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1 Intro duction

Randomgraph processesnd related discreterandom processesire being usedincreasinglyin
the analysisof randomisedalgorithms and the study of random graphs. Someof the important
results have recerlly been obtained by establishinga connection between the processand
an asswiated di®eretial equationt or system of di®eretial equations. The solution of the
di®erettial equationsprovidesa deterministic approximation for the dynamicsof the random
process.

This ideaof appraximation hasexistedin connectionwith cortinuousprocessegessetially
sincethe invertion of di®erenial equationsby Newton for approximation of the motion of
bodies in medanics) before being applied to random graphs, and someresults for discrete
processesalso appearedbefore. For instance, Kurtz's theorem [3]] is applicable to discrete
processes.lIt wasusedin the analysisof a random greedy matching algorithm by Karp and
Sipser[29], which wasthe rst application of this method to random graphs.

This paper is partly a survey of applications of a method or approad, but mainly an
exposition of the method and what we can expect from it. The main theorem (Theorem5.1)
attempts to be general-purmpse. The generalsetting is a sequenceof random processesn-
dexed by n (which is often the number of verticesin the initial graph of the process),and
the aim is to nd properties of the random processin the limit asn! 1 . In general,the
conclusiononedraws after applying the method is that variablesde ned on a random process
are sharply concentrated, which informally meansthat they are asymptotically equalto cer-
tain deterministic functions with probability tendingto 1 (asn! 1 ). Thesedeterministic
functions arise as the solutionsto a systemof ordinary rst order di®erettial equations. For
somerandom graph applications the situation is rather delicate and higher accuracyin the
appraximation is crucial (seeSections5.2 and 7.2). Higher accuracycan usually be obtained
by usingideasfrom the proof of the main theoremor assaiated results suc as Corollary 4.1.

Oneof the important featuresof this approad is that the computation of the approximate
behaviour of processess clearly separatedfrom the proof that the approximation is correct.
A good exampleof this isin Section3.3.4. In addition, the solution of the di®erenial equation
in Section7.2 givesa suggestionof the crucial point in time at which a random greedypading
algorithm will cometo a grinding halt. This feature is hard to gleanfrom other approades
to this problem which usethe nibble method of RAdI [4§].

This paper givesexamplesof the various types of results, categorisedaccordingto which
version of the method is required to obtain them. Somenew results are included, in partic-
ular, the rst application of the di®ereriial equation method to pading in hypergraphsin
Section7.2. Also, the main theoremis a little strongerthan that in [61], although the proof
is almost idertical, and the derivation in Section 3.3.3is new, as is the application to the

IWhat is a title with the first two words “differential equations” doing on a paper which is mainly about
graphs? Any reader feeling uncomfortable about this is assured that no real method of solving differential
equations is required to read this article except for simple first order ordinary differential equations, and even
those only in one or two places. More importantly, the same reader is encouraged to examine the interplay
between discrete and continuous mathematics more closely, and to note that obscure methods are not a
prerequisite of obtaining interesting results in this area.



processin Section3.1and 3.2.

Di®erenial equations have of courseturned up in studies of random graphs in other
contexts. One appearanceparticularly related to the presen topic occursin the study by
Pittel [43] of the limiting distribution of the number Y; of tree componerts of sizei in the
random graph G(n; m). A Gaussiandistribution result is derived there by consideringthe
dynamicsof the processinduced on the Y; by adding a random edgeto the graph. A system
of ordinary di®eretial equationsdescribesthe behaviour of other variables from which the
variance and covariance of the Y; can be estimated. Another exampleis in Benderet al. [10]
which also has G(n; m) in the badkground, but there the object of study is the probability
of connectednes®f the random graph. In that case,the di®erenial equation also givesan
indication of trends in the process,but is not usedin the sameway asin the presern notes.

There are naturally somerandom graph processego which the di®erenial equation ap-
proach hasnot beenapplied at all sofar. The tree-growving processesud asthat studied by
Mahmoud et al. [39] provide a good example.

1.1 A brief look at the general metho d

The basicidea is quite simple. Compute the expected changesin random variables of the
processper unit time at time t and, regarding the variables as cortinuous, write down the
di®erertial equationssuggestedoy the expected changes.Then uselarge deviation theorems
to show that with high probability the solution of the di®ererial equationsis closeto the
valuesof the variables.

As mernioned above, this approad is standard in the study of cortinuoustime processes,
sud asin the book by Kurtz [32). (There the main emphasisis corvergencen distribution,
rather than bounding the probability of very rare events which is regularly required for com-
binatorial applications.) Conversionto discrete can be done by simple relations betweenthe
discretetime and cortinuoustime processegseeKurtz [32, Proposition 4.5]). Basically, this
is becausethe number of stepswhich the cortinuoustime random processhas taken after a
given (long) time is sharply concenrated. More recerly, Aldous [2] examinedthe generali-
sation of someof the results on the emergenceof the giant componert in random graphsin
the setting of cortinuous processesA di®erenial equation result on that type of problem is
mertioned in [2, Section5.2]. Thoseinterestedin working with integration and measuresnay
prefer the cortinuous versionof this method. For combinatorialists, especially those familiar
with sharp concenration phenomenain the discrete setting, working ertirely with discrete
processess no doubt easier.

The theoremin Kurtz [31] usedin [29] is stated for discrete processes.Being quite gen-
eral, it is similar in spirit to Theorem 5.1, but only giveso(1) type boundson the errorsin
probability, whereasconbinatorial applications often require boundsof the form O(ni ©) (for
someparticular constart C).

One of the distinguishing featuresof the applications consideredhere,to graph processes,
comparedto many other applications of di®erertial equationsto random processesis that
the vector processegonsideredare quite often not Markovian. Howewer, they do needto be
closeto Markovian for the method to work, and fortunately this is often the case.
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1.2 Graph processes

Most of the random processeswve consider here are graph processes. By this we mean a
processwhich beginswith somestarting graph (usually n isolated vertices) and repeatedly
adds edgesrandomly according to some stochastic rule. (Equivalertly, there is a known
probability distribution for the next edgeor set of edgesto be added.) At somepoint, when
there are no more edgeswhich can legally be added, the processbecomesconstart. This
determinesthe probability spaceof sequences3y; Gi;::: where G; is the t™ graph in the
process.If at time t no more edgescan be added,then Gi,; = G; forall i , t and we call G;
the nal graph of the process. We will call the rst sud t the natural stoppingtime of the
process.

As an alternative, the starting graph Gy can be any given graph and during the process
the edgescan be deleted at random. The natural stopping time of sud a processis again
whenit becomesconstart. Another processwill usehypergraphsrather than graphs.

For all our graph processesG; will denote the ewlving graph (or hypergraph) at time
t. Throughout, we use Y;(t) to denote the number of vertices of degreei in G;, and with
referenceto any processin which edgesare added,those edge(s)addedat time t are denoted
by A;. In generalA; is permitted to be a set of edges. After the natural stopping time, A,
will be empty. We restrict the discussionhereto processeshat create no loops or multiple
edges. It follows that the natural stopping time is nite in ead case.If it is xed at some
integer T, we may write Gq; Gy;::: = Gg;Gy;:::;Gr. Wewill be interestedin the behaviour
of the processasn! 1 . Thus, we actually considera sequenceof random processesgadt
with starting graphsof di®eren sizes. The behaviour of variables (such as Y;(t) which now
dependson n) canin many casesbe approximated well asn! 1 , and this is the type of
result we aim for.

It turns out that with most random processedike this, it is hard to tell what the prob-
ability distribution of the nal graphis. One exceptionto this is also perhapsthe simplest,
called the standard random graph processin Section2. Another is a processwhich generates
regular graphsuniformly at random. But in general,the lack of knowledgeabout the precise
distribution of the processmeansthat somenon-elemetary method sud asthat presened
herewill be crucial in determining the asymptotic behaviour of somefeaturesof the process,
and, in particular, properties of the nal graph. Even when the distribution of the nal
graphis\well known", suth aswith random regular graphs, we can obtain results which have
not beenobtained by other meansby consideringthe random processgeneratingthe graphs.
Examplesof this occurin [42] and [6]].

1.3 Basic notation
1.3.1 Graph Theory

V(G) and E(G) are the vertex set and edgeset, respectively, of a graph G. Unlessotherwise
speci ed, V(G) = [n] = f1;2;:::;ng. We used(v) for a vertex v to meanits degree(usually
the graph is understood from cortext, but if not we may write dg(v)). ¢( G) denotesthe



maximum degreeof a vertex of G, and #G) the minimum. There should be no confusion
betweenthis and the Kronedker delta function
( e
1 ifi=;
-7 0 otherwise

The completegraph on n verticesis asusual denotedby K, and the complemen of a graph
G is denotedby G.

1.3.2 Probabilit y

We usethe notation P (probability), E (expectation), Var (variance)and u.a.r. (uniformly at
random). Also,anewent B = B, holdsa.a.s.(asymptotically almostsurely)if lim,; P(Bp) =
1.

Po(, ) denotesthe Poissondistribution with expectation ;. Thus, if X has distribution
Po(,) thenP(X =i)= ‘e '=ilfori  O.

For probabilistic methods usedin conbinatorics, see[4].

1.3.3 Other

For any integerk , O,
XJk = x(xj 1)¢ee(xj k+ 1):

The sequenceg; Xy;::: is denotedby hx;i.

2 Some random pro cessesand their histories

This is a description of the random processesvhich are investigatedin detail in thesenotes,
togetherwith somebadkgroundinformation. Thesearethe oneswith which | am mostfamiliar
and sorepresemn a biasedselectionof the processe$o which the di®erenial equation method
hasbeenpro tably applied. Other such processesre mertioned in Section8.

The rst is the classicrandom graph process,which is mainly included for comparison.

Standard random graph pro cess.

Here Gy = K,, and choose A; at-random from the remaining non-adjacen pairs of
vertices. This stopswhent = 7 . This is a processsuc that the m'th graph in
the sequencds distributed asin G(n; m), the probability spaceof (n; m)-graphs with

uniform distribution.

Min-degree graph pro cess.

This processdoes not seemto have appeared elsewhere,and is mainly included to
provide a simple but non-trivial exampleof the useof the di®erenial equation method.
Gy = K,. Given G;, choosea vertex u of minimum degreein G; u.a.r., then a vertex v



not adjacer to u in G; u.a.r. Put Ay = uv. The process nishes with the complete
graph.

As an example,if G4 is the examplein Figure 1 andd = 2, then P(As = 6;2g) = 1=16

sinceu cannotbe 2, P(u= 6)= 1=4,and P(v= 2j u= 6) = 1=4. On the other hand,
P(As = £6;1g) = 1=8, sinceu can be either 1 or 6.

Figure 1. A graphin a random process

Degree bounded graph pro cess.

This processhas a parameterd, whered , 2 for non-triviality. Gy = K,,. Given G,
chooseu.a.r. a pair of non-adjacen vertices which both have degreestrictly lessthan
d. Put Ay = uv. Asin [5Q), for a given d, we call this simply the d-process. The
processstops when the graph induced by the vertices of degreelessthan d is a clique.
For example,if G4 is the examplein Figure 1 with d = 2, then the next edgeaddedis
f 6; 1g with probability 1=5 sincethere are v e vacart sitesfor edgesto join two vertices
of degreelessthan 2.

This processhasreceived a lot of attention (Rucifiski and Wormald [50, 51] and various
papers by Balifiska and Quintas, for example[7]), due to an interesting question of
Erdps, asking for the asymptotic distribution of the number of vertices of degreeless
than din the nal graph. This questionwassettledin [50] usingthe di®ererial equation
approad together with someother argumerts. It was shavn that a.a.s.the nal graph
is regularif dn is even, and almost regular, with onevertex of degreed 1 and the rest
of degreed, otherwise. Sud a graph we call d-saturated.

Degree bounded star graph pro cesses.

The degreeboundedstar graph processwasintroducedby Robalewsla [45] (see[46, 47)).
It alsohasa parameterd which determinesthe maximum degreeof the verticesin the
graphs generated. It can begin with Gy = K,,. Here seweral edgesare addedin eadth
step of the processthe ideabeingthat a natural and quick way to generatea d-regular
graphis to \' 11" the vertices one after another. Given G, chooseu.a.r. a vertex v of



minimum degreein G, and dj d(v) other randomly chosenvertices of degreestrictly

lessthan d. The edgesfrom v to thesevertices form a star, in fact a (dj d(v))-star.

Gi+1 Is formed by adding the edgesof this star to G;. For given d we call this simply
the star d-process. In this process,up to d edgesare addedin ead step, and so the

number of edgesin G; can be aslarge astd. This processstopswhen G; is d-regular
or, for somev of minimum degree there are lessthan dj d(v) other verticesof degree
strictly lessthan d.

This processis useful for generating random regular graphs, but the distribution is
not cortrolled. Other related random graph generationalgorithms were given by Tin-
hofer [57]. These processesould also be analysedusing the di®ererial equation ap-
proad.

Pro cess generating random regular graphs

What is the size of the largest independert set (also called stable set) in a d-regular
graph? Finding the answer requires solving an NP-complete problem. Here, we are
interested in this question when the graphs are chosenu.a.r. Lower bounds on this
number were obtained in [61] by studying the standard model (called the con guration
or pairing model) for uniformly generatingrandom regular graphs. In this way, the
performanceof algorithms for nding large independer setsin regular graphscan be
studied.

The model (seeBollob§s[12] for example)can be descriked as follows. Take dn points
in n buckets labelled 1;2;:::;n, with d in ead bucket, and choose u.a.r. a pairing

ead point is in preciselyonepair p;. If no pair cortains two points in the samebucket,
and no two pairs cortain four points from just two buckets, then we can produce a d-
regular graph by joining two distinct verticesi and|j if somepair hasa point in bucket
i and onein bucket j. The d-regular graphson n verticesare all producedwith equal
probabilities. In any discussionof this model and algorithms on d-regular graphsin this
paper, we assumethat dn is even to avoid parity problems.

We rede ne this processslightly by specifying that the pairs are chosensequetially.
Actually it is usefulto considera whole variety of processesead of which producesa
pairing chosenu.a.r. Thesearisefrom the fact that in choosingthe pairs in the random
pairing sequetially, the rst point in the next random pair can be selectedusing any
rule whatscewer, aslong as the secondis chosenu.a.r. from the remaining points. For
example,onecaninsist that the next point chosencomesfrom the lowest-labelled budket
(i.e. vertex) available, or from the vertex cortaining one of the points in the previous
completedpair (if any suc ponts are still unpaired). As a consequencef this, for any
algorithm being applied to the nal random graph, the processfor generatingthe pairs
can be determinedby the order in which the algorithm queriesthe edgesof the graph,
and this order can be de ned dynamically. Two special casesof such a processwill be
treated, arising from two algorithms for nding independen setsof vertices. This was
donein [6]] to obtain lower boundson the expectedsizeof a maximal independert set
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in a random d-regular graph. One of thesealgorithms, the degree-greedy algorithm, was
alsostudied by Friezeand Suen[2]] in the cased = 3 (and calledMINGREEDY). Their
argumert relies on a result from Frieze et al. [20] which used a di®erertial equation
approad to appraximate the number of verticesof degree0 in the random process.

An appraximation algorithm for another graph function, the dominating number, can
be studied in the sameway for random regular graphs (see Section 8). Undoubtedly,
there are still more that can be donein this way.

Onecanalsoaskfor properties of the ewlving graph during the generationof a random
regular graph by the method above, if the pairs are chosenu.a.r. at ead step. After
t pairs have beenchosen,plenty of properties can be deducedby direct computation,
becauseall sets of t non-intersecting (i.e. pairwise disjoint) pairs are equally likely.
Howewer, for someof the more recalcitrant questions,the di®erettial equationapproad
may help. Molloy and Reed[42] have examinedthe sizeof the largestcomponert in the
ewlving graph in this way.

Finding the k-core of a random graph

The k-core of a graph G is the unique maximal subgraphof minimum degreeat leastk.

We discusshereonly the casek , 3; most aspects of the casek = 2 are much simpler.

To nd the k-coreof G onecanbeginby deleting all the verticesof degreelessthan k in

G. During thesedeletions,the degreesof someother verticescanfall below k, which are
then deletedin a secondround, and soon. This is cortinued until no verticesof degree
lessthan k remain. The resulting graph is the k-core of G. The processdiscussechere
is a sloved-downn version of this: beginning with G, choosea random vertex of degree
lessthan k, deleteit, and then repeat.

In [44] this random processwas applied to a random graph with m edgesto show that
a.a.s.in G(n; m) the k-core rst appearsat time m » c;(k)n and with size (number of
vertices)» c,(k)n. Both c; and ¢, weredetermined,aswell asa.a.s.the asymptotic size
of the k-corefor larger m's. The successf this work lay in the choice of the process.
The massdeletion processmertioned above takes stepswhich are seeminglytoo large
to analysepreciselyin the limit (though boundson the threshold of appearanceof the
k-core were previously obtained in just this way | seeMolloy [4(Q]). Other processes,
sud asthe even more sloved-davn processof randomly deletinga random edgeincidert
with a vertex of degreelessthan k, were also consideredbut don't seemamenableto
analysis. An important feature of the chosenprocessis that at ead stagethe graph
remainsrandom subject to a simple set of random variables which also determine the
transition probabilities at ead step. No other simple, slow processwith this feature has
beenfound for this problem. This wasone of the recen big successesf the di®erertial
equation method, so quite a lot of attention is dewted to it in thesenotes.

Greedy packing pro cess

The starting object of this processis somek-uniform hypergraph Gy, soall hyperedges
of Gy contain exactly k vertices. We assumek , 3. Gi:; comesfrom G; by selecting

9



one hyperedgeu.a.r., marking its vertices, and deleting the hyperedgeas well as all

the hyperedgesintersecting it. The processstops when no hyperedgesremain. The

main item of interest is the number of vertices remaining unmarked when the process
“nishes. This is called greedy packing becauset greedily selectsa set of mutually non-
intersecting hyperedges(pading of hyperedges). Hence,unmarked vertices are called
unoovered. For agood non-trivial example,take Gy to be the hypergraphwhosevertices
are the edgesof the completegraph K ,,, and whoseedgesare the triangles of K,. Then

the processjust repeatedly deletestriangles from K, until no triangles remain, and the

guestionis how many edgesremain. Joel Spencerhas o®ered$200for a proof that the

ansver is n32*°1) g a.s.

The interestin this type of questionstemsfrom RédI's solution [4§] of an old conjecture
of Erdpsand Hanani on existenceof near-perfect Steiner systems. This wasthe origin of
RAdI's \nibble" method, which wasusedby seeral authorsto obtain resultsshawing the
existenceof padings which cover almost all the vertices of hypergraphs. For a simple
hypergraph;that is, onein which any two verticesare in at most one hyperedge,it can
be extendedfurther. The bestknown result is the recert theoremof Alon et al. [3] that
a simple k-uniform, D-regular hypergraphon N verticeshasa pading which coversall
verticesbut at most O(NDi =i ) jf k > 3and O(NDi ¥2|n32D) if k = 3.

Howewer, it is not known how good a padking the greedy algorithm produces. RédI
and Thoma [49], and Spencer[55] show that if the degreesof G, are all D(1 + 0o(1))
with D ! 1 and the co-degreegnumbers of common hyperedgesin which the pairs
of vertices lie) are all o(D) then the greedy algorithm almost surely leaves o(jV (G)j)
verticesuncovered. Grable [24] recerily improved this to n”=#*°() for the above example
of trianglesin K,, (in which N = 7 ) and statesthat his argumert generalisedo the
bound N D' =2ki D+ o) for k-uniform D -regular simple hypergraphson N vertices.

