1.

PMATH 800: Assignment 1
Due: Friday, 31 January, 2014

(a) One point compactification of R™. For n > 1, let co be a symbol not belonging to R™.
Introduce the following topology on the set X := R™ U {o0}. A set U C X is open, by
definition, if one of the two following conditions is satisfies:

i. 00 ¢ U and U is open in R™ with respect to the usual topology on R™.
ii. oo € U and K := X\U is compact in R™ with respect to the usual topology on R™.

Show that X is a compact Hausdorff topological space.
(b) Stereographic projection. Consider the unit n-sphere
St ={(21,.. ., Tpp1) ER" il 4 a2 =1}
and the stereographic projection
o:58" > R"U{oo}

given by
1

(X1, ey Tpg1) i= 1—2py1
00, if zpy =1

(xlv"'7xn)7 if$n+1 #la

Show that ¢ is a homeomorphism of S™ onto X; this proves in particular that the Riemann
sphere P! is homeomorphic to S? (after identifying R? with C in the natural way).

2. The complex projective line. The complex projective line is defined as the quotient

CP' := (C* — {0})/ ~,
where (21, 29) ~ (az1, azs) for all & € C*, and corresponds to the set of all lines through the origin
0 in C2.
(a) Prove that CP' endowed with the quotient topology is a topological surface.
(b) Let U; :={(z1, 22) : z; # 0}, i = 1,2, and consider the maps

©1 U1 — C
(z1,22) +—— 29/z1 =iz
and
Y2 : Uy, — C
(21,22) +—— 2z1/20 =: 2.
Show that U := {(Uy,¢1), (Uz, p2)} is a holomorphic atlas on CP*, thus inducing a complex
structure ¥ on CP".
(c) Prove that (CP',¥) is isomorphic to the Riemann sphere P*.

3. Let f(z) be a continuous complex function with real part v and imaginary part v. Recall that f

is holomorphic at zg if and only if the partials of u and v exist and satisfy the Cauchy-Riemann
equations

Uy = Vy, Uy = —Vy
in an open neighbourhood of zy (this is known as Looman-Menchoff’s Theorem, see).

Note that # = £(z + z) and y = 5-(z — ), so that u and v can be considered as functions of z and
Z. Verify that

af 1 i
97 5(“9: —vy) + 5(“1/ + vz),

and conclude that f is holomorphic at zg if and only if 9f/0Z = 0 in an open neighbourhood of z.


http://cms.dm.uba.ar/academico/materias/2docuat2010/analisis_complejo/2321164.pdf

4. Let X and Y be Riemann surfaces, and f : X — Y be a holomorphic map. Consider the induced
pullback map

o) — 0WX)
p —> polf.
Note that f*(¢) := @ o f is called the pullback of ¢ under f. Prove that f* is a well-defined ring
homomorphism, which is a monomorphism if f is non-constant.

5. Let I' = {mwy + nws : m,n € Z} and IV = {mw) + nw} : m,n € Z} be two lattices in C.

(a) Prove that C/T is homeomorphic to S! x S', where the homeomorphism is given by Aw; +
pewg > (€27 2T with A, i € R. Note that we consider S' x S! as a subset of C x C with
the induced metric topology, given by {(e?™*, e?™#) : A\, u € R}; moreover, since wy,ws are
R-linearly independent, C = {Awy + pws : A, u € R}.

(b) Show that I' = I'"” if and only if there exists a matrix A € SL(2,Z) :== {A € GL(2,Z) : det A =

1} such that
(wé) (w1> or <w§> <w2>.
Wy w2 Wo (%}

(¢) Suppose @ € C* is such that o' C TV. Show that the multiplication map C — C,z — «az,

induces a holomorphic map
C/T — C/1,

which is biholomorphic if and only if o' = I".
(d) Show that every torus X = C/I" is isomorphic to a torus of the form

X(1r):=C/(Z+Zr),
where 7 satisfies Im(7) > 0.

(e) Suppose (Z Z) € SL(2,Z) and Im(7) > 0. Let

ct+d’

,  ar+b
0y

Show that the tori X (7) and X (7) are isomorphic.
6. (Optional) A topological surface X is said to be smooth if it admits an atlas
U={(Us, 0 :Us = 9a(Us) CR?) : v € A}
such that
Yo 095" 1 05(UaNUs) = a(Ua NUs)

is smooth for all o, 8 € A, and the atlas U is called a smooth structure on X. Furthermore, if X
admits a smooth structure U such that det(Jac(pq o cpgl)) > 0 for all a, 5 € A, then X is said to
be orientable (with orientation given by U). Prove that every Riemann surface is orientable.



