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Definition (Graph)

Definitions

A graph is an ordered pair G = (V, E)
consisting of a vertex set V and set of edges E
(2-element subsets of V).
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Definitions

Extremal Graph Theory
How much of something can you have,
given a certain constraint?

Probabilistic Methods
Technique for proving the existence of
combinatorial objects with specified properties.



Definition (Proper Coloring)

Definitions

A proper coloring of G is an assignment of labels
(or colors) to vertices such that no edge connects
two vertices with the same color.



Definition (k-coloring)

Definitions A proper coloring of G with k (or fewer colors) is a
k-coloring.



Definition (k-coloring)

Definitions A proper coloring of G with k (or fewer colors) is a
k-coloring.

Definition (Chromatic Number)

The chromatic number of G is the smallest k such
that there is a k-coloring of G.



Definition (Cycle of length k)

Definitions

A cycle of length k consists of a closed walk (no
repetitions of vertices or edges) through k vertices.
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Definition (Girth)

The girth of a graph G is the length of a shortest
cycle contained in G.




Definition (Cycle of length k)

Definitions

A cycle of length k consists of a closed walk (no
repetitions of vertices or edges) through k vertices.

Definition (Girth)

The girth of a graph G is the length of a shortest
cycle contained in G.

Observe: a triangle-free graph has girth > 4.
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Definitions In 1955, Mycielski constructed triangle-free graphs
with arbitrarily high chromatic number.

- Q"@




High Girth and
High

Soromatc High Girth
and _
High Chromatic Number




High Girth and
High
Chromatic
Number

What about for higher girth?




High Girth and
High
Chromatic
Number

What about for higher girth?

Can we find graphs with high girth and arbitrarily
high chromatic number?




S What about for higher girth?
Chromatic
Number

Can we find graphs with high girth and arbitrarily
high chromatic number?

Yes, breakthrough using probabilistic combinatorics
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GRAPH THEORY AND PROBABILITY
r. ERDOS

A well-known theorem of Ramsay (8; 9) states that to every # there exists
a smallest integer g(n) 5o that every graph of g(n) vertices contains either
aset of n independent points or a complete graph of order n, but there exists
a graph of g() — 1 vertices which does not contain a complete subgraph
of  vertices and also does not contain a set of n independent points. (A graph
is called complete if every two of its vertices are connected by an edge; a set
of points s called independent i o two of its points are connected by an

ed ecermination of g(n) seems a very difficult problem; the best
inequalities for g(n} are (3)

. 2 = 2
0] 2 <gm < (77 1)

Tt is not even known that g(n)!"* e 10 3 imie, The o bound i W
has been obtained by combinatorial and probabilistic arguments without aa
explicit construction

per (5) with Szekeres f(k, 1 is defined as the least integer so that
every graph having f(k, §) vertices contains either a complete graph of order
kor a set of ! independent points (f(k, k) = g(k)). Szekeres proved

k+t—2)

@ I < (

Thus for
s-asen<('1)

I recently proved by an explicit construction that 7(3, 1) > I'* (4). By
probabilistic arguments T can prove that for & > 3

@ 16D > z(" -:—z)"

which shows that (2) is not very far from being best possible.

Define now h{#, ) as the least integer so that every graph of k(k, 1) vertices
contains either a closed cireuit of & or fewer lines, or that the graph contains
a set of I independent points. Clearly (3, 1) = 7(3,

By probabilistic arguments we are going (o prove that for fixed & and suffi-
ciently large |

Rl 1) > 14,
Further we shall prove that

Received Decersber 13, 1057.
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in the right place at the
right time.

You should also have
an open mind at the
right time.”

—Paul Erdés
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Theorem (Erdds 1959)
High

i For any integers ¢ and k, there is a graph of
girth > ¢ and chromatic number > k.

Idea: use random graphs

How do we generate random graphs on n vertices?
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On random graphs L
Dedicated to O. Varge, ot the occasion of his 50" birthday.

By P. ERDOS asd A, RENYL (Budapest)

Let us consider  “random graph” T,x haviag n possible (labelled)
vertices and N edges; in ofher words, Jet us choose at random (with equal

)
probabilities) ane of the (b) possible graphs which can be formed from
N

the n (ibelled) verices P, Py, Py by selecting N edges from e (3]
possible edges AP, (1 i<j = n). Thus the efiective number of vertices of
T may be less than n, as some points A may be not connected in £ x
with any ofer point £; we shall <all such points £, isolated poinis. We
consider the isolated poinis aiso 4s belonging fo L' v. L is called com-
pletely connected if it cfectvely confains il poinis P, e it it
has o solated points) and is connected in the ordinary scnse. In fhe present
poper v comsider symplfc sl propetis of rindon graphs for
We shall deal with the following quest
" Wiat 15 the prababiiy OF Tl AN COMPISIy CORTSCCE
2 Wit i the probabily it he rsiest ot compont s~
) of L shoud b vty =k pois? (k--0,1,)
What is the p Lo Shold St of Bty 41
comesien cmuponew(s’ i
edges of a graph with  vertices are chosen successively s
it ot Shen B vy g NI 0 YH. e e Pus e ot
probabiliy o be chosen as the next, and if we continu this process until
e g teones Conpiily ek, it i e sk s e
ber of necessary sieps # will be equal to . given
i) answen o the. hove questions we. prove . taaing
four theorems. In Theorems 1, 2, and 3 we use the notation

0} A, [7" fogn Hn]

where c is an arbitrary fixed real number ((x] denotes the integer part of x).
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device for turning coffee
into theorems.”

—Paul Erdds
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“If | feel unhappy,
| do mathematics
to become happy.

