
PMATH 950, Winter 2016

Assignment #2 Due: February 27.

Generally, G will denote a locally compact group, below.

1. A net pfαqα Ă L1pGq is called a summability kernel provided that

‚ sup
α
}fα}1 ă 8 (we say that pfαqα is contractive if each }fα}1 ď 1);

‚ lim
α

ż

G

fα dm “ 1; and

‚ for each open neighbourhood U of e, lim
α

ż

GzU

|fα| dm “ 0.

(a) Let pUαqα be a decreasing net of open sets (i.e. α ď α1 implies
Uα Ě Uα1) which base for the topology at e. Show that p 1

mpUαq
1Uαqα

is a contractive summability kernel.

(b) Let X be a Banach G-module. Show that for ξ in X

fα ¨ ξ “

ż

G

fαpxqx¨ξ dx (Bochner integral)

satisfies limα fα ¨ξ “ ξ. Deduce that pfαq is a bounded approximate
identity for L1pGq: limα fα ˚ f “ f “ limα f ˚ fα, for f in L1pGq.

2. Let G be compact, and ProbpGq “ tµ PM`pGq : µpGq “ 1u.

(a) Suppose G “
ś

iPI Gi (each Gi compact) where Gi is non-trivial
for infinitely many i. For each i let mi denote the Haar measure
on each Gi, normalized so mipGiq “ 1, and µi “ mi ˆ δe

pı
where

e
pı is the identity in G

pı “
ś

jPIztiuGj. For each finite subset F of

I consider the the convolution product µF “ ˚iPFµi. (Why does
product order not matter here?) Show that each µF is singular
with respect to the normalised Haar measure m. Furthermore,
the net pµF qF , indexed over the directed set of increasing finite
subsets, converges in the weak* topology to m.
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(b) Given µ in MpGq, let

supppµq “ tx P G : |µ|pUq ą 0 for each open neighbourhood of xu.

Show that supppµq “
Ş

tF : F is closed, with |µ|pGzF q “ 0u, and
hence is the smallest closed set supporting µ. [Compactness of G
is not special here.]

(c) Show that if x P G, then txn : n P Nu is a subgroup of G.

(d) Let µ P ProbpGq. Suppose the group xsupppµqy is dense in G.
Then the sequence of Cesaro averages of k-fold convolution prod-
ucts, 1

n

řn
k“1 µ

˚k, converges weak* to m. [Let µ̄ be any cluster
point. First show that if E P BpGq then µE ˚ µ̄ ď µpEqµ̄, then
deduce that δx ˚ µ̄ ď µ̄ for any x P supppµq.]

3. Let H be another locally compact group and β : GÑ H be a continu-
ous homomorphism.

(a) For µ in MpGq show that h ÞÑ
ş

G
h ˝ β dµ on C0pHq defines

a measure βMpµq in MpHq with }βMpµq}1 ď }µ}1, with equal-
ity holding if β is injective. Hence this defines a bounded map
βM : MpGq Ñ MpHq. Show moreover that βM is an algebra ho-
momorphism. [Warning: though h ˝ β P CbpGq, it need not be in
C0pGq.]

(b) Let N be a closed normal subgroup of G. Show that the map
TN : CcpGq Ñ CcpG{Nq defined for Weil’s relation, extends to a
surjective homomorphism TN,L : L1pGq Ñ L1pG{Nq. [Surjectivity
is the hard part.]

(c) Show that if β is open, i.e. βpUq is open in H whenever U is open
in G, then βM induces a map βL : L1pGq Ñ L1pHq. [It may be
worthwhile to first consider the case where H “ G and β is an
automorphism.]

4. Let H be a locally compact group and η : H Ñ G be an injective
continuous homomorphism.

(a) Show that if H is σ-compact, then ηpHq is a Borel set.

(b) Show, by way of an example, that (a) above may fail if we do
not assume that H is σ-compact. [Hint: show that R admits a
subgroup H with R{H countable.]
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(c) Assume, hereafter, that

• ηpHq is Borel subset and normal subgroup of G, and

• each automorphism γx on H, given by ηpγxpyqq “ xηpyqx´1

(x P G, y P H), is continuous on H.

Let τηpHq Ď PpGq be the topology with base

txηpUq : U P τH (i.e. U is open in Hq and x P Gu

Show that τηpHq is finer than the ambient topology τG on G, and
that pG, τηpHqq is a locally compact group.

(d) LetMpGηpHqq be the measure algebra of pG, τηpHqq, and ι : pG, τηpHqq Ñ
pG, τGq be the identity map. Show that

ιM
`

MpGηpHqq
˘

“ `1-
à

xPT

δx ˚ ηM
`

MpHq
˘

where T is a transversal for cosets of ηpHq in G.

(e) Show that

IηpHqpGq “

"

µ PMpGq :
µpxηpKqq “ 0 whenever K is a
compact subset of H and x P G

*

is an ideal in MpGq. [You may wish to verify that each x in
G determines a continuous automorphism αx on H: ηpαxpyqq “
xηpyqx´1.]

Examples to keep in mind, above. You should check them for your own
edification

‚ If H “ teu and η : teu Ñ G the only possible homomorphism, then
pG, τηpHqq “ Gd, i.e.G with the discrete topology. Then ιM

`

MpGηpHqq
˘

“

MdpGq – `1pGq. [If H is countable and normal in G, the same conclu-
sions hold.]

‚ If G “ H2 and η : H Ñ G is given ηpxq “ px, eq, then pG, τηpHqq “
H ˆ Hd. In this case, each element of ιM

`

MpGηpHqq
˘

is of the form
ν “

ř

xPH µxˆδx where }ν}1 “
ř

xPH }µx}1 (and hence all but countably
many of the measures µx in MpHq are 0).

‚ (Irrational wind) Let η : R Ñ T2 be given by ηptq “ peiξt, eitq where
ξ P RzQ. Then ηpRq is Borel but not closed in T2. In this case T2

ηpRq –

Rˆ Td, and ιM
`

MpT2
ηpRqq

˘

admits a description accordingly.
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