
Journal of Functional Analysis 203 (2003) 286–304

Ideals with bounded approximate identities
in Fourier algebras

B. Forrest,a,1 E. Kaniuth,b,* A.T. Lau,c,1 and N. Spronka

aDepartment of Pure Mathematics, University of Waterloo, Waterloo, Ont., Canada N2L 3G1
bFachbereich Mathematik/Informatik, Universität Paderborn, D-33095 Paderborn, Germany

cDepartment of Mathematical Sciences, University of Alberta, Edmonton, Alta., Canada T6G 2G1

Received 10 July 2002; accepted 23 September 2002

Abstract

We make use of the operator space structure of the Fourier algebra AðGÞ of an amenable

locally compact group to prove that if H is any closed subgroup of G; then the ideal IðHÞ
consisting of all functions in AðGÞ vanishing on H has a bounded approximate identity. This

result allows us to completely characterize the ideals of AðGÞ with bounded approximate

identities. We also show that for several classes of locally compact groups, including all

nilpotent groups, IðHÞ has an approximate identity with norm bounded by 2, the best possible

norm bound.

r 2002 Elsevier Science (USA). All rights reserved.

Let G be a locally compact group and AðGÞ the Fourier algebra of G as introduced
by Eymard [6]. AðGÞ is the linear subspace of C0ðGÞ consisting of all coordinate
functions of the regular representation of G and can be identified with the predual of

the group von Neumann algebra VNðGÞ generated by left translations on L2ðGÞ:
With the norm given by this duality and pointwise multiplication, AðGÞ becomes a
commutative Banach algebra. The spectrum of AðGÞ is G (point evaluation of
functions in AðGÞ). Leptin [20] has shown that AðGÞ has a bounded approximate
identity precisely when G is amenable.

One of the most interesting open problems in the ideal theory of AðGÞ is to
determine the closed ideals of AðGÞ with bounded approximate identities. Recall that
when G is abelian, AðGÞ is isometrically isomorphic (by means of the inverse Fourier
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transform) to L1ðĜÞ; the L1-convolution algebra on the dual group Ĝ of G: Now, for

an abelian locally compact group G the closed ideals of L1ðGÞ with bounded
approximate identities have been completely characterized by Liu et al. [21]. This
characterization suggests to conjecture that a closed ideal I of AðGÞ has a bounded
approximate identity if and only if I equals

IðEÞ ¼ fuAAðGÞ : uðxÞ ¼ 0 for all xAEg

for some set E in the (closed) coset ring of G: This conjecture has been verified in [8]
for amenable groups with small conjugation invariant neighbourhoods of the
identity (so-called SIN-groups).

In this paper we shall first use the fact that the Fourier algebra has an additional
structure as an operator space to show that if G is amenable and H is any closed
subgroup of G; then IðHÞ has a bounded approximate identity (Theorem 1.5). This
allows us to establish the above conjecture for arbitrary amenable locally compact
groups (Theorem 2.3). Some of these results extend to the more general Herz–Figà–
Talamanca algebras ApðGÞ; 1opoN (Theorem 4.3).

Using results from Delaporte and Derighetti [2], it can be shown that 2 is the best
possible norm bound for an approximate identity of IðHÞ as long as H is not open in
G (see [16]). In [16] it was shown that the norm bound 2 is achieved if the pair ðG;HÞ
satisfies a certain separation property of positive definite functions. This property is
satisfied in SIN-groups G for all closed subgroups H; but most likely fails in any
other class of locally compact groups (see [16,18]). We proceed to show that,
nevertheless, if G is a locally nilpotent group or an almost connected group with a
compact normal subgroup K such that G=K is nilpotent, then indeed IðHÞ has an
approximate identity with norm bounded by 2 for every closed subgroup H of G

(Theorems 3.3 and 3.7). The question of whether this holds true for all amenable
groups, remains open.

0. Some preliminaries

Let A be a commutative Banach algebra. A net fuag in A is called a bounded

approximate identity if jjuau � ujj-0 for every uAA and if there exists c40 such that
jjuajjpc for all a: We refer to c as a norm bound of the net fuag:

An operator space is a vector space V together with a family fjj � jjng of norms on

MnðVÞ; the vector space of n 	 n matrices with entries in V such that

(i) A 0
0 B

� ����� �������� ����
nþm

¼ maxfjjAjjn; jjBjjmg for each AAMnðVÞ and BAMmðVÞ; and

(ii) jj½aij �A½bij�jjnpjj½aij �jj � jjAjjn � jj½bij �jj for all ½aij�; ½bij �AMnðCÞ and AAMnðVÞ:

Let X and Y be operator spaces and let T : X-Y be linear. For each nAN; we

define T ðnÞ : MnðX Þ-MnðYÞ by T ðnÞð½aij�Þ ¼ ½TðaijÞ�: T is said to be completely
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bounded if

jjT jjcb ¼ sup
nAN

fjjT ðnÞjjgoN:

Moreover, T is said to be completely contractive if jjT jjcbp1:

If V is a linear subspace of BðHÞ; the Cn-algebra of bounded operators on a
Hilbert space, then V is an operator space with the matricial norms inherited from
MnðVÞDMnðBðHÞÞ identified with BðHnÞ: In fact, every operator space V is
completely isometric to a vector subspace of BðHÞ for some Hilbert space H
[5, Theorem 2.3.5]. If X and Y are subspaces of BðHÞ; then a linear map T : X-Y

is called completely positive if each T ðnÞ is a positive map. Concerning all these
notions we refer the reader to [5,23].