Thus far, all the results obtaining upper bounds strongerthan o(N) on the number of
uncovered verticesassumethe initial hypergraph Gq is simple and regular. It was only
very recenly that the result of the greedyalgorithm was shovn to be belov N1 * for
some? > 0 [24].

The processesve study herealsoassumethat Gy is simple, aswell as someother con-
ditions on the degreesf the verticeswhich allows them to vary a little. The conclusion
is that the greedyalgorithm a.a.s.leaves o(jV (G)j!i °) vertices uncovered. This proof
is not very complicated and the value of 2 which results can be improved with a little

work (but somenon-trivial modi cation would be required to equal or better Grable's
result).

The approad taken here with greedy padking and di®erenial equationshas a lot in
commonwith the RAdI nibble method and adaptations sud asusedby Grable [24]. In
the original nibble method (as applied to this problem), a small number of hyperedges
are selectedat random, clashing ones(which intersect) are thrown away or otherwise
dealt with so that the degreesin the hypergraph do not di®er too much, and then
this is repeated. In [49] and [24] the greedy algorithm is analysedin roughly this

10



way. In the presen article there is a step in the proof of Theorem 5.1 which usesa
supermartingale spanninga number of steps;this is an analogueof a nibble, and the
ideais repeatedin proving Theorem7.1 on the padking process.On the other hand, the
di®erenial equation method has no needto take nibbles. This is donein Theorem5.1
for corvenienceof obtaining a generaltheorem. Swallowing the processwhole tends
to give stronger results, as shovn in Section 5.2. The relationship between the two
approadesis not yet fully explained.

3 Preliminary investigations

In this sectionwe examine someof the processesie ned above and make someconclusions
basedon the non-rigorousassumptionthat everything goesmore or lessat the expectedrate.
The sharp concertration of the variableswhich is required in theseassumptionsis discussed
rigorously in Section5.3.

3.1 Min-degree graph pro cess: phase 0

In order to study the structure of the ewlving graph G; in the min-degreegraph process,a
“rst stepisto nd the expectednumber of verticesof given degree.The processgoesthrough
various phases:whenthe minimum degreeis k, the verticesof degreek disappear at a higher
rate than they do at any other time. Let us say that at time t the processis in phasek
if #G¢) = k. That is, recalling Y;(t) denotesthe number of vertices of degreei in G, k is
minimum sud that Y,(t) > O.

PhaseO0 is the easiestto analyse,sothis is taken separatelyin this discussionas a simple
example. During this phase,for eah new edgeA;.; the rst vertex u hasdegree0, and the

secondv has vt
P = i) = 31)

sincev is freeto be any vertex apart from u.

its distribution at time t + 1 is determinedby its value at time t independerly of its earlier
history. This suggestsa quite valid next step in the analysis, namely to compute all the
transition probabilities in the Markov chain. This is a straightforward approad, but in many
casest leadsto rather complicatedformulae beforean almost miraculoussimpli cation occurs
when computing the expectedchangein the variables. Instead of taking this course,we prefer
to work out the expected changesby consideringthe cortributions from the various possible
sourcesthereby avoiding the sometimescomplicatedintermediate formulae.

When the edgeA;.; isadded,the changein Y; hascortributions from two sourcesnamely,
the changein degreeof u and the changein degreeof v. The former only a®ectsY, and Y,
sinceu changesfrom degreeQ to degreel. The latter cana®ectY; in two ways: it can change
fromij 1toi, increasingY; by 1, or from i to i + 1, decreasingY; by 1. Separatethese

11



possibilitiesby de ning indicator variables X, for the evert d(v) = i. Then

Yo(t+1) = Yo(t)i 1i Xo;
Yi(t+1) = Yi(t)+ 1+ Xoi Xg;
Yi(t+1) = Yi(t)+ Xy i Xy fori, 2.

In other words,
Yi(t+ 1) =Yi(t)i Ko+ H1+ Xi;10 Xi:

Taking expectations, we have by linearity of expectation

EVi(t+1)i Yi(t)jG) = i%Kot K1+ EXj1i EX|
Yia®)i Y,
= kot i+ "1(;)_'1'(0 (3.2)
i

in view of (3.1), whereY, 4(t) is takento be 0.

If we now imagine interpolating these variables Y;, which are de ned only at the non-
negative integers, by real functions, and presumethat the changesin the functions are equal
to their expectedchangeswe obtain a systemof di®etential equationsfor Y;(t), (i = 0;1;:::):

+ Yii l(t) i Yl(t)

D (i, o

Y|O(t) =i fot &1

It should be emphasisedhat thesedi®erenial equationsare only suggeste (at this stage).
Howewer, the steps of the processare almost independen, in a senseto be exploited in
Section5.1, whereit is shovn that the Y; are indeedconcenrated near the valuessuggested
by the solution of theseequations.

The nature of the limiting behaviour asn! 1 canbe emphasisedby consideringscaled
versionsof the variableswhich approad xed functions in the limit. Fori , 0, we de ne a
real function z;(x) to model the behaviour of %Yi(xn). Then, sincenj 1%n in the limit, the
above di®erettial equationsbecome

Z(X) = i fo+ H1+ z;1(X) i z(x) (i, 0) (3.3)

wherez, 1(t) = O for all t. The initial conditions are z,(0) = 1 and z(0) = Ofori > O.
Theseequationsare easilysolved oneby one,beginningwith z3(x) = | 1j zo(x), zo(0) = 1.
This is rst-order linear; the solution is

Zo(x) = 26§ 1 (3.4)

From herewe nd z;(x) = 2xei ¥, and then in generalfori > 0
2Xi
We will show that (3.4) and (3.5) represenm the \shape" of a typical process.
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Theorem 3.1 Take any function a = a(n) for which1 - a - n. For , and s satisfying
, = o(n2j s), with protability 1; O(2e ™ *=8)

Yi(t) = nz(t=n) + O(,n)
uniformly forall0O- |- aj 1andO- t- sn.

The proof is in Section5.3.

By taking for examplea = n, , = ni¥™ ands = In2j ni ¥, we obtain very sharp
concertration of all the Y;(t) near nz;(xn) until t is within n*® of nIn 2. From here, sinceY,
decreases ead stepby at least 1, Y, inevitably readies0 within another O(n*®) steps,that
is, with t » nlIn 2, at which point the ewlving graph has approximately nin 2 edges. (The
sameconclusioncomesby applying the theoremwith a = 1.) When Y, reathesO, phasel
“nishes and phase2 begins.

3.2 Min-degree graph pro cess: later phases

A similar analysisappliesto phasek for k = 1;2;:::. There is a complicating factor here
howewer, that there may be edgesalready presen between vertices of degreek and other
candidate verticesto join to. We call thesenuisane edges.Note that one cannot determine,
merely from the degreesequencef G;, the numbers of nuisanceedgesbhetweenthe verticesof
variousdegrees.On the other hand, the previoushistory of the processa®ectghe distribution
of these numbers, which are random variables. As a result of this, the vector processY =
(Yo; Y1;::1; Yn, 1) is not Markovian. (This is not a proof, but this statemen is easily veri ed
evenin the casek = 1))

Howewer, until the graph G; is fairly dense,these nuisanceedgesshould be quite rare,
and so should not a®ectthe generaltrend. So,for now, we ignore them. Within ead phase,
the assumptionthat the random variablesY; behave as expectedleadsagainto the equations
(3.3), but with two di®erences. ThIS ‘rst is that the equationsnow only apply for Y; with
i, K, i%o+ %1 becomesj ¢ + %) and Yy, 1 is taken as 0. The secondis that the
initial condltlons are determined by the previous phase,for which we can take the solutions
of the di®erenial equations(3.3). This leadsto a rather complicated set of functions z,
even for phasel wherethe initial conditions are given by (3.5) with x = In 2. Howewer, the
solution can be obtained recursiwely, and it can be veri ed that z 'E phasek can be written
asPyie * i i wherethe Py are polynomialsin x with Py« = Py dx, the constart of
integration determinedby the initial conditions at the beginning of phasek. For example,in
phasel, z; = 2(1+In2)e *j 1. The endof phasel isthusrepreseted by x = In 2+ In(1+In 2),
sowe expect the ewlving graph to have approximately (In 2+ In(1+ In 2))n edgeswvhenphase
2 begins. Theseresults about the processcan easily be made preciselike Theorem 3.1, and
proved inductively phaseby phase.

3.3 Degree bounded graph pro cess

Given d, this process(the d-process)adds edgesrandomly subject to the degreeof vertices
not exceedingd. Here we take d xed. Unlike the min-degreegraph process,the degree
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bounded processis \smooth" in that there are no identi able phases.Howe\er, the process
is less\w ell rounded" at the end: the nal graph canin generalbe any graph on n vertices
which is edge-maximalsubject to the condition ¢ - d.

As before,for 0 - i - dlet Y;(t) denotethe number of vertices of degreei in G;. Since
verticesof degreed are ineligible for receivingan edge,the number of sites available for A, is
A !
ni Yy(t
an="1 i Fq

where F (t) denotesthe number of nuisanceedges;that is, edgesalready presen between
vertices of degreelessthan d. We will have somecortrol over Y4(t) but very little cortrol
over the random variable F (t). Luckily, it doesnot a®ectmatters too much sinced is xed:
the trivial bound F(t) - dn=2 gives

1
QM) = 5(ni Ya(D)*+ O(n): (3.6)
Howewer, note that asis the casefor the min-degreegraph process,the vector processY =

. . . .1 :
The probability that A+; occupiesany one of the available placesis ——. Next, what is

Q(t)’

the expected changein the variablesY; in a single step of the process?In order to provide
a simple example, we examined = 2 separatelyand in more detail. The treatment of the
generalcasein Section3.3.2doesnot depend on Section3.3.1.

3.3.1 The 2-pro cess

In [5Q] it was the behaviour of the number of vertices of degree0 that lead to the main
theorem, that the d-processalmost always results in a d-regular graph (or almost d-regular,
in the sensethat one vertex has degreed j 1 instead). Then in [5]] various properties of
the processwere obtained in the cased = 2. Underlying this was the behaviour of the basic
probability in the processwhich is determinedby Q(t). In this sectionwe considerthe general
behaviour of Q(t) whend = 2.

Given Gy, the probability that the edgeA.; joins two vertices of degreeQ is just the
number of sud pairs of verticesdivided by the number Q(t) of available places,or YOZ“) =Q(t).
The probability it joins a vertex of degree0 to one of degreel is Yy(t) Y1(t)=Q(t). Hence

s

270 i Yo(t)Ya(t)
Q(t)

But note that the number of edgesin G; ist = %(Yl(t) + 2Y,(t)) by counting degrees,and
also

E(Yo(t+ 1)1 Yo(t) | Gy) = - (3.7)

n = Yo(t) + Yi(t) + Yo(t): (3.8)
Eliminating Y, from these,we nd

Yi(t) = 2(ni ti Yo(t)) (3.9)
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and so, from (3.8) and (3.6),
QM) = (i 2§ Yo(t)?+ O(n) (3.10)
» %(2n; 2ti Yo(t)? (3.11)

provided @ﬂ# I 1 . Herewe usedthe bound Yy(t) - nj t, which canbe inferred from (3.9).
Thus, again using (3.9), (3.7) becomes(after a little algebraand dropping an insigni cant

term)
i 2Yo(t)

ni 2ti Yo(t)
provided B! I 1 . De ning z(x) to model +Yo(xn), asin Section3.1, suggestshe di®eretial
equation

E(Vo(t+ 1)i Yo(t) ] Gi) = 5 o(1) (3.12)

i 2z(x)

The generalsolution of this is

21i x)=2z(Cj Inz): (3.14)
SinceYy(0) = n, the initial condition is z(0) = 1, and so

z(2i Inz) = 2(1; x) (3.15)

(but seealso Section3.3.3for a di®erert way to arrive at this result). The conclusionis that
the number of vertices of degreeO in G; is a.a.s.closeto nz(t=n). This is made precisein
Theorem5.2. The behaviour of Q(t) is alsoobtained now via (3.11).

In [51], a version of this appraximation result was proved, and using this it was shavn
that the expectednumber of cyclesin the nal graph G, of this processis at most 3+ logn.
Properties of the number of short cycleswere also obtained, as discussedn Section3.3.4.

More preciseresults on numbersof cyclesand the probability that G, is hamiltonian were
later determinedin [58] (seeSection5.4).

3.3.2 The d-pro cessfor arbitrary d

In general,the nuisanceedgescomplicatethe formula analogousto (3.7) for Y, Y, etc., sowe
work with approximations. We needone preliminary inequality. Noting that dn=2j t is the
number of extra edgeswhich G; would needto make a d-regular graph, which cannot exceed
half of the de ciency in all the vertex degreedessthan d, we have

dnj 2t- d(ni Yat): (3.16)

GivenG; andi < d, the expectednumber of verticesof degreei which are changedto degree
i + 1 by the addition of the edgeA.; is

YOOI Ya®i Drom _ 2w L 0 n
Q(t) ni Ya(t) (ni Ya(t)?
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provided d—”pz% ' 1. Herethe error term O(n) on the left is due to those sites already

occupiedby edges.The error term on the right is from (3.6) and Y;(t) < n. In the following,
we assumet < n(d=2j 2) for some2 > 0. Then in view of (3.16), this expressionbecomes

2Y|(t) ’ il, .

ni Ya® O " (347

As (3.17) cortributes negatively to the expectedincreaseof Y;(t), and positively to that
of Yj. (t) for i < d, we now obtain forO- i - d

2(1i %0)Yi 10§ 2(Li H)Yi(t) . ° 4

E(Yi(t+ 1) Yi(t)jGy) = TR +0 nit: (3.18)

Herethe Kronedker + terms ensurethat Y;; 1(t) is ignoredwheni = 0, asis Y;(t) wheni = d.
Introducing z;(x) to model %Yi(xn) as before,the suggesteddi®ererial equationsare

2(1i %o)zi; 1(X) i 2(1i #4)z(X).
1i z4(x) '

z(x) = i=01:d (3.19)
The initial conditions are z5(0) = 1 and z(0) = O for all other i. Theseequationswere given
for this processin [61], without a solution. In the following subsectionwe derive a solution
without \solving” them!

Theorem 3.2 Let z, O - i - d be the solutions of (3.19), and , = o(1). Then with
prokebility 1; O(%e ™ °=8)
’ Yi(t) = nz(t=n) + O(,n)

uniformly for all0- |- dandO0- t< n(d=2j 2).

Sharp concertration is shavn by taking ., = ni ¥ for instance.

An improvemert of this theorem (seeSection5.4) can be obtained which appliesto values
of t much closerto the natural end of the process,which occursby time nd=2. A result like
this (but with only an upper bound on Yy) was usedtogether with an easyargumert [50,
Corollary to Lemma 3.1]to shaw that a.a.s.Yy(t) = 0 for somet with nd=2j t! 1 . From
this it was shavn that the nal graph of the d-processis a.a.s.d-saturated.

3.3.3 Probabilistic solution to the di®erential equations

Someof the justi cation of the argumert in this sectionis only sketched. Sincethe argumen
is merely a deviceto nd a solution to (3.19), this is acceptable. On the other hand, the
discussionhere also senesas a simple exampleof an approad which is usefulfor calculating
other things about processessud asin the next section.

From Theorem 3.2 and (3.6), with probability 1; O(ni ) (for any xed K)

Q(t) » %n2®2(t) (3.20)
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where®(t) = 1 zg(t=n). This and the other statemernts in this sectionapply only for time
t < n(d=2j 2) for some2 > 0. (The processendsanyway by the time nd=2.) By (3.16), we
can assumethroughout that ®&t) , 2°for some2°> 0. Now \forget" where ® camefrom,
and askwhat is implied by the knowledgethat Q(t) is usually closeto some xed function as
givenby (3.20). If the concenration is sharp enough,we can determinethe expectednumber
of vertices of given degreesas follows.

Let u 2 [n]. With knowledge of Q(t) and Y4(t) we can compute approximately the
probability that A..; is incident with u. If d(u) = i, the number of placesan edgecan
goincident with uis betweennj 1j ij Yg(t) andnj 1j Yy(t), and henceapproximately
n®(t). Thus, de ning H; to be the ewert that A; is incidert with u,

n®(t) 5 2
QWL T ne(t)’ 4 !

- _ 2 2
P(Hi1) » 1 o0 » exp |m

The probability that u has degreek < d in G5 can be calculated by classifying processes

P(Ht1) » (3.21)

ex (3.22)

and so the probability of not receiving edgesat the undesiredtimes is approximately (see
justi cation below)

A ! A ! A !
sy 1 2 N1 o y Z o 2 it 0
exp i = exp j —— Yaexp j = e
=0 n®(t) =0 NE(1) n®(t)
wherewe de ne Zy o
X) = ———dt 3.23
0= ew (3.23)

and x = s=n. The probability that u doesreceiwe edgesat all of the desiredtimes is the

¥ o2
0 tr< ot z<s i=1 NE(ti)
]/4 el s (X)l X \k 2
Ko )< com <s iz NE(ti)
g0 YR 2
Kli_i (-0 NE(1)
(X)kei L (x)
k! '

We pausehereto note that the requiremert in making this argumern rigorousis to show
that the approximations in (3.21) and (3.22) are valid also when conditioning on the everts

P(ds.(u)= k) % &0

s (3.24)
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that up until time t, the edgesncident with u arrived preciselyat the prescribed times. Since
® > 20 this evert turns out to have probability at least C(2)ni ¢ (strictly, this is showvn by
using this justi cation inductively | see[51, Theorem 1] for the details of an argumernt just
like this one) and (3.20) holds with probability at least1j O(ni 9 ), soconditioning on sud
ewvernts makesno di®erenceo the conclusion.

Interestingly, (3.24) shows that the distribution of the degreeof any given vertexin Gg is
asymptotically the sameasthe distribution of minf X ; dg where X is a Poissonvariable with
mean, (s=n). This determinesYy(t)=n, and hencez(x) (approximately), for i < d, in terms
of , (x). Another equationcomesfrom the fact that the sum of z; must equal1 sincethe total
number of verticesis n. Thus we are lead to

, (X)iei . (%)

§{l
A ©0-i<dil); z(x)=1i z(X): (3.25)

i=0

zi(x) =

It is easily veri ed that these functions satisfy the di®erertial equations(3.19) for i < d.
Howewer, all the variables are expressedin terms of the unknown function | (x). This is
determined by the di®erenial equationin (3.19) for i = d. Howewer, it is simplerto nd
anotherequation,solhefqr , , andthen ched that the di®erettial equationin (3.19)is satis ed.
Note that G5 hass = % 4 Yi(s) edges.So, from the approximate equality of Y, (t)=n and
z (X),

izi(x) = 2x: (3.26)
i=0

Eliminating zy betweenthis and (3.25), we obtain

S1(q: i i
g - (x) (d | li)I> (X) =d i x:
i=0 :

This implicitly determines, (x) and henceall the z(x). Finally, it is easyto ched that the
equationfor zJ(x) is satis ed, by di®erettiating (3.26) and usingthe equationfor zg4 in (3.25).

3.3.4 Distribution of short cycles in the 2-pro cess

In the previoussectionthe vertex degreedistribution wasobtained purely from the knowledge
of Q cortained in (3.20). The samemethodology was usedin [51] to obtain the distribution

of short cyclesin the nal graph G, of the 2-process. There it was shavn that in G, the
number of cyclesof length | is asymptotically Poissonfor xed | , 3. The samemethod of
proof actually givesthe fact that the numbers of cyclesof given lengths up to some xed

bouan are asymptotically independen Poisson. For | = 3 the meanwas shown to corverge
to 173 (08U g4y 1/,0:1887 This is closeto but, signi cantly, di®eren from the expected
number of triangles in a 2-regular graph selecteduniformly at random, which is % (seeBol-
lob&s[11] or Wormald [60]). For | , 3, the meanwasfound in the form of a rather intractible

n-fold integral.
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Underlying the proofs was knowledge of the concenration of Q. The required concen-
tration is easily deducedfrom the concerration of Yy givenin Theorem 5.2 of the presen
paper.

