi =
iv i

2m
(i = 1; : : : ; k ¡ 1); pk =

¹vzk

2m(k ¡ 1)!ek(z)
; pk+1 =

¹vz
2m

and
³

j
u1 ;:::;uk+1

´
= j !

u1 !¢¢¢uk+1 !
is the multinomial coe±cient. Thus, conditional upon w and

d(x t ) = j , the vector (u1; : : : ; uk+1) hasasymptotically the multinomial distribution resulting
from j independent trials with probabilities p1; : : : ; pk+1. In the multinomial distribution, ui

hasexpectedvalue j pi for each i , 1 · i · k + 1. Hence

E(ui j w(t) = w) =
k¡ 1X

j =1

vj

v
j pi + O

Ã
1

n1¡ 4b
+

logn
p

n

!

=
spi

v
+ O

Ã
1

n1¡ 4b
+

logn
p

n

!

: (6.19)

This determinesthe expectedvalueof vi (t + 1)¡ vi (t) via (6.16) and of m(t + 1)¡ m(t) via
(6.18), and henceof E(w(t + 1) ¡ w(t) j w(t)), to the sameaccuracy. This givesus enough
information to present the appropriate di®erential equations: writing

º i (x) =
vi (xn)

n
; º (x) =

v(xn)
n

; ¹ (x) =
m(xn)

n
; ¹º (x) =

¹v(xn)
n

; ¾=
s
n

(6.20)
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the equationsare (recalling u0 = ¡ 1 and noting that E(±ij j w) = vi =v and that the pi must
sum to 1)

dº i

dx
= ±i0 +

(i + 1)º i+1¾
2¹º

¡
iº i ¾
2¹º

¡
º i

º
(0 · i < k ¡ 1)

dº i

dx
=

zk ¹º ¾
2¹º (k ¡ 1)!ek(z)

¡
iº i ¾
2¹º

¡
º i

º
(i = k ¡ 1) (6.21)

d¹
dx

= ¡
¾
º

wherez can now be de¯ned (analogousto (6.11)) by

¹º EX (z) = 2¹ ¡ ¾ (6.22)

(recall that X (z) is distributed as Po(z) conditioned on being at least k, as in (6.10)), and
ek is still as in (6.9). The other variables(¾, º and z) appearing hereare simple functions of
the º i and ¹ , determinedby (6.1) and (6.11). Note that the initial conditions relevant for the
processare determinedby the random graph G0 2 G(n; m(0)).

6.2.2 Dealing with di±cult di®eren tial equations

Although we have not beenable to solve the di®erential equations(6.21) for all the variables,
it is possibleto wring information on the sizeof the k-core from them.

It is shown in [44, pp. 135] that the system(6.21) implies

z2

¹
= C1;

ez ¹º
ek(z)

= C2 (6.23)

for someconstants C1 and C2 which will depend on the initial conditions. We will be consid-
ering the implications of this whenm = cn=2. (Here c can be thought of asan approximately
constant function of n, or merely any function of n, boundedabove and boundedaway from
0, such that our conclusionswill depend on what rangesc lies in.)

The sort of large deviation argument leading to (6.5) can also be usedto show that for
w = w(0) (which is determinedby a random G 2 G(n; m(0))) the probability of the event

j ¹º (0) ¡ e¡ cek(c)j + j2¹ (0) ¡ ¾(0) ¡ c¼k(c)j < n¡ ²1 (6.24)

is 1 ¡ O(e¡ nε), where
¼k(z) = P(Z (z) ¸ k ¡ 1) (6.25)

for Z (z) asbeforedistributed asPo(z), where² and ²1 aresu±ciently small positiveconstants.
Speci¯c values can be computed; this was done in the argument in [44], but the present
argument is di®erent and we are not paying attention to the actual values.) Note also that
the probability generatingfunction of X = X (z) in (6.10) is g(y) = EyX and so

EX (z) = g0(1) =
z¼k(z)ez

ek(z)
: (6.26)
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Restrict to G0 satisfying (6.24) and apply Theorem6.1 with the variablesY1; : : : ; Ya being
the vi (t) and m(t). Since the degreesof at most k vertices change in any one step of the
process,and m changesby at most k, we can take ¯ = 2k and ° = 0. D is the domain
suggestedby (6.14) together with v > ²2n (where ²2 will be chosenmuch smaller than ²1);
that is, considering(6.20), D is the set of (º 0; : : : ; º k¡ 1; ¹; x) such that

¹ > ²1; ¹º > ²1; 2¹ ¡ ¾> (k + ²1) ¹º ; º > ²2: (6.27)

The set D̂ wasde¯ned just after (6.6) to eliminate the extremedegreesequencesfor which we
could not compute the trends. Equation (6.19) now establishesthe trend hypothesiswhere
the functions f i are thoseon the right hand sideof equations(6.21). Sincewe are not aiming
for best possibleresults here, take ¸ = n¡ ² . Note that the lower bound º > ²1 is crucially
required for the Lipschitz hypothesis. From this theorem,and noting (6.7) which guarantees
that the extremedegreesequencesoutsideD̂ are almost never encountered, we concludethat
with probability 1 ¡ O(e¡ nε),

vi (t)
n

= º i (t=n) + O(n¡ ² ) (0 · i < k);
m(t)

n
= ¹ (t=n) + O(n¡ ² ) (6.28)

as long as the inequalities in (6.27) are satis¯ed with someslack (that is, with ²1 replacedby
C²1 for somesu±ciently large C > 0).

To state the implications for the k-core,we de¯ne

° k = inf
¸> 0

(
¸

¼k(¸ )

)

where¼k is de¯ned in (6.25).

Theorem 6.3 Choose²0 arbitrarily small. If c < ° k ¡ ± for ¯xed ± > 0 and m = cn=2, then
the probability that G 2 G(n; m) has a k-core with at least ²0n vertices is O(e¡ nε) for some
² > 0.

Note. ÃLuczak [33] showed that a.a.s. in the standard random graph process,every k-core
which is nonempty has at least 0:0002n vertices. Thus, if we choose ²0 below this small
constant, the theorem shows the threshold of appearanceof a k-core is greater than ° k ¡ ±
for all ± > 0.
Pro of. First, a word about the strategy of choosing²1 and ²2. It is helpful to consider²1 to
be a very small fraction of ²0 (at least, we take it lessthan ²0 and reserve the right to choose
²1 smaller later) and also of ±. Then ²2 is much smaller again. Then if the process(or more
correctly, the vector of scaledvariablesof the process)exits D, the remainingnumber of edges
is much smaller than both ±n and ²0n, and if it exits at º = ²2, the number of heavy vertices
remaining is much larger than the number of light vertices.