Let G be a locally compact group and let PðGÞ denote the set of all continuous
positive definite functions on G: The linear span of PðGÞ; BðGÞ; forms an algebra
called the Fourier–Stieltjes algebra of G: Then BðGÞ can be identified with the dual

space of the group Cn-algebra CnðGÞ (see [6]). Let AðGÞ denote the closed ideal of
BðGÞ generated by all functions with compact support in BðGÞ: As shown in [6],

AðGÞ consists of all functions of the form uðxÞ ¼
P

N

n¼1 ðfn * egngnÞðx�1Þ; where

fn; gnAL2ðGÞ and
P

N

n¼1 jjfnjj2jjgnjj2oN: Here eff is defined by f̃ðxÞ ¼ f ðx�1Þ: The
norm on AðGÞ is given by jjujj ¼ inff

P
N

n¼1 jjfnjj2jjgnjj2 : uðxÞ ¼
P

N

n¼1 ðfn * egngnðx�1Þg
and AðGÞ can be identified with the predual of the von Neumann algebra VNðGÞ
generated by the operators rðxÞ; xAG; on L2ðGÞ:

Since AðGÞ is an ideal in BðGÞ and VNðGÞ ¼ AðGÞn; there is a natural action of
BðGÞ on VNðGÞ given by

/u � T ; vS ¼ /T ; uvS

for vAAðGÞ and uABðGÞ: We will say that a linear map P : VNðGÞ-VNðGÞ
commutes with the action of AðGÞ if Pðu � TÞ ¼ u � PðTÞ for all TAVNðGÞ and
uAAðGÞ:

Since VNðGÞ is a von Neumann algebra, its predual AðGÞ inherits a natural
structure as an operator space with respect to which it becomes a completely
contractive Banach algebra. That is, the multiplication on AðGÞ extends to a

completely contractive map m : AðGÞ ##AðGÞ-AðGÞ with mðu#vÞ ¼ uv: Here

AðGÞ ##AðGÞ denotes the operator space analogue of the projective tensor product.
This allows us to apply operator space techniques to study problems concerning
ideals in AðGÞ: In particular, we shall make direct use of Ruan’s remarkable
generalization of Johnson’s characterization of amenable group algebras, namely
that G is amenable as a locally compact group if and only if AðGÞ is operator
amenable. We refer the reader to [5,24] for details.

Let I be a closed ideal in AðGÞ: Then I> ¼ fTAVNðGÞ :/T ; uS ¼ 0 for each
uAIg is an AðGÞ-submodule of VNðGÞ: Let H be a closed subgroup of G; and define
VNHðGÞ to be the von Neumann subalgebra of VNðGÞ generated by frðxÞ : xAHg:
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Then IðHÞ> ¼ VNHðGÞ (see, for example [16, p. 101]). Moreover, VNHðGÞ is known
to be *-isomorphic to VNðHÞ:

1. The ideals IðHÞ

In this section we shall use the operator space structure of the Fourier algebra
AðGÞ of an amenable group G to show that for each closed subgroup H of G the
ideal IðHÞ has a bounded approximate identity.

Lemma 1.1. Let H be an amenable locally compact group. Then there exists a

completely contractive projection P :BðL2ðHÞÞ-VNðHÞ:

Proof. First note that VNðHÞ is the commutant of frðxÞ : xAHg; where

r : H-BðL2ðHÞÞ is the right regular representation of H: Let m be a left invariant
mean on LNðHÞ: It will be convenient for us to regard m as a finitely additive

measure on H: Now define P :BðL2ðHÞÞ-BðL2ðHÞÞ to be the weak operator
converging integral

PðTÞ ¼
Z

H

rðsÞTrðsÞn dmðsÞ

for each TABðL2ðHÞÞ: That is,

/PðTÞf ; gS ¼ mðs-/rðsÞTrðsÞnf ; gSÞ

for each f ; gAL2ðHÞ:
From the invariance of m; it is easy to see that for each TABðL2ðHÞÞ;

rðtÞPðTÞ ¼ PðTÞrðtÞ

for all tAH: It follows that PðTÞAVNðHÞ: It is also clear that if TAVNðHÞ; then
PðTÞ ¼ T :

We have that P is completely positive, since each amplification

PðnÞ : MnðBðL2ðHÞÞÞ-MnðVNðHÞÞ

is given by the weak operator converging integral

PðnÞð½Tij �Þ ¼
Z

H

diagðrðsÞÞ½Tij�diagðrðsÞÞn dmðsÞ;

for each ½Tij�AMnðBðL2ðHÞÞÞ; where diagðrðsÞÞ denotes the n 	 n diagonal matrix

with all diagonal entries equal to rðsÞ: Finally, since PðIÞ ¼ I ; we get that P is
completely contractive. &
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Assume that H is an amenable group. We claim that if M is a von Neumann
algebra on a Hilbert space H such that M is *-isomorphic to VNðHÞ; then there

is a contractive completely positive expectation P̃ :BðHÞ-M: To see this let
F : VNðHÞ-M be a *-isomorphism. The Arveson-Wittstock Extension Theorem

(see [5, Theorem 4.1.5]) implies that F�1 :M-VNðHÞ admits a completely

contractive extension C :BðHÞ-BðL2ðHÞÞ: Moreover, since CðIÞ ¼ I ; C is

completely positive [5, Corollary 5.1.2]. We now let P̃ ¼ F 3 P 3C where P is the
projection constructed in Lemma 1.1.

