PMATH 950, Winter 2016
Assignment #2 Due: February 27.
Generally, G will denote a locally compact group, below.

1. A net (fo)a = L'(G) is called a summability kernel provided that

o sup || fo]1 < o0 (we say that (fa)a is contractive if each | f,]1 < 1);
. limj fadm = 1; and
o Ja

e for each open neighbourhood U of e, lim | fa] dm = 0.
a Ja\U

(a) Let (U,)a be a decreasing net of open sets (i.e. @ < o implies
U, 2 U,) which base for the topology at e. Show that (mlya)a
is a contractive summability kernel.

(b) Let & be a Banach G-module. Show that for £ in X

fa &= JG fal(x) z-&dr (Bochner integral)

satisfies lim,, f,-& = £. Deduce that (f,) is a bounded approximate
identity for LY(G): limg, fo * f = f = lim, f * fo, for fin LY(G).

2. Let G be compact, and Prob(G) = {u e M, (G) : u(G) = 1}.

(a) Suppose G = [],.; Gi (each G; compact) where G; is non-trivial
for infinitely many ¢. For each ¢ let m; denote the Haar measure
on each G;, normalized so m;(G;) = 1, and p; = m; x d., where
e; is the identity in G; = [ | el G;. For each finite subset I of
I consider the the convolution product pup = skicpp;. (Why does
product order not matter here?) Show that each pp is singular
with respect to the normalised Haar measure m. Furthermore,
the net (up)r, indexed over the directed set of increasing finite
subsets, converges in the weak™ topology to m.



(b)

Given p in M(G), let
supp(u) = {z € G : |u|(U) > 0 for each open neighbourhood of z}.
Show that supp(u) = (\{F : F is closed, with |u|(G\F) = 0}, and

hence is the smallest closed set supporting p. [Compactness of G
is not special here.]

Show that if € G, then {z™ : n € N} is a subgroup of G.

Let pu € Prob(G). Suppose the group (supp(u)) is dense in G.
Then the sequence of Cesaro averages of k-fold convolution prod-
ucts, %Zzzl ¥ converges weak* to m. [Let i be any cluster
point. First show that if £ € B(G) then pp = p < pu(F)p, then
deduce that ¢, * i < i for any x € supp(u).]

3. Let H be another locally compact group and 3 : G — H be a continu-
ous homomorphism.

(a)

For p in M(G) show that h — §,h o Bdu on Co(H) defines
a measure By (p) in M(H) with |Ba(p)|1 < |pflr, with equal-
ity holding if 3 is injective. Hence this defines a bounded map
Bu : M(G) — M(H). Show moreover that 3y is an algebra ho-
momorphism. [Warning: though h o 5 € Cy(G), it need not be in
Co(G).]

Let N be a closed normal subgroup of G. Show that the map
Ty : Co(G) — C.(G/N) defined for Weil’s relation, extends to a
surjective homomorphism Ty ;, : L'(G) — L'(G/N). [Surjectivity
is the hard part.]

Show that if 5 is open, i.e. 5(U) is open in H whenever U is open
in G, then Sy induces a map (1, : L'(G) — L'(H). [It may be
worthwhile to first consider the case where H = G and f is an
automorphism.]

4. Let H be a locally compact group and n : H — G be an injective
continuous homomorphism.

(a)
(b)

Show that if H is o-compact, then n(H) is a Borel set.

Show, by way of an example, that (a) above may fail if we do
not assume that H is o-compact. [Hint: show that R admits a
subgroup H with R/H countable.]
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(c) Assume, hereafter, that
e 1)(H) is Borel subset and normal subgroup of G, and

e cach automorphism ~, on H, given by n(v,(y)) = an(y)z~?
(x € G,y e H), is continuous on H.

Let 7,z S P(G) be the topology with base
{zn(U) : U € Ty (i.e. U is open in H) and z € G}
Show that 7,(g) is finer than the ambient topology 7¢ on G, and
that (G, 7)) is a locally compact group.
(d) Let M(G,m)) be the measure algebra of (G, 7y(m)), and ¢ : (G, Tyym)) —
(G, 7¢) be the identity map. Show that
iar (M(Gya)) = 0= @ 0 mu (M (H))
zeT
where T is a transversal for cosets of n(H) in G.
(e) Show that

(@) = {e (@)

is an ideal in M(G). [You may wish to verify that each z in
GG determines a continuous automorphism «, on H: n(a,(y)) =

an(y)r]

~p(zn(K)) = 0 whenever K is a
" compact subset of H and x € G

Examples to keep in mind, above. You should check them for your own
edification

o If H = {e} and n : {¢} — G the only possible homomorphism, then
(G, 7)) = Ga, i-e. G with the discrete topology. Then tys (M(Gyry)) =
My(G) =~ (*(G). [If H is countable and normal in G, the same conclu-
sions hold.]

o If G = H* and n: H — G is given n(x) = (z,e), then (G, 7)) =
H x H;. In this case, each element of ¢y, (M(Gn(H))) is of the form
V=D cm Ma X0y where vy = > 5 [1z]1 (and hence all but countably
many of the measures p, in M(H) are 0).

e (Irrational wind) Let  : R — T2 be given by n(t) = (e*!, ') where
¢ € R\Q. Then n(R) is Borel but not closed in T?. In this case T2 5 =
R x Ty, and vy (M (']I‘%(R))) admits a description accordingly.