We can clearly assumethat the concentration of the initial variables at the start of the
processgiven in (6.24) holds, as well as the approximations to the variables throughout the
processgiven in (6.28) (by choosing ² in the present theorem su±ciently smaller than those
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occurring earlier). So consider the solution of the di®erential equations (6.21) with some
initial conditions such that ¹º (0) and ¾(0) satisfy (6.24). Then using the de¯nition of z (6.22),
and (6.26) and (6.24), we ¯nd

EX (z(0)) = EX (c) + O(n¡ ²1 )

and hence
z(0) = c + o(1) (6.29)

(sinceEX (z) is clearly increasingwith z).
We ¯rst show that for su±ciently small and well chosen²1 and ²2 the solution cannot exit

D at the boundary where2¹ ¡ ¾= (k + ²1) ¹º or whereº = ²2, and then deducefrom this that
the k-core is a.a.s.quite small.

Supposeto the contrary, ¯rstly , that the solution exits D with 2¹ (x) ¡ ¾(x) · (k+ ²1) ¹º (x).
(In fact, equality must hold, by continuity.) With X (z) as in (6.10), we ¯nd using (6.22)

k + ²1 ¸
2¹ (x) ¡ ¾(x)

¹º (x)
= EX (z(x)) = k + E(X (z(x)) ¡ k) > k + Cz(x)

for somepositive constant C independent of ²1. (The last is easily veri¯ed in the caseof z
bounded, which is all we needhere.) Thus z(x) < ²1=C. But from the secondequation in
(6.23),

¹º (x) =
ek(z(x))ez(0)¹º (0)

ez(x)ek(z(0))
:

From this, (6.29) and (6.24) give

¹º (x) =
ek(z(x))

ez(x)
=

e¡ z(x)z(x)k

k!
(1 + O(z(x))) = O(²k

1) < ²1

for ²1 su±ciently small, as z(x) < ²1=C. This meansthe solution has already exited D, a
contradiction.

Next, supposethe solution exits D with º (x) = ²2. Then ¹ > ²1 and so

2¹ ¡ ¾> 2¹ ¡ k²2 = 2¹ (1 + O(²1=²2)) : (6.30)

Combining (6.22), (6.26) and (6.23) shows

2¹ ¡ ¾
z¼k(z)

=
¹º ez

ek(z)
= C2:

Henceby the de¯nition of ° k ,

° k ·
z(x)

¼k(z(x))

=
z2(x)
2¹ (x)

£
2¹ (x) ¡ ¾(x)
z(x)¼k(z(x))

(1 + O(²1=²2)) by (6.30)

=
z2(0)
2¹ (0)

£
2¹ (0) ¡ ¾(0)
z(0)¼k(z(0))

(1 + O(²1=²2)) by (6.23)

= c(1 + O(²1=²2))
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by (6.24) and (6.29), which contradicts c < ° k ¡ ± for suitably chosen²1 << ²2. So the
solution cannot exit D on this boundary.

Thus, it exits with ¹ (x) = ²1 or ¹º (x) = ²1, and up to this point (i.e., for all smaller x) has
º > ²2. By (6.28), the random processhas v(t) > n(²2 ¡ o(1)) light vertices for all t · xn,
and so doesnot terminate before this time. But at this time (again by (6.28)) there are at
most n(²1 + o(1)) heavy vertices left, so the k-core is no larger than this. Making sure that
²1 is smaller than ²0 now completesthe proof.

Whenever c is a little larger than ° k , c = ¸= (¼k(¸ )) hastwo roots for ¸ . Denotethe larger
one by ¸ k(c). The following theorem follows from the results in [44]. As mentioned before,
the approach to the proof there is a little di®erent from the one here, but still the present
approach is su±cient for the following.

Theorem 6.4 Choose²0 arbitrarily small. If c > ° k + ± for some¯xed ± > 0 and m = cn=2.
Then with probability 1 ¡ O(e¡ nε) for some² > 0, G 2 G(n; m) hasa k-core with

ne¸ k(c)ek(¸ k(c)) + o(n)

vertices.

Pro of sketch. It can be shown that in this casethe di®erential equation solution must have
º (x) = 0 for somex when ¹º is approximately ȩ k(c)ek(¸ k(c)). The random deletion process
almost surely follows the di®erential equation at least approximately until it leavesa domain
D like the onein Theorem6.3. From this point, the Lipschitz condition fails, and in fact when
the number v of light verticesdrops to a very small value, the expectedchangein the number
of light verticesper deletion step will start to vary signi¯cantly due to lack of concentration
of the numbersvi . However, it can still be shown that the expectedchangein s(t) in a single
step is negative. Then Corollary 4.1 is su±cient to show that the process̄ nishes in at most
Cn steps for someC which can be made arbitrarily small. (Actually , the relative rate of
changeof s(t) with respect to m(t) will continue to be roughly constant until v hits 0, but
this is not strictly neededfor the proof.)

Note. In [44], the threshold was determined more precisely (with error n¡ C rather than
just ±), and a value for the exponent ² in the probability wasdetermined. In addition, it was
shown that a.a.s.in the standard random graph process,the very edge,say the m'th, which
createsa nonempty k-coreproducesoneof \full" size. To be precise,a.a.s.for all m such that
Gm hasa nonempty k-core,its sizeis ne¸ k(2m=n )ek(¸ k(2m=n)) + o(n¡ ³ ) for ³ > 0 given in [44].
The higher accuracywas obtained by using the method of proof of Theorem 5.2, applied to
the generalintegrals of the di®erential equationsgiven by (6.23).

7 Di®erences with a tail

Sometimesthe upper bound on the di®erencesin variables is too large to be useful, but the
di®erencesare with high probability much smaller than the upper bound, as discussedin
Section4.4. In this caseTheorem5.1 will be usedwith non-zero° .
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7.1 The degree-greedy algorithm for indep endent sets

Herewe considerthe secondalgorithm for ¯nding independent setsin random regular graphs
(seeSection2). The results given here were obtained in [61] (where it was called the neigh-
bourly algorithm), and alsoin the cased = 3 in [21] (called MINGREEDY). The analysisuses
the pairing process,as for the simple greedyalgorithm in Section3.5.

