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Abstract. If G is a locally compact group, then the measure algebra M(G)

and the completely bounded multipliers of the Fourier algebra McbA(G) can be

seen to be dual objects to one another in a sense which generalises Pontryagin

duality for abelian groups. We explore this duality in terms of representations

of these algebras in spaces of completely bounded maps.

This article is intended to give a tour of the growing body of work on repre-

senting multiplier algebras in spaces of maps on the C*-algebra B(H), where H is a

Hilbert space. The ideas here begin in the 1980s with the work of Størmer [37], on

representations of measure algebras of abelian groups; work of Ghahramani [12],

on a representation of group algebras for general groups; and unpublished work of

Haagerup [13], on a representation of completely bounded multipliers of the Fourier

algebra of a general locally compact group. Størmer’s and Ghahramani’s results

have been expanded upon and improved in the work of Neufang [22], Neufang,

Ruan and Spronk [23] and Smith and Spronk [33]. The results of Haagerup were

rediscovered by Spronk [34, 35]. These ideas are currently being reinterpreted

by Neufang, Ruan and Spronk, and may yield results on multipliers of “quantum

groups”.
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1. Harmonic Analysis

For any Banach space X we let B(X ) denote the Banach algebra of bounded

linear operators on X .

Let G be a locally compact group. Let, for 1 ≤ p ≤ ∞, Lp(G) denote the

space of (almost everywhere equivalence classes) of functions on G which are p-

integrable with respect to integration over the left Haar measure
∫
G
· · · ds. We will

let M(G) denote the usual measure algebra over G, which is the dual of the space

of continuous functions vanishing at infinity C0(G). We note that M(G) also injects

into the dual of the space of bounded continuous functions Cb(G). All of these

spaces are discussed in the standard references [16, 24, 30].

Let H be a Hilbert space and π : G→ U(H) be a strongly continuous unitary

representation. Then there exists a homomorphism π1 : M(G) → B(H) given

for each µ in M(G) by the vector integral
∫
G
π(s)dµ(s), where the integral may

be considered to converge in the weak* topology in B(H). We identify the group

algebra L1(G) with the ideal of measures in M(G) which are absolutely continuous

with respect to Haar measure. We identify the discrete group algebra `1(G) with

the closed span of the Dirac measures on G. We then let

C∗π = π1(L1(G)), D∗π = π1(`1(G)) and M∗π = π1(M(G))

where closures are each taken in the norm topology of B(H). We note that M∗π

is contained in MC∗π, the multiplier C*-algebra of C∗π. However, M∗π 6= MC∗π, in

general; an example may be found in taking G = R and π to be the left regular

representation.

The spaces A(G) and B(G) are the Fourier and Fourier-Stieltjes algebras, as

introduced in Eymard [11]. If G is abelian with Pontryagin dual group Ĝ, then

the Fourier transform identifies A(G) ∼= L1(Ĝ) and B(G) ∼= M(Ĝ). Thus A(G) and

B(G) play roles analogous to L1(G) and M(G). The multipliers of A(G) are given

by

MA(G) = {u : G→ C|uv ∈ A(G) for each v ∈ A(G)}.

An application of the Closed Graph Theorem shows that each multiplier automat-

ically gives rise to a bounded linear operator mu : A(G) → A(G), muv = uv.
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Thus MA(G) is a commutative Banach subalgebra of B(A(G)). The Fourier alge-

bra A(G) is the predual of the group von Neumann algebra VN(G), and as such

obtains a natural structure as an operator space, as has been observed by Blecher

[2] and by Effros and Ruan [8]. It thus makes sense to define the completely bounded

multipliers

McbA(G) = {u ∈ MA(G)|mu ∈ CB(A(G))}

where CB(A(G)) is the algebra of completely bounded linear maps on A(G). (For

a full exposition of operator spaces and completely bounded maps, we refer the

reader to [9].) The completely bounded multipliers first studied, in a dual context

as maps on VN(G), by de Cannière and Haagerup [7] and further studied in [6, 5].

Wendel’s Theorem [41] tells us that M(G) is the multiplier algebra of L1(G).

