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m Motivation
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Extremal Combinatorics
m How large can a system be under certain restrictions?
m Can we enumerate such systems?

m Can we describe the “typical structure”?
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Theorem (Mantel 1907)

The maximum number of edges in an n vertex triangle-free
graph is {éJ .
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Preliminaries

Theorem (Mantel 1907)

The maximum number of edges in an n vertex triangle-free
graph is {éJ .

Theorem (Erdés—Kleitman—Rothschild 1976)

There are at most 2(1+0(1))-ex(nK)) K, _free graphs on n vertices.
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Preliminaries

Theorem (Mantel 1907)
The maximum number of edges in an n vertex triangle-free
graph is {éJ

Theorem (Erdés—Kleitman—Rothschild 1976)
There are at most 2(1+0(1))-ex(nK)) K, _free graphs on n vertices.

Sharp sparse analogue

Corollary (Balogh—Morris—Samotij—-Warnke 2013+)

Almost every K;-free n vertex graph with m > m(n) edges is
(t — 1)-partite, where m(n) is best possible.
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1. Preliminaries

m Motivation
m Definitions
m Hypergraphs
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m k-uniform hypergraph on [n], F C ([Z]) is intersecting if
VF,G e E(F), |FN G| > 1

Michelle Delcourt University of lllinois, at Urbana-Champaign

The Typical Structure of Intersecting Families



Preliminaries

m k-uniform hypergraph on [n], F C ([Z]) is intersecting if
VF,G e E(F), |FN G| > 1

m 7 C () is trivial if each edge contains a fixed vertex
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m k-uniform hypergraph on [n], F C ([Z]) is intersecting if
VF,G e E(F), |FN G| > 1

m 7 C () is trivial if each edge contains a fixed vertex
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How large can an intersecting family be?

Theorem (Erdés—Ko—Rado 1961)

If n> 2k and F C (1) is intersecting, then

e(F) < (Z:D

For n > 2k we have equality only if F is trivial.
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1. Preliminaries

m Motivation
m Definitions
m Hypergraphs
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Preliminaries

m Let #¥(n, p) be the k-uniform hypergraph on [n] with each
edge included independently with probability p
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m Let #¥(n, p) be the k-uniform hypergraph on [n] with each
edge included independently with probability p

m Let i(H) := max{e(F): F C H,F intersecting}
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m Let #¥(n, p) be the k-uniform hypergraph on [n] with each
edge included independently with probability p

m Let i(H) := max{e(F): F C H,F intersecting}

Theorem (Erdés—Ko—Rado Restated)
If n > 2k, then

o) () = (63)

For n > 2k equality is achieved only by a trivial subhypergraph.

Michelle Delcourt University of lllinois, at Urbana-Champaign

The Typical Structure of Intersecting Families



Preliminaries

H satisfies Erdés-Ko-Rado if i(#) is achieved only by a trivial
subhypergraph
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H satisfies Erdés-Ko-Rado if i(#) is achieved only by a trivial
subhypergraph

Question (Balogh—Bohman—Mubayi 2009)

Given 2 < k < n/2, for which functions p = p(n) € [0, 1] does
H¥(n, p) satisty Erdés-Ko-Rado?
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H satisfies Erdés-Ko-Rado if i(#) is achieved only by a trivial
subhypergraph

Question (Balogh—Bohman—Mubayi 2009)

Given 2 < k < n/2, for which functions p = p(n) € [0, 1] does
H¥(n, p) satisty Erdés-Ko-Rado?

Balogh—-Bohman—Mubayi settled this for k < n'/2—o(1)
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Theorem (Gauy—Han—Oliveira 2014+)

Lets = 6(n) > 0. Ifinn < k < U597 and p > 1(Inmy1/2  then
almost surely as n — oo

i (n.p) = (1 + o(1)p ().