The degree-greedyalgorithm is as follows. Given a random d-regular graph G,

1. Set I := ; ;

2. If V(G) = ; , stop. Otherwise,selecta vertex v u.a.r. from the verticesof G of minimum
degree;

3. Set I := I [ f vg and deletev and all its neighbours from G;

4. Return to step 2.

An equivalent way to expressthis algorithm is as follows. A vertex of degreestrictly
lessthan d is called unsaturated. Choosethe vertices in an independent set I consecutively,
each vertex chosenrandomly from those which, in the graph of edgesso far probed, are of
maximum degreesubject to being unsaturated. After adding a vertex v to I , probe all its
incident edgesaswell asall thoseof its neighbours. Thus, the edgesprobed in this algorithm
are the onesdeletedin the oneabove.

As with the simple greedy algorithm, this one can be incorporated as part of a pairing
processgeneratinga random regular graph, by exposingpairs when probed.

The pairing pro cess incorp orating the degree-greedy algorithm.

First add a random vertex to an empty set I . When v is added, random mates are
selectedfor all remaining unpaired points in (the bucket corresponding to) v, and then
for all other points in the vertices adjacent to v. Then the next vertex v is selected
for I , which is done randomly from those currently of distanceat least 2 from I , and
of maximum degreesubject to this constraint. The processcontinuesuntil all vertices
have distanceat most 1 from vertices in I .

In the following discussion,this pairing processis regardedas the algorithm. Note that
the pairing is completed(that is, all edgesare exposed)at or beforethe step in which the last
vertex is addedto I .

Before setting up the di®erential equations,the typical behaviour of the algorithm must
be considered.For d in general,this behaviour hassomeinteresting features(which have not
yet beenfully determined,as explainedbelow). The current degreeof the vertex v addedat
each step clearly a®ectsthe sizeof the independent set ultimately produced,and the typical
value of its degreecan changethroughout the process. At ¯rst, the number of unsaturated
vertices of degreegreater than 1 remains bounded, and the vertices added to I are almost
all of degree1. But when jI j > ²n, verticesof degree2 are createdwith positive probability
whenadding the edgesfrom v or its neighbours. Still, any such verticescreatedare chosenin

55



        

the next few stepsof the algorithm until noneremain. This is calledphase1 of the algorithm.
But at sometime the newly generatedvertices of degree2 begin to regeneratethemselves
as fast as they are consumed. Shortly after this, the degree2 vertices are created faster
than they are consumed,and we say that the algorithm is in phase2. At this time, all but
a bounded number of unsaturated vertices have degreeat most 2. The transition between
phasesis rather blurred, and beforegetting technical we do not have a precisede¯nition of
the phases;roughly speaking,if most of the verticesbeingaddedare of degreek or k + 1 then
all but a boundednumber of unsaturated verticeshave degreeat most k, and the algorithm
is in phasek. This keepsgoing until phased ¡ 2, when the verticesbeing chosenhave degree
d ¡ 2, and any verticesof degreed ¡ 1 createdare immediately chosennext.

It would be possiblethat a phased¡ 1 occurs,in which verticesof degreed¡ 1 arecreated
faster than they aredestroyed. It would similarly be possiblethat at sometime in phasek the
verticesof degreek are,perhapsthrough someunlikely events, or perhapsevena.a.s.,usedup
prematurely, and the processreverts to an earlier phase. Indeed, thesescenariosare clearly
possiblein any particular run of the algorithm, and can even be highly likely if the process
starts not with an empty pairing but with a carefully selectedinitial pairing. However, the
solution of the di®erential equationsgiven below shows that, at least for d · 100,the process
a.a.s.passesthrough phases1; 2; : : : ; d ¡ 2 with no reversionsand without reaching a phase
d ¡ 1. I conjecturethat this is the casefor all d ¸ 3. Thesestatements will be madeprecise
by de¯ning phasesin terms of the di®erential equationsgoverning the process.

We are at liberty to de¯ne the basicvariable t of the di®erential equationsarbitrarily . For
this process,a convenient choiceof t is not the number of pairs addedto the growing graph,
nor is it (as in the simple greedy algorithm) the number of vertices added to I . Instead,
the de¯nition of a unit time interval dependson the phasek of the algorithm, and both are
de¯ned inductively. We begin after the ¯rst vertex hasbeenput into I and all edgesincident
with its neighbours have beendetermined. Here t = 1 and k = 1.

So now assumethat the algorithm has reached somegeneralpoint in phasek. We shall
assumethat there are many unsaturated verticesof degreeat most k, and that, for a period
of time at least, each individual vertex added to I a.a.s.has degreeeither k or k + 1. (The
precisestatement proved in [61] is that this is true at leastafter o(n) verticeshave beenadded
to I in phasek. Except near the end of phasek, the unsaturated verticesof degreeat least
k + 2 are createdonly rarely, becauseonly a boundednumber of unsaturated vertices have
degreek + 1 and so it is unlikely that they are selectedwhen the pairs are exposed.) De¯ne
a clutch to be a set of verticesaddedconsecutively to I beginning with one of degreek and
endingjust beforethe next vertex of degreek. Increment time by 1 for each clutch of vertices,
and sode¯ne Gt to be the graph evolved after t clutches. Now the expectedchangesto Gt in
oneunit of time can be calculated. De¯ne Yi (t) asusual, and de¯ne S(t) to be the number of
unpairedpoints remainingat time t. This is determinedby the de¯cienciesof the unsaturated
vertices,and so

S(t) =
d¡ 1X

i=0

(d ¡ i )Yi (t):

Condition on Gt and considerthe processwhile the next clutch of vertices is addedto I .
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Computation here is only approximate, ignoring the changing valuesof the variablesduring
this segment of the algorithm, and making various other assumptionswhich can also be
justi¯ed. Also we assumethat Yi (t) = 0 for i > k. When a point is selectedat random to
be paired with another, the probability it lies in a vertex of degreej is (d ¡ j )Yj (t)=S(t).
Thus, when a vertex of degreek is added to I , the expected number of vertices of degreej
hit during exposureof its d ¡ k remaining edgesis

(d ¡ k)(d ¡ j )Yj (t)
S(t)

;

and the expected number of vertices of degreei hit in turn when the remaining d ¡ j ¡ 1
edgesfrom each of theseverticesare exposedis

(d ¡ k)(d ¡ j )Yj (t)
S(t)

£
(d ¡ j ¡ 1)(d ¡ i )Yi (t)