Proposition 1.2. Let G be a locally compact group and let H be an amenable closed

subgroup of G: Then there exists a completely contractive projection from VNðGÞ
onto IðHÞ>:

Proof. We recall that IðHÞ> ¼ VNHðGÞ and that VNHðGÞ is *-isomorphic to
VNðHÞ: It follows from Lemma 1.1 and the discussion preceding this proposition
that there exists a completely contractive projection

P̃ :BðL2ðGÞÞ-VNHðGÞ ¼ IðHÞ>:

We now simply restrict P̃ to VNðGÞ: &

For G s-compact and H an amenable closed subgroup, the existence of a
continuous projection from VNðGÞ onto VNðHÞ was established by Lohoué [22].
For G not necessarily s-compact and H a closed amenable subgroup, the existence of
a contractive projection from VNðGÞ onto VNðHÞ was obtained by Derighetti [4].
However, for our purposes, we will need the additional fact provided by Proposition
1.2 that the projection can be chosen to be a complete contraction.

Theorem 1.3. Let G be an amenable locally compact group and H a closed subgroup of

G: Then there exists a completely bounded projection P : VNðGÞ-IðHÞ> such that

Pðu � TÞ ¼ u � PðTÞ

for all TAVNðGÞ and uAAðGÞ:

Proof. Since G is amenable, the Fourier algebra AðGÞ is an operator amenable
completely contractive Banach algebra. By Proposition 1.2, there is a completely

contractive projection from VNðGÞ onto IðHÞ>: The existence of an invariant
completely bounded projection now follows immediately from [28, Theorem 3]. &

Let G be a locally compact group and let M be an invariant W n-subalgebra of

VNðGÞ: Let H ¼ fxAG : rðxÞAMg: Then H is a closed subgroup of G and M ¼
IðHÞ> [26, Theorem 3]. In [19] it was shown that if H is normal or, more generally,
G has the H-separation property, then M is invariantly complemented, that is, there
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exists a projection from VNðGÞ onto M commuting with the action of AðGÞ: In
particular, if G is an SIN-group, then every invariant W n-subalgebra of VNðGÞ is
invariantly complemented. Theorem 1.3 now provides another class of locally
compact groups sharing this property:

Corollary 1.4. Let G be an amenable locally compact group. Then any invariant W n-
subalgebra of VNðGÞ is invariantly complemented.

Theorem 1.5. Let G be an amenable locally compact group and let H be a closed

subgroup of G: Then the ideal IðHÞ has a bounded approximate identity.

Proof. Theorem 1.3 establishes the existence of an invariant projection P of norm 1

from VNðGÞ onto IðHÞ>: Since G is amenable, the existence of such a projection
allows to construct a bounded approximate identity in IðHÞ: This follows from
either [7, Proposition 6.4 and its proof] or [12, Proposition 11]. &

We note that in Theorem 1.5 we have focused only on amenable locally compact
groups. It is worth noting that this is really not a restriction as the following
improvement of [8, Corollary 3.15] shows.

Corollary 1.6. Let G be a locally compact group. Then the following are equivalent:

(i) G is amenable.
(ii) IðHÞ has a bounded approximate identity for some proper closed subgroup H of G:
(iii) IðHÞ has a bounded approximate identity for every proper closed subgroup H of G:

2. Complete characterization

In this section we are going to show that Theorem 1.5 leads to a complete
characterization of all closed ideals with bounded approximate identities in AðGÞ
when G is an amenable locally compact group.

The following standard facts will be used throughout. Let I and J be closed
ideals of a commutative Banach algebra A: Then, if I and J both have bounded

approximate identities, then so do I-J and I þ J: Also, if I and A=I both
have bounded approximate identities, then A has a bounded approximate
identity.

Lemma 2.1. Let G be an amenable locally compact group and let H and K be closed

subgroups of G such that KDH and K is open in H: Then IðaH\bKÞ has a bounded

approximate identity for any a; bAG:

Proof. Since aH\bK ¼ aðH\a�1bKÞ and H\a�1bKaH only if a�1bAH and in this

case H\a�1bK ¼ a�1bðH\KÞ; it suffices to show that IðH\KÞ has a bounded
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approximate identity. Let

J ¼ fuAAðHÞ : uðxÞ ¼ 0 for all xAH\Kg:

Since K is open in H; the map u-ujK is an isometric isomorphism from J onto

AðKÞ: Since K is amenable, AðKÞ has a bounded approximate identity and hence so

does J: With r : AðGÞ-AðHÞ denoting the restriction map, IðH\KÞ ¼ r�1ðJÞ: Thus,
since IðHÞ has a bounded approximate identity (Theorem 1.5), IðH\KÞ has one

provided that r�1ðJÞ=IðHÞ does so. Now, by Forrest [7, Lemma 3.8], the mapping
f : u þ IðHÞ-ujH is an isometric isomorphism between AðGÞ=IðHÞ and AðHÞ:
It follows that, since J has a bounded approximate identity, so does

f�1ðJÞ ¼ r�1ðJÞ=IðHÞ: &

For any (discrete) group D; let RðDÞ denote the Boolean ring of subsets of D

generated by all left cosets of subgroups of D: RðDÞ is called the coset ring of D:
Now, let G be a locally compact group and let Gd denote the group G with the
discrete topology. Define the closed coset ring of G by

RcðGÞ ¼ fEARðGdÞ : E is closed in Gg:

When G is abelian, the sets in RcðGÞ have been described, independently, by Gilbert
[11] and Schreiber [25]. Forrest [8] has verified the analogous description for
arbitrary G: The result can be reformulated as follows. RcðGÞ is the collection of all
subsets E of G of the form

E ¼
[n
i¼1

aiHi

[mi

j¼1

bi;jKi;j

- !
;

where ai; bi;jAG; Hi is a closed subgroup of G and Ki;j is an open subgroup of Hi