Here is a description of the argumert (sketching someof the details, asin the previous
section). It usesthe method of momerts. For this, de ne the random variable X, to denote
the number of cyclesof length | in G,. One then computesthe factorial momers E[X, ]«
of X, cheds that they tend towards the factorial momerts ¥ of a Poissonvariable, and
concludesthat the variable is asymptotically Poisson,that is

j
SeeBender [8], Bollobf§s [12], Alon, Spencerand Erdps [4] for general descriptions of this
method in the combinatorial setting.

We examineonly | = 3 with k = 1 in detail, sincethe other casesare donethe sameway.
For fu;v;wg u [n],.considerthe indicator variable W,,,, for the event that uvw is a triangle

of G,. Then X3 = Wyw. Soby linearity of expectation
A Al
X n n
EXs= EWyww = 3 EWio3 = 3 P(Wi23 = 1) (3.28)
s -
sinceby symmetry, eath of these 3 indicator variableshasthe sameexpectation.

The evert Wy,3 = 1 can be partitioned into the everts
Tars = TAq=f1,299" fA, = f1,3g9” fAs = 2,399

whereq, r and s aredistinct and1- q;r;s- n. We rst computethe probabilities of these
everts appraximately, assuming

Yo(t) » nz(t=n) (3.29)
wherez is given by (3.15), and then descrike the justi cation of this and the other approxi-
mations which useit.

To nd the probability of Ty, we needto estimate the probability of not hitting the
vertices 1, 2 or 3 except with the edgesAq, A, and As. So considerthe complemetary
probability, of hitting one of these vertices. Take xed valuesof g, r and s, and assume
without lossof generality g< r < s. The number of ways to add an edgeto G; sud that the
edgeis incident with at leastone of the verticesf1;2;3g is

3(nj Yo(t)i 3)+ 3 ift<q
3nj Y(t)j )+ 2 ifg- t<r;
2ni Yo(t)j 2)+ 1 ifr- t<s; and
0 ift, s:
In view of (3.11) and (3.29), write

Q(t) Y4 %zv(x)z (3.30)
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where N
X = ﬁ; v(x) = 2i 2Xj z(x): (3.31)

From (3.9) and (3.29) we have
ni Ya(t) = Yo(t) + Yi(t) ¥anv(x):

The probability that A+, isincident with at leastone of the vertices1, 2 or 3 is obtained by
dividing the expressionsabove by Q(t). Neglectingterms which are O(1=Q(t)) and usingthe
appraximations for Q(t) and nj Yx(t), this is

ifr- t<s; and O ift, s:

6 ift<r; 4
nv(x) " nv(x)

This leadsto the expression
A !
¥ 2 6 "2 6 Zan i 6
1 Ya exp ' Ya exp L= dx
=0 NV(X) o V(X)

=0 nv(x)

for the probability of not hitting f 1;2; 3g with any A+, for t < g. The summation hereis a
Riemannsumfor the integral, and the approximations are justi ed aslong asv(x) is bounded
away from 0, or at least doesnot go to 0 too quickly with n. (This statemen is justi ed

in [51] using a sharp concetration result similar to, but actually wealer than, that obtained
herein Theorem5.2. The basicproblemis that of estimating probabilities of the conjunctions
of everts sudr asAy = 12and A, = 13, and the justi cation is similar to that descritedin the
argumert in Section3.3.3. The speedwith which v(x) is permitted to goto O leadsto some
complicationswhich we omit from this sketch.) For g< t < r we obtain a similar expression
with lower limits g or g=n and upper limits r j 2 or r=n, and for r < t < s we get

A !
& 2 4 X 2 i 4 Z s i 4

1 > exp » exp ——dX:
t=r = NV(X) r=n V(X)

nv(x)

This is all an estimate of the probability that the processdoesnot join any edgesto the
verticesf 1; 2; 3g at the wrong times. On the other hand,

1 _ B 1 _ _ 1
o 1 TAEWE Ay P23 gy

where these probabilities are conditional on Gy, G, and G respectively. Estimating ead of
theseusing (3.30) and assumingthey are asymptotically independen of the probabilities of
not hitting at the other times (which alsofollowsfrom the conditioning argumern asmerntioned
above) leadsto

P(Aq= 12)=

z !
s=n
expi60 — i 4 ﬁ

PTars) » v(x) e V()

8
n*(V(OVDV(E)?



From (3.13) and (3.31), v(x) = -2%) and so

z%(x)

Sk _fiZ) iz,
v(x)  2z(x) 2 '
Sincez(0) = 1, this simpli es the exponert to 2In(z({)) + 4In(z(3)) and the result is
X
P(Wis=1) = P (Tgr:s)
1. gr;s.n

= 6 P (Tgr:s)
1. g<r<s-n

s s * 82(;)(2(3))°?

1-g<r<s-n nG(V(%)V(%)V(%))Z
2,724,724 7(X2)(z(x3))?

» 48 0 xi xz M3(V(X1)V(X2)V(X3))?

dX3 dXz Xm

wherethere is negligible error in replacingthe sum by the integral. (The justi cation of this
is omitted in this sketch | this is whereit is important how closeto 1 x is permitted to get
in the above argumen, sincev goesto 0.)

Now by (3.28), since § » n°=6,

212181 7(x,)(2(xa))?

EX 8 dxs dx, dxy:
3» 0w xe (VX)V(X2)V(X3))2 X3 OXo dXq
Set
Yi = V(Xi)=z(X;):
Then by (3.31), (3.15) and (3.13)
2dx;
yi = 1| |OgZ(Xi); dy| = m

With this changeof variables,and sincey(z(0)) = y(1) = 1 and )I(i|m1 y(z(x)) = Lilrr}) y(z) =1,
212121 gnivs
1 y1 y2 Y1¥Y2¥3

where the factor z(x3)=z(x;) was replacedby e:i Y3 by the de nition of y;. This integral
becomes

EX3» 8 dys dy, dy; :

£1 %1 @niv(logy: i logys)
1 wn Y1Y3
upon reversingthe order of the secondand third integrals. Making the substitutions

dys dy;

X = VY3i Y,
logys i logy:
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gives
Z 1 VA log(x+1) @i Xy }Z 1 (Iog(l + X))2 dx

EX3 » dydx »

0 0 X 20 xex
which givesthe above-mertioned integral formula for | in (3.27) whenl = 3.
To establishthe fact that X3 is asymptotically Poisson,we can shaw that its factorial
momerts, for exampleE(X3(X3i 1)), behave asrequired for (3.27). The argumert is very
similar to that for EX 3, sowe do not include the details here.

3.4 Degree bounded star graph pro cess
3.4.1 The star d-processin general

This processresenlesthe min-degreegraph process sinceit progresseshrough phasessep-
arated by the times at which the minimum degreeof G; increases.Again, phasei denotesthe
setof t for which #G;) = i. We will take d to be xed.

An important simplifying feature of the star d-processcomparedto the onesabove concerns

the fact that there cannotbe any nuisanceedgegoining a newly selectedvertex and the other
verticesof degreelessthan d. This is becauseat eat step, at leastoneend of every edgehas
degreed. The verticesof degreelessthan d henceform an independen setin G;, and soit is
clearthat the probability distribution of Y (t + 1) is determinedertirely from Y (t). It follows
that the vector processyY (t) is Markov. The advantage of this is that in the analysisof the
expectedchangeof the variablesin onestep conditional on Y (t), there is no needfor an error
term of the sort occuring in (3.17). Howewer, the di®eretial equationsassaiated with this
processunfortunately seemto have more complicated solutions than for the d-process,even
ford= 2.

We can argueasin Section3.3.2. If the processis in phasek at time t, whenthe star is
addedto form Gy.; the certre of the star changesfrom degreek to degreed. In addition,
the expected number of other verticeschanging from degreei to degreei + 1is (dj K)(Y; i
O@)=(nj Yg(t)i 1)fori- dj 1. This is becausethe other verticesin the star are chosen
u.a.r.fromthe nj Yy(t)j 1 verticesof degreelessthan d. The O(1) error term accouris for
the fact that during the processof addingthesed k edgesoneby one,the value of Y; and of
the denominator can changeby O(1). (Howewer, as mertioned above, sinceY (t) is Markov,
it is possibleto compute this error term explicitly. At this point we include sud an error
term for minor simpli cation of the formulas and argumert rather than by necessy asit was
for d-processes.)Soprovided nj Yy4(t) ! 1, the expectedincreasein Y; in this stepis

L i (Y Vi)
ni Ya(t)
Following [45, 47], write Z; = P J"zé Y;, the number of vertices of degreestrictly lessthan
i. (This seemdgo give slightly simpler equationsthan consideringY;.) The expressionabove
now becomes
(di K)(Zi(t)i Zi; (1)),
Zq(t) '

rly Y 1

+ 0o(1):

i 1i

22



Writing z(x) = ~Z(xn), the di®eretial equationssuggestecare

_ o (di K)(zi(x) i zi; 1(x))
ZiO(X) =il Zd(X) (332)
fori = k+ 1;:::;d, wherezp;:::;z arede nedto be 0. As z correspndsto Z;, the initial

conditions for phaseO of the processarez; = 1 for all i > 0.

A resultlike Theorems3.1and 3.2cannow be stated, which saysthat the Z; area.a.s.close
to the functions nz;(t=n). The validity extendsuntil the time that Z, become<, which must
be closeto xx wherexy isthe rst positive solution of z,(x) = 0 (seethe proof of Theorem3.2
in Section5.3 for a similar argumert). Sincephase0 nishes when Y, rst becomes0, and
Yo decreasedy at least1 in eadh stepin phase0, we can concludethat phasel will a.a.s.
begin appraximately whent ¥4 nx,. Then during phasel the samedi®erettial equationswill
govern the processbut with k = 1, and the initial conditions are the valuesof the solution to
the rst systemat x = Xo. Sonote that the functions z; will behave di®erenly here,and the
derivatives are not cortinuous at the phasetransition. The nish of phasel is determined
by x; which is de ned in terms of the phasel equations. And so on for the later phases.
Without actually solvingthe di®erettial equations(3.32)in [47] it is shown that the solutions
are sudh that for 0 < k - dj 1, z«1(x) is strictly positive when phasek begins (which is
when z,; 1(x) rst readesO in phasek j 1). Hencea.a.s.the processitself exhibits all the
phasesup to dj 1; that is, at the end of ead phasek there is at least a constart times n
verticesof degreek + 1.

Star d-processedave a particular appealasan object of study, dueto the fact that the last
phase(dj 1) consistsof the addition of a uniformly chosenrandommatching to anindependert
setof verticesof degreed 1 (assumingthe number of suc verticesis even!). Sud a random
matching is for the most part much easierto analysethan say the last constart times n edges
of the random d-process. For example,in Section 3.3.4, the last part of the processcauses
the most trouble, where we have lessinformation about the conditional distribution of the
changesin the degreesequencdor eat step.

3.4.2 The star 2-pro cess

Robalewsla [46] was able to obtain a good deal of information in the cased = 2. In this case
for phaseO the di®erettial equations(3.32) becomez? = | 1| 2z;=2z and 20 = | 3+ 2z,=2.
The solution for z; is givenimplicitly by the equation

P 7(v+ 1)

1j v
wherev = z;=(2x j 1), and from this that the rst positive solution of z; = O is at
A A I
1 1 5 P
Xo = 5 1i p—é exp i 9—7 arctan 7 Y 0:4640: (3.33)
So from the sharp conceitration demonstratedin the previous section for star d-processes
in general,the random star 2-processa.a.s. has a transition from phaseO to phasel (i.e.,

1
i éln(2v2 + 3v+ 2)j p%arctan = In(2xj 1);
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all vertices of degree0 disappear) at t » Xon % 0:464. Upon summing the degreesof the
vertices of G; one obtains the relation Z; + Z, = 2(nj 2t), from which it follows (using
the sharp concettration) that z; + z, = 2(1j 2x) (which can alternatively be derived from,
but is not immediately suggestedoy, the di®erettial equations(3.32)). This meansthat z,
and Z, are now determined in phaseO (a.a.s., in the caseof Z,). On the other hand, in
phasel the number of verticesof degreel decreasedy exactly 2 at every step. Equivalertly,
Z(X) = 2(1i Xoi X). Sincez, = 0in this phasecorrespndsto the end of the whole star
2-process this must occur whent % 1 X ¥ 0:5360.

In [46] se\eral featuresof the star 2-processesvere studied using the above results on the
concettration of the variablesZ;. Theseinclude the distribution of the number of paths of
length k - 4 at time t, and similarly for cycles. It wasshawn for instancethat the number of
cyclesin the ewlving graph at the end of phase0 is asymptotically PoissonPo(, ) with

1

3 p_
0= 2 In2+ E|9—7 arctan 7% 05124 (3.34)

and the number in the nal graph of the processis asymptotically PoissonPo(, ) with
1 1 =
, = §(° +Inn)j 1%7arctanp 7;

where® %4 0:5772is Euler's constart. (Note that the term Zi in [46, Theorem3.1]shouldbe 5
Also, the claimed bound O(1=Inn) on the total variation distance betweenthis variable and
Po(, ) appliesonly for the number of cyclesformedin phasel; the addition of the number of
cyclesin phaseO could conceiably increasethis. Howewer, it doesfollow from the argumert
there that the expected number of cyclesis equalto , + o(1).) As in Section 3.3.4 for 2-
processesthe numbers of cyclesof given xed length in the nal graph of the random star
2-processare asymptotically Poisson,and Robalewsla obtainedthe expectednumbersof 3-, 4-
and 5-cyclesassingleor doubleintegrals. The expectednumber of triangles is appraximately
0:0797,which is very di®eren from that in d-processe®r random 2-regular graphswith the
uniform distribution (seeSection3.3.4). Theseresultsabout short cycleswere obtained using
an argumert which is quite di®eren from that in Section3.3.4and[51], but which usesresults
from yet another application of the di®erenial equation method. It runs along the following
lines. First, the auxiliary variable giving the number of paths of length | is shavn, at the
end of phase0, to be a.a.s.¢n + o(n) whereg is a constart dependingon |. This is proved
using a systemof di®erenial equationsfor variablescourting the numbers of paths of length

and from the number of ways to join up paths of various lengthsinto a j -cycle. Using the
uniformity of the matching placedin phasel, the expectation can be determined, aswell as
the asymptotic Poissonproperty (using the method of momerts).

Another result from [é6] is that the probability that the nal graph is hamiltonian is
asymptotically %ei 0P Y& n(li 2xo) with , g and xq asin (3.34,3.33). This was obtained
by computing the probability of creating no cyclesuntil the last edgeof the whole process.
Unlike the paths and cycles,this requiresonly knowledgeof the concerration of the Z;, and
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no auxiliary variables. The argumert requiredis lessdelicatethan the analogouscomputation
for the random (non-star) 2-process.

3.5 Simple greedy algorithm for indep endent sets

This is the rst of the two algorithms we considerfor nding independert setsin random
d-regular graphs. The analysisusesthe pairing processdescrited in Section2. Note that at
any stageof selectingthe pairs, there is a correspnding graph whoseedgescorrespnd to the
pairs, and which we refer to asthe evolving graph.

This algorithm is the following: given a random d-regular graph G, choosethe verticesin
an independernt set| consecutiely, eat vertex chosenrandomly from those not already in
the set, nor adjacert to a vertex in the set. In order to satisfy its description, this algorithm
must nd all verticesadjacen to | asead new vertex is addedto |, which requiresprobing
all the edgesadjacert to verticesin | .

We needto relate the algorithm to the random pairing descrited in Section 2, in which
we are freeto chooseat eat step any unpaired point, and then randomly selectits mate for
a pair. This can be done using what is called the methal of deferred decisions by Knuth et
al. [30. Randomly selectingthe mate of an unpaired point is called expsing the pair. When
the algorithm calls for probing all edgesincident with a vertex v addedto the independen
set, the pairing processcan exposeall the unexposedpairs cortaining points in (the budket
correspndingto) v. Whenthe algorithm choosesanothervertex v, the pairing processexposes
all the points in that vertex, and soon. (In this respect, this processis the sameasthe star
d-process,which exposesa star at eat step, but the probabilities are di®eren.) Thus, if we
incorporate the random choice of v into the pairing process,then this processsimulates the
greedyindependen setalgorithm on arandomd-regulargraph. The pairing processyenerates
the edgesof the random graph just asthe algorithm requiresthem. When no more vertices
with no paired points are left, i.e. the graph being generatedhas minimum degreeat least 1,
the algorithm stops, sothe rest of the pairing processis irrelevant.

An appropriate set of random variableshasto be speci ed. Also, there is no needto have
the basictime parameter for thesevariablesthe sameas the canonicalone in the de nition
of the pairing process.The sizeof the independen set producedby the algorithm is equalto
the number of times the pairing processselectsa new vertex for pairing all its points, before
the number of verticeswith no paired points dropsto 0. So keepingtrack of the number of
vertices of degree0 in the ewlving graph, and the number of verticesaddedto |, will sutce
to determineall that is required. Howewer, if we choosethe basictime variablet to denotethe
number of pairs chosen,then thesevariablesbehase somewhaterratically, sincethe rst pair
chosenafter putting a new vertex v into | always reducesthe number of vertices of degree
0, whereasother pairs sometimesreducethis number. Soinstead let the time t denotethe
number of verticesin the setl, and let Y (t) denotethe number of verticesof degreeQ in the
ewlving graph after all the edgesincident with theset vertices have beengenerated. Then
the sizeof the independent setfound is just the rst t for which Y (t) = 0.

The number of points in the verticesof degree0 at time t is dY (t), and there arend 2td
unmatched points in total (sinced pairs are chosenfor ead unit of time). Sothe probability
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that a random point is in a vertex of degree0 at time t is "% = 0. This probability

changesa little during the next step, when the new vertex of degree0 is chosen,as soon as
the rst point is eliminated from it (and the edgeto this point is about to be exposed). When
this happens, Y (t) immediately decreasedy 1, and the other point in the exposededgeis
chosenrandomly from the ndj 2dtj 1 remaining points. Newertheless,for ead of the d
edgesexposedin this step, the probability of joining to a vertex of degree0 (previously) is
ALOR O(ni 21“ 5) provided 2t + 2 < n. Thus, using P; to denotethe pairing generatedby time

i 2t
tn, and noting Y(t) - nj 2,

dY(t)+O 1
nj 2t ni 2tj 2

E(v(t+ 1) YO JP) =i 1] ) (3.39)

for2t+ 2<n.
Writing Y (t) = nz(t=n), the di®erertial equation suggesteds

dz(x)
1; 2x

ZO(X) =ilj (3.36)

with initial condition z(0) = 1. This is a rst-order equationwith solution

(di 1)@ 2)%%; (1 2%).

2(q = di 2

The smallestpositive solution of z(x) = O is

1 1M 1 T 2=(di 2)
©=2012 dj1 -
Using the samemethod of proof as Theorems3.1 and 3.2, it follows that the independen
setwhjch the greedyalgorithm nds in arandomd-regular graph a.a.s.hassizeasymptotically
] 2=(dj 2)
20 3 a1
This is not aslarge asthe one found using the degree-greedylgorithm (seeSection7.1).