S(t)
:

The former changefrom degreej to degreed, and so contribute only to a reduction in Yj ,
whilst the latter change from degreei to degreei + 1, assuming(at least a.a.s.) that the
verticeshit during taking the clutch are all distinct. So they contribute to both a reduction
in Yi and an increasein Yi+1. This is summedover all j up to d¡ 2, to show that the expected
increasein Yi when one vertex v of degreek (not a clutch, yet) is addedto I is

¡ ±ik + (d ¡ k)¹ i (7.1)

where¹ i = ¹ i (t) is given by

¹ i = ¡
(d ¡ i )Yi (t)

S(t)
+

d¡ 2X

j =0

(d ¡ j ¡ 1)(d ¡ j )(( d + 1 ¡ i )Yi ¡ 1(t) ¡ (d ¡ i )Yi (t))Yj (t)
S(t)2

:

Here the term ¡ ±ik stands for the lossof the vertex v itself in the casei = k. On the other
hand, if v hasdegreek + 1, the result is

(d ¡ k ¡ 1)¹ i (7.2)

in placeof (7.1), for all i · k. (This will not be neededfor i = k + 1.)
The expected number of vertices of degreek + 1 in a clutch can be found as follows.

Beginning with Yk+1(t) = 0, the expectednumber createdwhen the ¯rst vertex of the clutch
and all its neighbours' edgesare exposedis, from (7.1), (d ¡ k)¹ k+1. Consider this as the
¯rst generationof a birth-death processin which the individuals are the vertices of degree
k + 1, each giving birth to a number of children (essentially independently of the others) with
expectednumber (d¡ k ¡ 1)¹ k+1 by (7.1). Then the expectednumber in the j th generationis

(d ¡ k)¹ k+1((d ¡ k ¡ 1)¹ k+1) j ¡ 1;

and the expectedtotal number of births in the whole birth-death processis

(d ¡ k)¹ k+1

1 ¡ (d ¡ k ¡ 1)¹ k+1

: (7.3)
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(During phasek the denominatorwill be positive; only near the transition to phasek + 1 will
it approach 0.) The births represent vertices of degreek + 1 in the clutch. For i · k, the
expectedincreasein Yi when the clutch is addedis obtained by multiplying this by (7.2), and
adding (7.1), for the ¯rst vertex of the clutch. This simpli¯es to

E(Yi (t + 1) ¡ Yi (t) j Gt ) = ¡ ±ik +
(d ¡ k)¹ i

1 ¡ (d ¡ k ¡ 1)¹ k+1

:

As in the other examples,this forms the basisfor the di®erential equations. Write Yi (t) =
nzi (t=n), ¹ i (t) = n¿i (t=n) and S(t) = n»(t=n). The systemof di®erential equationssuggested
is

z0
i = ¡ ±ik +

(d ¡ k)¿i

1 ¡ (d ¡ k ¡ 1)¿k+1

(i · k); zi = 0 (i > k) : (7.4)

Here di®erentiation is with respect to x, where xn represents the number of clutches, and
from the de¯nitions of ¹ and S

¿i = ¡
(d ¡ i )zi

»
+

d¡ 2X

j =0

(d ¡ j ¡ 1)(d ¡ j )(( d + 1 ¡ i )zi ¡ 1 ¡ (d ¡ i )zi )zj

»2

and

» =
d¡ 1X

i=0

(d ¡ i )zi :

Along the way one must compute the number Y(t) of vertices in I at time t. The expected
increasein Y at time t is the expectedsizeof a clutch, which is the expectednumber of births
given in (7.3), plus 1 for v. Sowriting Y(t) = nz(t=n), the di®erential equation suggestedfor
z is

z0 = 1 +
(d ¡ k)¿k+1

1 ¡ (d ¡ k ¡ 1)¿k+1

=
1 + ¿k+1

1 ¡ (d ¡ k ¡ 1)¿k+1

:

So far, di®erentiation has been with respect to x. However, sincex does not appear other
than as a parameter in any of theseequations,we can compute the ratio dzi

dz = z′i(x)

z′(x)
using

(7.4) and obtain

z0
i =

±ik ((d ¡ k ¡ 1)¿k+1 ¡ 1) + (d ¡ k)¿i

1 + ¿k+1

(i · k); zi = 0 (i > k) (7.5)

where di®erentiation is with respect to z, and all functions can be taken as functions of z,
which represents the cardinality of I (scaledby 1

n ).
For the ¯rst phase,k = 1 and the initial conditions are

z0(0) = 1; zi (0) = 0 (i > 0):

The technical de¯nition of the phasescan now be given, inductively. Phasek refers to all
of the processcorresponding to values of z between z(k¡ 1) and z(k). On this interval, the
functions zi are given by (7.5) with initial conditions given by the ¯nal valuesin the previous
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phase,at z(k¡ 1). The ¯nal part of the de¯nition is that z(0) = 0 and z(k) is the ¯rst solution
for z ¸ z(k¡ 1) of (d ¡ k ¡ 1)¿k+1 = 1. (This is when the expectednumber of births in a clutch
would tend to in¯nit y.)

Theorem 5.1 can be applied to the processwithin each phase. This is similar to the
applications in Section5.3 except that ° is now non-zero,becausethere is no upper bound
on the number of vertices in a clutch. However, as long as the expected number of births
(7.3) in the birth-death processis bounded above, the probability of getting say n² births
is O(n¡ K ) for any ¯xed K . (This comesfrom a standard argument, which can go like the
following. If (7.3) is boundedthen the expectednumber of new verticesof degreek + 1 found
when one such vertex and all its neighbours are exposedis at most 1 ¡ ² for some² > 0.
Thus, the number of such vertices in the current graph has an expected decreaseat each
step. Then an argument like the proof of Corollary 4.1 with b = ¡ ² shows that with very
high probability the number of theseverticesin the current graph reaches0 beforetoo long.)
Thus Theorem 5.1 applies with ° = n¡ K and ¯ = n² and an appropriate domain D. By
this argument, it was shown in [61] that during each phase,Yi (t) = nzi (t=n) + o(n) a.a.s.
It follows that the sizeof the independent set at the end of the algorithm is asymptotic to
nz(k), where k is the last phase. The solutions of the systemsof di®erential equationswere
computedfor many small valuesof d, and asmentioned above, in all casesthe systempasses
through phases1; 2; : : : ; d ¡ 2 and then ¯nishes. (Somenumerical analysisneededto be done
to check that with the approximate solutionsfound, at the end of each phasek the number of
verticesof degreek + 1 doesindeedbegin to grow. That is, the birth rate, per individual, in
the birth-death processgeneratingverticesof degreek + 1 must grow above 1. This wasdone
by examining the derivative of the function determining the birth rate. This derivative was
shown to be positive near the phasetransition. In this way, there is no problem causedby
the fact that the sharp concentration result only appliesin a domain which is exited near the
end of a phase. Alternativ e scenarios,where say the maximum degreeunsaturated vertices
reverted to degreek ¡ 1 or less,were ruled out by the numerical computation in thesecases,
but have not beenruled out theoretically in general.) Thus, in all thesecases,the sizeof the
independent set found by this algorithm is a.a.s.asymptotic to nz(d¡ 2).