(n;miAN0; 1pipn; 1pjpmi).
For a closed ideal I of AðGÞ; let

ZðIÞ ¼ fxAG : uðxÞ ¼ 0 for all uAIg:

Recall that a closed subset E of G is a set of synthesis or spectral set if IðEÞ is the only
closed ideal J of AðGÞ with ZðJÞ ¼ E: It is easy to see that E is a set of synthesis if

and only if every TAVNðGÞ with supp TDE belongs to IðEÞ> (cf. [17, Lemma 2.5]).
By Takesaki and Tatsuuma [26, Theorem 3] each closed subgroup H of G is a set of
synthesis, and hence so is every coset aH; aAG:

Lemma 2.2. Let G be an amenable locally compact group. Then, for each EARcðGÞ;
(i) E is a set of synthesis for AðGÞ;
(ii) IðEÞ has a bounded approximate identity.
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Proof. Assume first that E is of the form E ¼ aH\
Sm

j¼1 cjKj ; where H is a closed

subgroup of G; mAN0; a; cjAG and the Kj are open subgroups of H; 1pjpm: Then

E is a set of synthesis since aH is of synthesis and E is open and closed in aH (see
[27, Theorem 4]). To see that IðEÞ has a bounded approximate identity, consider the
ideal

J ¼
Xm

j¼1

IðaH\cjKjÞ

of AðGÞ: It follows from Lemma 2.1 and preceding remarks that J has a bounded
approximate identity. Now,

ZðJÞ ¼
\m
j¼1

ðaH\cjKjÞ ¼ E;

and hence J ¼ IðEÞ since E is a spectral set. This finishes the proof for such E:

Next, let E ¼
Sn

i¼1 Ei where each Ei is of the above form. We prove by induction

on n that E is a set of synthesis and IðEÞ has a bounded approximate identity. The

case n ¼ 1 is proved in the first paragraph. Let nX2 and F ¼
Sn�1

i¼1 Ei; and suppose

that F is a set of synthesis and that IðFÞ has a bounded approximate identity.
Clearly, then IðEÞ ¼ IðFÞ-IðEnÞ has a bounded approximate identity. Finally,
recall that, for any Tauberian regular commutative Banach algebra A with structure
space DðAÞ; the union of two Ditkin sets in DðAÞ is a Ditkin set [27, Theorem 1].
Clearly, En and F are Ditkin sets since they both are spectral sets and the ideals IðEnÞ
and IðFÞ possess approximate identities. Thus we in particular obtain that E is a
spectral set. &

Theorem 2.3. Let G be a amenable locally compact group. Let I be a closed ideal of

AðGÞ: Then I has a bounded approximate identity if and only if I ¼ IðEÞ for a subset E

of G of the form

E ¼
[n
i¼1

aiHi

[mi

j¼1

bi;jKi;j

- !
;

where ai; bi;jAG; Hi is a closed subgroup of G and Ki;j is an open subgroup of

Hi ðn;miAN0; 1pipn; 1pjpmi).

Proof. If E is of the above form, then IðEÞ has a bounded approximate identity by
Lemma 2.2. Conversely, suppose that I is a closed ideal of AðGÞ with bounded
approximate identity and let E ¼ ZðIÞ: Then EARcðGÞ: This was proved in [7] in
case I ¼ IðEÞ:However, the proof of Lemma 3.3 of [7] actually shows that if J is any
closed ideal of AðGÞ with bounded approximate identity, then the characteristic
function of ZðJÞ belongs to the Fourier–Stieltjes algebra of Gd: The rest amounts to
an application of Host’s generalization [15] of Cohen’s idempotent theorem (see
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[7, Proposition 3.5]). Since, by Lemma 2.2, E is a set of synthesis, it follows that
I ¼ IðEÞ; as required. &

In [10, Theorem 8.5] it was shown that if A is an operator amenable completely
contractive Banach algebra and I is a closed ideal in A; then I is operator amenable if
and only if I has a bounded approximate identity. The following corollary, which
improves [10, Theorem 8.6], is now an immediate consequence of the preceding
theorem.

Corollary 2.4. Let G be an amenable locally compact group and let I be a closed ideal

of AðGÞ: Then I is operator amenable if and only if I ¼ IðEÞ for some EARcðGÞ:

3. Best possible norm bound

Let H be a closed subgroup of a locally compact group G: If G=H is infinite, then
2 is the smallest possible norm bound for an approximate identity in the ideal IðHÞ
(see [2,16, Theorem 3.4]). An approximate identity with norm bound 2 exists
whenever G is amenable and there exists a projection of norm 1 from VNðGÞ onto
VNHðGÞ commuting with the action of AðGÞ: As shown in [16], such a projection in
turn exists if the pair ðG;HÞ has the following separation property of positive definite
functions, which at least holds in SIN-groups (see [16]).

Let G be a locally compact group and H a closed subgroup of G: Let

PHðGÞ ¼ fjAPðGÞ : jðyÞ ¼ 1 for all yAHg:

We say that G has the H-separation property if given any xAG\H; there exists
jAPHðGÞ such that jðxÞa1: This property has been extensively studied in [16,18].

Now, norm 1 projections as above also exist for other classes of locally compact
groups. To show this is our goal in the present section. The next two lemmas are
basic tools for that. Note, however, that if H and K are closed subgroups of G such
that HDK and if K has the H-separation property and G has the K-separation
property, then G need not have the H-separation property.