Trivial intersecting subfamilies are asymptotically largest

Michelle Delcourt
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Things change around k = /n.

m For smaller k, two random k-sets are typically disjoint
m For larger k, the opposite holds
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Things change around k = /n.

m For smaller k, two random k-sets are typically disjoint
m For larger k, the opposite holds

Result (Hamm—-Kahn 2014+)

For any fixed ¢ < 1/4, and

k < y/cnlogn

characterize p = p(n, k) for which then H* (n, p) satisfies
Erd6s—Ko—Rado w.h.p.
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Theorem (Hamm-Kahn 2014+)

There is a fixed e > 0 such that the following holds.
Ifn=2k+1andp>1—e¢, then H"(n, p) satisfies
Erd6s—Ko—Rado w.h.p.
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Theorem (Hamm—Kahn 2014+)

There is a fixed e > 0 such that the following holds.
Ifn=2k+1andp>1—e¢, then H"(n, p) satisfies
Erd6s—Ko—Rado w.h.p.

Theorem (Balogh—Das—D.—Liu—Sharifzadeh 2015)

For3 <k < g, if
k
() ()
_ K2’
(")
then w.h.p. every largest intersecting subhypergraph of
H¥(n, p) is trivial.

p=p(n) = c-nlog (1)
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2. Intersecting Permutations

m Background
m Main Result
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C Syisintersecting if Vo, 7 € F

lonm|:=|{ie[n]:o(i)=mn(i)} >1

Michelle Delcourt University of lllinois, at Urbana-Champaign

The Typical Structure of Intersecting Families



Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C Syisintersecting if Vo, 7 € F

lonm|:=|{ie[n]:o(i)=mn(i)} >1

m For example,
123
134
231

AN D
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C Syisintersecting if Vo, 7 € F

lonm|:=|{ie[n]:o(i)=mn(i)} >1

m For example,
123
134
2 31

AN D
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C Syisintersecting if Vo, 7 € F

lonm|:=|{ie[n]:o(i)=mn(i)} >1

m For example,
123
134
231

AN B
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C S,isintersecting if Vo, 7€ F

loNn|:={ieln:o(i)=mn(i)} >1

m FC Spistrivialif3/,je[nsuchthatn(i)=j VneF
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C S,isintersecting if Vo, 7€ F
loNn|:={ieln:o(i)=mn(i)} >1

m FC Spistrivialif3/,je[nsuchthatn(i)=j VneF

m For example,
1234

—_ a4
AR OWMN
WA NDD
NDNWN P
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Intersecting Permutations

m Let S, denote the symmetric group on [n]
m F C S,isintersecting if Vo, 7€ F
loNn|:={ieln:o(i)=mn(i)} >1

m FC Spistrivialif3/,je[nsuchthatn(i)=j VneF

m For example,
1234

-
AR OWMN
WA NDD
NDNWN P
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Intersecting Permutations

How large can an intersecting family be?

for fixed i,j € [n],
[{o € Sp:o(i) =/} =(n—1)!

(4-1)1=31=6

— — ) ),
AR WWNDN
WNPAEANP®
NWN P WAS
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Intersecting Permutations

How large can an intersecting family be?

for fixed i,j € [n],
[{o € Sp:o(i) =/} =(n—1)!

(4-1)1=31=6

— — ) ),
AR WWNDN
WNPAEANP®
NWN P WAS

Theorem (Frankl-Deza 1977)
If F C Sy is intersecting, then | F| < (n—1)..

Theorem (Cameron—Ku / Larose—Malvenuto 2003)

We have equality above only if F C S, is trivial.
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Intersecting Permutations

How large can a non-trivial, intersecting family be?
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Intersecting Permutations

How large can a non-trivial, intersecting family be?

Theorem (Ellis 2008)

For n sufficiently large, the largest non-trivial intersecting
F C S;, have size

(1 —;+o(1)> (n—1).
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Intersecting Permutations

How large can a non-trivial, intersecting family be?

Theorem (Ellis 2008)

For n sufficiently large, the largest non-trivial intersecting
F C S;, have size

(1 —;+o(1)> (n—1).