4 Bounding large deviations

To shaw that the randomvariablesin a procesausually approximate the solution of di®ererial
equationsasderived in Section 3, we uselarge deviation inequalities. Theseinequalities are
often usedto give an upper bound on the probability that a random variable deviatesvery
far from its expectedvalue. In probabilistic applications to discrete mathematics, abundart
useis made of Markov's inequality,

P(X , ®X)- C:ll?-) (4.1)

where X is a non-negative random variable and ® > 1.
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Although Markov's inequality is the simplest, someof the most powerful inequalitiesof this
type comerelatively easilyby applying Markov's to a simpletransform of the random variable
in question. In atypical situation with a random processthe aim is to show that the random
variable Y; of interest is sharply concenrated. In fact, Y; j Yy is the sum of the di®erences
Yii Yi;1,1- i- t.If oneislucky, the di®erencesy; i Y;; 1 areindepender, in which case
the Cherno®bounds (see[16] and [4]) are very useful and are often closeto the true values.
When the di®erencesre not independert but there is a large degreeof independenceyesults
can often be obtained by making use of analogousbounds given for martingales (de ned
below) by Hoe®ding[26], which are alsousefulin the independen case.Thesewere surveyed
by McDiarmid [34] and Bollob§s [12] and new applications are cortinually occurring (for a
physically closeexample,seeSrinivasan[56]). The martingale is often related to hY;i in some
indirect, occasionallyingenious,way, designedso that concerration of the elemens in the
martingale sequencamplies concettration of ;.

In using these inequalities it is helpful to realise that they tend to be closeto sharp.
Hencethey usually give boundslessthan 1 on the probability aslong as the deviations are
approximately aslarge asthe standard deviation, or bigger.

4.1 Martingales and supermartingales

A martingale with respect to a random processGo; G1;:::, with Gy xed, is a sequence
Xo; X1;::: of random variablesde ned on the random processsud that?

becomes
E(Xi+1 ] G) = Xi: (4.2)

Also, in most of these applications, the random processis of nite length. This can also be
viewed asanin nite processwhich becomesonstart by somepredeterminedtime. Similarly,
the restriction of any assaiated martingale to an initial sequencecan alsobe de ned to be a
martingale.

The martingale above can be written as the sequenceof partial sums of the sequence
hyii = hX;j Xj, 11, in which casehy;i is calleda martingale di®eence seguene. The Hoe®ding
ang,Cherno®boundsrer on the sametype of large number e®ectthat causeghe distribution
of .,V to be closeto normal, and so they work best when no small subset of the Y;
dominatesthe sum. This is most corveniertly ensuredby hypothesisingthat there is some
uniform upper bound on the di®erencegX; j X, 1j, hencethe term \b ounded di®erence
inequality".

We begin with a simple example of a martingale de ned on a graph processin a very
natural way. Considera processGy; G1;::: whereGq is any given graph with n | 3 vertices,

2Also EX; should be finite for all i.
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and Gj;+; comesfrom G; by the following operation. Choosethree verticesat random from
G;. If they induce a completegraph K 3 or its complemen, do nothing. If there is only one
edgejoining them, with probability % deleteit and otherwiseadd the other two edgeso make
a K 3. If there are two edgegoining them, with probability % deletethem and otherwiseadd
the third edge. Put X; = JE(Gj)j. If we condition on G; and additionally on the outcome
of the random selectionof three vertices, the expectedincreasein the number of edgesis O.
Consequetly, it is also0 conditioning only on G;, and so (4.2) is immediately satis ed; that
is, f Xjg is a martingale with respect to f G;g.

Sincethis processis sud a simple one, somequestionsabout it can be answered easily
For instance, note that with probability 1 the processevertually becomesconstart. It is a
Markov chain whosestates are the n-vertex graphs, and the only absorbing states are the
complete graph and its complemen. We call the absorbing state readed the nal graph.
What is the probability p that the nal graph G is the completegraph? This is easily found
from the obsenation that for a martingale EXi.; = EXy foralli , 0, and so

A
JE(Go)i = EE(Go)i = EIE(G)i ! P

s -
asn! 1, fromwhich p= JE(Go)j=} .

A natural follow-up questionis on the rate of corvergence:how long doesit usually take
to reach the nal graph? This is much harder to answer, but a good indication comesfrom
the boundeddi®erencanequalities of Hoe®ding[26], sud asthe following onewhich is often
called Azuma's inequality [6].

Lemma 4.1 Let Xg;X4;:::; X be a martingale suchthat jX; i Xi,1j - ¢, 1 i- t, for
constants¢. Then for any ®> 0
A !
. . ®?
P(iXti Xoj, ® - 2exp | ;P

"¢

This is often appliedwith ® >> P t andthe ¢ all smallnon-zerointegers. In the martingale
discussedabove, ¢ = 2 for all i. HenceP(jX; | Xqj , ®) - 2€ =8 (® > 0). From this,
the expected timestaken for the processto readh an absorbing state is at least C®?, where
®= minfj E(Go)j; 5 i JE(Go)jg, and C is a constart.

Unfortunately, natural martingales of the type in this exampleare not often useful. In-
stead, one often appliesthe above inequality to the sequenceof variables

fori - n. Often calledDoob's martingale processthis is always a martingale for any variables
required for Lemma 4.1. There is a broad classof graph processedor which sud bounds

have beenshownn to be automatic (seeMcDiarmid [34, x3] and Alon, Spencerand Erdps [4]).
Howewer, it can be rather tricky, sud asin [50], wherethe Doob processwas originally used
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to establishthe relevanceof di®erenial equationssud asthat occurring in Section3.3.1(also
usedin [51]).

Instead of using the Doob martingale, for our purposeshereit is easierto obtain results
which arejust asstrong usingsupermartingales. A sugermartingale with respectto Gg; G4;:::
is a sequenceX o; X 1;::: of random variablesde ned on Gy; G4;::: sud that

E(Xi+1 ] Go;Gy;::03Gy) - X5 (i=01;::0):
We will usethe following simple supermartingale inequality analogousto Lemma 4.1. This
lemma appearedin [61], but it is nothing more than the standard technique for estimat-
ing large deviations, which involves applying Markov's inequality to the momert generating
function of X;. The proof comesimmediately, from a standard proof of Lemma 4.1 as given

in [34]. We give the proof herebecauseghe method and its adaptations are very powerful for
obtaining Hoe®dingand Cherno®[16] type inequalities.

i , 1andoconstantsc. Then for all ®> 0, B
A & !
P(X ®) - '
(Xi, ® - exp j e
Pro of. Takeany h > 0 (whosevalue will be optimised later). Using Markov's inequality for
the secondstep,

P(X., ® =P, ). & "EEX): (4.3)
But . .
E(ehxt) - E tht; 1eh(Xti X 1)

= E(ehxti 1E(eh(xti Xt 1) J GO1 i Gti l)) (44)

sincé E(AB) = E(AE(B j C)) for any random variablesA, B and C with A a function of C.
Since€™ is corvex on [j ¢;c], we havefor x 2 [j &;¢]

1 . .
ehx . é(ehct + @i hct) + 2); (eth i e hct):
So

W .
1 ) X Xy ) )
E é(ehcf + g hoy 4 2t 2L 'th Bl e M) jGeriii;Gy 1

1 . . .
é(ehcf + e M) asXo:Xy;:::is a supermartingale
X (gh)y* R c&hZ _ 12n2,

= coshhc) = - =e
Fthy) weo  (2K)! oo 2¥K!

(4.5)

3See, for example, Grimmett and Stirzaker [25, Section 3.7]). Technically, in this application we are not
conditioning on a variable C but a sub-%field of the ¥field of our random process. This works the same
way since we can always define a random variable with distinct values on the blocks of the partition of the
underlying set induced by the sub-¥field.
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So(4.4) now becomes p
1 t Cth

E(eX1) - E(™u1)eri” . o7 =

by induction. Sofrom (4.3),
P
P(X,, ® - & "%z M

From this the best bound is obtained by putting h = P&, which givesthe lemma. &

Sincethis is equivalert to j X; being a supermartingale, statemerts like Lemma 4.2 also
provide upper bounds on the lower tails of submartingales. Since a martingale is both a
submartingaleand a supermartingale, Lemma4.1 follows.

4.2 Use of stopping times

The concept of a stoppingtime with respect to a random processis almost indispensible.
This is any random variable T with valuesin f0; 1;2;:::g[ flg sud that* onecandetermine
whether T = n from knowledge of the processup to time n. The name can be misleading,
sincea processdoesnot necessarilystop whenit reatesa stopping time.

The key result we require of stopping times is the following from [25, Section12.4]. It says
that if a supermartingale hX;i is stopped at a stoppingtime (i.e., hX;i becomesstatic for all
time after the stopping time) then the result is a supermartingale. In the caseof processe®f
“nite length, this is a special caseof the Optional Sampling Theorem. We denoteminfi; Tg
byinT.

Theorem 4.1 If, with resct to someprocess,hX;i is a sugermartingaleand T is a stopping
time, then hX~7i is also a sugermartingale with respct to the sameprocess.

Many applicationsof Lemma4.2to processesvill bene t slightly from the useof stopping
times. A common situation is that the expected increaseof a variable X;, per step of the
process,can be bounded above. It will then follow that the variable is unlikely to increase
much faster than at the rate suggestedoy that upper bound. This turns out to be suc an
important application that we state it asa separateresult. (This cortains Lemma4.2in the
caseb = 0.) Stopping times help by shawing that the bound given by Lemma 4.2 for the
deviation of X, applieswith the sameprobability for all of the X;, i - t (which appearsto
give somethingfor free):

4Technically, T is defined with respect to a filtration; that is, a nested sequence of ¥sfields fF ;g, with Fg
trivial. In the case of random graph processes, fF g is just the ¥afield generated by the graph subsequences

all possible outcomes of the graph sequence up to time i. The random variable T is a stopping time if it has
values in f0;1;2;:::g[ flg and the event f T = ng is measurable with respect to Fp.
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by Go; G1;:::;Gi, 0+ i - t. Supmwsethat for somereal b and constantsc, E(X;i i Xi; 1]
Go;G1;:::Gij1) < bandjXii Xi;1i - gforalll- i- t. Thenfor all ®> 0,
A !
. . . ®?
PO O i-1):Xjj Xo, iIb+® - exp i =P—

2 ¢

Pro of. Notethat Y; = X;j Xoi ib de nesa supermartingale whosedi®erencesre bounded
above by ¢. Let T be the stopping time which is de ned asthe rst time that Y; , ®. By
Theorem 4.1, hYj~ti is a supermartingale. Applying Lemma 4.2 to this supermartingale at
time t givesthe corollary. 1

Note. Now that we have stopping times under our belt, we can give a slightly slicker proof
of Lemma4.2 and Corollary 4.1. From (4.5)

It follows that

Y, = é%ig %0 where s = &

j=1
de nes a supermartingale (with respect to the sameprocessas hX;i). De ne the stopping
time To to beminfi : X; > ®,and T = t” To. By Theorem4.1, hyri is a supermartingale.
SoEYr - EYp = 1;that is,
E(T . e5") . e
SO 1 2
P(Xii Xo, ® forsome0- i- t)- ez>"ih®

As beforeput h = %, to obtain Corollary 4.1in the caseb= 0. (The generalcaseis similar,
again by consideringY; = X j Xoij ib.)

Besidesbeingusedto prove the main theorem, Corollary 4.1 can be especially usefulwhen
a processis nearingits completion, or nearingthe transition to another phase,and the trends
in someof the relevant variablesbecomeerratic, which is typical if the variablesare discrete
and their values becomesmall. One of the variables, or a function of them, can have its
behaviour boundedat leastin onedirection by bounding the expecteddi®erencesExamples
occur in establishingthe phasetransitions in the degree-greedyalgorithm for independen
setsin Section7.1 and alsothe nal part of the process nding the k-corein Theorem6.4.

A simple application is given next.

4.3 Large components in d-pro cesses

One of the certral themesin the study of random graphsis the phasetransition, being the
time at which the largestcomponert of the ewlving random graph G(n; m) grows from \v ery

5To be precise, X is measurable with respect to the ¥field generated by Go; Gy;:::; Gi.
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small" to \very large". \Very small" can be de ned as smaller than any xed power of n,
and \v ery large" can be larger than a constart times n. SeeJansonet al. [2§ for many
interesting results on this. (This usageof \phase transition" is a little di®eren from the
phasesof processesn the presen paper.)

Considerthe degreeboundedgraph process(d-process)with d, 3, and de ne I(G) to be
the number of verticesin the largestcomponert of G;. An unsolved problem is to shav that
this processexhibits a phasetransition in the above sense. In particular, does there exist
c> 0 sud that for all 2 > 0,

P(I(G) < n®)1 1 for t<n(ci 2 and P(G) > n%)! 1 for t> n(c+ 2):
This occursat ¢ = % in G(n;m). In [52] it is shovn that if the phasetransition occursin
the random d-process,d, 3,thenc- % i %)n. This was done by shaving a versionof the
following which is slightly stronger (and for generald). The argumert is restricted here to
d = 3 for simplicity, and without trying to get the best constarts. In any case,the argumert
here cannot reducety below n, whereasthe phasetransition no doubt occurswell beforethis

time.

Prop osition 4.1 For tg = dgne in the random 3-process,|(Gy,) , a.a.s.

n_
100
Pro of. This is basedon the fact that if there is no large componert then there is a good
chanceof joining two componerts. Every time this happens,the number of componerts goes
down. This cannot happen morethan nj 1 times!

If I(Gt) , 15 at timet > 0, we say that the processis sumessful at time t, and let S(t)
be the indicator variable for this evert.

Consider G(t) in the casethat the 3-processis not successfult time t - 57” All com-
ponerts have at most ;55 vertices, and by courting edges,the number of vertices of degree
3 is at most %” It follows that whenthe next edgeA.; is chosen,there are at least 5 i 1
choicesfor eat of its endsu and v. We canregard u as being chosen rst. Then sinceall
componerts have at most 55 vertices, the probability that v is in the samecomponert as
u (this is conditional on Gy) is at most (18 i 1)=(2 i 1) < 135. Thus for G(t) suc that
S(t) = 0,

94

P(D(t+1)= D) 1jG)> 100

whereD (t) denotesthe number of componerts of G;. The only other possibility isD (t+ 1) =
D(t). Thus
E(D(t+ 1) D(t)jGy) - i 0:94:
De ning 8
<D(t) S(ti 1)=0
- Y(ti 1)j 0:94 otherwise
it follows that for all G(t), E(Y(t+ 1) Y(t) ] G;) - 0:94. Moreover, the di®erencesatisfy
JIY(A) i Y(@i 1)+ 094 - 0:94. Applying Corollary 4.1 (with ¢ = 1 for corvenience,and

Y(t) =
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noting Y (0) = n),
P(Y(t), nj 0:94t + n%) - exp(| n%:(Zt)) - exp(j Zn%:S)! 0 (4.6)

fort - %n. But if the processs unsuccessfult time toj 1, Y (tg) = D(t) > 0 always, whereas
(4.6) implies that Y (to) < j in a.a.s. Thus, a.a.s.the processis successfuby time to, and
the proposition follows.

4.4 Bounded di®erences with a tail

The large deviation inequalitiesin this article usethe method of bounded di®erences How-
ewer, it is a mistaketo think that the method only applieswhenthere arerelatively small sure
bounds (i.e., boundswhich always hold) on the di®erencessin Corollary 4.1. Occasionally
the only sure bound on the di®erencess too large to be useful, and yet the di®erencesare
small with high probability. Shamir and Spencer [53 were apparertly the rst to exploit
this feature in connectionwith graph theory, and the consequencesf their proof were stated
more generallyin McKay and Wormald [38 Lemma 3.1]. The method of proof there uses
the technique as if the di®erencesvere all small, but with an extra twist to cope with the
occasionallarge di®erencesGodbole and Hitczenko [23] give a survey of results of this type.
We call this situation \di®erenceswith a tail" to distinguish it from the casewherethe sure
upper boundson di®erencesre just as usefulasthe almost sure ones.

Although the large deviation inequalities given so far seemto require sure upper bounds,
no separatelemmacof that type is neededfor di®erencesvith atail, asthey canbetakencare
of essetially by stopping the processappropriately (as in the proof of Theorem5.1). The
processedor independent setsin regular graphs (Section 7.1) and for padking use analysis
involving di®erencesvith a tail and require this aspect of Theorem5.1.

5 Proving appro ximation by di®erential equations

Having large deviation inequalities as in the previous section, there are various ways to go
about showing, for a variable Y (t) in a random process,that Y (t) ¥ f (t) for somefunction
f arising from the solution of one or more di®eretial equations. A quite generalsituation
is treated rst, in which the theorem usually senesto shown the appraximation holds with
probability 1j o(e' ") for some2 > 0. Additionally, it usually shows the error in the approx-
imation is quite small (typically o(n *°), but hasa Lipschitz condition which often causeshis
accuracyto be lost near the end of the process. Howewer, in sud situations the technique
usedin the proof is often good enoughto recover this accuracyto a large extert.

For cornvenience,the generaltheorem breakstime up into little piecesand considersa
supermartingale and submartingale in eat piece. Another approad is to transform the
random variable into something\close" to a martingale throughout the whole process(or
almost all of it) sothat the large deviation inequality can be applied just once. This tends
to producebetter boundssince,for example,with ¢ = cfor ead i, the deviation inequalities
produce small probabilities when the deviation ® is a constart times the squareroot of the
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number of steps. So one long supermartingale is better than many shorter ones. The same
e®ectoccursif one considersbounding the total numb%r of heads, X, occurrian in n fair coin
tossesby summing bounds on the deviations due to © n successig runs of = n coin tosses
ead. In eadh casethe standard deviation is Cn'™, sothe sum of theﬁeboundswill be of the
order of Cn®*. On the other hand, the standard deviation of X is 3 n, and by considering
the processas a whole, one beginsto get meaningful bounds for deviations of this order of
magnitude. We call this the wholistic approad. It is not soeasyto write a generaltheorem
using this principle, soinstead we give an examplein Section5.2.

5.1 General-purp ose theorem

For the main theoremwe lay a fairly generalsetting. The random processesre any discrete
time random processes. Sud a processis a probability spacewhich can be convenierly
denotedby (Qq; Q1;:::) whereeat Q; takesvaluesin somesetS. The elemens of the space

of the processup to time t.

Consider a sequenceof random processesndexedby n, n = 1;2;:::.. Thus g = q(”)
and S = S(M but for simplicity the dependenceon n is usually dropped from the notation.
Asymptotics, denoted by the notations o and O, arefor n! 1 but uniform over all other

the existenceof a solution to a set of di®erenial equations, a Lipschitz condition is only
neededon the variablesafter the rst, but for our purposesherewe demandit on all of them.
Note that ! distancewas usedin [61], but the *! distance ts a little more nicely into the
proof. Both distancesgive equivalert theorems.)

We scaleboth variable valuesand time by a factor of n becausefor many combinatorial
applicationsthis givesthem a xed limiting distribution. This is corveniert whenconsidering
the solution of the correspnding di®erenial equations: there is only one set of equations
rather than di®eren equationsfor ead n. Whene\er the needfor di®eren scalingsof variables
and time arises,time can be pre-scalingasin the proof of Theorem7.1.

For variablesY:;:::; Y. de ned on the componerts of the process,and D p IR*, dene
the stoppingtime Tp (Y1;:::;Ya) to be the minimum t sud that (t=n; Y1(t)=n;:::; Ya(t)=n) 2
D. This is written asTp whenY;y;:::;Y, are understood from the cortext.

The following theorem is a generalisationof the two theoremsin [61], and has stronger
conclusions.Although only very few changesarerequiredin the proof, weinclude the full proof
here sincesomeof the details skimmedin the proof in [61] require more careful examination
in the presen setting.
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In the statemert of the theorem, \uniformly” refersto the corvergencemplicit in the of)
terms. Hypothesis(i) ensuresthat Y,(t) doesnot changetoo quickly throughout the process,
(i) tells us what we expect the rate of changeto be, and (iii) ensuresthat this rate doesnot
changetoo quickly in time (or asthe valuesof the variableschange).