The almost sure lower bounds on maximum independent set sizeof a random d-regular
graph (d ¸ 3) givenby this algorithm arecloserto the bestknown upper bounds(McKay [36])
than to the lower bounds given by the simple greedyalgorithm in Section3.5, and seemto
exceedthe best lower boundsobtained by other means(Shearer[54]) for all d. The following
table shows the boundsgiven by the simple greedyand degree-greedyalgorithms for small d,
as well as the upper boundsfrom [36].
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d simple greedy degree-greedy upper bound
3 0.3750 0.4328 0.4554
4 0.3333 0.3901 0.4163
5 0.3016 0.3566 0.3844
6 0.2764 0.3296 0.3580
7 0.2558 0.3071 0.3357
8 0.2386 0.2880 0.3165
9 0.2240 0.2716 0.2999
10 0.2113 0.2573 0.2852

Finally, for d = 3 the explicit solution z(1) = 6ln 3
2

¡ 2 can be derived. This value was
found in [21] basically using the sameidea as in Section3.3.1for 2-processes;that is, making
use of the sum of degreescondition to eliminate one variable. (In [21] the behaviour of Y0

was determinedin [20] using approximation by di®erential equations.)
Eliminating only onevariable doesnot seemto help much for d > 3, so¯x on d = 3. Then

there is only onephase,so k = 1 and the equation for z0
0 in (7.5) is

dz0

dz
=

2¿0

1 + ¿2

; (7.6)

¿0 =
¡ 3z0(» + 6z0 + 2z1)

»2
; (7.7)

¿2 =
2z1(6z0 + 2z1)

»2
: (7.8)

Since Y2 is virtually 0 during phase1 (this observation relies on the di®erential equation
approximation being valid; z2 = 0 in phase1), the edgesaddedduring this processreach new
vertices which have degree0 with probability 3Y0=(3Y0 + 2Y1). So for each edgeadded this
is the expecteddecreasein Y0. (We also require the fact that verticesof degee0 are usually
not addedto the independent set, except for the very ¯rst vertex; this comeseither from the
observation that a random cubic graph is almost always connected(see[12] or [59]), or as a
corollary of the fact that the number of vertices of degree1 grows away from 0 during this
phase,which also follows from the validit y of the di®erential equation approximation.) On
the other hand, with every edgeadded,» decreasesby 2. It follows that d»

dz0
= 2»

3z0
, sincen»

and nz0 approximate 3Y0 + 2Y1 and Y0. Solving this equation with initial condition » = 3
whenz0 = 1 gives» = 3z2=3

0 . Substituting this and z1 = 1
2
»¡ 3

2
z0 into (7.6) and solving(Maple

or Mathematica helps!) with initial condition z0 = 1 when z = 0 gives z as the following
function of z0:

6 ln 3 ¡ 2 ¡ 2ln(z0 + 8) ¡ 4ln(2 + z1=3
0 ) + 2ln(z2=3

0 ¡ 2z1=3
0 + 4) + 3z1=3

0 ¡
3
2

z2=3
0 +

1
2

z0:

Putting z0 = 0 to ¯nd the end of phase1 yields z(1) = 6ln 3
2

¡ 2 as required.
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7.2 Greedy packing

Let G0 = (V; E) be a k-uniform simple hypergraph and considerthe greedypacking process.
Each step deletesa randomly chosenhyperedgeand all the vertices it contains. Thus all
hyperedgescontaining those deleted vertices are also deleted. We are interested mainly in
how many verticesremain (of degree0) at the end of the process.

Let º = jV j and ¹ = jE j. The variableswe will considerare the degreesof the vertices:
let Yi (t) denotethe degreeof vertex i in Gt . We assumeat the outset that

jYi (0) ¡ r j · ± (7.9)

for all i , where± and r are functions of n. We only obtain usefulresultsherewhen± << r <<
º . (Other casescan also be treated, but to simplify this discussionif we concentrate on the
casethat the di®erenceshave tails.) For asymptoticsthesevariablesall go to 1 . Throughout,
k ¸ 3 will be ¯xed.

Since each vertex degreeis only likely to change very occasionally, we scale time by a
factor of

M =
º
r

:

That is, rede¯ne Gt+1 to be the graph obtained after M hyperedgesare chosenand deleted
starting with Gt . We call thesedeletion operations, to distinguish them from the stepsof the
process(each of which contains M deletion operations). We assumefor conveniencethat M
is an integer; this assumptiondoes not alter the outcomeof the argument. This particular
scaling is chosenjust to conveniently conform to the setting of Theorem 5.1, in which the
rangeof the variablesis roughly of the sameorder of magnitude as the length of the process.
Note here that the processmust end after at most º =k hyperedgesare deleted, sincethe k
vertices in each hyperedgedisappear forever. Thus, the length of the processin scaledtime
is at most r=k.

Continuation of the processdependson someof the remaining vertices having non-zero
degree,which leadsto the idea of keepingtrack of the vertex degreesduring the process.To
gain someidea of what we might expect the truth to be, regarding the number of vertices
surviving to the end, it is reasonable(but has not beenproved yet) to supposethat at any
time until near the end of the process,the graph is \almost" random given the number of
edges.This cannot hold forever, but let us be optimistic and expect the processto keepgoing
until its vertex degreesbecomeroughly constant, from which time we might supposethat
somesigni¯cant proportion of the surviving verticeswill survive to the end of the process.

We ¯rst run through a trial calculation using the uniform randomnessassumption,sincea
more accurateversion is exactly what we needlater. In the trial calculation, we can pretend
that all verticeshave the samedegree,say z(t=r )r , at time t. We write x for t=r throughout.

