
PMATH 950 (833), Winter 2018
Assignment #3 Due: April 3.

1. Let G be abelian, H be a closed subgroup of G. We let Ha “ tσ P pG :

σpsq “ 1 for all x in Hu denote the annihilator of H in pG.

(a) Verify that Ha is a closed subgroup of pG.

(b) Show that there is a natural isomorphism: zG{H – Ha.

(c) Show that there is a natural isomorphism: pH – pG{Ha.

(d) Deduce that H is open in G if and only if Ha is compact; and H

is compact if and only if Ha is open in pG.

[Notice that (b) and (c) tell us that Z{nZ and Cn “ xe
2πi{ny Ă T are

a dual pair. This is, of course, simple to prove manually. Inversion
Theorem, on this pair, is frequently used in analytic number theory.]

2. Let α : G Ñ H be a continuous homomorphism between locally com-
pact abelian groups, and α˚ : pH Ñ pG be given by α˚pσq “ σ ˝ α.

(a) Show that α˚ : pH Ñ pG is continuous.

(b) Find conditions on α˚ which characterize when α is injective, or
when α admits dense range.

3. Let p be a prime.

(a) Let Tp “ tz P T : zp
n
“ 1 for some n in Nu be the p-power torsion

subgroup of T. Show that there is a natural isomorphism xOp – Tp.
[Hint: any character on Op is determined by its values on the dense
copy of Z.]

(b) Show that there is a natural homeomorphic isomorphism xQp – Qp.
[Show the basic character σ, given by σ1|Op “ 1, and for x P QpzOp

σ1pxq “ e2πi
ř´1

j“´m ajp
j

, where x “
8
ÿ

j“´m

ajp
j, aj P t0, 1, . . . , p´ 1u

is continuous. If ξ P Qp, let σξpxq “ σ1pξxq. Conversely, any char-
acter σ1 is determined by what it does on each subgroup 1

pk
Op.]

(c) Deduce that Oa
p – Op in xQp – Qp.

1



4. Let G be a locally compact abelian group and U : L2pGq Ñ L2p pGq be
the Plancherel unitary. We also let λ : G Ñ UpL2pGqq denote the left
regular representation

λpxqf “ x ˚ f, x ˚ fpyq “ fpx´1yq for a.e. y in G.

(a) Let λ̂ : GÑ UpL2p pGqq be given by

λ̂pxqfpσq “ σ̄pxqfpσq for a.e. σ in pG.

Show that UλpxqU˚ “ λ̂pxq for x in G, i.e. λ and pλ are unitarily
equivalent.

(b) Show that the weak operator closure of spanλ̂pGq contains the

multiplication operators Mϕ for ϕ P L8p pGq. [Use a Hahn-Banach
separation argument; implemented using an idea is very similar to
one of in proof that pG is a topological group, given in lectures.]

(c) Deduce that if G is compact ô L2pGq admits a finite dimensional
λ-invariant subspace. [If L is a λ̂-invariant subspace, show that

there is a smallest closed subset F of pG for which M1FPL “ PL.]

5. Let G be compact. A sub-hypergroup of pG is a subset S for which:

(i) π̄ P S if π P S; and

(ii) for π, π1 P S, π b π1 “ π1 ‘ ¨ ¨ ¨ ‘ πn for some π1, . . . , πn in S.

Show that the sub-hypergroups S of pG are the sets of the form

SN “ tπ P pG : N Ď kerπu – zG{N

indexed over closed normal subgroups N of G.

6. Let tGiuiPI be a non-empty family of compact groups and G “
ś

iPI Gi

its product.

(a) Show that pG is of the form

pxiqiPI ÞÑ πi1pxi1q b ¨ ¨ ¨ b πinpxinq : GÑ UpHπi1
b ¨ ¨ ¨ bHπin

q

where πij P
xGij for some distinct i1, . . . , in in I, n P N.

(b) Deduce that if each Gi is abelian, then pG –
À

iPI
xGi (algebraic

direct sum of abelian groups).

[There is an evident related fact, for locally compact abelian groups,

that {GˆH – pGˆ pH.]
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7. Let now tGiuiPI be a family of locally compact abelian groups, each
admitting a given compact open subgroup Ki. Define the restricted
direct product over tKiuiPI by

H “
ź

iPI

pGi, Kiq “

#

pxiqiPI P
ź

iPI

Gi : all but finitely many xi P Ki

+

.

Let K “
ś

iPI Ki, and equip H with the topology having base txU :
x P H,U P τKu.

(a) Show that this group is locally compact and that there is a natural
homeomorphic isomorphism

pH –
ź

iPI

pxGi, K
a
i q.

[Notice that H “
Ť

FĂG finite HF , each HF “
ś

iPF Giˆ
ś

iPIzF Ki.]

(b) Show that A “
ś

p primepQp,Opq is a topological ring. Compute
the unit group Aˆ.

(c) Show that the diagonal embedding n ÞÑ pn1112, n1113, n1115, . . . q : ZÑ
ś

p prime Op has dense range, and extends to a homomorphism of
Q into A with dense range.

8. (Convergence of convolution powers to Haar measure, revisited.) Let G
be a compact group and µ be a probability measure on G with xsuppµy
dense in G. Show that µn “

1
n

řn
k“1 µ

˚k converges to the normalized
Haar measure m.

[This time, let π P pGzt1u. Show that xµnpπq converges to 0, unless µ̂pπq
admits 1 as an eigenvalue. In that case, show that for any associated
eigenvector ξ, xξ|πp¨qξy must be constant on G, and this contradicts
irreducibility of π if dπ ą 1. Using representation theory is more fun.]
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