The main di®erenceshetween this theorem and the rst theorem in [6]] are that the
probability that the variablesof the processare not well approximated by the solution of the
di®ererial equationcannow be madevery small, and the error of approximation canbe made
small, if the errorsin hypotheseq(i) and (ii) are small. Also, the note after the theoremgives
a versionwith the number of variables unbounded. There doesnot seemsud a great need
for this versionsothe main theoremis stated without this option to avoid further complexity.

Theorem 5.1 For1- |- a wheeais xed, lety, : S™M* I IRandf, :IR* ! IR, such
that for some constant C, and all I, jy,(h;)j < Con for all hy 2 SM* for all n. Let Y;(t)
denotethe random counterpart of y;(h;). Assumethe following three conditions hold, wheie
in (i) and (iii) D is someboundel connected open set containing the closure of

() (Boundednesshypothesis.) For somefunctions ™ = (n), 1land° = °(n), the prokabil-
ity that
maxjYi(t+1)i Yi(t)j-
A

conditional upon Hy, is at least1j ° fort< Tp.
(i) (Trendhypthesis.) For somefunction , 1 = , 1(n) = o(1), for all | - a
JEM(t+ 1) i) jH) i fit=n;Ya()=n;:: Ya()=n)j - 1
fort< Tp.
(i) (Lipschitz hypothesis.) Each function f, is continuous, and satis es a Lipschitz condi-

tion, on

with the sameLipschitz constant for each|.

Then the following are true.

dz _ . o ... T
&_ fl(X1211 1Za)1 |_ 15 1a
hasa unique solutionin D for z : IR! IR passingthrough
z(0) = 2;
1- |- a, and which extendsto points arbitrarily closeto the boundary of D;
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(b) Let, > 1+ Con® with | = o(1). For a suxciently large constant C, with probability
1i O(n° + —exp(i r)),
Yi(t) = nz(t=n) + O(,n) (5.1)

uniformly for 0 - t - ¥n and for each |, wheee z/(x) is the solution in (a) with 2 =
%Y|(O), and %= ¥{n) is the supremum of thosex to which the solution can be extende
before reaching within ** -distance C, of the boundary of D.

Note. A versionof the theorem also holds with the number a of variablesa function of n,
the domain D a function of n but with all Lipschitz constarts uniformly bounded,and with
the probability in (b) replacedby

A _ A 5!

a n
. [e] - 5 .
1; O an +—exp i =3 X

5

provided ead function f, dependsonly on x and z;;:::;z. This last condition is to avoid
complicatedissuesaround the solutions of in nite setsof di®eretial equations:in this case,
the solution of the in nite systemis de ned to be the set of functions solving all the nite

Pro of. There is a unique solution in (a) by a standard result in the theory of rst order
di®erenial equations. (SeeHurewicz [27, Chapter 2, Theorem11].)

To presen the proof, we simplify notation by considering rst a = 1 and referto y;, z;
andf, asy, z and f, and soon. We alsoinitially take ° = 0, sothat the inequality in the
boundednesshypothesisis deterministically true. The modi cation for generala and ° is
referredto at the end.

Taking, > ., asin (b), de ne &

w= (5.2)

and let t | 0. Note immediately that if "=, > n'™ there is nothing to prove becausethe
probability in the conclusionis not restricted. Hencew , n?=. Similarly, we can assume
., < 1 by the assumption, = o(1), or by noting the approximation in the conclusionis
otherwise trivially satis ed. The trend hypothesis gives the expected trend in the rate of
changeof Y (t) at somestage of the process. In order to shawv that this trend is followed

almost surely, we demonstrateconcertration of
Y(t+w)i Y(t):

We will assumefor now that for a sutciently large positive constart C, (t=n;y(t)=n) is
*1 distanceat leastC, from the boundary of D. The sizeof C required is determined from
the Lipschitz constart in the Lipschitz hypothesis; wherewer this hypothesisis usedin the
following argumern, we needto know that the point is still insideD. For 0 - k < w, noting
that k =n= O(, ), we have by the trend hypothesis

E(Y(t+ k+1)i Y+ k)jHu) = f((t+ k)=nY(t+ k)=n)+ O(, 1)
f(t=n;Y(t)=n) + O(, 1 + k =n) (5.3)
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by the Lipschitz hypothesisasjY (t + k) j Y(t)j - k by the boundednessypothesis. Thus
there exists a function
g(n) = O(, 1+ w =n) = O(,) (5.4)

such that conditional on Hy,

Y(t+Kk)i Y(t)i kf(t=n;Y(t)=n)i kg(n)

~+ jf (t=n;Y(t)=n) + g(n)j -  + O(1) - (5.5)

for someconstart - > 0 (using the boundednessf D and again the Lipschitz hypothesis
to make sure the variables do not leave D, and the fact that = is bounded below). So by
Lemma4.2 (and replacing®=2w- 2~ 2 by a new ®),

P Y({t+wi Y()i wf(t=n;Y(t)=n), wg(n) + -‘pmj' Ht, . @® (5.6)

for all ®> 0. We will now set 5
nb .
®= =5 (5.7)

The lower tail of Y(t+ w)j Y(t)j wf (t=n;Y (t)=n) can be boundedby exactly the same
argumen, but using a submartingale (or, as an alternative, negatethe function and usea

supermartingale). Hence(increasing- by a constart factor) we have
3

P jY(t+w)j Y(t)i wf(t=n;Y(t)=n)j, wg(n)+ - IOw_®j H, - 26 (5.8)
Now de ne k; = iw, i = 0;1;:::;ig whereip = b¥n=wc. We next show by induction that
for eadh sud i,
PGY (k)i z(kj=n)nj, B; for somej - i) = O(ie' ®) (5.9)
where
M Tsu T
BJ.:BW’-}-W 1+87W |1L
n n Bw

and B is a constart determinedbelow.
The induction beginsby the fact that z(0) = Y (0)=n. Note that

JY(ki+1) i z(kiza=n)nj = JA1+ Ax+ Az + Ay
where

Ar = Y(k)i z(ki=n)n;

Az = Y(kiw)i Y(ki)i wf(ki=n;Y(k)=n);
Az = wz9ki=n) + z(ki=n)nj z(Kis1=n)N;
Ay = wf(ki=n;Y(k)=n)i wzYki=n):
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The inductive hypothesis(5.9) givesthat
JA4j < Bi; (5.10)

togetherwith the similar statemerts for smalleri, all hold with probability 1j O(iei ®). When
this is true, by (5.8) and using (5.2), (5.4) and (5.7) we have with probability 1; O(exp(j ®))

jAz < B,

for a suitable universal constart B® (This is the point at which the assumptionincluded
above, about the scaledvariables not approading within distance C, of the boundary of
D, is justied. It follows from the inductive hypothesis using the fact, seenbelow, that
B; = O(n,).) Sincez is the solution givenin (a) and f satis esthe Lipschitz hypothesiswe
have

jw=n)zqki=n) i (z(ki+1=n) z(ki=n))j = O(w*=r?) - B%?=r?

(for n suzciently large) for a suitable constart B% and so

B %2
_

JA3] -
Again using the sametwo facts, aswell as (5.10), we obtain

B%WB;
n

JA4) -

(rede ning B®appropriately). SetB = maxf B%B%Yy. Summingthe boundson the A; now
gives
1Y (Ki+1) i z(ki+1=n)nj < Bjs1

with probability 1i o((i + 1)e ®); that is, we have (5.9) by induction for i - iy.
Note that
Bi = O(n, +w) = 0O(n,)

since is boundedbelow. Also for any t - ¥n, put i = bt=wc. From time k; to t the change
inY and z is at mostw~ = O(n, ). Hencefrom (5.9), with probability 1; O((n=w)e ®)

jY() i z(t=n)nj = O(,n):

The theorem now follows (for the casea = 1) from (5.2) and (5.7).

Finally, the modi cations requiredfor arbitrary a and ° arevery simple. The modi cation
for arbitrary ° is just to alter the processleading up to (5.5), by conditioning on the event
that the inequality in (i) holds at ead step. This alters the expected changein Y given in
(i), but sinceY - Cyn it canonly alter it by at most Con°. Sojust replace, ; by , 1 + Con®
in the rest of the proof, and note that the probability that any of theseewens fails to hold
throughout the processis O(n°), sosubtract this from the probability that (5.1) holds. The
result follows.
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Next for a > 1: the inductive hypothesis(5.9) is modi ed to
P@iYi(kj) i z(k=n)nj, B; for somej - i) = O(aie' ®)

forall | - a. The proof of the samestatemert for i + 1is modi ed only in that the statemen

hasto be veri ed for eah of a variables,and sothe probability of failure is multiplied by a.

The theorem follows when a is xed, and the Note after the theoremfollows for a arbitrary.
|

5.2 The wholistic approac h

This is a way of applying the large deviation inequalities alternative to that in Section5.1.
The generalideais to transform the random variable to somethingcloseto a martingale. This
seemdo beditcult to carry out e®ectiely in generalwithout knowing somethingabout the
solution of the asswiated di®ererial equations.

Supposethat Y is one of the variablesunder examination and the solution to the di®er-
ertial equationsgivesthe function z(x), sothat Y (t) is to be appraximated by nz(t=n). A
simpleideais to considerthe random variable Y (t) i nz(t=n) + f (t) wheref is someslowly
growing function. This should be a supermartingale if f is sutciently large and positive,
and a submartingaleif f is large negative. Even this can give a signi cant improvemert over
Theorem5.1. How well the approximation works dependson the stability of the di®erenial
equations,and how badly the Lipschitz condition fails. One particular improvemert on this
ideawas rst made, at leastin a graph processsetting, in [44]. This usesthe generalsolu-
tion of the di®erenial equationsto nd a function which is constart along all trajectories
(as opposedto the one above, which is only 0 along the trajectory whoseinitial conditions
correspnd to thoseof the process). This function will be closeto a martingale, and the trick
of adding and subtracting a small function can be usedto create a true submartingale and
supermartingale.

For an illustration, considerthe number of isolated vertices in the random 2-process,
denotedby Yy. As well as demonstrating the \wholistic" approad descriked at the start of
Section5, this will alsoshav how to cope with the problem often encourtered near the end
of processesvherethe Lipschitz hypothesisfails (seeSection5.4 for more discussionon this.)
The argumert hereis in a form which generalisesasily to the multiv ariate case.

Theorem 5.2 TakeO < +.< minf3? % + %2g. For suzciently large - % with prokability at
least1j exp j n?=*%i 2t=.0

A !

- 1 n
. — + = + —
nj t=Yye(t) 1+ O(n'?) > In Yol

(5.11)

forall0- t<bnj n¥*’c.
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Pro of. Recallthat Yo(t) is appraximated by nz() wherez satis esthe assaiated di®eretial
equation (3.13) whosegeneralsolution is (3.14). This can be put in the form

2xj 1)

i Inz=C: (5.12)

It is alittle simpler now to work with unscaledvariables,sonote that the unscaleddi®erettial
equationis

= — 5.13
T oni 2t Yo (5.13)
De ning
2(tj Y,
H(w) = (\i{on)i N> w=(tYo)

in view of (5.12), the generalsolution of (5.13) is
H(w) = C:

We will takew = wy = (t; Yo(t)), and considerthe sequenceof random variableshH (w)i.
By courting vertex degreesn the 2-process,

YO' ni t (514)

always. Given this, note that the secondorder partial derivativesof H(w) with respectto t
and Y, are O(1=Yg). Therefore
A !
1

H(Wwt) i H(W) = (Wt i Wy) ¢ grad H (wy) + O Yo(1)2

(5.15)

where ¢denotesthe scalar product and gradH = (H¢;Hy,), provided Yo(t + 1) , 1. Note
that

EWer | WjG) = LEMo(t+ 1)i Yot G)
i 2Yo(t) n
= 1 +

2nj 2ti Yo(t) (nj t)?

from (3.7), (3.9) and (3.10), (again usir‘g (5.14) in estimating the error) provided the error
term is o(1); that is, provided nj t >> " n. Also obsene that
A !

i 2Yo(t) ¢ grad H (w;) = 0

" 2t Yo(t)

asH (w) is constart along ewery trajectory w of (5.13). So, noting that

"o o , omi

grad H(w) = Yo ' Yo Y02

(5.16)
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and taking the expectation of (5.15) conditional on G; we obtain

A !
n

Yo(t)?(ni t)

assuming3 - Yy(t) - nj t (which ensuresYp(t+ 1), 1) and pﬁ: o(nj t).

Thereis the problemthat H (w) is unde nedif the processhits Y, = 0. The simpleremedy
is to stop the sequenceH (w;) assoon asit hits Yo - 2. More than that, sinceH (wg) = | 2,
introducethe stopping time

E(HWwa1)i H(wy) jG) = O (5.17)

T = minft : jH(w) + 2j, ni*g

and note from the de nition of H that Yo > (nj t)=Innfort < T. Then from (5.17),

A ! A !
n B n(in n)?

Yo)2(ni t) —  (nj t)3

forO- t- nj n¥™*’. From (5.16) and the fact that Y, and t changeby at most 2 per step
of the process,we also have

E(HW@pa7)i HWinr) jG) = O

A ! A !
nit _ (Inn)2

JHWspa7) i H(Winr)j = O Yo()2 ni t

Put to = nj n®3** and apply Corollary 4.1 to the sequencesH (W 7)i, t - to, and sym-
metrically hj H(w7)i, with ®= 1ni* b= -(Inn)?ni ¥ and g = - (Inn)?>=(n j), for some
suzciently large xed -. Noting that

X ¢ = O(n' 23 *)(In n)?
=1

J

and since+ < 32, the conclusionis

H \l 3

P jH(wiar) i H(wo)j, én'i for some0- i- t; - exp j nZ3*7i2:=.0

for - O suxciently large. As H(wo) = i 2, this implies from the denition of T that T < t,
with the samelow probability. But T | to implies (5.11) asrequired. 1

Note. It is possibleto get good almost sure boundson Y, even much closerto the end of
the process.(SeeSection5.4.)

5.3 Simple applications
Herethe sharp concertration resultsin Section3 are obtained asapplicationsof Theorem5.1.

Pro of of Theorem 3.1. Note that G; is determinedby the history H;. In view of (3.2), we
cansetf, = j fip+ {1+ z,1j z for (i, 0)wherez , isidentically 0, andlet D be de ned
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by zo> Oand(say) i 1< x< 3andj 1< z < 2foralli> 0. Then the trend hypothesisof
Theorem 5.1 holds with _ _
iYiai Yi)j 1

n(nj 1) ni 1
since0 - Y, - nalways. The boundednes$ypothesisholdswith ~ = 2and°® = 0, andwe can
take a a function of n by the Note after the theorem. The conclusion(b) givesTheorem3.1,
sincethe relation between, and s ensuresthat zo(s=n) >> . 1

.1 = max

Note that the method in Section5.2 can be applied to Y, for exampleto get a sharper
result for that particular variable, and with somework can potenrtially give sharper results
for all the variables.

For degreeboundedgraph processesasfor the later phasesof the min-degreeprocessthe
random vector under considerationis not Markovian (due to the nuisanceedges).Newerthe-
less,Theorem5.1 applies. For the next theoremthe domain D alsohasto be chosencarefully
to avoid the singularity in the functions f; asx approadhesnd=2.

Pro of of Theorem 3.2. This is very similar to the previous proof, but using (3.18) for the
trend hypothesis. The choice of the domain D is the only problem. There is a singularity in
the functions f; on the right in (3.19). Sochoosea domain D with z4 > 2°for some xed 2°,
and Theorem 5.1 can be applied. The statemert of Theorem 3.2 follows, exceptonly for all
0- t < n® whereR is the leastx for which zy(x) < 2%+ C, . But sinceYy is well approximated
by nz4(t=n) inside D, by (3.16) it isimpossiblethat ® < d=2. (The solution to the di®eretial
equationsin Section3.3.3can be usedalternatively at this point.) The theoremfollows. &

The veri cation of the statemerts about random star d-processegSection 3.4) and the
simple greedyalgorithm for independern sets(Section 3.5) are similar.

5.4 Obtaining higher precision

As mertioned in Section 3.3.2, Theorem 3.2 can easily be improved, in the sensethat good
appraximation by the solutionsof the di®erettial equationscanbe showvn to hold much closer
to the end of the process.This appliesto basically all the other applications of Theorem 5.1
in which the function giving the expectedtrends in the processbecomeshighly non-Lipsditz
near the very end of the natural process.

One remedy is to usethe wholistic approad, but it is hard to say how generally that
type of argumert applies. A quite generalapproad is to rework the proof of Theorem 5.1
in any particular situation, using di®eren Lipschitz constarts depending on what part of
the domain D the processhas readed. This is straightforward enoughgiven the inductive
nature of the proof. (For a similar argumen, seethe proof of Theorem7.1.) In this way one
can easily extend the result of Theorem 5.1 to time n'i * from the end of the process. This
givessuzcient accuracyto approad within n'i * stepsof the end of the processin the case
of d-processesfor instance; a version of this argumert was usedin [50] and gave suzcient
accuracyfor the argumerts there about saturation of processes.

42



Moreover, in the caseof 2-processesthe di®erertial equation hasa stability property that
enablesthis approad to be pushedto the extreme: we can usethis ideato obtain almost sure
bounds on the number of isolated vertices and isolated edgesin the random 2-processuntil
only O(log* n) stepsfrom the end, the limiting probability that the "nal graph of 2-processis
connected(Hamilton cycle)is obtainedin [58]. Other properties sud asthe expectednumber
of cyclesfollow similarly. There is no doubt that sud stability can be taken advantage of in
other situations aswell, but no examplesseento bein the randomgraph or randomalgorithm
literature.

6 Ditculties with transition probabilities

In this sectionwe will estimate the sizeof the k-core of a random graph. This study hastwo
dixculties not met in this paper until now. Oneis that the transition probabilities are very
hard to compute, and sowe spend a good deal of e®ortestimating them. The secondis that,

partly asaresult of the rst dixcult y, somepossiblestatesof the processare very undesirable
becausethe subsequen transition probabilities have not been estimated. We shav how to

ignore such states even if they cannot be corveniertly descriked in terms of a xed domain
D. This only requiresthat the processavoids sud stateswith high probability.

6.1 Eliminating undesirable states

Wewill usethe following variation of Theorem5.1in which the possibility existsthat the trend
and boundednesshypothesesbecomeinvalid, due to the processreading some\unusual”
state. If this occurs with a suzciently low probability, the conclusionof the theorem is
similar. In general,we can deducethat a.a.s.the appraximation by di®erenial equationsis
valid until oneof the \unusual” statesis reated. The \usual" statesare determinedby a set

D.

to be the minimum t suchthat (t=n; Y,(t)=n;:::; Ya(t)=n) 2 D. Assumethat the Tst two hy-
pothesesof Theorem 5.1 apply only with the restricted ranget < Ty of t. Then the conclusions
of the theorem hold as before, exept with 0- t - ¥n replaed by O - t - minf¥n; Ty0.

Proof. Forl- j - ade nerandom variables?,- by

8

<Y (t+1 ift<T

Y+ 1)=, (1) ! O
- Yi(t) + f(t=n; Yo (t)=n;:::; Yi(t)=n) otherwise

forallt+ 1, 0. Then the 9, satisfy the hypothesesof Theorem 5.1, and so the theorem

followsas ¥ (t) = Y,(t) for0- t< Tg.
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6.2 The k-core of a random graph

As mertioned in Section 2, the processconsideredhere starts with a graph Gy on n vertices
and repeats the operation of deleting a random vertex of degreelessthan k. Herek , 3is
“xed, and Gq is a random graph in G(n; m(0)). (Here m(0) is usedasit denotesthe rst

elemen of the sequencef random numbersof edgesn the deletion algorithm.) The object is
to determine the distribution of the number of verticesremaining in the nal graph. In this
way we can capture the point at which the k-coreappearsin a random graph in G(n; m(0)).
Throughout this discussion,we will be assumingthat m(0) is bounded above and below by
positive constarts times n.