Thus if G is abelian, we see that MA(G) = B(G). In fact, we always have that

B(G) ⊂ McbA(G) ⊂ MA(G). Losert [21] has shown that B(G) = MA(G) exactly

when G is amenable (see [25, 30] for more on amenable groups). It is also known,

due to an unpublished result of Losert, that B(G) = McbA(G) exactly when G is

amenable; this was also proved by Bożejko [4] in the case that G is discrete. It is

unknown if the equality McbA(G) = MA(G) characterises the amenability of G.

Hence we see that each of B(G), McbA(G) and MA(G) is a reasonable candidate

for the “dual object” of M(G) in the sense that A(G) is the dual object for L1(G). In

this article we aim to establish a context in which McbA(G) is the most reasonable

dual object. Another context, one which uses similar techniques to ours, is worked

out by Walter [39, 40]. In that work, B(G) is the appropriate dual object. The

relationship between Walter’s results and ours seems worthy of deeper study.

Let us finish with a brief note about operator space structures. Though any

normed linear space may be endowed with a multitude of operator space structures,

there are certain canonical choices, developed in [9, 2], which are most natural

for certain types of normed linear spaces. We have that B(G) is the dual of the

enveloping C*-algebra C∗(G), and hence we will always assign it the standard

dual operator space structure. As mentioned above, A(G) obtains the standard

predual operator space structure as the predual of VN(G). However, it may be

shown that this is the same as the operator subspace structure it inherits being a

subspace of B(G). If V is any operator space, the algebra of completely bounded
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linear maps on it, CB(V), will be given the standard operator space structure. Any

subspace of CB(V), such as McbA(G) which imbeds into CB(A(G)), will inherit

the operator subspace structure. Any C*-algebra will have its C*-algebra operator

space structure. In particular, any commutative C*-algebra will be a minimal

operator space. Any space L1(X,µ), for a measure space (X,µ), will have the

maximal operator space structure. If X is further a locally compact topological

space we assign its measure space M(X) the maximal operator space structure. The

maximal operator space structure is the standard dual (resp. predual) structure in

terms of the dual pairing C0(X)∗ ∼= M(X) (resp. L∞(X,µ)∗ ∼= L1(X,µ)).

2. Spaces of Completely Bounded Normal Maps

Let H be a Hilbert space and let CBσ(B(H)) denote the space of all normal

completely bounded maps on B(H). The following can be obtained from the rep-

resentation theorem for completely bounded maps (see [13, 26, 9]) applied to the

algebra K(H), of compact operators on H.

Theorem 2.1. [13, 32] T ∈ CBσ(B(H)) if and only if there exist families

{ai}i∈I and {bi}i∈I from B(H), where the cardinality of the index set I and the

Hilbertian dimension of H are related by |I| = (dimH)2, such that for any x in B(H)

Tx =
∑
i∈I

aixbi and ‖T‖cb =

∥∥∥∥∥∑
i∈I

aia
∗
i

∥∥∥∥∥
1/2 ∥∥∥∥∥∑

i∈I
b∗i bi

∥∥∥∥∥
1/2

where all series converge in the weak* topology of B(H).

We thus define the extended Haagerup tensor product B(H)⊗eh B(H) by iden-

tifying it with CBσ(B(H)). Hence elements of B(H)⊗eh B(H) are (formal) series of

elementary tensors T =
∑
i∈I ai⊗bi where ‖T‖2eh =

∥∥∑
i∈I aia

∗
i

∥∥∥∥∑
i∈I b

∗
i bi
∥∥ <∞.