If I am happy,

| do mathematics
to keep happy.”
—Alfréd Rényi
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G(n, p) model
(Erdés—Rényi model)
Begin with n vertices.



tign o Model (Erdés and Rényi 1959)

Chromatic

Numoer G(n, p) model
(Erd6s—Rényi model)
Begin with n vertices.
Include each edge
independently with
probability p.
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Theorem (Erdds 1959)

High Girth an For any integers ¢ and k, there is a graph of
S girth > ¢ and chromatic number > K.

Number

Idea:

m for nlarge and p carefully chosen, G p has
“few” short cycles (at least half the time)

m for nlarge Gpp has high chromatic number
(at least half the time)

m combining these and deleting some problem
vertices we get graphs with high chromatic
number and no short cycles
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this is an existence proof



Theorem (Erdds 1959)

— For any integers ¢ and k, there is a graph of
g girth > ¢ and chromatic number > K.

Chromatic
Number

this is an existence proof, not a construction
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G is regular if all vertices have the same degree.



Definition (Regular)

G is regular if all vertices have the same degree.

How do we generate random d-regular graphs
on n vertices?
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Euop. 1. Combinatorics (1980)1, 311316

A Probabilistic Proof of an Asymptotic Formula for the Number of
Labelled Regular Graphs

BeLa BoLionks

et o = g o -
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— Béla Bollobas
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Begin with n vertices.
Random Create n “cells,” each with
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Bootstrap percolation on the random regular
graph

Jézsef Balogh* and Boris G. Pittel !
December 8, 2005

Dedicated to Alan Frieze on the occasion of his 60-th birthday.

Abstract

The k-parameter bootstrap percolation on a graph is a model of
an interacting paticle system, which can also be viewed as a variant
of a growth process of a cellular automata with threshold £ > 2. At
the start each of the graph vertices i active with probability ’ and
inactive with probability 1 - p, independently ufn“u‘r\('tlu

of active vertices triggers a percolation process controlled u, e
recursive rules e e active foove, anl & currly
fonetive sertox becomen active whon at et & of 4 ncighbors aro ac-
tive. The basic problem s to identify, for a given gr uch
Ut or 7 < 1 (5 7" resp.) the probalslity that all vertce e
eventually active s very close to 0 (1 resp.). The percolation process is
a Markov chain on the space of subsets of the vertex set, which is easy
to deseribe but hard to analyze rigorously in general. We study the
percolation on the random d-regular graph, d >
process on its multigraph counterpart. Here, thanks to a
deferred decisions” , the percolation d

Triversity of Tinols at U palgn, work was partially done while
State University; email: jobal Gmath uiuc.edu, research supported in part by
DMS0302501 and OTKA grant 019395,

The Ohio State University; email: bip@math obio-state.edu, research supported in
NSF grant DMS.0406024

e Ohio
F grant
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Bootstrap Percolation
on a Random Regular
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m |s the whole graph
infected?

m For g =0, no.
d=3,g=0



Bootstrap Percolation
on a Random Regular
Graph

m |s the whole graph
infected?

m Forg=1, yes.
d=38,9g=1



Theorem (Balogh and Pittel 2007)

Letd > 3. For random d-regular graphs, the
dissemination threshold is a constant

Random . d - 2
Regular Pa = d—1

Graphs

asymptotically almost surely (a.a.s.).

1 2
P3 = §7p4 = 3 etc.



Random
Regular
Graphs

Theorem (Balogh and Pittel 2007)
Letd > 3. For random d-regular graphs, the

dissemination threshold is a constant
_d-2

Pa= a1
asymptotically almost surely (a.a.s.).
ps = 3.Ps =5, etc.

where an event X = X(n) holds a.a.s.
if P[X(n)] - 1asn— o
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has an edge orientation in which every out-degree

is either 4 or 1.
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One of the most famous graph theory conjectures
is the Tutte nowhere-zero 3-flow conjecture.

Conjecture (Equivalent Form, Tutte 1966)

Every 4-edge-connected, 5-regular graph
has an edge orientation in which every out-degree

is either 4 or 1.
3-Flow

Conjecture

Definition (k-edge-connected)

G is k-edge-connected if G remains connected
whenever any set of fewer than k edges are
removed.



Conjecture (Equivalent Form, Tutte 1966)

Every 4-edge-connected, 5-regular graph
has an edge orientation in which every out-degree
is either 4 or 1.
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Question (Barat and Thomassen 2006)

Does every 4-edge-connected, 4-regular graph
have an edge orientation in which every out-degree
3-Flow is either 4 or 1.
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Question (Barat and Thomassen 2006)

Does every 4-edge-connected, 4-regular graph
have an edge orientation in which every out-degree
3-Flow is either 4 or 1.
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Answer: No!



Example (Barat and Thomassen 2006)
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Example (Barat and Thomassen 2006)
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Pigeonhole!



Conjecture (Barat and Thomassen 2006)

If G is a planar 4-edge-connected, 4-regular graph
3 Flow such that 3|e(G), then G has an edge orientation in
SEeE which every out-degree is either 4 or 1.
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Theorem (Bollobas 1981, Wormald 1981)

A random d-regular graph is d-edge-connected
asymptotically almost surely (a.a.s.).
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Theorem (Bollobas 1981, Wormald 1981)

A random d-regular graph is d-edge-connected
asymptotically almost surely (a.a.s.).
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Theorem (D. and Postle 2016+)

If 3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).
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Theorem (D. and Postle 2016+)

If3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).

ldea:
m the proof is very technical, the standard
technique does not apply
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Theorem (D. and Postle 2016+)

If3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).

ldea:
m the proof is very technical, the standard
technique does not apply
m instead use the small subgraph conditioning
method of Robinson and Wormald
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Thank you
for listening!
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