De ne a light vertex to be one of degreestrictly lessthan k. All other verticesare heavy.
Instead of actually deleting vertices, it is more conveniert to delete edgesonly. Thus, eadh
step of the processdeletesall the edgesincident with a randomly chosennon-isolated light
vertex x; from the current graph G; to produce G, . Introducethe random vector

where v;(t) denotesthe random number of vertices of degreei in G;, 0 - i - kj 1, and
m(t) = jJE(Gy)j. As usual,n is xed for the processand we are interestedin the asymptotic
distribution of the variablesasn! 1 . Someuseful notation is
1 I 1 1
V= vi; Y=nj Vi; S= ivi &=2mij s (6.1)
i=1 i=0 i=1

sothat v is the number of non-isolatedlight vertices, ¥ the number of heavy vertices,and s
and & are total degreesof thesesetsof vertices. The processendswhen¥ = nj vg, at which
point there are no non-isolatedlight vertices. In order to examinethis point, we will showv
sharp concertration of ead of the ertries in w(t) for appropriate t.

SinceGq israndomin G(n; m(0)), w(0) isarandomvector. The rst important obsenation
is that conditional upon w(0), the distribution of Go must be uniform in the set G(w(0)),
where G(w) is the set of graphswith variablesgiven by w. The next important obsenation
is that, conditional upon w(t), G; is uniformly distributed in G(w(t)). This follows by
induction, since, given w(t) and w(t + 1), and a graph G in G(w(t + 1)), the number of
graphs G°2 G(w(t)) sud that G comesfrom G° by deleting the edgesincident with a non-
isolated light vertex is independert of G. (Just considerthe reverseoperation: selectas x;
any vertex of degreeO in G. The vectorsw(t + 1) and w(t) determine the degreeof x; in
G° the degreesof the light vertices which must join to x;, and also the number of heavy
verticessojoining. All theseverticescan be chosenin any way from the setsof verticesof the
required degrees.The number of ways of making this multiple choiceis determined precisely
by w(t + 1).) Thus, conditioning on w(t) and w(t + 1), the graphsin G(w(t + 1)) occur
uniformly at random. Hencethe sameis true conditional upon w(t + 1) alone.

This meansthat the processhw(t)i, t , 0, is a Markov chain.
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6.2.1 The transition probabilities

A little thought revealsthat the transition probabilities of hw(t)i can be determined from
the numbers of graphswith given degreesequence.The presen sectionexaminesthis rather
intriguing problem, resulting in the di®eretnial equations(6.21). The sectioncan be omitted
if only the consequencesf the di®erertial equationsare sough.

Before giving the details on how the computation works, we turn to examination of the
problem of estimating the required numbers of graphs. No \nice" formula for them is known.
Fortunately, an asymptotic formula suzcesfor the current purposesput it takesa lot of work
to getinto a usableform! The most generalresult in this direction for graphsof low degrees
is the onein the following theorem, appearingin [37]. De ne g(d) to be the number of graphs

_ P . . P
Theorem 6.2 Forr > 0, dene M, = = 4 ;. ,[d]; (in particular, M; = 2* = d;), and

Omax = Maxy. j. ndi. If Mg ! 1 and dmaxy = O(M; ) asn! 1 then
A Il

A A

My 1) Mo M2 M3M; M§ M2 o

d)=o——"exp j ' ' + + +0 O 6.2

Ad)="Cn g1 P T, T amz! oMz T ams T aM? M, (6-2)
Here n!! denotesl ¢3¢¢en for an odd integer n.

Previously, McKay [35 obtained a wealer versionof this result, with the restriction dmax =

o(M11:4) and with the error term O(d?.,=M1). In this casethe error term absorbsthe last

three terms in the exponen, giving

(Myj 1)lg =2 =+l )
fa
~'n
j:]- dJI

g(d) =

(6.3)

where, = M—i which was obtained even earlier by Benderand Can eld [9] in the casethat
dmax is bounded,and Bollob§s[1]] for dnax growing very slowly. Bollob§s explicitly usedthe
random pairing descriked in Section2 and usedso pro tably in Sections3.5and 7.1, further
analysisof which yielded (6.2) and (6.3), whereasBenderand Can eld analysedan equivalert
model.

The cardinality of G(w) can now be found asymptotically, at least for all the signi cant
valuesof w. To simplify notation the dependenceont is not displayed whenit is clear from
cortext. Recalling(6.1),

. . n! X
jG(w)j = ‘?'Qm g(d); (6.4)
*i=0 Vit d2A
where A = A(w) is the set of all nonneggti\e n-tuples d suc that for0- i - ki 1, the

number of d; which equali is exactly v;, jn=1 d = 2m, andi < j wheneerd < d < k
ordi < k - d. (Theseordering conditions just ensurethat the ertries of d occur in non-
decreasingorder exceptthat thosewhich are at leastk are not grderedamongstthemsel\es.)
Note that A will be nonemply for large n provided 2m , k¥ + K liv;.

Before using (6.4) and (6.3) to estimate jG(w)j, we needto arguethat the upper bound
Omax = o(Mllﬂ‘) causesno problems. This hingeson the fact that the number m(0) of edges
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at the start of the processis only O(n), and consequetly ¢( Go) is a.a.s.small. One way
to do this (asin [44]) is to begin by using an idea in [17] to relax the processgenerating
G 2 G(n; m(0)) sothat multiple edgesand loopsare permitted. A bound on the probabilities
of having large degreesn the multigraph processis quite easyto obtain since(if it is de ned
appropriately) the vertex degreesare distributed as Poissonvariables. The probability a
graph has a vertex of large degreeis then bounded above by the probability the multigraph
has the sameproperty, divided by the probability that the multigraph processproducesa
graph. (In this sketch the details are omitted.) In this way, or others, it can be shavn that
whenm(0) = O(n), for xed b2 (0; ),

P(¢(G), n®) =0 ") (6.5)

for G 2 G(n;m(0)). Taking b = }1 say, this shows that with very high probability the
initial vector w(0) is suitable for application of the asymptotic formulae, and even satis es
the stronger upper bound on dn.x requiredin (6.3). Howeer, it may be that the process
starts with sud a w(0), but later (undesirably) readesa state wherethe probability of high
degreeverticesin a random graph in G(w) is quite large. The solution to this dixcult y is to

arti cially stop the processif any w(t) is reached suc that
P@(G), n® - exp(ji n®?) for arandomG 2 G(w(t)) (6.6)

iS not true.
To apply Theorem 6.1 later, denoteby D the set of all (t; w(t)) for which (6.6) is true.
Regardlesof D (which we have not yet de ned), note that P(Ts < Tp) is boundedabove by

the probability that the processever reachesone of the statesoutside . Since
P(¢( Go), n°) = O(exp(i n°)

and
P(¢( Gy, n®j(t;w(t) 620) > exp(i n°?);

it follows that
P((t; w(t)) 62D) = O(exp(i n"2));

and sothe probability that w ever, for any t, leavesD, is O(m exp(j n°®)). Thus
P(Tg < Tp) = O(m(0) exp(i n°?)): (6.7)

To estimate the summation in (6.4), note that the vertex degreesbelow k are xed and
so, provided m > 2,n for some?; > 0, (6.3) becomes

. 4
o(a) = EMLES ionf"‘aszl)) F(Voi:::i Vi 1:9) (6.8)
i=1 '

d2A
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where

X gi =2, %=4
F(VO;”:;Vki 1,S) - —QW,
(Ij:l’+ ¢eedy=3% j=1 JF',
(VO ..... Vi 1] dl ..... dil) — :(=|11|(L| 1)Vi + n?:l dJ (dJ i 1)
5 5 1ttty i1y ’ ’ .

Tki 1 Ty
i Vit

(We will stop the processwhen m(t) falls below 2:n for somesmall 2, > 0.) So estimation
of F is all that is required. Apart from the exponertial factor, which can be showvn to be

that the sum of a set of independen random variablesis equalto &, where eat variable is
identically distributed asPoissonconditioned on being at leastk. This wasdonein [44], and
the probability was found asymptotically by choosingthe expectations of the variablesso as
to maximisethat probability and usinga local limit theoremfor the sumofi.i.d. (independen
identically distributed) random variables(see[19, Chapter XVI]). The result is (6.13) below,
which requiressomede nitions rst.

Let Z(z) be a random variable with distribution Po(z), wherethe expectation z will be
speci ed shortly, and note that

P(Z(2), k)= €’%a(2)

where _
X 7

&(z) = I_' (6.9)
ik

Also let X (z) be a random variable with the distribution of Z(z) conditionedupon Z(z) , k,

sothat PZ(2) = )
L z)=1i). . _
PX(z)=1)= —P(Z(z) k) i, k: (6.10)

Now choosethe value of z = z(¥; &; k) sothat
VEX (2) = &; (6.11)

(with & de ned in (6.1)) which is determineduniquely sinceEX (z) is strictly increasingwith

L _ G D VEX@(X@) 1 1)

P 6.12
’ Kitivi + VEX (2) (6.12)
Interpreting this appropriately, the formula which resultsis
¥ Ll 12
F(Vo;:::; Vi 1,8) = (L+ O(ni *2logn)) (&(2)) expli , =2i . "=4) (6.13)

25 v2WarX (2)
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provided

m>2n;, Vv, 2n and &, (k+ 2)V: (6.14)
(Again, we can stop the processif theseconditions fail to be met, by de ning the domain D
appropriately.) From (6.4), (6.8) and (6.13), if (6.6) and (6.14) hold then

A A1 logn’ | miem; R
o= 140 o+ o NI DA B
nli n -z y2WarX (z)v! <k

Fw (6.15)

(Actually, in [44], the error exponert 1 4bis improvedto 1 3bby arguing, similar to the
derivation of (6.6), that the likely degreesequence®ncourtered have M,, M3 and M, all
O(n), in which casethe error in (6.2) truly absorbstheseterms. This givesa slightly sharper
result in the end. A possiblysimpler argumernt for this improvemert is that if we retain these
terms and use(6.2) in placeof (6.3), the fact that the termsvary slowly | seethe treatment
of 1 belov | showsthat they have no asymptotic e®ect.)

At last, we canreturn to considerationof the transition probabilities in the Markov chain
hw(t)i,t, 0. (In this processunlike someofthe earlieronessud asin Section3.1,there does
not seemto be any way to calculatethe expectedchangesin the variableswithout essetially
computing all the transition probabilities of the Markov chain. There is no obvious way, for
instance, to separatethe expected changeinto separateexpectations for ead deleted edge,
due to the presenceof factors depending on the degreeof the chosenvertex x;.) Denote

incident edgesare deletedfrom G;, hasdegreej, and is adjacert in G; to exactly u; vertices
of degreei for 1- i - k andto uy+; verticesof degreeat leastk + 1. Also setug = | 1; then
the following equationsare true:

Vi Vi = jUi+Usi %, 0.0 kil

Viv o= iug (6.16)
Xk

Uk+1 = i Ui ;

where¥°is for wlas¥ is for w.

We approad the transition probability computation by courting the possibilitiesfor G 2
G(w(t)) with the vertex x; distinguished,and of degreq . The total number of thesegraphsis
just v;jG(w)j. By the uniformity of the distribution of G, the probability that the neighbours
of the randomly chosenx; (conditional on d(x;) = j) are in accordancewith the u; can be
computed by courting sud graphs. That is, we court the graphsG°2 G(w9 after deletion
of the edgesincident with x;, with the vertex x;, and its neighbours, distinguished, since
from such G°we candeduceG, and vice versa. Note that x, is now of degree0 (and specially
distinguished), and of the other distinguishedverticesthere areu; of degreeij 1forl- i - Kk,
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and uy.; of degreeat leastk. Sud verticescan be distinguishedin precisely

A, !

Vi +

f(w;w9 =) o
izo Ui+t

ways, with v{ denoting ¥° Using (6.16), this can be written as

¥ VO
. —_ [
f(W’W%_ O g i ) Uiaq!
izo (V71 Uir1 i %0)!Ujsy!
VOl 1 va
(Viki Uki Uken)'Uisa! oo (Vid Uii o )0 !
|
1 . :
_ Yy, ¥ ﬂk( Vii &
(Vi Uci U )lUdUa b o Vil U

and we have from the above argumert that

f (w;w9jG(w9j |
ViiG(w)j

P(w(t+ 1)= wljw(t)=w”d(x)=j)=

Sincex; is chosenuniformly at random from the v non-isolatedlight vertices,

P(d(x) = | jw() = w) = L

Th
- f (W WOiGWO)

Pw(t+ 1) = wljw(t)=w)= VG W),

(6.17)

Next, we estimatethis ratio using (6.15), taking various parts of the ratio separately and

writing z% &°and 1 %for wlasz, s and ! are for w (and recalling that ¥ = v,):

(2m°%; 1) w1
-—— = (1+ O(n' —:
em; on - YO NG
A ! A !
f(W;WC)IY!Q!‘golvi!i!"i Vi Uk vij! ’Yliui\k Vii o
v(¥O! < ki by Uer V(K DMe i w
Moreover, from (6.14)
Y2V arX (z) -
g=——ono-——= 1+ 0(n' ")
Y2/ ar X (29
and L
o L=2i (11)?=4 _
=1+ 0O(ni 1.

g . =2 2=4
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For the last remaining factorsin (6.17), a fairly simple but technical argumert leadingto [44,
(4.30)] shows that regardlessof the degreeof x;, z and z° are almost equal; to be precise,
A !
z5(e(29)” s o . . zk
ot = (L+O(n' )T S (e(2)7 V= 1+ O(nt ) ——  z%
D ey - & O @@= @+ oY)

&(2)
since § is the total degreeof heary verticesand so& 8 = Kkuy + Uxy,. From (6.14), the
binomials and m factors can be estimated by

A ! A !

1 “viijc My e il 1 My, Tu g Ml

= -+ = —+ 0 -

(2m)vu: Ui 2m u;! mUi 2m uj! n
forany C> O,withr=1i- korr+ 1=K+ 1=1.
Recallingthat the total number of edgesdeletedis
ket 1
d(x))= mj m°=  u; (6.18)

i=1

and not forgetting the error term in (6.15), (6.17) now givesthe transition probability asymp-
totically in the very nice form

A . ! A !
— O _ _ VY J Ups 1 logn
Pw(t+ 1)=w"jw(t) = w) = VUL Uk pitpy” ¢ep T + O aiiab T P
where _ - v
v . z z
= — (i=21::5ki 1) = ) = —
pl 2m ( ’ y | )1 pk Zm(k | 1)'6,((2)1 pk+1 2m
s .
and ul;:::j;uk+l = W’kl, is the multinomial coexcient. Thus, conditional upon w and
d(x;) = j, the vector (uy;:::;ux,1) hasasymptotically the multinomial distribution resulting
from j independert trials with probabilities p;;:::;pky1. In the multinomial distribution, u;
hasexpectedvaluejp; foreahi, 1- i - k+ 1. Hence
A !
. MLy 1 logn
Euijw® =w) = = Ljp+0 o+ P
i Vo nli n
A | !
_sp 1 ogn
= + TR + - (6.19)

This determinesthe expectedvalueof vi(t+ 1) v;(t) via (6.16)andof m(t+ 1)j m(t) via
(6.18), and henceof E(w(t + 1) j w(t) j w(t)), to the sameaccuracy This givesus enough
information to presen the appropriate di®erettial equations: writing

_ v(Xxn) m(xn)

°() = o 1) = T e

vi(xn). _ Y(xn). S
n ~ n

0,(x) = %= = (6.20)
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the equationsare (recalling u, = j 1 and noting that E(%; j w) = vi=v and that the p; must
sumto 1)

de; i+ 1)°,1% °% ©° .
dixI = ! 212)|+14i 21|o4i<7I O- i<kil)
de; zke 3y, %% 9 .
& = 215 (K | 1)'6K(Z)I 210 i o (l = ki 1) (621)
a %
x o
wherez cannow be de ned (analogousto (6.11)) by
CEX(2) =22 Y (6.22)

(recall that X (z) is distributed as Po(z) conditioned on being at leastk, asin (6.10)), and
g is still asin (6.9). The other variables(34 © and z) appearing here are simple functions of
the ©; and !, determinedby (6.1) and (6.11). Note that the initial conditionsrelevant for the
processare determined by the random graph G, 2 G(n; m(0)).

6.2.2 Dealing with dizcult di®erential equations

Although we have not beenableto solwe the di®eretial equations(6.21) for all the variables,
it is possibleto wring information on the size of the k-core from them.
It is showvn in [44, pp. 135]that the system(6.21) implies
z> gre
—=Cy @ C, (6.23)
for someconstarts C; and C, which will depend on the initial conditions. We will be consid-
ering the implications of this whenm = cn=2. (Here c can be thought of asan approximately
constart function of n, or merely any function of n, boundedabove and boundedaway from
0, sud that our conclusionswill depend on what rangesc liesin.)
The sort of large deviation argumert leading to (6.5) can also be usedto shaw that for
w = w(0) (which is determinedby a random G 2 G(n; m(0))) the probability of the evert

20)i € e(c)j+j2(0)i ¥O0)i c%(Qi<n' ™ (6.24)

islj O(e "), where

Y(2) = P(Z(2), ki 1) (6.25)
for Z (z) asbeforedistributed asPo(z), where? and?; aresuzxciently small positive constarts.
Speci ¢ values can be computed; this was done in the argumert in [44], but the presen
argumernt is di®erem and we are not paying attention to the actual values.) Note also that
the probability generatingfunction of X = X (z) in (6.10) is g(y) = Ey* and so

z%(2)e

EX(2) = g11) = e(2)

(6.26)
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the v;(t) and m(t). Sincethe degreesof at most k vertices changein any one step of the
process,and m changesby at most k, we cantake = 2k and ° = 0. D is the domain
suggestedoy (6.14) together with v > 2,n (where 2, will be chosenmuch smaller than 2,);

1> 21; Q> 21; 21 i ?/4> (k+ 21)(!; o > 22: (627)

The setD wasde ned just after (6.6) to eliminate the extremedegreesequencesor which we
could not compute the trends. Equation (6.19) now establishesthe trend hypothesiswhere
the functions f; are thoseon the right hand side of equations(6.21). Sincewe are not aiming
for best possibleresults here, take , = ni °. Note that the lower bound © > 2, is crucially
required for the Lipschitz hypothesis. From this theorem, and noting (6.7) which guarartees
that the extremedegreesequencesutside D are almost never encourtered, we concludethat
with probability 1; O(e "),

vi(t) _ o

2= 0(t=n) + O(n'Y) (0 i< K; = 1 (t=n) + O(n' *) (6.28)

m(t) _
n

aslong asthe inequalitiesin (6.27) are satis ed with somesladk (that is, with 2, replacedby
C2, for somesuzciently large C > 0).
To state the implications for the k-core,we de ne

( )
= ’IDfO Ya(.,)

whereY is de ned in (6.25).

Theorem 6.3 Chaose?, arbitrarily smal. If c< °j £for xed +> 0 and m = cn=2, then
the prokability that G 2 G(n; m) has a k-core with at least 2,n verticesis O(e ") for some
2> 0.