We identify series
∑
i∈I ai ⊗ bi and

∑
i∈I a

′
i ⊗ b′i provided

∑
i∈I aixbi =

∑
i∈I a

′
ixb
′
i

for each x in B(H). B(H) ⊗eh B(H) is a Banach algebra when the multiplica-

tion is induced by its identification with CBσ(B(H)), so on elementary tensors we

have multiplication (a ⊗ b)◦(c ⊗ d) = ac ⊗ db. In this context, we note that the

Haagerup tensor product B(H)⊗h B(H) is the ‖·‖cb-closure of the space of elemen-

tary operators on B(H). Moreover, each T in B(H) ⊗h B(H) can be represented

T =
∑∞
i=1 ai⊗bi where the series

∑∞
i=1 aia

∗
i and

∑∞
i=1 b

∗
i bi converge uniformly. See

[32] for this description of B(H)⊗h B(H).
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If F ∈ B(H)∗ we define the left and right slice maps LF , RF : B(H)⊗ehB(H)→

B(H) by

LFT =
∑
i∈I

F (ai)bi and RFT =
∑
i∈I

F (bi)ai

where T =
∑
i∈I ai⊗bi. That LF and RF are well defined operators and that these

series converge in norm is shown in [35]. The following is from [34, 35], which is

adapted from [3, 32].

Theorem 2.2. If V and W are closed subspaces of B(H) and T ∈ B(H) ⊗eh

B(H) then the following are equivalent:

(i) LFT ∈ W and RFT ∈ V for each F in B(H)∗.

(ii) LωT ∈ W and RωT ∈ V for each ω in B(H)∗.

(iii) there exist families {vi}i∈I from V and {wi}i∈I from W such that T =∑
i∈I vi ⊗ wi and ‖T‖eh =

∥∥∑
i∈I viv

∗
i

∥∥1/2 ∥∥∑
i∈I w

∗
iwi
∥∥1/2.

The space of all T satisfying any of the above conditions is thus denoted

V ⊗eh W. The spaces V ⊗eh W, as well as extended Haagerup tensor products

of multiple operator spaces, are also developed by Effros and Ruan [10], using

different methods. Their goal in that article is to study “operator convolution

algebras”, a goal similar to ours in the present article.

Let us summarise some properties of the extended Haagerup tensor product.

Theorem 2.3. (i) [3, 10] If V and W are dual operator spaces with respective

preduals V∗ and W∗, then V ⊗ehW ∼= (V∗ ⊗hW∗)∗.

(ii) [33, 1] If A and B are each subalgebras of B(H) then A⊗ehB is a subalgebra

of B(H)⊗ehB(H). If I is a left ideal of A and J is a right ideal of B, then I⊗ehJ

is a left ideal of A⊗eh B.

(iii) [32, 3, 13] If M is a locally cyclic C*-subalgebra of B(H), i.e. for every

finite dimensional subspace L of H there is ξ ∈ H such that Mξ ⊃ L, then each

M-bimodule map on B(H) is automatically completely bounded. Moreover, there is

a natural identification between the space of normal M-bimodule maps BσM(B(H))

and M′ ⊗ehM′, where M′ is the commutant of M in B(H).

Let us expose these ideas by introducing a class of commutative Banach algebras

which has been studied in [34, 35, 31]. If X is a locally compact Hausdorff space,
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then, by Grothendieck’s inequality, the algebra V0(X) = C0(X)⊗h C0(X) is exactly

the algebra C0(X)⊗γ C0(X) (projective tensor product) studied by Varopoulos [38].

We thus dub it the Varopoulos algebra. The extended Varopoulos algebras are given

by

V0(X) = C0(X)⊗eh C0(X) and Vb(X) = Cb(X)⊗eh Cb(X).

An element w of Vb(X) can be written w =
∑
i∈I ϕi ⊗ ψi, where we have that∥∥∑

i∈I |ϕi|2
∥∥
∞

∥∥∑
i∈I |ψi|2

∥∥
∞ < ∞. These series can be taken to converge point-

wise in `∞(X). Thus we may consider w to be a function on X×X by letting

w(x, y) =
∑
i∈I ϕi(x)ψi(y) for each (x, y). As pointed out in [31], w need not

be continuous on X×X. However, for any fixed x in X, pointwise slices w(·, x)

and w(x, ·) are in Cb(X) (and in C0(X) if w ∈ V0(X)). If (X,µ) is any measure

space, we let V∞(X,µ) = L∞(X,µ) ⊗eh L∞(X,µ). Similarly as above, we may

consider elements of V∞(X,µ) to be functions on X×X, but defined only up to

locally marginally null sets. We note that if (X,µ) is further assumed to satisfy the