There are altogether exactly º ¡ kM t surviving verticesremaining in the graph Gt . The
number of hyperedgesis the sum of degreesdivided by k, namely

(º ¡ kM t)r z
k

=
º (1 ¡ kx)r z

k
: (7.10)
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We can also estimate the changein the degreeof a surviving vertex per step. Each vertex
is in r z hyperedges,each of which has k ¡ 1 other verticesand henceis deleted if any of its
intersecting rz hyperedgesis the chosenone. The (estimated) probability of reducing the
degreein one deletion operation is therefore the product of thesethree numbers divided by
the number of hyperedgesgiven above; that is, k(k¡ 1)r z

º (1¡ kx)
. Multiplying by M = º =r, we obtain

the expecteddegreereduction in onestep, conditional on the vertex surviving:

k(k ¡ 1)z
(1 ¡ kx)

: (7.11)

Using the usual di®erential equation philosophy, the suggestedequation is

z0(x) = ¡
k(k ¡ 1)z
(1 ¡ kx)

(7.12)

with initial condition z(0) = 1 sincez is the degreescaledby 1=r. The solution is

z(x) = (1 ¡ kx)k¡ 1: (7.13)

The degreesdrop to about 1 whenz is 1=r, that is, the number of surviving vertices,º (1¡ kx),
is º

r
1

k−1

: (7.14)

In the example in the introduction, where the vertices of G0 are edgesof the complete
graph K n , and the edgesare the triangles of K n , the processgreedily deletesthe edgesof
triangles until no triangles remain. Herek = 3, º =

³
n
2

´
and r = n ¡ 1, so(7.14) suggeststhat

the number of edgesremaining at the end of the processis about n3=2, in line with Spencer's
conjecture.

We now take a rigourous look at the generalsituation. As mentioned in Section2, we are
not aiming here for the best possiblevalue of ² which this method will deliver.

Theorem 7.1 Let G be a k-uniform hypergraph with º vertices. Assumeº < r C for some
constant C, ± = O(r 1=3) and r = o(º ). Also assume(7.9) holds. Then for any ²0 < 1

9k(k¡ 1)+3
,

a.a.s. at most º =r²0 vertices remain at the end of the greedy packing processapplied to G.

Pro of. Instead of trying to force the vertex degreesinto a di®erential equation with º vari-
ables,it seemsto be no lossto usejust onevariable, whosedi®erential equationwill be (7.13).
Theorem5.1 doesnot apply directly so we have to rework the proof slightly.

First examinea genericsituation: supposethat at time t = rx the degreesof all the vertices
are approximately equal,and in fact the degreeYi of each vertex i satis¯es the inequality

jYi ¡ r zj < » (7.15)

for some» = »x where
0 < log2 r < » = o(r z): (7.16)
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Here and in the following we use(7.13) for the de¯nition of z. We will ¯nd upper and lower
boundson the expectedchangein Yi during onestep for each vertex i , aswell asa bound on
the tail of the distribution, conditional on the vertex not being deletedduring this step.

First considerthe number of hyperedgespresent during the next step of the process(i.e.,
the next M deletion operations). There are altogether exactly º ¡ kM t undeletedverticesre-
maining in the graph Gt . Wecanthen replacethe estimate(7.10) of the number of hyperedges
at the start of this step by the more accurate

(r z + Á»)(º ¡ kM t)=k =
rzº (1 ¡ kx)

k
(1 + Á»=rz)

where Á denotesa function whoseabsolute value is bounded above by 1, di®erent at each
occurrence.At each of the M deletion operations throughout this step, k verticesare deleted
of degreeO(rz), soO(krz) = O(rz) hyperedgesare lost, accumulating to at most O(M rz) =
O(º z) throughout the whole step. So the number of hyperedgesis always

º (1 ¡ kx)r z
k

Ã

1 + Á»=rz + O

Ã
1

r (1 ¡ kx)

! !

(7.17)

throughout this whole step.
The next task is to bound with high probability the change in a vertex degreein this

step. Later we compute the expectedchange,focussingon vertex 1. We assumethis vertex
is not deletedin this step. By (7.15), the argument above estimating the probability that the
current degreeof vertex 1, i.e. d(1), is changedin onedeletion operation is valid to within a
constant factor, giving the rough upper bound on this probability as

p = O

Ã
r z

º (1 ¡ kx)

!

= O

Ã
(1 ¡ kx)k¡ 2

M

!

by (7.13).
Let us call a deletion operation where d(1) changes\successful" and let s denote the

number of these. For a simple large deviation inequality on s, just compute E
³

s
b

´
whereb =

blogrc. This canalternatively beexpressedasthe sum,over all b-subsetsof the M operations,
of the probability that all operationsin the subsetaresuccessful.Note the indicator variables
for the successfuloperationsare not independent here,but neverthelessthe probability that
a givenb-subsetis successfulis boundedabove by pb usinga chain of conditional probabilities.
Thus, by linearity of expectation and sincelogº = O(log r ),

E

Ã
s
b

!

·

Ã
M
b

!

pb =

Ã
O(1)

b

! b

= O(º ¡ 3):

Henceusing Markov's inequality (4.1) with ® = Cº 3,

P(s ¸ b) = P

ÃÃ
s
b

!

¸ 1

!

= O(º ¡ 3):
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Note that sincethe hypergraph is simple, d(1) can decreaseby at most k for every deletion
operation, so Y1(t) ¡ Y1(t + 1) < kb if s < b. Thus with ¯ = kb and ° = O(º ¡ 3) we obtain
the boundednesshypothesisof Theorem5.1 for this particular step. Applying this argument
to all verticesgives

P
µ

max
1· i · º

f Yi (t) ¡ Yi (t + 1)g ¸ ¯
¶

· ° (7.18)

with
¯ = kblogrc; ° = O(º ¡ 2):

Now we assume° = 0; on re°ection at the end of the argument it will be seenthat such a
small ° hasno e®ecton the conclusion.