Note. Buczak[33 showved that a.a.s.in the standard random graph process,every k-core
which is nonempty has at least 0:0002h vertices. Thus, if we choose?, below this small
constart, the theorem shows the threshold of appearanceof a k-coreis greaterthan °, | *
for all £> 0.
Pro of. First, a word about the strategy of choosing?; and 2,. It is helpful to consider?; to
be a very small fraction of 2, (at least, we take it lessthan 2, and resene the right to choose
2, smaller later) and alsoof +. Then 2, is much smaller again. Then if the process(or more
correctly, the vector of scaledvariablesof the process)exits D, the remaining number of edges
is much smallerthan both +n and 2y,n, and if it exits at °© = 2,, the number of heary vertices
remaining is much larger than the number of light vertices.

We can clearly assumethat the concenration of the initial variablesat the start of the
processgiven in (6.24) holds, as well as the approximations to the variablesthroughout the
processgiven in (6.28) (by choosing? in the presen theorem suzciently smaller than those
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occurring earlier). So considerthe solution of the di®eretial equations (6.21) with some
initial conditions suc that 2(0) and ¥{0) satisfy (6.24). Then usingthe de nition of z (6.22),
and (6.26) and (6.24), we nd

EX (z(0)) = EX (c) + O(ni 1)

and hence
z(0) = ¢+ o(1) (6.29)

(sinceEX (2) is clearly increasingwith z).
We rst show that for suzciently small and well chosen?, and 2, the solution cannot exit
D at the boundary where2! j %= (k+ 2,)® or where® = 2,, and then deducefrom this that
the k-coreis a.a.s.quite small.
Supposeto the cortrary, rstly, that the solution exits D with 2t (x)i ¥4x) - (k+2;)2(x).
(In fact, equality must hold, by cortinuity.) With X (z) asin (6.10), we nd using (6.22)
1 -3
oz, 2O < Ex (@) = kv B @000 10> K+ C2(9
for somepositive constart C independent of 2,. (The last is easily veri ed in the caseof z
bounded, which is all we needhere.) Thus z(x) < 2,=C. But from the secondequation in
(6.23),
(O)e
2(x) = e (z(x)) '™ (0)
e (z(0))
From this, (6.29) and (6.24) give
a(z(x)) _ e *Mz(x)*
Q = =
ST ki

for 2; suzxciently small, as z(x) < 2,=C. This meansthe solution has already exited D, a
cortradiction.
Next, supposethe solution exits D with °(x) = 2,. Then? > 2, and so

(1+ O(z(x))) = O(?}) < 2,

2L Y>> 2t k2, = 28 (1+ O(3,=%)): (6.30)
Combining (6.22), (6.26) and (6.23) shows
1 : 3 Q
2L Y e C,:

% (2) ~ alz)
Henceby the de nition of °y,

.20
“ T %@EzX)
20 L 2 (00 HX) L
T 2w Gy O Y0
2%(0) . 2(0)i %0) L
Y (0) £ 2(0)¥(2(0)) 1+ O(%3,=2%)) by (6.23)

= c(1+ O(%1=2))
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by (6.24) and (6.29), which cortradicts ¢ < °y j * for suitably chosen?; << 2,. Sothe
solution cannot exit D on this boundary.

Thus, it exits with * (x) = 2; or 2(x) = 2y, and up to this point (i.e., for all smallerx) has
° > 2, By (6.28), the random processhasv(t) > n(2, i o(1)) light verticesfor all t - xn,
and so does not terminate beforethis time. But at this time (again by (6.28)) there are at
most n(?; + o(1)) heavy verticesleft, sothe k-coreis no larger than this. Making sure that
2, is smallerthan 2, now completesthe proof. &

Wheneer cis a little largerthan °y, c= ,=(%/(, )) hastwo roots for , . Denotethe larger
oneby , «(c). The following theorem follows from the results in [44]. As mertioned before,
the approad to the proof there is a little di®eren from the one here, but still the presen
approad is suzxcient for the following.

Theorem 6.4 Chaose?, arbitrarily smal. If ¢> °, + £ for some xed +> 0 and m = cn=2.
Then with prokability 1 O(e' ") for some2 > 0, G 2 G(n; m) hasa k-core with

ne *©g(, k() + o(n)
vertices.

Pro of sketch. It canbe shown that in this casethe di®erertial equation solution must have
°(x) = 0 for somex when? is appraximately e *©g(, (c)). The random deletion process
almost surely follows the di®erertial equationat least approximately until it leavesa domain
D likethe onein Theorem®6.3. From this point, the Lipschitz condition fails, and in fact when
the number v of light verticesdropsto a very small value, the expectedchangein the number
of light vertices per deletion step will start to vary signi cantly due to lack of concertration

of the numbersv;. Howewer, it canstill be shovn that the expectedchangein s(t) in a single
stepis negative. Then Corollary 4.1 is suzcient to shav that the process nishesin at most
Cn stepsfor someC which can be made arbitrarily small. (Actually, the relative rate of
changeof s(t) with respect to m(t) will cortinue to be roughly constart until v hits 0, but

this is not strictly neededfor the proof.) 1

Note. In [44], the threshold was determined more precisely (with error ni © rather than
just 1), and a value for the exponert 2 in the probability was determined. In addition, it was
shavn that a.a.s.in the standard random graph process,the very edge,say the m'th, which
createsa nonempty k-coreproducesoneof \full* size. To be precise,a.a.s.for all m sud that
Gm hasa nonempty k-core, its sizeis ne *2™")g(, (2m=n)) + o(ni °) for 3 > 0 givenin [44].
The higher accuracywas obtained by using the method of proof of Theorem 5.2, applied to
the generalintegrals of the di®erenial equationsgiven by (6.23).

7 Di®erences with a tall

Sometimesthe upper bound on the di®erencesn variablesis too large to be useful, but the
di®erencesare with high probability much smaller than the upper bound, as discussedin
Section4.4. In this caseTheorem 5.1 will be usedwith non-zero®.
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7.1 The degree-greedy algorithm for indep endent sets

Here we considerthe secondalgorithm for nding independen setsin random regular graphs
(seeSection2). The results given here were obtained in [61] (where it was called the neigh-
bourly algorithm), and alsoin the cased = 3in [2]] (called MINGREED Y). The analysisuses
the pairing process,as for the simple greedyalgorithm in Section3.5.

The degree-greedylgorithm is asfollows. Given a random d-regular graph G,

1. Setl = ;;

2. If V(G) = ;, stop. Otherwise, selecta vertex v u.a.r. from the verticesof G of minimum
degree;

3. Setl := 1 [ fvg and deletev and all its neighbours from G;

4. Return to step 2.

An equivalert way to expressthis algorithm is as follows. A vertex of degreestrictly
lessthan d is called unsaturated. Choosethe verticesin an independen setl consecutiely,
eat vertex chosenrandomly from those which, in the graph of edgesso far probed, are of
maximum degreesubject to being unsaturated. After adding a vertex v to |, probe all its
incident edgesaswell asall thoseof its neighbours. Thus, the edgesprobed in this algorithm
are the onesdeletedin the one above.

As with the simple greedy algorithm, this one can be incorporated as part of a pairing
processgeneratinga random regular graph, by exposing pairs when probed.

The pairing pro cessincorp orating the degree-greedy algorithm.

First add a random vertex to an empty setl. When v is added, random mates are
selectedfor all remaining unpaired points in (the bucket correspnding to) v, and then
for all other points in the vertices adjacernt to v. Then the next vertex v is selected
for I, which is done randomly from those currently of distanceat least 2 from |, and
of maximum degreesubject to this constrairnt. The processcortinuesuntil all vertices
have distanceat most 1 from verticesin |.

In the following discussion,this pairing processis regardedas the algorithm. Note that
the pairing is completed(that is, all edgesare exposed)at or beforethe stepin which the last
vertex is addedto |.

Before setting up the di®erertial equations,the typical behaviour of the algorithm must
be considered.For d in general,this behaviour hassomeinteresting features(which have not
yet beenfully determined, as explainedbelown). The current degreeof the vertex v added at
ead step clearly a®ectsthe sizeof the independen set ultimately produced, and the typical
value of its degreecan changethroughout the process. At rst, the number of unsaturated
vertices of degreegreater than 1 remains bounded, and the verticesaddedto | are almost
all of degreel. But whenjlj > 2n, verticesof degree2 are createdwith positive probability
when adding the edgesfrom v or its neighbours. Still, any sud verticescreatedare chosenin
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the next few stepsof the algorithm until noneremain. This is called phasel of the algorithm.

But at sometime the newly generatedvertices of degree2 begin to regeneratethemselhes
as fast as they are consumed. Shortly after this, the degree2 vertices are created faster
than they are consumed,and we sa that the algorithm is in phase2. At this time, all but

a bounded number of unsaturated vertices have degreeat most 2. The transition between
phasesis rather blurred, and before getting technical we do not have a precisede nition of
the phasesyoughly speaking, if most of the verticesbeingaddedare of degreek or k + 1 then

all but a bounded number of unsaturated vertices have degreeat most k, and the algorithm

is in phasek. This keepsgoinguntil phasedi 2, whenthe verticesbeing chosenhave degree
di 2,andany verticesof degreedj 1 createdare immediately chosennext.

It would be possiblethat a phasedj 1 occurs,in which verticesof degreedi 1 are created
fasterthan they are destroyed. It would similarly be possiblethat at sometime in phasek the
verticesof degreek are, perhapsthrough someunlikely everts, or perhapsevena.a.s.,usedup
prematurely, and the processreverts to an earlier phase. Indeed, these scenariosare clearly
possiblein any particular run of the algorithm, and can even be highly likely if the process
starts not with an empty pairing but with a carefully selectedinitial pairing. Howeer, the
solution of the di®erertial equationsgiven below shavsthat, at leastfor d - 100, the process
a.a.s.passeghrough phasesl; 2;:::;dj 2 with no reversionsand without reading a phase
dj 1.1 conjecturethat this is the casefor all d, 3. Thesestatemerns will be made precise
by de ning phasesin terms of the di®erenial equationsgoverning the process.

We are at liberty to de ne the basicvariable t of the di®erenial equationsarbitrarily . For
this process,a corveniert choiceof t is not the number of pairs addedto the growing graph,
nor is it (as in the simple greedy algorithm) the number of vertices addedto |. Instead,
the de nition of a unit time interval dependson the phasek of the algorithm, and both are
de ned inductively. We begin after the rst vertex hasbeenput into | and all edgesincident
with its neighbours have beendetermined. Heret = 1 and k = 1.

Sonow assumethat the algorithm has reached somegeneralpoint in phasek. We shall
assumethat there are many unsaturated vertices of degreeat most k, and that, for a period
of time at least, ead individual vertex addedto | a.a.s.hasdegreeeither k or k + 1. (The
precisestatemert provedin [6]] is that this is true at leastafter o(n) verticeshave beenadded
to | in phasek. Except near the end of phasek, the unsaturated vertices of degreeat least
k + 2 are createdonly rarely, becauseonly a bounded number of unsaturated vertices have
degreek + 1 and soit is unlikely that they are selectedwhen the pairs are exposed.) De ne
a clutch to be a set of verticesadded consecutiely to | beginningwith one of degreek and
endingjust beforethe next vertex of degreek. Incremert time by 1 for ead clutch of vertices,
and sode ne G; to be the graph ewlved after t clutches. Now the expectedchangesto G; in
oneunit of time can be calculated. De ne Y;(t) asusual,and de ne S(t) to be the number of
unpaired points remainingat time t. This is determinedby the de cienciesof the unsaturated
vertices,and so

o 1
S(t)y= (di DYi(b):

i=0
Condition on G; and considerthe processwhile the next clutch of verticesis addedto |.
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Computation hereis only approximate, ignoring the changing valuesof the variablesduring
this segmeh of the algorithm, and making various other assumptionswhich can also be
justi ed. Also we assumethat Y;(t) = 0 for i > k. When a point is selectedat random to
be paired with another, the probability it lies in a vertex of degreej is (di )Y, (t)=(t).
Thus, when a vertex of degreek is addedto |, the expected number of vertices of degreej
hit during exposureofits dj k remaining edgesis

(dj K)(di j)Y(t).
S(t) ’

and the expected number of vertices of degreei hit in turn whenthe remainingdj j i 1
edgesfrom each of thesevertices are exposedis

(di k)(dj J')Yj(t)£ (diji i )Yi(),
S(t) S(t) '

The former changefrom degreej to degreed, and so cortribute only to a reductionin Y;,
whilst the latter changefrom degreei to degreei + 1, assuming(at least a.a.s.) that the
vertices hit during taking the clutch are all distinct. Sothey contribute to both a reduction
in Y; and an increasein Y;,;. This is summedoverall j up to dj 2, to shawv that the expected
increasein Y; whenone vertex v of degreek (not a clutch, yet) is addedto | is

it (di k)Y (7.1)
wherel; = 1,(t) is given by

= (di DY) % i D DI 1 DY@ (di Y)Y () |
s, S(1) '

Herethe term | % standsfor the lossof the vertex v itself in the casei = k. On the other
hand, if v hasdegreek + 1, the result is

(di ki 1) (7.2)

in placeof (7.1), for all i - k. (This will not be neededfor i = k+ 1.)

The expected number of vertices of degreek + 1 in a clutch can be found as follows.
Beginning with Y, (t) = 0, the expectednumber createdwhenthe rst vertex of the clutch
and all its neighbours' edgesare exposedis, from (7.1), (dj k)*,;. Considerthis as the
“rst generationof a birth-death processin which the individuals are the vertices of degree
k+ 1, eat giving birth to a number of children (essetially independerily of the others) with
expectednumber (dj ki 1), by (7.1). Then the expectednumber in the j *" generationis

(di K eea((di Ki 1))t
and the expectedtotal number of births in the whole birth-death processis

(di K)yi
1i (di ki 1)«

(7.3)
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(During phasek the denominatorwill be positive; only nearthe transition to phasek + 1 will
it approad 0.) The births represem vertices of degreek + 1 in the clutch. Fori - k, the
expectedincreasein Y; whenthe clutch is addedis obtained by multiplying this by (7.2), and
adding (7.1), for the rst vertex of the clutch. This simpli es to

(di k)*i

ECVi(t+ 1) Yi(t)jGy) =i ® + 1i (dj ki 1)1k+1:

As in the other examples this forms the basisfor the di®ererial equations. Write Y;(t) =
nz;(t=n), 1;(t) = n¢(t=n) and S(t) = n»(t=n). The systemof di®erertial equationssuggested
is

o= nee  GiRG
i (di ki Dan
Here di®ereniation is with respect to x, where xn represems the number of clutches, and
from the de nitions of * and S

(i-k; z=0 (i>k): (7.4)

(di Dz  **(di ji i j)(d+1i Dzi1i (di 1)z)z

2
» i =0 >

and
gq 1

»= (dj Nz:
i=0
Along the way one must compute the number Y (t) of verticesin | at time t. The expected
increasein Y at time t is the expectedsizeof a clutch, which is the expectednumber of births
givenin (7.3), plus 1 for v. Sowriting Y (t) = nz(t=n), the di®erenial equationsuggestedor
° L
1i (di ki Dé i di ki D
Sofar, di®erertiation has beenwith respect to x. Howeer, sincex does not appear other

2°=1+

than as a parameterin any of these equations, we can compute the ratio %iz = ig; using
(7.4) and obtain
oo 3@ Ki Dot D+ @iRa (4 20 g5k @5

1+ an

where di®erettiation is with respect to z, and all functions can be taken as functions of z,
which represets the cardinality of | (scaledby %).
For the rst phase,k = 1 and the initial conditions are

z0(0)=1 z(0)=0 (i>0):

The technical de nition of the phasescan now be given, inductively. Phasek refersto all
of the processcorrespnding to values of z between zki V) and z*). On this interval, the
functions z; are given by (7.5) with initial conditions given by the nal valuesin the previous
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phase,at zki . The "nal part of the de nition is that z(¥’) = 0 and z) is the “rst solution
forz, z&iYof(dj ki 1)és1 = 1. (This is whenthe expectednumber of births in a clutch
would tend to in nit y.)

Theorem 5.1 can be applied to the processwithin eat phase. This is similar to the
applications in Section5.3 exceptthat ° is now non-zero,becausethere is no upper bound
on the number of verticesin a clutch. Howewer, as long as the expected number of births
(7.3) in the birth-death processis bounded above, the probability of getting say n* births
is O(n' X) for any xed K. (This comesfrom a standard argumen, which can go like the
following. If (7.3) is boundedthen the expectednumber of new verticesof degreek + 1 found
when one sud vertex and all its neighbours are exposedis at most 1| 2 for some2 > 0.
Thus, the number of sud verticesin the current graph has an expected decreaseat eah
step. Then an argumert like the proof of Corollary 4.1 with b = j 2 shows that with very
high probability the number of theseverticesin the current graph readiesO beforetoo long.)
Thus Theorem 5.1 applieswith ° = ni X and ~ = n° and an appropriate domain D. By
this argumen, it was shavn in [6]] that during eat phase,Y;(t) = nz(t=n) + o(n) a.a.s.
It follows that the size of the independen set at the end of the algorithm is asymptotic to
nz®), wherek is the last phase. The solutions of the systemsof di®eretiial equationswere
computedfor many small valuesof d, and as merntioned above, in all caseghe systempasses
through phasesl; 2;:::;dj 2 andthen nishes. (Somenumerical analysisneededto be done
to ched that with the approximate solutionsfound, at the end of ead phasek the number of
verticesof degreek + 1 doesindeedbeginto grow. That is, the birth rate, per individual, in
the birth-death processgeneratingverticesof degreek + 1 must grow above 1. This wasdone
by examiningthe derivative of the function determining the birth rate. This derivative was
shavn to be positive near the phasetransition. In this way, there is no problem causedby
the fact that the sharp concertration result only appliesin a domain which is exited nearthe
end of a phase. Alternativ e scenarios,where say the maximum degreeunsaturated vertices
reverted to degreek j 1 or less,wereruled out by the numerical computation in thesecases,
but have not beenruled out theoretically in general.) Thus, in all thesecasesthe sizeof the
independert set found by this algorithm is a.a.s.asymptotic to nz(@i ),

The almost sure lower bounds on maximum independen set size of a random d-regular
graph(d, 3) givenby this algorithm are closerto the bestknown upper bounds(McKay [36])
than to the lower bounds given by the simple greedyalgorithm in Section 3.5, and seemto
exceedthe bestlower boundsobtained by other means(Shearer[54]) for all d. The following
table shavs the boundsgiven by the simple greedyand degree-greedyalgorithms for small d,
aswell asthe upper boundsfrom [36].
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d | simple greedy | degree-greedy upper bound
3 0.3750 0.4328 0.4554
4 0.3333 0.3901 0.4163
5 0.3016 0.3566 0.3844
6 0.2764 0.3296 0.3580
7 0.2558 0.3071 0.3357
8 0.2386 0.2880 0.3165
9 0.2240 0.2716 0.2999
10 0.2113 0.2573 0.2852

Finally, for d = 3 the explicit solution z) = 6In g i 2 can be derived. This value was
found in [2]] basically using the sameideaasin Section3.3.1for 2-processesthat is, making
use of the sum of degreescondition to eliminate one variable. (In [21] the behaviour of Y,
was determinedin [20] using approximation by di®erenial equations.)

