PMATH 833 (950), Winter 2018

Assignment #1 Due: February 1.

Unless otherwise stated, (G, 1) always denotes a Hausdorff locally com-
pact group.

1. Show that (G, ) is complete in the following sense: If (z,) is a net in
G which satisfies the property that for every V in 7 such that e € V,
the is ay such that z'zg € V for o, 8 > ay, then there is zy in G
such that lim,, x, = 9.

[An analogous statement holds with xazgl eV for a, 8 > ay, as well ]

2. (a) Let U € 7 satisfy that U is compact. Prove that U is either finite
or uncountable.

(b) Deduce that the only Hausdorff topology o on a countable group
[ which allows (I',0) to be a locally compact group is the discrete
topology.

(c) Exhibit an example of a countable topological group which is not
locally compact.

3. A disconnection for (G,7) is any pair {U,V} C 7\ {@} for which
G=UUVand UNV = @. We say that (G,7) is connected if no
disconnections exists. We say that (G, 1) is totally disconnected if for
any = # y in G there is a disconnection {U,, V, } for which = € U, while
yevy
(a) Let U € 7 with e € U. Show that H = |J,—, U™ contains an
open subgroup of GG. Deduce that if G is connected, it is compactly

generated, i.e. there is a compact set L for which the smallest subgroup
containing L is all of G.

(b) Show that if (G, 7) is totally disconnected, then every U in 7 with
e € U contains a compact W in 7 with e € W. [This can be done
without recourse to the general fact that if a locally compact space is
totally disconnected it is O-dimensional.] [Hint: first suppose that U is
compact and find V in 7 soe € V C U]

(c) Suppose there is W € 7 with e € W and W itself is compact.
Prove that W contains a compact open subgroup K of GG. Deduce
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that (G, 7) is totally disconnected if and only if 7 admits a base at
e consisting of open subgroups. [Hint: for the first part, show that
continuity of multiplication allows us to find neighbourhood V' of e for
which VW C W]

(d) Deduce that that if (G, 7) is totally disconnected, and N is closed
normal subgroup of G, then (G/N,7¢/n) (quotient topology) is totally
disconnected.

(e) Show that if (G, 7) is totally disconnected and compact, then there
is a base \V for 7 at e consisting of open normal subgroups. Deduce that
GG embeds in a product of finite groups, and that 7 is metrizable only if
N can be arranged to be countable. [Hint: show that if K is an open
subgroup, then (), . 2K x~! may be realised as a finite intersection of
conjugates of K]

(e) Show that any closed subgroup I' of GL,(R), which is totally dis-
connected (in the relative topology) is necessarily discrete. Deduce
that if (G, 7) is totally disconnected and compact, then any continuous
homomorphism 7 : G — GL,(R) has finite range. [Hint: use linear

algebra to study orbits {a"},ez for a € GL,(R) \ {e}.]

. Let (A,0) be a locally compact group. We say that (A, o) acts con-
tinuously on (G, ) if for a in A, z — «(z) is an automorphism and
the map (z,a) — a(z) : G x A — G is 7 X 0 — 7 continuous. Let mg
denote the left Haar measure on G.

(a) Show that there is a continuous homomorphism ¢ : A — (0, 00)
defined by §(a)mg(E) = mg(a(E)) for E € B(G).

(b) Define the semi-direct product of G' by A by
G x A=G x A (as a set), with product (z,a)(y, 5) = (xa(y), af).

Verify that (G x A, x 7) is a locally compact group and that

/GMf dm = / IR dm“‘ D) mg(a), f G x 4)

defines a left Haar integral on th1s group.

(c) Compute formulas for both left and right Haar integrals on

H = { {g ﬂ ca € GL,(R),z € R" (column VeCﬁOfS)} C GLy a1 (R).



5. Let (G, T) be a totally disconnected, compact and metrizable.

(a) Show that there is a sequential base N' = {N;}32, for 7 at e,
consisting of open normal subgroups such that

N O Ny for each k.

(b) (“Riemann” sums) Given f in C(G), an N-sequence is any sequence

(fe)i2; C C(G) such that

e for each k, fr(zn) = fi(x) for each x in G and n € N; and

o lim ||f — fills = 0.
k—o0
Show that the limit
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is independent of the choice of N-sequence (fx)72; and defines an in-
variant integral on G.
(c) Let

G = GLy(0,) = {a € Mz(0,) : deta € O }.
Determine a base N' = {N;}22, for the topology at e as in (a) and
compute the indices [G : N].



