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1. Let X be a Riemann surface. Consider the skyscraper sheaf Cp supported at p ∈ X (see Assignment
2). Prove that H0(X,Cp) = C and H1(X,Cp) = 0.

2. Let X be a Riemann surface and U ⊂ X be an open subset. A differentiable function f ∈ E(U)
is called harmonic if and only if ∂∂̄f = 0. Let H be the sheaf of harmonic functions on X, where
H(U) is the set of all harmonic functions on U and the restriction maps are the usual restrictions
of functions. Show that the sequence

0 −→ H −→ E ∂∂̄−→ E(2) −→ 0

is exact.

3. Complex line bundles. Let X be a Riemann surface. A complex line bundle on X is a topological
space L together with a surjective continuous map π : L→ X that satisfy the following properties:

• For every x ∈ X, the set Lx = π−1(x) ⊂ L (called the fibre of L over p) is endowed with the
structure of a k-dimensional C-vector space.

• For every x ∈ X admits an open neighbourhood U and a homeomorphism ϕU : π−1(U) →
U × C (called a local trivialisation of L over U) such that ϕU |Ly

: Ly → {y} × Ck is a linear
isomorphism for all y ∈ U .

If the local trivialisations can be chosen so that

ϕU ◦ ϕ−1
V : (U ∩ V )× C −→ (U ∩ V )× C

(z, v) 7−→ (z, gUV (z)v)

with gUV : U ∩ V → C∗ is holomorphic map, then L is said to be a holomorphic line bundle. The
map gUV is called the transition functions of L between the local trivialisations ϕU and ϕV .

Note: Line bundles are vector bundles of rank one. For more facts on vector bundles, see chapter 5
of John M. Lee’s book “Introduction to Smooth Manifolds”, which is available free online through
the UWaterloo library.

(i) Let KX := tx∈XT 1,0
x , where T 1,0

x is the space of cotangent (1,0)-forms at x on X. Show that
KX is a holomorphic line bundle on X, called the canonical line bundle of X.

(ii) Let L be a holomorphic line bundle on X. Moreover, let U = {Ui}i∈I be an open cover of X
with respect to which L admits local trivialisations ϕi : π−1(Ui)→ U ×C with corresponding
transition functions gij := gUiUj

. Show that {gij} ∈ Z1(U ,O∗), so that [{gij}] ∈ H1(X,O∗).
Conversely, let {hij} ∈ Z1(U ,O∗) and consider

L̃ := (ti∈IUi × C)/ ∼,

where two elements (ui, ti) ∈ Ui × C and (uj , tj) ∈ Uj × C are equivalent if and only if
ui = uj = p ∈ Ui ∩ Uj and ti = hij(p)tj . Show that ∼ is indeed an equivalence relation and

that L̃ is a holomorphic line bundle on X.

Note: For every open set U ⊂ X, the set O∗(U) of nowhere vanishing holomorphic functions
on U is an abelian group under function multiplication. Hence, since the abelian structure on
O∗(U) is multiplicative, the cocycle relation is gij · gjk = gik on Ui ∩Uj ∩Uk for all i, j, k ∈ I.



(iii) Let L and L̃ be two line bundles on X. Suppose that U = {Ui}i∈I be an open cover of X

with respect to which both L and L̃ admit local trivialisations with corresponding transition
functions gij and g̃ij , respectively. Then, L and L̃ are said to be isomorphic, denoted L ∼= L̃,
if and only if there exist holomorphic maps gi : Ui → C∗ such that

g̃ij(p) = gi(p)gij(p)gj(p)
−1

for all p ∈ Ui ∩ Uj . Show that this definition is independent of the open cover U . Moreover,
show that H1(X,O∗) parametrises holomorphic line bundles on X up to isomorphism. The
cohomology group H1(X,O∗) is called the Picard group of X and is denoted Pic(X).

(iv) In this part of the question, we prove that Pic(P1) = Z, implying that holomorphic line
bundles on P1 are classified by the integers, up to isomorphism. We will need the following:

Fact: Every holomorphic line bundle L on a non-compact Riemann surface X admits a global
trivialisation ϕ : L→ X ×C (that is, a local trivialisation with U = X). (For a proof of this,
see Forster, Theorem 30.3, p. 229.)

• Let U = {U1, U2} be the standard open cover of P1, where U1 = C and U2 = C∗ ∪ {∞}.
Use the above fact to show that U is a Leray cover of O∗ on P1. Since U only consists
of two open sets, this means in particular that every element in Z1(P1,O∗) is completely
determined by a section g12 ∈ O∗(U1 ∩ U2).

• Consider the map
deg : Pic(P1) −→ Z

[g12] 7−→ 1

2πi

∫
C

g′12(z)

g12(z)
dz,

where C is the unit circle in U1 ∩U2 = C∗ and g′12 is the usual derivative with respect to
z. Show that this map is a well-defined group isomorphism (you will in particular have
to check that deg([g12]) is independent of the representative g12, and also an integer!).

Let L be a holomorphic line bundle on P1. If L corresponds, up to isomorphism, to the element
[g12], we define the degree of L to be deg(L) := deg([g12]). Since any holomorphic line bundle
on P1 is determined up to isomorphism by its degree, we denote by O(n) any holomorphic
line bundle on P1 of degree n.

(v) Prove that deg(KP1) = −2, so that KP1 ∼= O(−2).

2