Eliminating only onevariable doesnot seemto help much ford> 3,so0 x ond = 3. Then
there is only one phase,sok = 1 and the equationfor z0 in (7.5) is

dz, 2¢0
_ = N 76
dz 1+ ¢ (7.6)
; + + 2
by = i 3zo(» )SZO 21); (7.7)
D,
27,(6z5 + 2
o = z( Z)o)2 21): (7.8)

Since Y; is virtually O during phasel (this obsenation relies on the di®erettial equation
appraximation beingvalid; z;, = 0in phasel), the edgesaddedduring this processread new
vertices which have degree0 with probability 3Y,=(3Y, + 2Y;). Sofor eat edgeaddedthis
is the expecteddecreasdn Y,. (We alsorequire the fact that verticesof degee0 are usually
not addedto the independer set, exceptfor the very rst vertex; this comeseither from the
obsenation that a random cubic graph is almost always connected(see[12] or [59), or asa
corollary of the fact that the number of vertices of degreel grows away from O during this
phase,which also follows from the validity of the di®ererial equation appraximation.) On
the other hand, with every edgeadded, » decreasedy 2. It follows that (fTO = 3270 sincen»
and nz, appraximate 3Y, + 2Y; and Y,. Solving this equation with initial condition » = 3
whenz, = 1gives» = 3z)~. Substituting this andz, = 1»j 3z, into (7.6) and solving (Maple
or Mathematica helps!) with initial condition zy, = 1 when z = 0 givesz as the following
function of z,:

1

—Z.

_ _ ) . 3.
6In3; 2i 2In(zo+ 8)j 4In@2+z )+ 2In(z.° i 2207+ 4)+ 32, Zz0° + 5

2

Putting z, = Oto nd the end of phasel yields z") = 6In 2 j 2 asrequired.
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7.2 Greedy packing

Let Gy = (V; E) be a k-uniform simple hypergraph and considerthe greedypading process.
Ead step deletesa randomly chosenhyperedgeand all the verticesit cortains. Thus all
hyperedgescortaining those deleted vertices are also deleted. We are interested mainly in
how many verticesremain (of degree0) at the end of the process.

Let © = jVjand! = jE]. The variableswe will considerare the degreesof the vertices:
let Y;(t) denotethe degreeof vertex i in G;. We assumeat the outset that

jYi(0)i rj- = (7.9)

for all i, wherex andr are functions of n. We only obtain usefulresultsherewhen+ << r <<
0, (Other casescan also be treated, but to simplify this discussionif we concenrate on the
casethat the di®erencedavetails.) For asymptoticsthesevariablesall goto 1 . Throughout,
k, 3will be xed.

Since eath vertex degreeis only likely to change very occasionally we scaletime by a
factor of o

That is, rede ne G, to be the graph obtained after M hyperedgesare chosenand deleted
starting with G;. We call thesedeletion operations, to distinguish them from the stepsof the
process(eat of which cortains M deletion operations). We assumefor conveniencethat M

is an integer; this assumptiondoes not alter the outcome of the argumert. This particular

scaling is chosenjust to corveniertly conform to the setting of Theorem 5.1, in which the
range of the variablesis roughly of the sameorder of magnitude asthe length of the process.
Note herethat the processmust end after at most ° =k hyperedgesare deleted, sincethe k
verticesin eat hyperedgedisappear forever. Thus, the length of the processin scaledtime
is at most r=k.

Continuation of the processdependson someof the remaining vertices having non-zero
degree,which leadsto the idea of keepingtrack of the vertex degreesduring the process.To
gain someidea of what we might expect the truth to be, regarding the number of vertices
surviving to the end, it is reasonable(but hasnot beenproved yet) to supposethat at any
time until near the end of the process,the graph is \almost” random given the number of
edges.This cannot hold forever, but let us be optimistic and expect the processto keepgoing
until its vertex degreesbecomeroughly constart, from which time we might supposethat
somesigni cant proportion of the surviving verticeswill survive to the end of the process.

We rst run through atrial calculation usingthe uniform randomnessassumption,sincea
more accurateversionis exactly what we needlater. In the trial calculation, we can pretend
that all verticeshave the samedegree,say z(t=r)r, at time t. We write x for t=r throughout.

There are altogether exactly © j kMt surviving verticesremaining in the graph G;. The
number of hyperedgess the sum of degreedivided by k, namely

(°i kMt)rz _ °(1i kx)rz.
k k '

(7.10)
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We can also estimate the changein the degreeof a surviving vertex per step. Ead vertex
is in rz hyperedgesgead of which hask j 1 other verticesand henceis deletedif any of its
intersecting rz hyperedgesis the chosenone. The (estimated) probability of reducing the
degreein one deletion operation is therefore the product of thesethree numbers divided by
the number of hyperedgesgiven above; that is, XXz Multiplying by M = ©=r, we obtain

o ' 0 (1 kx -
the expecteddegreereduction in one step, condltlo'naf on the vertex surviving:

k(ki 1)z

L7 kx) (7.12)
Using the usual di®erenial equation philosoply, the suggestedequationis
_ k(ki 1)z
Zqx) = | i k) (7.12)
with initial condition z(0) = 1 sincez is the degreescaledby 1=r. The solution is
z(x) = (Lj kx)kit: (7.13)

The degreegirop to about 1 whenz is 1=r, that is, the number of surviving vertices,® (1 kx),
is o]

T (7.14)
=1

In the examplein the introduction, where the vertices of G, are edgesof the complete
graph K, and the edgesare the triangles of K,, the processgreedily deletesthe edgesof

triangles until no trianglesremain. Herek = 3,° = 1 andr = nj 1, so(7.14) suggestghat

the number of edgesremaining at the end of the processis about n3=2, in line with Spencer's
conjecture.

We now take a rigourouslook at the generalsituation. As mertioned in Section2, we are
not aiming herefor the best possiblevalue of 2 which this method will deliver.

Theorem 7.1 Let G be a k-uniform hypergraph with ° vertices. Assume® < r¢ for some
constantC, == O(r'=®) andr = o(°). Also assume(7.9) holds. Then for any 2, < m
a.a.s. at most°=r’ vertices remain at the end of the greedy packing processapplied to G.

Pro of. Instead of trying to force the vertex degreednto a di®erettial equation with °© vari-
ables,it seemdo be no lossto usejust onevariable, whosedi®erenial equationwill be (7.13).
Theorem 5.1 doesnot apply directly sowe have to rework the proof slightly.

First examinea genericsituation: supposethat at time t = rx the degreef all the vertices
are approximately equal,and in fact the degreeY; of ead vertex i satis esthe inequality

jYii rzj<» (7.15)

for some» = » where
0< log’r < »= o(rz): (7.16)
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Here and in the following we use (7.13) for the de nition of z. We will nd upper and lower
boundson the expectedchangein Y; during onestep for ead vertex i, aswell asa bound on
the tail of the distribution, conditional on the vertex not being deletedduring this step.

First considerthe number of hyperedgesresen during the next step of the process(i.e.,
the next M deletion operations). There are altogetherexactly © j kMt undeletedverticesre-
maining in the graph G;. We canthen replacethe estimate (7.10) of the number of hyperedges
at the start of this step by the more accurate

rz°(1i kx)
k

where A denotesa function whoseabsolute value is bounded above by 1, di®eren at ead
occurrence.At ead of the M deletion operations throughout this step, k verticesare deleted
of degreeO(rz), soO(krz) = O(rz) hyperedgesare lost, accunulating to at mostO(Mrz) =
0O(°z) throughout the whole step. Sothe number of hyperedgess always

A I

A
°(1i kx)rz - 1
f 1+ Assrz + O m

(rz+ A»)(° i kMt)=k= (1+ As=rz)

(7.17)

throughout this whole step.

The next task is to bound with high probability the changein a vertex degreein this
step. Later we compute the expected change, focussingon vertex 1. We assumethis vertex
is not deletedin this step. By (7.15), the argumen above estimating the probability that the
current degreeof vertex 1, i.e. d(1), is changedin one deletion operation is valid to within a
constarnt factor, giving the rough upper bound on this probability as
A ! A !

- o rz B (L kx)ki?2
P=% sdi o ~ M
by (7.13).

Let us call a deletion operation where d(1) changes\successful" and let;s denote the
number of these. For a simple large deviation inequality on s, just computeE } whereb=
blogrc. This canalternatively be expressedsthe sum, over all b-subsetsof the M operations,
of the probability that all operationsin the subsetare successful Note the indicator variables
for the successfubperationsare not independent here,but newverthelessthe probability that
a given b-subsetis successfuis boundedabove by p° usinga chain of conditional probabilities.
Thus, by linearity of expectation and sincelog® = O(logr),

Al AM! AO(l)! b
S . b — — 0i 3\-
E b b p S o(°'~):
Henceusing Markov's inequality (4.1) with ® = C°3,
AA | !
P(s, h=P Z,l:O@%:
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Note that sincethe hypergraphis simple, d(1) can decreaseby at most k for every deletion
operation, so Y (t) i Yi(t+ 1) < kbif s< b. Thuswith — = kband ° = O(°i %) we obtain
the boundednessypothesisof Theorem5.1 for this particular step. Applying this argumern
to all verticesgives u i

P maxtYi(t)i Yi(t+1)g, — - ° (7.18)

with

~ = kblogreg; ° = 0(°F?):
Now we assume® = 0; on re°ection at the end of the argumen it will be seenthat sud a
small ° hasno e®ecton the conclusion.

We now turn to estimating the expected decreasen d(1) during theseM operations. By
linearity of expectation, this is

b
EVi() | Yat+1)=" E¢,

j=1
where ¢ ; is the decreasan the j'th deletion operation. Compute E¢; as
E(¢; jA)PA+ E(¢; jA)PA

where A is the ewvert that already in this step, up to this operation, at least one vertex has
decreasedts degreeby at least —, and A is the complemen of A. The greatest possible
decreaseis clearly O(r), and PA = O(°i?) by (7.18). SoE(¢; j A)PA = O(°i'). For
E(¢; j A), we just have to run through the earlier estimatesmore carefully, knowing that
the degreeshave decreasedy at most  sincethe start of this step. Thus, from (7.15), eadt
vertex now hasdegree

rz+ A»+ O(): (7.19)

In the argumen leadingto (7.11), the degreeof verticeswas estimated three times, twice in
the numerator and oncein the denominator coming from (7.10). Hence,without multiplying
by M, we have

k(ki 1)z . (1+ Assrz+ O( =rz))?
M(@i kx) ; 1+ As=rz + O("=rz)
k(ki 1)z 1+ (BA+ o(1))»
M1 kx) rz ’

E(¢;jA)

being carefulwith A's (which can be di®eren at di®erer occurrencessothe idertical-looking
factors do not cancel),and using (7.16). Thus

A ) !
k(kij 1)z 1+ (3A+ 0o(2))»

E(Vi(t) i Yi(t+ 1)) = 17 k0 =

= f(x)+ A
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in placeof the trend hypothesis,whereby (7.13)

_ (Bk(ki 1)+ o(1))»
- r(li kx) '

Hence,looking a little later in the processand guided by (5.3), assumingthe bounds (7.15)
on vertex degreeswe have

E(Yi(t+ )+ 1) Ya(t+]) ] Hey)

f(x)=k(ki 1)1 kx)<i 2% X

FOxc+j=n+ A =
() + O(w=r)(1i kx)“ %+ A (1+ o(1))

providedj - w=o(r(1j kx)).

We follow the rest of the proof of Theorem 5.1, but this time Y is the degreeof any
particular vertex, asabove. The sameargumern is applied to eat of the vertices separately
in order to passfrom time t to t + w. The conclusionof the induction will be almost sure
boundson all the degreesof the verticesat time t + w. It is now simpler to have the length
w of the supermartingale a function of i; we changew to

wi = ri* (1 kxp) (7.20)

(actually, roundedto an integer) for any 2 < 1=3 and wherex; = kj=r is the current value of
t=r at the start of the supermartingale, and inductively k;.; = k; + w;. For later reference,

sinceeat w; covers1j ri” of the distancefrom k; to r=k, we have
. .

% 1 (1 ri%y (7.21)

where the approximation is only due to integer rounding at eat step. The estimate above
now permits

Ki Ya

g(r) = ri "+ A «(1+ o(1))

in placeof (5.4). Then we conclude(5.6) as before. In (5.7), just take ® = 3log® = O(logr)
sothat the probability is small enoughto be ableto multipy by °©, for the number of variables,
and r, for the number of valuesof i (at most). Now apply the rest of the argumert of the
proof of Theorem5.1, starting with B; = ». Then from the supermartingale argumernt,

O(r' ) + Ar'i"(3k(k i 1)+ o(1))»
= O(r'i %)+ rTB;
whereT = Ari *(3k(k j 1)+ 0(1)). As beforeA; = B;, Az = O(w?=r) = O(r'i #) and this

time A, = 0sincez = f {x) by the de nition of z.
We canthus de ne

iAsi < wig(n) + © W, (logr)°®)

Biy1 = O(r' *) + Bi(1+ T)

and B, = r'= is in agreemenh with the boundson the degreesof the vertices given initially .
Solving the recurrence,de ne

x
Bs= Ol #)1+ T)>= O(sri ¥)eT

i=1
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and the bounds (7.15) are establishedinductively on all the vertex degrees,with » = B;
(provided (7.16) holds). The probability of failure of the boundsis easilyo(1) if s = O(r logr).
Choosings = sy = 2;r°Inr=3k(k j 1), we obtain

Bs, = O(r'i +°1):

Now from (7.21),

Kso 1/4£ i rh 21=3k (Ki 1);
which represets x = L j ri“=kki 1 and soat this time in the process,from (7.13),rz =
Kki 1pti 2273k(ki 1) - Thuys, if 2(1+ 1=3k(k j 1)) < 2, we have Bs, = o(rz) and thus a.a.s.the
verticesall have degreeat least0. Sothe processa.a.s. nishes later than this. Sincez < 1=3,
this meanswe can chooseany 2; < % The number of verticesremainingis k°=r times
the remaining number of processsteps,r=kj ks,, andis thus®=r’ for any 2, < m as
claimed. &

Postscript. The reasonthat Theorem5.1doesnot help whenapplieddirectly to the unscaled
pading procesds that the variablesonly changevery slowly: their expectedchangesare much
smallerthan the (constart) upper bound on their maximum changein onedeletion operation.
But the errorsin approximation in the theorem are determinedonly by the upper bound on
the di®erencesand the number of steps. After scalingtime the di®erencesare e®ectiely
multiplied by only log® but the number of stepsis divided by a power of °.

Note that there is another way to dealwith the problem of slowly changingvariables: use
the philosoplhy of Theorem5.1 or similar, but apply a di®eren type of martingale inequality
sud asin McDiarmid [34, Theorem(6.1)]specially adapted to the casethat the expectation
of the changesis much smaller than the maximum change. To prove sud inequalities one
can adapt the proof of Lemma4.2to the casethat the di®erencesre 0 with high probability.
The main di®erencestems from a di®erer estimation of the exponertial €. It is often
that a good choice of h has hx very small, so useful results are obtained by expanding the
exponertial using Taylor series.(Seethe proofs of Theorem(6.1) and Corollary (5.2) in [34].)
The results obtained from doing this are not very much di®eren from that above.

On the other hand, the simple wholistic approad referredto at the start of Section5.2
doessigni cantly helpin the presen problem. But this still doesnot seemto imply anything
better than the result in [24].

8 Other pro cesses

In this closing sectionwe descrike someof the other graph processesand greedyalgorithms
to which the di®erenial equation method has beenapplied.
Dominating number of random cubic graphs

The dominating number of a graph is the size of a smallestset S of vertices sud that
every vertex not in S is adjacent to at least one vertex in S. Molloy and Reed[41] used
the di®erenial equation method to obtain 0:31261 as an almost sure upper bound on the
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dominating number of a random n-vertex 3-regular graph by analysing a greedy algorithm
which walks along a Hamilton cycle. This has similarities to the degree-greedyalgorithm
for independen sets, and relies on results of Robinson and Wormald which imply that for
proving almost sure bounds, one can assumethat a random 3-regulargraph is formed from a
Hamilton cycle plus a random matching. Duckworth and Wormald [18] have recerily found
that a more direct analogueof the degree-greedypproad performs better (again using the
di®erertial equation method).
The pairing pro cessfor random graphs with given degrees

Molloy and Reedanalysedthis processwhich generatesandom graphswith givendegrees
u.a.r., to show that the size of (number of vertices in) the largest componert is sharply
concertrated near a value which they determined. The variables of interest are the numbers
Y;(t) of verticesof degreei still containing i unpaired points after t pairs have beenchosen.
The main theorem of [61] was applied separatelyto ead Y; to show that thesenumbers are
sharply concerrated, and establishedfrom this the asymptotic concertration and value of
the sizeof the largestcomponert in the nal graph.
Greedy list-colouring pro cess

Finding the chromatic number of an arbitrary graph alsorequiressolvingan NP-complete
problem. A natural heuristic for k-colouring a graph can be described as follows. Assume
there are k colours available. Assign colours to the vertices one by one (in a way to be
descrited). For eath vertex maintain a list of the coloursavailable; that is, not appearing on
neighbours already coloured. The simple criterion for choosingthe next vertex to be coloured
is to chooseit u.a.r. from those with the shortestlists. The colour is also chosenu.a.r. from
thoseon the list. If no list ever becomesempty, the heuristic successfully nds a k-colouring
of the graph. In this casethe processis a processof graphs whosevertices have asseiated
lists. (A colouredvertex is equivalert to a vertex with a list cortaining only one colour.)

Achlioptas and Molloy [1] found the threshold in G(n; p) (the common model of random
graphs) for almost sure succesof this processusing the di®erertial equation approad. The
variables of interest here are the numbers of verticeswith a list of length i, for eath i - k.
They found they could solve the resulting systemof di®erenial equationsfor k = 3, and hence
determinedthe thresholdin G(n; p) at which the greedylist-colouring heuristic becomeslmost
surely successfulFor larger k, inequalities were obtained on the solutions.
Karp-Sipser algorithm

A simple algorithm for nding a matching in a random graph in G(n; p) is to repeat the
step of selectinga random edge X to add to the matching and then deleting the vertices
of the edge(and all incident edges). If the edgeis selectedu.a.r. this givesa simple greedy
algorithm. Karp and Sipser[29 modi ed this asfollows: in the stepswhereverticesof degree
1 exist, chooseone u.a.r. and let X be its incident edge. They showved using a di®erettial
equation method that that for p = O(ni ') this algorithm a.a.s. nds a matching which has
cardinality within o(n) of the maximum matching in the graph. Aronson et al. [5] gave a
more preciseanalysisusing a wholistic approad similar to that in [44], and amongstother
things improved the o(n) to O(n'= log® n) for a particular K.
Greedy heuristics for random instances of k-sat
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Considera random logic formula in conjunctive normal form with n variablesand exactly
k literals per clause. Finding a truth assignmen satisfying suc a formula is NP-hard, so
heuristic algorithms are of interest. A classof greedy heuristics usesthe repeated step of
randomly choosinga literal x, deleting all clausescontaining x, and deleting all occurrences
of X from other clauses. If any clausesbecomeempty the heuristic fails. Various rules for
selectingx (which give variousheuristics) have beenstudied. In a particular versionstudied by
Chaoand Franco[14, 15] and Friezeand Suen[22], x is chosenfrom a randomly selectedclause
of smallestsize. This is then very similar to the degree-greedwlgorithm for independen sets.
It even exhibits just the sametypes of phases. (Other variations resentle the Karp-Sipser
algorithm above, for matchings.) Thesepapersusethe di®erettial equation method to study
the probability the heuristic succeedn a random formula with cn clauses. In [14, 15|, an
appropriate systemof di®erertial equationsis derived basedon variableswhich court clauses
containing i literals (analogousto verticesof degreei in graph processes).There, argumeris
concerningsumsof binomials are usedin place of supermartingale inequalitiesto obtain some
rough estimates. In [22], the casek = 3 is examinedfor this heuristic and more preciseresults
are obtained using a piecewiseapproad. This is very similar to a special caseof Theorem5.1,
but with an argument about sumsof nearly independert and nearly equal binomial variables
playing the role of a supermartingaleinequality. An argumert analogoudo that in Section7.1
will no doubt give preciseresults for arbitrary k.
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