Lemma 3.1. Let G be a locally compact group and let H and K be closed subgroups of

G such that HDK : Suppose there exist completely positive (respectively, completely

contractive) norm one projections P : VNðGÞ-VNKðGÞ and Q : VNðKÞ-VNHðKÞ
commuting with the action of AðGÞ and AðKÞ; respectively. Then there exists a

completely positive (respectively, completely contractive) projection of norm one from

VNðGÞ onto VNHðGÞ commuting with the action of AðGÞ:

Proof. For closed subgroups C and D of G such that DDC let rC;D : AðCÞ-AðDÞ be
the restriction map and rnC;D : VNðDÞ-VNðCÞ the dual map. Thus /rnC;DðSÞ; uS ¼
/S; ujDS for all SAVNðDÞ and uAAðCÞ and rnC;D is an isomorphism between VNðDÞ
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and VNDðCÞ (see [13, Lemma 3.1]). Let jC;D : VNDðCÞ-VNðDÞ denote its inverse.

Then, for all TAVNðDÞ and u; vAAðCÞ;

/rnC;DðujD � TÞ; vS ¼/ujD � T ; vjDS ¼ /T ; ðuvÞjDS

¼/rnC;DðTÞ; uvS ¼ /u � rnC;DðTÞ; vS;

and hence, for all SAVNDðCÞ and u; vAAðCÞ;

/rnC;DðujD � jC;DðSÞÞ; vS ¼/u � rnC;DðjC;DðSÞÞ; vS

¼/rnC;DðjC;DðSÞÞ; uvS ¼ /S; uvS ¼ /u � S; vS

¼/rnC;DðjC;Dðu � SÞÞ; vS:

This implies that

ujD � jC;DðSÞ ¼ jC;Dðu � SÞ

for all SAVNDðCÞ and uAAðCÞ: Let
R ¼ rnG;H 3 jK ;H 3 Q 3 jG;K 3 P : VNðGÞ-VNHðGÞ:

Then R is a linear map of norm one and, as is easily checked, a projection onto
VNHðGÞ: Moreover, R is completely positive (respectively, completely contractive)
whenever P and Q are completely positive (respectively, completely contractive).
Finally, for TAVNðGÞ and uAAðGÞ;

/v � RðTÞ; uS ¼ /RðTÞ; vuS ¼ /ðjK ;H 3 Q 3 jG;K 3 PÞðTÞ; ðvuÞjHS

¼ /ðQ 3 jG;K 3 PÞðTÞ; ðvuÞjKS ¼/QðvjK � ðjG;KðPðTÞÞÞ; ujKS

¼/QðjG;Kðv � PðTÞÞÞ; ujkS

¼/ðQ 3 jG;K 3 PÞðv � TÞ; ujKS

¼/jK;H 3 Q 3 jG;K 3 Pðv � TÞ; ujHS

¼/rnG;HðjK;H 3 Q 3 jG;K 3 Pðv � TÞÞ; uS

¼/Rðv � TÞ; uS:

Thus R commutes with the action of AðGÞ: &

If K and L are closed subgroups of G such that KDL; then associated to K are
ideals of AðGÞ and AðLÞ; respectively. For clarity, we denote the latter by ILðKÞ; that
is, ILðKÞ ¼ fvAAðLÞ : vjK ¼ 0g:

In the sequel we let AcðGÞ denote the dense linear subspace of AðGÞ consisting of
all compactly supported functions in AðGÞ:
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Lemma 3.2. Let G be an amenable locally compact group and L a collection of open

subgroups of G such that every compact subset of G is contained in some LAL: Let

c40 and H is a closed subgroup of G; and suppose that, for each LAL; ILðH-LÞ has

an approximate identity with norm bounded by c: Then IðHÞ has an approximate

identity with norm bounded by c:

Proof. Let uAIðHÞ and e40: Since G is amenable, there exists vAAcðGÞ such that
jju � uvjjpe: Choose LAL such that v vanishes on G\L: By hypothesis, there exists
w1AILðH-LÞ such that jjw1jjpc and

jjðuvÞjL � ðuvÞjLw1jjAðLÞpe:

Let w denote the trivial extension of w1 to all of G: Then wAIðHÞ and jjwjjAðGÞ ¼
jjw1jjAðLÞ [5, Proposition 3.21]. Finally, since supp ðuvÞDL;

jju � uwjjAðGÞp jju � uvjjAðGÞ þ jjuv � uvwjjAðGÞ þ jjuv � ujjAðGÞjjwjjAðGÞ

p eþ jjðuvÞjL � ðuvÞjLw1jjAðLÞ þ ejjw1jjAðLÞpeð2þ cÞ:

This shows that IðHÞ has a bounded approximate identity with bound c: &

Theorem 3.3. Let G be a locally nilpotent locally compact group and H a closed

subgroup of G: Then the ideal IðHÞ has an approximate identity with norm bounded

by 2.

Proof. By Lemma 3.2 we can assume that G is compactly generated and hence that
G is nilpotent. Let

feg ¼ Z0ðGÞDZ1ðGÞD?DZmðGÞ ¼ G

denote the ascending central series of G; that is, Zjþ1ðGÞ=ZjðGÞ equals the centre of
G=ZjðGÞ for 0pjpm � 1: Let Hj ¼ HZjðGÞ; 0pjpm; so that H0 ¼ H and Hm ¼
G: Then Hj is normal in Hjþ1 for each 0pjpm � 1: Lemma 3.1 now yields

the existence of norm 1 projection from VNðGÞ onto VNHðGÞ which commutes with
the action of AðGÞ: Consequently IðHÞ has an approximate identity with norm
bound 2. &

