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Definition (Graph)

A graph is an ordered pair G = (V ,E)
consisting of a vertex set V and set of edges E
(2-element subsets of V ).
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Extremal Graph Theory
How much of something can you have,
given a certain constraint?

Probabilistic Methods
Technique for proving the existence of
combinatorial objects with specified properties.
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Definition (Proper Coloring)

A proper coloring of G is an assignment of labels
(or colors) to vertices such that no edge connects
two vertices with the same color.
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Definition (k -coloring)

A proper coloring of G with k (or fewer colors) is a
k-coloring.

Definition (Chromatic Number)

The chromatic number of G is the smallest k such
that there is a k-coloring of G.
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Definition (Cycle of length k )

A cycle of length k consists of a closed walk (no
repetitions of vertices or edges) through k vertices.

Definition (Girth)

The girth of a graph G is the length of a shortest
cycle contained in G.

Observe: a triangle-free graph has girth ≥ 4.
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with arbitrarily high chromatic number.
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What about for higher girth?

Can we find graphs with high girth and arbitrarily
high chromatic number?

Yes, breakthrough using probabilistic combinatorics
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“It is not enough to be
in the right place at the
right time.

You should also have
an open mind at the
right time.”
–Paul Erdős
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Theorem (Erdős 1959)

For any integers ` and k, there is a graph of
girth > ` and chromatic number > k.

Idea: use random graphs

How do we generate random graphs on n vertices?
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into theorems.”
–Paul Erdős
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“If I feel unhappy,
I do mathematics
to become happy.

If I am happy,
I do mathematics
to keep happy.”
–Alfréd Rényi
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n = 6

Model (Erdős and Rényi 1959)

G(n,p) model
(Erdős–Rényi model)

1 Begin with n vertices.
2
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n = 6,p = 1
2

Model (Erdős and Rényi 1959)

G(n,p) model
(Erdős–Rényi model)

1 Begin with n vertices.
2 Include each edge

independently with
probability p.
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Theorem (Erdős 1959)

For any integers ` and k, there is a graph of
girth > ` and chromatic number > k.

Idea:
for n large and p carefully chosen, Gn,p has
“few” short cycles (at least half the time)
for n large Gn,p has high chromatic number
(at least half the time)
combining these and deleting some problem
vertices we get graphs with high chromatic
number and no short cycles



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture

Theorem (Erdős 1959)

For any integers ` and k, there is a graph of
girth > ` and chromatic number > k.

Idea:
for n large and p carefully chosen, Gn,p has
“few” short cycles (at least half the time)
for n large Gn,p has high chromatic number
(at least half the time)
combining these and deleting some problem
vertices we get graphs with high chromatic
number and no short cycles



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture

Theorem (Erdős 1959)
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For any integers ` and k, there is a graph of
girth > ` and chromatic number > k.

this is an existence proof, not a construction
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Definition (Regular)

G is regular if all vertices have the same degree.

How do we generate random d-regular graphs
on n vertices?
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“Erdős has an amazing
ability to match problems
with people.

Which is why so many
mathematicians benefit
from his presence.”
– Béla Bollobás



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture
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Pairing Model (Bollobás 1980)

1 Begin with n vertices.
2

3

4

5
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Pairing Model (Bollobás 1980)

1 Begin with n vertices.
2 Create n “cells,” each with

d “points.” (dn even)
3

4

5
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on a Random Regular

Graph
Is the whole graph
infected?
For q = 0, no.
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Theorem (Balogh and Pittel 2007)

Let d ≥ 3. For random d-regular graphs, the
dissemination threshold is a constant

pd =
d − 2
d − 1

asymptotically almost surely (a.a.s.).

p3 = 1
2 ,p4 = 2

3 , etc.

where an event X = X (n) holds a.a.s.
if P [X (n)]→ 1 as n→∞
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One of the most famous graph theory conjectures
is the Tutte nowhere-zero 3-flow conjecture.

Conjecture (Equivalent Form, Tutte 1966)

Every 4-edge-connected, 5-regular graph
has an edge orientation in which every out-degree
is either 4 or 1.

Definition (k -edge-connected)

G is k-edge-connected if G remains connected
whenever any set of fewer than k edges are
removed.
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Question (Barát and Thomassen 2006)

Does every 4-edge-connected, 4-regular graph
have an edge orientation in which every out-degree
is either 4 or 1.

Answer: No!
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Conjecture (Barát and Thomassen 2006)

If G is a planar 4-edge-connected, 4-regular graph
such that 3|e(G), then G has an edge orientation in
which every out-degree is either 4 or 1.
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Counterexample (Lai 2007)

x2 xj−1

xj+1

xjx1

x3k
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Theorem (Bollobás 1981, Wormald 1981)

A random d-regular graph is d-edge-connected
asymptotically almost surely (a.a.s.).

Theorem (D. and Postle 2016+)

If 3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).
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Theorem (D. and Postle 2016+)

If 3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).

Idea:
the proof is very technical, the standard
technique does not apply
instead use the small subgraph conditioning
method of Robinson and Wormald



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture

Theorem (D. and Postle 2016+)

If 3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).

Idea:
the proof is very technical, the standard
technique does not apply
instead use the small subgraph conditioning
method of Robinson and Wormald



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture

Theorem (D. and Postle 2016+)

If 3|n, then a random 4-regular graph on n vertices
has an edge orientation in which every out-degree
is either 4 or 1 asymptotically almost surely (a.a.s.).

Idea:
the proof is very technical, the standard
technique does not apply
instead use the small subgraph conditioning
method of Robinson and Wormald



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture



Definitions

High Girth and
High
Chromatic
Number

Random
Regular
Graphs

3-Flow
Conjecture

Thank you
for listening!


	Definitions
	High Girth and High Chromatic Number
	Random Regular Graphs
	3-Flow Conjecture