We now turn to estimating the expecteddecreasein d(1) during theseM operations. By
linearity of expectation, this is

E(Y1(t) ¡ Y1(t + 1)) =
MX

j =1

E¢ j

where¢ j is the decreasein the j 'th deletion operation. Compute E¢ j as

E(¢ j j A)PA + E(¢ j j A)PA

where A is the event that already in this step, up to this operation, at least one vertex has
decreasedits degreeby at least ¯ , and A is the complement of A. The greatest possible
decreaseis clearly O(r ), and PA = O(º ¡ 2) by (7.18). So E(¢ j j A)PA = O(º ¡ 1). For
E(¢ j j A), we just have to run through the earlier estimatesmore carefully, knowing that
the degreeshave decreasedby at most ¯ sincethe start of this step. Thus, from (7.15), each
vertex now hasdegree

rz + Á»+ O(¯ ): (7.19)

In the argument leading to (7.11), the degreeof verticeswas estimated three times, twice in
the numerator and oncein the denominator coming from (7.10). Hence,without multiplying
by M , we have

E(¢ j j A) =
k(k ¡ 1)z

M (1 ¡ kx)
£

(1 + Á»=rz + O(¯ =rz))2

1 + Á»=rz + O(¯ =rz)

=
k(k ¡ 1)z

M (1 ¡ kx)

Ã

1 +
(3Á+ o(1))»

r z

!

;

being careful with Á's (which can be di®erent at di®erent occurrencessothe identical-looking
factors do not cancel),and using (7.16). Thus

E(Y1(t) ¡ Y1(t + 1)) =
k(k ¡ 1)z
(1 ¡ kx)

Ã

1 +
(3Á+ o(1))»

r z

!

= f (x) + Á¸ x
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in placeof the trend hypothesis,whereby (7.13)

f (x) = k(k ¡ 1)(1 ¡ kx)k¡ 2; ¸ x =
(3k(k ¡ 1) + o(1))»

r (1 ¡ kx)
:

Hence,looking a little later in the processand guided by (5.3), assumingthe bounds (7.15)
on vertex degrees,we have

E(Y1(t + j + 1) ¡ Y1(t + j ) j H t+j ) = f (x + j =r) + Á¸ x+j =r

= f (x) + O(w=r)(1 ¡ kx)k¡ 3 + Á¸ x (1 + o(1))

provided j · w = o(r (1 ¡ kx)).
We follow the rest of the proof of Theorem 5.1, but this time Y is the degreeof any

particular vertex, as above. The sameargument is applied to each of the verticesseparately,
in order to passfrom time t to t + w. The conclusionof the induction will be almost sure
boundson all the degreesof the verticesat time t + w. It is now simpler to have the length
w of the supermartingale a function of i ; we changew to

wi = r 1¡ ² (1 ¡ kx i ) (7.20)

(actually, rounded to an integer) for any ² < 1=3 and wherex i = ki =r is the current value of
t=r at the start of the supermartingale, and inductively ki+1 = ki + wi . For later reference,
sinceeach wi covers 1 ¡ r ¡ ² of the distancefrom ki to r=k, we have

ki ¼
r
k

³
1 ¡ (1 ¡ r ¡ ² ) i

´
(7.21)

where the approximation is only due to integer rounding at each step. The estimate above
now permits

g(r ) = r ¡ ² + Á¸ x (1 + o(1))

in placeof (5.4). Then we conclude(5.6) as before. In (5.7), just take ® = 3logº = O(log r )
sothat the probability is small enoughto be able to multip y by º , for the number of variables,
and r , for the number of valuesof i (at most). Now apply the rest of the argument of the
proof of Theorem5.1, starting with B i = »i . Then from the supermartingale argument,

jA2j < wi g(n) +
p

wi (log r )O(1) = O(r 1¡ 2² ) + Ár1¡ ² (3k(k ¡ 1) + o(1))»i

= O(r 1¡ 2² ) + rTB i

where T = Ár¡ ² (3k(k ¡ 1) + o(1)). As beforeA1 = B i , A3 = O(w2
i =r) = O(r 1¡ 2² ) and this

time A4 = 0 sincez = f 0(x) by the de¯nition of z.
We can thus de¯ne

B i+1 = O(r 1¡ 2² ) + B i (1 + T)

and B0 = r 1=3 is in agreement with the boundson the degreesof the verticesgiven initially .
Solving the recurrence,de¯ne

Bs =
sX

i=1

O(r 1¡ 2² )(1 + T)s = O(sr1¡ 2² )esT
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and the bounds (7.15) are establishedinductively on all the vertex degrees,with »i = B i

(provided (7.16)holds). The probability of failure of the boundsis easilyo(1) if s = O(r logr ).
Choosings = s0 = ²1r ² ln r=3k(k ¡ 1), we obtain

Bs0 = O(r 1¡ ²+²1 ):

Now from (7.21),
ks0 ¼

r
k

¡ r 1¡ ²1=3k(k¡ 1);

which represents x = 1
k ¡ r ¡ ²1=3k(k¡ 1), and so at this time in the process,from (7.13), r z =

kk¡ 1r 1¡ ²1=3k(k¡ 1). Thus, if ²1(1 + 1=3k(k ¡ 1)) < ², we have Bs0 = o(r z) and thus a.a.s. the
verticesall have degreeat least 0. Sothe processa.a.s.¯nishes later than this. Since² < 1=3,
this meanswe can chooseany ²1 < k(k¡ 1)

3k(k¡ 1)+1
. The number of verticesremaining is kº =r times

the remaining number of processsteps,r=k ¡ ks0 , and is thus º =r²0 for any ²0 < 1
9k(k¡ 1)+3

, as
claimed.

Postscript. The reasonthat Theorem5.1doesnot help whenapplieddirectly to the unscaled
packing processis that the variablesonly changevery slowly: their expectedchangesaremuch
smaller than the (constant) upper bound on their maximum changein onedeletion operation.
But the errors in approximation in the theorem are determinedonly by the upper bound on
the di®erences,and the number of steps. After scaling time the di®erencesare e®ectively
multiplied by only logº but the number of stepsis divided by a power of º .

Note that there is another way to deal with the problem of slowly changingvariables: use
the philosophy of Theorem5.1 or similar, but apply a di®erent type of martingale inequality
such as in McDiarmid [34, Theorem(6.1)]specially adapted to the casethat the expectation
of the changesis much smaller than the maximum change. To prove such inequalities one
can adapt the proof of Lemma4.2 to the casethat the di®erencesare 0 with high probability.
The main di®erencestems from a di®erent estimation of the exponential ehx . It is often
that a good choice of h has hx very small, so useful results are obtained by expanding the
exponential usingTaylor series.(Seethe proofsof Theorem(6.1) and Corollary (5.2) in [34].)
The results obtained from doing this are not very much di®erent from that above.