Radon-Nikodym Theorem, so L1(X,µ)∗ ∼= L∞(X,µ), then V∞(X,µ) is naturally

isomorphic to each of(
L1(X,µ)⊗h L1(X,µ)

)∗
and BσL∞(X,µ)(B(L2(X,µ)))

where L∞(X,µ) is identified with the maximal abelian subalgebra of multiplica-

tion operators on L2(X,µ). In particular, if µ is counting measure on X, then

V∞(X,µ) = `∞(X) ⊗eh `∞(X) is shown in [34, 35] to be the algebra of Schur

multipliers on B(`2(X)). Variants of this fact are established by Hladnik [17] and

Pisier [27]. This justifies referring to the space V∞(X,µ), for a measure space

(X,µ), as the space of measurable Schur multipliers.

3. Representations of M(G)

Let G be a locally compact group, H be a Hilbert space and π : G → U(H)

be a strongly continuous representation. The representation π1 : M(G) → B(H)

may retain some information about the Banach algebra M(G) or its ideal L1(G).

However, it is shown by Ghahramani [12] that it is impossible for there to exist

any isometric homomorphism from L1(G) into B(H). Thus it is intriguing to note

that π still can be exploited to give a representation of M(G) which retains some

spatial information.
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Let γπ : G→ B(H)⊗eh B(H) be given by

γπ(s) = π(s)⊗ π(s)∗.

By the multiplication on B(H) ⊗eh B(H) ∼= CBσ(B(H)), γπ is a homomorphism.

We can view the continuity of γπ in two ways:

(i) B(H)⊗ehB(H) has a weak* topology given by the predual B(H)∗⊗hB(H)∗.

γπ is continuous in this weak* topology.

(ii) For each s in G, γπ(s)(K(H)) ⊂ K(H). The map s 7→ γπ(s)|K(H) from G

to CB(K(H)) is continuous when CB(K(H)) has the point-norm topology.

We can use γπ to define a map Γπ : M(G)→ B(H)⊗ehB(H) by letting for each

µ in M(G),

(3.1) Γπ(µ) =
∫
G

γπ(s)dµ(s) =
∫
G

π(s)⊗ π(s)∗dµ(s).

This vector-valued integral can be interpreted in one of two ways. Using (i), we

can view (3.1) as converging in the weak* topology of B(H)⊗eh B(H), i.e. for each

x =
∑∞
i=1 ωi ⊗ υi in B(H)∗ ⊗h B(H)∗ we have

〈Γπµ, x〉 =
∫
G

〈π(s)⊗ π(s)∗, x〉 dµ(s) =
∞∑
i=1

∫
G

〈π(s), ωi〉 〈π(s)∗, υi〉 dµ(s).

On the other hand, by (ii), we can obtain Bochner integrals pointwise on K(H), i.e.

for each k in K(H) we let

γ̃π(µ)k =
∫
G

π(s)kπ(s)∗dµ(s).

Then γ̃π : M(G) → B(K(H)) is a bounded homomorphism whose range may be

verified to be in CB(K(H)). We can then view each operator Γπ(µ) : B(H)→ B(H)

as the second Banach space adjoint γ̃π(µ)∗∗. Thus Γπ : M(G) → B(H) ⊗eh B(H)

is a homomorphism. We note that this fact is established in [33], using (i) above;

the proof is complicated by the fact that the Banach algebra B(H)⊗eh B(H) does

not have weak* continuous multiplication on the right, in general.

We now consider the left regular representation λ. The next result is due to

Størmer [37] in the case that G is abelian, and due to Gharamani [12] in general.

It is recognised by Neufang [22] that the image is one of completely bounded maps.

Theorem 3.1. The map Γλ : M(G)→ CBσ(B(L2(G))) is a completely isomet-

ric representation.
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One of the crucial calculations that makes Theorem 3.1 work is that if we let

{Mϕ : ϕ ∈ L∞(G)} be the algebra of multiplication operators on L2(G), then for

each µ in M(G) and ϕ in L∞(G) we have that Γλ(µ)Mϕ = Mµ∗ϕ, so Γλ extends

the action of M(G) on L∞(G).