Lemma 3.4. Let G be a locally compact group and K a compact normal subgroup of G:
Let H be a closed subgroup of G such that HDG0C for some compact subset C of G:
Let U be a neighbourhood basis of the identity in HK : Then\

UAU

HUH ¼ H:
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Proof. For xAG; let gðxÞ: K-K denote the inner automorphism y-x�1yx; yAK :
The homomorphism g : x-gðxÞ from G into the automorphism group AutðKÞ of K

is continuous [14]. Thus gðG0Þ is contained in the connected component of the
identity in AutðKÞ:Now, by a theorem of Iwasawa (see [14, p. 439]), for any compact
group this connected component consists entirely of inner automorphisms. Thus, for
each xAG0; there exists some kAK such that gðxÞ ¼ gðkÞ:

We have to show that if fxag and fyag are nets in H and fuag is a net in HK such
that ua-e and xauaya-a for some aAHK ; then aAH: By hypothesis, there exist
caAC and zaAG0 such that ya ¼ zaca: Since C is compact, after passing to a subnet if
necessary, we can assume that ca-c for some cAC: By what we have noticed above,
for each a there exists kaAK such that gðzaÞ ¼ gðkaÞ: Since ua-e; there exist vaAH

and waAK such that ua ¼ vawa and va-e: It follows that

xauaya ¼ ðxavayaÞc�1
a ðz�1

a wazaÞca ¼ ðxavayaÞc�1
a ðk�1

a wakaÞca

converges to a: Now, since K is compact, kaAK and wa-e; we conclude that

c�1
a ðk�1

a wakaÞca-e and hence xavaya-a; whence aAH; as required. &

Corollary 3.5. Let G be a locally compact group and K a compact normal subgroup of

G: If H is an almost connected closed subgroup of G; then HK has the H-separation

property.

Proof. Since H is almost connected it satisfies the hypothesis of Lemma 3.4.
Moreover, HK is also almost connected since K is compact. Now apply Lemma 3.4
and [18, Theorem 1.3]. &

Corollary 3.6. Let G be an almost connected locally compact group and K a compact

normal subgroup of G: Then HK has the H-separation property for any closed

subgroup H of G:

Proof. Since G is almost connected, it is a projective limit of Lie groups G=Ka: In
particular, the subgroup HKKa=Ka of G=Ka is locally connected. It follows from
Lemma 3.4 and [18, Theorem 1.3] that HKKa=Ka has the HKa=Ka-separation
property. Since H ¼ -aHKa; we readily conclude that HK has the H-separation
property. &

Theorem 3.7. Let G be an almost connected group with a compact normal subgroup K ;
and suppose that, for every closed subgroup L of G containing K; there is a norm one

projection from VNðGÞ onto VNLðGÞ commuting with the action of AðGÞ: Then, for

each closed subgroup H of G; IðHÞ has an approximate identity with norm bounded by

2. The conclusion in particular holds if G=K is nilpotent.

Proof. Let H be any closed subgroup of G: It suffices to show that there is a norm
one projection from VNðGÞ onto VNHðGÞ commuting with the action of AðGÞ: By
Corollary 3.6 and the hypothesis, there exist norm one projections from VNðHKÞ
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onto VNHðHKÞ and from VNðGÞ onto VNHKðGÞ commuting with the action of
AðHKÞ and of AðGÞ; respectively. Now apply Lemma 3.1.

When G=K is nilpotent, the hypothesis of the theorem is satisfied. Indeed, this
follows as the in the proof of Theorem 3.3 by considering, with q : G-G=K denoting
the quotient homomorphism, the ascending sequence of closed subgroups

L ¼ Lq�1ðZ0ðG=KÞÞDLq�1ðZ1ðG=KÞÞDyDLq�1ðZmðG=KÞÞ

and noticing that Lq�1ðZj�1ðG=KÞÞ is normal in Lq�1ðZjðG=KÞÞ: &

Theorem 3.7, in particular, includes all connected groups with relatively compact
commutator subgroups. In general, such groups are neither nilpotent nor SIN-
groups. To construct examples, simply take a non-solvable compact connected
group K and a one-parameter group of topological automorphisms of K; and form
the resulting semidirect product of R with K : More specifically, let for instance
K ¼ SOðnÞ; nX3; fix a two-dimensional linear subspace V of Rn and, for tAR; let
DtASOðnÞ act on V by rotation with angle t and on the orthogonal complement of V

as the identity. Then form the semidirect product G ¼ RrSOðnÞ given by
conjugation with Dt on SOðnÞ:

Lemma 3.8. Let G be a projective limit of groups Ga ¼ G=Ka: Let E be a closed subset

of G such that E is a spectral set. Suppose that, for some c40; the ideal IðEKa=KaÞ of

AðGaÞ has an approximate identity of norm pc for every a: Then IðEÞ has an

approximate identity of norm pc:

Proof. We have to show that given uAIðEÞ and e40; there exists vAIðEÞ such that
jjvjjpc and jju � uvjjoe: Since E is a spectral set, the ideal

JðEÞ ¼ fwAAcðGÞ : w vanishes on a neighbourhood of Eg

is dense in IðEÞ: Thus we can assume that uAJðEÞ: Let uðxÞ ¼ /lðxÞx; ZS; where

x; ZAL2ðGÞ; and choose d40 such that dð1þ ð1þ cÞjjZjjÞpe: Since supp u is
compact and disjoint from E; there exists a neighbourhood V of the identity such

that EV-supp u ¼ | and jjLyx� xjj2pd for all yAV :

Choose a such that KaDV ; set K ¼ Ka and normalize the Haar measure on K :