On the other hand, the simple wholistic approach referred to at the start of Section5.2
doessigni¯cantly help in the present problem. But this still doesnot seemto imply anything
better than the result in [24].

8 Other pro cesses

In this closingsectionwe describe someof the other graph processesand greedyalgorithms
to which the di®erential equation method hasbeenapplied.
Dominating num ber of random cubic graphs

The dominating number of a graph is the size of a smallest set S of vertices such that
every vertex not in S is adjacent to at least one vertex in S. Molloy and Reed [41] used
the di®erential equation method to obtain 0:3126n as an almost sure upper bound on the
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dominating number of a random n-vertex 3-regular graph by analysing a greedyalgorithm
which walks along a Hamilton cycle. This has similarities to the degree-greedyalgorithm
for independent sets, and relies on results of Robinson and Wormald which imply that for
proving almost surebounds,onecan assumethat a random 3-regulargraph is formed from a
Hamilton cycle plus a random matching. Duckworth and Wormald [18] have recently found
that a more direct analogueof the degree-greedyapproach performs better (again using the
di®erential equation method).
The pairing pro cess for random graphs with giv en degrees

Molloy and Reedanalysedthis process,which generatesrandomgraphswith givendegrees
u.a.r., to show that the size of (number of vertices in) the largest component is sharply
concentrated near a value which they determined. The variablesof interest are the numbers
Yi (t) of verticesof degreei still containing i unpaired points after t pairs have beenchosen.
The main theorem of [61] was applied separatelyto each Yi to show that thesenumbers are
sharply concentrated, and establishedfrom this the asymptotic concentration and value of
the sizeof the largest component in the ¯nal graph.
Greedy list-colouring pro cess

Finding the chromatic number of an arbitrary graph alsorequiressolving an NP-complete
problem. A natural heuristic for k-colouring a graph can be described as follows. Assume
there are k colours available. Assign colours to the vertices one by one (in a way to be
described). For each vertex maintain a list of the coloursavailable; that is, not appearing on
neighbours alreadycoloured. The simplecriterion for choosingthe next vertex to be coloured
is to chooseit u.a.r. from thosewith the shortest lists. The colour is also chosenu.a.r. from
thoseon the list. If no list ever becomesempty, the heuristic successfullȳ nds a k-colouring
of the graph. In this casethe processis a processof graphs whosevertices have associated
lists. (A colouredvertex is equivalent to a vertex with a list containing only onecolour.)

Achlioptas and Molloy [1] found the threshold in G(n; p) (the commonmodel of random
graphs) for almost suresuccessof this processusing the di®erential equation approach. The
variables of interest here are the numbers of vertices with a list of length i , for each i · k.
They found they could solve the resulting systemof di®erential equationsfor k = 3, and hence
determinedthe thresholdin G(n; p) at which the greedylist-colouring heuristic becomesalmost
surely successful.For larger k, inequalities wereobtained on the solutions.
Karp-Sipser algorithm

A simple algorithm for ¯nding a matching in a random graph in G(n; p) is to repeat the
step of selectinga random edgeX to add to the matching and then deleting the vertices
of the edge(and all incident edges). If the edgeis selectedu.a.r. this givesa simple greedy
algorithm. Karp and Sipser[29] modi¯ed this asfollows: in the stepswhereverticesof degree
1 exist, chooseone u.a.r. and let X be its incident edge. They showed using a di®erential
equation method that that for p = O(n¡ 1) this algorithm a.a.s.¯nds a matching which has
cardinality within o(n) of the maximum matching in the graph. Aronson et al. [5] gave a
more preciseanalysisusing a wholistic approach similar to that in [44], and amongstother
things improved the o(n) to O(n1=5 logK n) for a particular K .
Greedy heuristics for random instances of k-sat
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Considera random logic formula in conjunctive normal form with n variablesand exactly
k literals per clause. Finding a truth assignment satisfying such a formula is NP-hard, so
heuristic algorithms are of interest. A classof greedy heuristics usesthe repeated step of
randomly choosing a literal x, deleting all clausescontaining x, and deleting all occurrences
of ¹x from other clauses. If any clausesbecomeempty the heuristic fails. Various rules for
selectingx (which givevariousheuristics)havebeenstudied. In a particular versionstudiedby
Chaoand Franco[14, 15] and Friezeand Suen[22], x is chosenfrom a randomly selectedclause
of smallestsize. This is then very similar to the degree-greedyalgorithm for independent sets.
It even exhibits just the sametypes of phases. (Other variations resemble the Karp-Sipser
algorithm above, for matchings.) Thesepapersusethe di®erential equation method to study
the probability the heuristic succeedson a random formula with cn clauses. In [14, 15], an
appropriate systemof di®erential equationsis derived basedon variableswhich count clauses
containing i literals (analogousto verticesof degreei in graph processes).There, arguments
concerningsumsof binomials areusedin placeof supermartingale inequalitiesto obtain some
rough estimates. In [22], the casek = 3 is examinedfor this heuristic and morepreciseresults
areobtainedusinga piecewiseapproach. This is very similar to a specialcaseof Theorem5.1,
but with an argument about sumsof nearly independent and nearly equalbinomial variables
playing the role of a supermartingaleinequality. An argument analogousto that in Section7.1
will no doubt give preciseresults for arbitrary k.
ACKNOWLEDGMENTS

My appreciation goes to MichaÃl Karonski and Hans JÄurgen PrÄomel for arranging the
Summer School. I am greatly indebted to my wife, Hania, for her encouragement and for
invaluable assistancewith revising the early draft of thesenotes. Thanks are alsodue to Ian
Wanlessfor careful a reading.

References

[1] D. Achlioptas and M. Molloy, The analysis of a list-coloring algorithm on a random
graph, FOCS 97, 204{212.

[2] D.J. Aldous, Emergenceof the giant component in special Marcus-Lushnikov processes,
Random Structures and Algorithms 12 (1998), 179{196.

[3] N. Alon, J.H. Kim and J. Spencer, Nearly perfect matchings in regular simple hyper-
graphs,Israel J. Math. 100 (1997), 171{187.

[4] N. Alon, J.H. Spencerand P. Erd}os, The Probabilistic Method. Wiley, New York, 1992.

[5] J. Aronson, A. Frieze and B.G. Pittel, Maximum matchings in sparserandom graphs:
Karp-Sipserrevisited, Random Structures and Algorithms 12 (1998), 111{177.

[6] K. Azuma, Weighted sumsof certain dependent random variables,Tôkuku Math. J. 19
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