{o0€Sp:0(1)=1,0(j) =jforsomej>2}U{(12)}
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Intersecting Permutations

2. Intersecting Permutations

m Background
m Main Result
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Intersecting Permutations

Theorem (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of intersecting families of permutations is
(n? + o(1))2(=1*,

Almost every intersecting family of permutations is trivial.
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Intersecting Permutations

We will use the skew-symmetric Bollobas set-pairs inequality

Theorem (Frankl 1982)

LetA+,...,An be sets of size aand By, . .., Bm be sets of size
b such that Ain B; =0 and Ain B; # 0 forevery 1 <i < j < m.
Thenm < (#1P).
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Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

m Pick F maxint, Z(F) :={mr € Sp: Vo € F, [t No| > 1}
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Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

m Pick F maxint, Z(F) :={mr € Sp: Vo € F, [t No| > 1}

m Let Fo = {o1,...,0s} C F be a minimal generating set
(F =I(Fo))
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Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

m Pick F maxint, Z(F) :={mr € Sp: Vo € F, [t No| > 1}

m Let Fo = {o1,...,0s} C F be a minimal generating set
(F =I(Fo))
m Vi€ [s],3r € Spsuchthat jo; N7 =0iffi=j

Michelle Delcourt University of lllinois, at Urbana-Champaign

The Typical Structure of Intersecting Families



Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

m Pick F maxint, Z(F) :={mr € Sp: Vo € F, [t No| > 1}

m Let Fo = {o1,...,0s} C F be a minimal generating set
(F =1I(Fo))

m Vi€ [s],3r € Spsuchthat jo; N7 =0iffi=j

m Assign H, = {(1,7(1)),...,(n,w(n))}
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Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

mVr, ' € Sy, |H: NHy| = |7 N7’
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Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

BV, 7’ € Sy, |Hr N Hy| = |rNa|

m Apply the Bollobas set-pairs inequality
for1 <i<s, Ai=H,, and B; = H,,, and
fors+1<i<2s, Ai=H, ,and Bi = H,, |
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Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in S, is at most

(%7

Z (n') < nn22n71
i o

i=0

BV, 7’ € Sy, |Hr N Hy| = |rNa|

m Apply the Bollobas set-pairs inequality
for1 <i<s, Ai=H,, and B; = H,,, and
fors+1<i<2s, Ai=H, ,and Bi = H,, |

m Thens< J(®"1)
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Preliminaries Intersecting Permutations

Proposition (Balogh—Das—D.—Liu—Sharifzadeh 2015)

The number of maximal intersecting families in Sy, is at most

()

Z (n') - nn22n71
i .

i=0

m To every maximal family 7 we may assign a distinct

generating set of size at most 1 (")

m The upper bound follows since n! < n and (*"1) < 2201
U
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Intersecting Permutations

The general method

Ny size of the largest trivial intersecting family

N, size of the largest non-trivial intersecting family
M upper bound on the number of maximal families
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Intersecting Permutations

The general method

Ny size of the largest trivial intersecting family

N, size of the largest non-trivial intersecting family
M upper bound on the number of maximal families

Observation

Any subset of a trivial intersecting family is itself trivial.

There are at least 2 trivial families
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Intersecting Permutations

The general method

Ny size of the largest trivial intersecting family

N, size of the largest non-trivial intersecting family
M upper bound on the number of maximal families

Observation

Any subset of a trivial intersecting family is itself trivial.

There are at least 2 trivial families

Observation

Any non-trivial intersecting family must be contained inside a
maximal non-trivial intersecting family.

There are at most M2Nt non-trivial families
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Intersecting Permutations

The general method

Ny size of the largest trivial intersecting family

N, size of the largest non-trivial intersecting family
M upper bound on the number of maximal families

Observation

Any subset of a trivial intersecting family is itself trivial.

There are at least 2 trivial families
Observation

Any non-trivial intersecting family must be contained inside a
maximal non-trivial intersecting family.

There are at most M2Nt non-trivial families
M2N:

oM 0
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Thank you for listening!
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