Then uAIðEKÞ: Define ũ on G=K by ũðxKÞ ¼
R

K
uðxkÞ dk: Then ũAAðG=KÞ and

hence ũAIðEK=KÞ since u vanishes on EK : By hypothesis, there exists wAIðEK=KÞ
so that jjwjjAðG=KÞpc and jjũw � ũjjAðG=KÞpd: Let vAAðGÞ be defined by vðxÞ ¼
wðxKÞ; xAG: Then vAIðEÞ and jjvjj ¼ jjwjjAðG=KÞ: Now, with q : G-G=K denoting

the quotient homomorphism, for xAG;

uðxÞ � ðũ 3 qÞðxÞ ¼ /lðxÞx; ZS�
Z

K

/lðxÞLkx; ZS dk:
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Since jjx� Lkxjjpd for all kAK ; this implies that

jju � ũ 3 qjjpjjZjj2 x�
Z

K

Lkx dk

���� �������� ����
2

pjjZjj2 sup
kAK

jjx� Lkxjj2pdjjZjj2:

Finally, it follows that

jju � uvjjp jju � ũ 3 qjj þ jjũ 3 q � ðũ 3 qÞvjj þ jjðũ 3 qÞv � uvjj

p ð1þ jjvjjÞjju � ũ 3 qjj þ jjũ 3 q � ðũ 3 qÞðw 3 qÞjj

p ð1þ cÞjju � ũ 3 qjj þ jjũ � ũwjjAðG=KÞpð1þ cÞdjjZjj þ dpe: &

We continue this section with two examples. It follows from Lemma 3.2 that if G is
an amenable group which can be written as the union of a net of ascending open
subgroups each of which is an SIN-groups, then IðHÞ has an approximate identity
with norm bounded by 2 for every closed subgroup H of G: There are plenty of such
groups that are not SIN-groups themselves. Our first example presents just one class
of such groups.

Similarly, if G is a projective limit of (locally) nilpotent groups then, by Theorem 3.3
and Lemma 3.8, IðHÞ has an approximate identity with norm bounded by 2 for
every closed subgroup H of G: The second example shows that such a group need
not be locally nilpotent.

Example 3.9. For nX3; let Gn denote the multiplicative group of real ðn 	 nÞ-
matrices

A ¼ ½ajk� with ajj ¼ 1 and ajk ¼ 0 for 1pjpn; 1pkoj:

Define subgroups Ln and Dn of Gn by

Ln ¼ fAAGn : ajjþ1 ¼ 0 for 1pjpn � 1g

and

Dn ¼ fAALn : ajkAZ for 1pjpk � 2; kpng:

Let Hn ¼ Gn=Dn and Kn ¼ Ln=Dn; and form the algebraic direct products

G ¼
YN
n¼3

Hn and K ¼
YN
n¼3

Kn:

Endow each Kn with its natural compact topology and K with the product topology,
and define a group topology on G by declaring K to be open. Then G is the projective

limit of the groups Gm ¼ G=
Q

N

j¼m Kj; jX3: Since Kn is ðn � 2Þ-step nilpotent, K

fails to be nilpotent, and hence G is not locally nilpotent.
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Example 3.10. For jAN; let Dj be a discrete group and Fj a finite group of

automorphisms of Dj: Let K ¼
Q

N

j¼1 Fj ; the direct product with the product

topology, and let N be the direct sum of all Dj; a discrete group. Form G ¼ KrN;

the semidirect product of K and N; where elements of K act on N componentwise. It
is obvious that G fails to be an SIN-group whenever Fj is nontrivial for infinitely

many j: For nAN; let Nn be the direct sum of D1;y;Dn and let Gn ¼ KrNn: Then

G ¼
S

N

n¼1 Gn; each Gn is open in G; and

Gn ¼
Yn

j¼1

Fj

 !
rNn

 !
	

YN
j¼nþ1

Fj

 !
;

so that Gn is a direct product of a discrete group and a compact group. In particular,
Gn is an SIN-group.

We have already seen that in many cases there exists an invariant projection from
VNðGÞ onto VNHðGÞ: We conclude this section by showing that for several classes
of locally compact groups G; for any closed subgroup H of G there even exists a
completely positive invariant projection of norm 1 from VNðGÞ onto VNHðGÞ: For
this, the following lemma is needed.

Lemma 3.11. Let G be a locally compact group and let H be a closed subgroup of G: If

G has the H-separation property, then there exists a completely positive invariant

projection P from VNðGÞ onto VNHðGÞ such that PðIÞ ¼ I :

Proof. For uAPðGÞ; define LuABðVNðGÞÞ by LuðTÞ ¼ u � T : It is known that Lu is
completely positive [1, Proposition 4.2].

Let KH ¼ fLu : uAPHðGÞg where the closure is taken in the weakn-operator
topology (i.e. a net fLaga in BðVNðGÞÞ converges to LABðVNðGÞÞ if and only

LaðTÞ-LðTÞ in the weakn-topology of VNðGÞ for every TAVNðGÞ: Then KH is
convex and compact, and each LAKH is completely positive (see [23, Theorem 6.4]).
Now, an application of the Markov–Kakutani fixed point theorem as in the proof of
[16, Proposition 3.1] shows that there exists PAKH such that u � PðTÞ ¼ PðTÞ for all
uAPHðGÞ and TAVNðGÞ: Then P is a projection from VNðGÞ onto VNHðGÞ (see the
proof of [16, Proposition 3.1]). Finally, since each Lu commutes with the action of
AðGÞ; so does P: &

Theorem 3.12. Let G be a locally compact group which satisfies one of the following

three conditions:

(i) G is an SIN-group.
(ii) G is nilpotent.
(iii) G is almost connected and contains a compact normal subgroup K such that G=K

is nilpotent.