We note that Γλ(M(G)) ⊂ VN(G)⊗eh VN(G). In fact, it is shown in [23] that

Γλ : M(G)→ VN(G)⊗ehVN(G) is the adjoint of the map (Γλ)∗ : A(G)⊗hA(G)→

C0(G) given by (Γλ)∗(u ⊗ v) = uv̌, where v̌(s) = v(s−1). It follows from Theorem

3.1 that (Γλ)∗ is a complete quotient map.

We also note that Neufang has extended Theorem 3.1 to obtain a map from

the dual space of left uniformly continuous bounded functions LUC(G)∗ (see [20],

for information on this algebra) to CB(B(L2(G))), which extends Γλ. See [22].

Smith and Spronk [33] study the ranges of the maps Γπ, in general.

Proposition 3.2. (i) Γπ(M(G)) ⊂ M∗π ⊗eh M∗π ⊂ MC∗π ⊗eh MC∗π

(ii) Γπ(L1(G)) ⊂ C∗π ⊗eh C∗π

(iii) Γπ(`1(G)) ⊂ D∗π ⊗h D∗π

We see then that for a discrete measure µ in `2(G) that Γπ(µ) can be approx-

imated uniformly by elementary operators. It is further investigated in [33] when

this can be done for arbitrary measures.

Theorem 3.3. The following are equivalent:

(i) Γπ(M(G)) ⊂ M∗π ⊗h M∗π

(ii) Γπ(L1(G)) ⊂ C∗π ⊗h C∗π

(iii) π : G→ U(H) is norm continuous.

We note that in the case of abelian groups, that (iii) implies (i), above, is shown

by Størmer [37]. In [33] the following fact was used.

Proposition 3.4. The following are equivalent:

(i) π is norm continuous (ii) C∗π is unital (iii) C∗π = D∗π.

Condition (iii) allows us to think of norm continuity of π as being a “dis-

creteness” condition. Note that in the case that G is abelian, with dual group Ĝ,

Proposition 3.4 implies that supp(π) is compact. If G is compact, with dual object

Ĝ, then Proposition 3.4 implies that supp(π) is finite. These results are established
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for the class of direct products of vector groups by compact groups by Kallman

[19], using different methods.

4. Representations of McbA(G)

In [15], Herz defines B2(G) to be the space of Schur multipliers u on B(`2(G))

which are continuous and satisfy the following invariance condition: u(s, t) =

u(sr, tr) for all s, t, r in G. Bożejko and Fendler [5] prove that B2(G) = McbA(G).

There are similar results, due to Haagerup [14] and Jolissaint [18]. Thus there is a

strong link between McbA(G) and Schur multipliers.

The main result relating McbA(G) with measurable Schur multipliers follows.

It can be found in the present form in [34, 35], but there is an isometric version

due to Haagerup [13]. Below, we let m denote the left Haar measure on G and

V∞inv(G) =

w ∈ V∞(G,m) :
w(s, t) = w(sr, tr) for l.m.a.e.

(s, t) in G×G and all r in G


where l.m.a.e. means “locally marginally almost every”.

Theorem 4.1. If u ∈ McbA(G), then Nu, given for (s, t) in G×G by

Nu(s, t) = u(st−1)

defines an element of V∞(G,m). Moreover the map N : McbA(G)→ V∞(G,m) is

a complete isometry whose image is V∞inv(G).

Using slice maps on each Nu, it can be established that

N(McbA(G)) ⊂ Vb(G) = Cb(G)⊗eh Cb(G)

which is an analogue of Proposition 3.2 (i). However, we can further establish that

N(McbA(G)) ⊂ McbA(G)
‖·‖∞ ⊗eh McbA(G)

‖·‖∞ ⊂ WAP(G)⊗ehWAP(G)

where WAP(G) is the algebra of weakly almost periodic functions on G. We note

that the inclusion McbA(G) ⊂ WAP(G) was established by Xu [42, 43].