Let H be any closed subgroup of G: Then there exists a completely positive invariant

projection from VNðGÞ onto VNHðGÞ such that PðIÞ ¼ I :
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Proof. The proof follows by applying Lemma 3.11 together with Lemma 3.1 and
Corollary 3.6 as in the proofs of Theorems 3.3 and 3.7. &

4. The algebras ApðGÞ

Let G be a locally compact group. Herz has introduced Lp-versions of the Fourier
algebra for all 1opoN: He defined ApðGÞ to be the space of all functions u

of the form uðxÞ ¼
P

N

n¼1 ðfn * egngnÞðx�1Þ; where fnALpðGÞ; gnALqðGÞ; 1
p
þ 1

q
¼ 1; andP

N

n¼1 jjfnjjpjjgnjjqoN: With the norm

jjujjApðGÞ ¼ inf
XN
n¼1

jjfnjjpjjgnjjq : uðxÞ ¼
XN
n¼1

ðfn * egngnÞðx�1Þ
( )

and pointwise multiplication ApðGÞ becomes a commutative Banach algebra. Of

course, A2ðGÞ ¼ AðGÞ: The algebras ApðGÞ are nowadays usually referred to as the

Herz–Figà–Talamanca algebras.
In general, for pa2; these algebras share many common characteristics with the

Fourier algebra. For example, the existence of a bounded approximate identity in
ApðGÞ characterizes amenability for the group G: However, if pa2; ApðGÞ is no

longer predual of a von Neumann algebra. This means that the powerful theory of
operator algebras is not available and hence to attack analogous problems for
ApðGÞ; pa2; methods different from those that have proved successful for studying

AðGÞ are often needed. In particular, there is currently no satisfactory operator space
structure on ApðGÞ that would allow us to extend Ruan’s result to this class of

algebras. Nonetheless, we will still be able to use our results on AðGÞ that we
obtained by exploiting its operator space structure to gain some analogous results for
the more general algebras ApðGÞ:

Let G be an amenable group and 1opoN: Then, by a result of Herz [12,
Theorem C], AðGÞ ¼ A2ðGÞDApðGÞ and jjujjApðGÞpjjujjAðGÞ: For a closed subset E of

G; let

IpðEÞ ¼ fuAApðGÞ : uðxÞ ¼ 0 for all xAEg:

Lemma 4.1. Let G be an amenable locally compact group. Let E be a closed subset of

G that is of spectral synthesis for ApðGÞ: If I2ðEÞ has a bounded approximate identity

with norm bounded by c; then so does IpðEÞ:

Proof. Let G : A2ðGÞ-ApðGÞ be the above injection. It is clear that GðI2ðEÞÞDIpðEÞ:
In fact, we will show that GðI2ðEÞÞ ¼ I2ðEÞ is dense in IpðGÞ with respect to the norm

of ApðGÞ: To see this, we first choose a compact subset K in G with K-E ¼ | and an

open set U in G with KDUDG\E: Let uAApðGÞ be such that supp uDK : We can
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choose a sequence fvng in AðGÞ such that vn-u in ApðGÞ: However, we can also find

a vAAðGÞ such that vjK ¼ 1 and supp vDU : It follows that vnvAI2ðEÞ and

lim
n-N

jju � vnvjjApðGÞ ¼ lim
n-N

jjuv � vnvjjApðGÞ

p jjvjjApðGÞ lim
n-N

jju � vnjjApðGÞ ¼ 0:

This shows that we can approximate u by functions in GðI2ðEÞÞ: However, since E is
a set of synthesis for ApðGÞ; such functions u are dense in IpðGÞ: Thus GðI2ðEÞÞ is
dense in IpðEÞ:

Assume that fvag is an approximate identity in I2ðEÞ such that jjvajjA2ðGÞp for all

a: Then, since G is a contraction, jjGðvaÞjjpc for all a: If vAGðI2ðEÞÞ; then

lim
a

jjGðvÞ � GðvaÞjjApðGÞp lim
a

jjv � vajjA2ðGÞ ¼ 0:

Since GðI2ðEÞÞ is dense in IpðEÞ; it follows that fGðvaÞga is the desired approximate

identity. &

We can now extend Theorem 1.3 to the algebras ApðGÞ:

Corollary 4.2. Let G be an amenable locally compact group and let H be a closed

subgroup of G: Let 1opoN: Then the ideal IpðHÞ has a bounded approximate

identity.

Proof. We note that if G is amenable, then every closed subgroup of G is a set of
synthesis for ApðGÞ [13, Propositions 1 and 2]. It now follows immediately from

Theorem 1.3 and from Lemma 4.1 that IpðHÞ has a bounded approximate

identity. &

The conclusion of the preceding corollary has recently been verified when H is a
so-called neutral subgroup of a locally compact group G [3, Theorem 6].

In [9, Theorem 3.7] it was shown that if G is an amenable SIN-group and if
EARcðGÞ; then for each 1opoN; IpðEÞ has a bounded approximate identity. It is

desirable to extend this result to all amenable groups. To that end, observe that the
p-analogue of [11, Theorem 3.8] can readily been shown to hold for all 1opoN: It
is then easy to verify that Lemma 2.1 holds in this more general context. With this
lemma, the proof of Lemma 2.2 also holds for 1opoN: We can now appeal to
Corollary 4.2 to conclude:

Theorem 4.3. Let G be an amenable locally compact group and let EARcðGÞ: Then,
for each 1opoN; E is a set of synthesis for ApðGÞ and IpðEÞ has a bounded

approximate identity.
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