We note that as a Corollary of Theorem 4.1, we obtain a characterisation of

the predual Q(G) of McbA(G), whose existence was established by de Cannière and

Haagerup [7]: there is a map from L1(G) ⊗h L1(G) to Q(G) given on elementary

tensors by f⊗g 7→ f∗g, which is a complete quotient. Thus it follows from Losert’s
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result characterising when McbA(G) = B(G) that C∗(G) is a quotient of L1(G)⊗h

L1(G) exactly when G is amenable. An equivalent form of this result appears to

go back to Grothendieck, and is exposed by Racher [28].

5. Parallels

We now strive to compare the results of the previous two sections. Below we

identify L∞(G) with the algebra of multiplication operators on L2(G). If M is

an von Neumann subalgebra of B(H), we denote the space of completely bounded

normal M-bimodule maps on B(H) by CBσM(B(H)). Note that by Theorem 2.3

(iii) this is alwaysM′ ⊗ehM′. Moreover, also by Theorem 2.3 (iii), ifM is locally

cyclic, then CBσM(B(H)) = BσM(B(H)).

Let ρ : G→ U(L2(G)) be the right regular representation. Since ρ is similar to

the left regular representation λ, we have that Theorem 3.1 holds for Γρ : M(G)→

CBσ(B(L2(G))).

Theorem 5.1. The ranges of Γρ and N can be characterised by the following

invariance conditions:

(i) [22] Γρ(M(G)) =
{
T ∈ CBσVN(G)(B(L2(G))) : TL∞(G) ⊂ L∞(G)

}
.

(ii) [23] N(McbA(G)) =
{
T ∈ CBσL∞(G)(B(L2(G))) : TVN(G) ⊂ VN(G)

}
.

This is very strong evidence that Theorems 3.1 and 4.1 are two examples of the

same phenomenon – to wit, there may be a Kac algebra or quantum group theorem

from which these results can be deduced. This becomes even more apparent if we

consider the case that G is abelian, with dual group Ĝ. In analogy with maps

ρ, N and Γρ above, we define ρ̂ : Ĝ → U(L2(Ĝ)), N̂ : B(Ĝ) = McbA(Ĝ) →

CBσ(B(L2(Ĝ))) and Γ̂ρ̂ : M(Ĝ) → CBσ(B(L2(Ĝ))). We can adjust the Plancherel

unitary U : L2(G)→ L2(Ĝ) in such a way that

AdU(VN(G)) = L∞(Ĝ) and AdU(L∞(G)) = VN(Ĝ)

where AdUx = UxU∗ for each x in B(L2(G)). The following is in [23].

Theorem 5.2. (i) AdUΓρ(M(G))AdU∗ = N̂(B(Ĝ))

(ii) AdUN(B(G))AdU∗ = Γ̂ρ̂(M(Ĝ))
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Let us close by illustrating a final parallel. If G is discrete, then it follows from

Proposition 3.2 (iii) that

Γλ(`1(G)) ⊂ C∗r(G)⊗h C∗r(G)

where C∗r(G) = C∗λ is the reduced C*-algebra of G. An analogue ought to hold then

for compact groups in the context of the Fourier algebra. It is shown in [34, 35]

that the canonical map from G to its almost periodic compactification Gap induces

a complete isometry A(Gap) ↪→ McbA(G). The result (i), below, is due to Spronk

and Turowska [36] and its extension, (ii), is in [34]. If G is a compact abelian

group, then (i) is due to Varopoulos [38]. An equivalent result to (ii) has also been

discovered by Racher [29].

Theorem 5.3. (i) If G is compact then N(A(G)) ⊂ V0(G) = Cb(G)⊗h Cb(G).

(ii) N(A(Gap)) ⊂ Cb(G)⊗h Cb(G)

We note that in analogy with Theorem 3.3, it has been shown in [36, 34, 35]

that the inclusion N(A(G)) ⊂ V0(G) = C0(G)⊗h C0(G) implies that G is compact.
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