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Chapter 1

In tro duction

Meandersare combinatorial objects with a topological °avour, encapsulat-
ing properties of the interplay betweenplanarity and connectedness.They
correspond to the systemsformed by the intersections of two curvesin the
plane, with equivalenceup to homeomorphismwithin the plane. They arise
in other guisesin polymer physics, algebraic geometry, and the study of
planar algebras, especially the Temperley-Lieb algebra. For applications of
meanders,the readeris referredto [1, 4, 12]. Asscciated with eady meander,
is a crossingnumber. The focus of this essg is the problem of enumerating
inequivalent closedmeanderswith respect to their crossingnumbers.

The problem of enumerating meandershas a long history, with interest
dating badk at least to work by Poincar§ on di®ererial geometry, though
the modern study appearsto have been inspired by Arnol in [1]. Also
considered,will be the related problem of enumerating semi-meanders.Em-
phasiswill be placed on exact results, but asymptotic approximations will
also be described.

This essy presers seeral constructions that can be usedto express
meandric numbers in terms of other combinatorial objects. The resulting
expressionsare elegan, but computationally intractable to date. That ex-
pressionsfor meandric numbers can be derived through sud diverse con-
structions, illustrates a sublte interrelation betweenseeminglyunrelated ar-
easof mathematics.



1.1 De nitions

We begin by de ning the objects of study. Three varieties of meanderswill
be of particular interest in this essg, the most natural to describe being
the open meander, which we introduce informally through a geographical
analogy beforede ning it formally.

Informally, an open meander may be represerned as the con guration
formed by a river and a road. The river approades the road from the
northwest, meandersaround under an east-west road, and then continues
o®to the east. Both the river and the road can be consideredto be in nite.
SeeFigure 1.1 It is from this geographicalcortext that the name meander
is derived. The imagery of this description encapsulatesse\eral of the key
features of meandersthat needto be formalized.

P N\
W =

Figure 1.1: An open meander represerted as a river and a road.

A meander consists of two distinguished simple planar curves; in the
case of the geographical analogy these are the river and the road. The
two curves crossa nite number of times and these crossingsaccourt for
all of the intersections betweenthe curves. We are interested in meanders
only up to equivalenceunder homeomorphismwithin the plane and impose
an orientation on the river to prevent unwanted equivalencesarising from
rotating a con guration to swap the ends of the river or road. Combining
these features, we can now de ne an open meander.

De nition 1.1.1 (Op en Meander). An open meanderis a con guration
consisting of an oriented simple curve and a line in the plane, that cross
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a nite numkber of times and intersect only transversaly. Two open mean-
ders are equivalent if there is a homeomorphism of the plane that maps one
meander to the other.

A natural parameter of an open meanderis its order. Given a meandric
con guration, the order of the meanderis the number of crossingsbetween
the two curves. Figure 1.2 givesthree examplesof open meandersand indi-

ARV
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Figure 1.2: Examples of open meandersand their orders, denoted by n.

It is worth noting that in the de nition of an open meander,the line and
curve play symmetric roles. Sincea line and a simple curve are homeomor-
phic, and we are only interestedin de ning meandersup to homeomorphism,
their roles can be reversed by imposing an orientation on the line instead
of the curve. A homeomorphismof the plane can then be usedto corvert
this con guration to the familiar form. In light of this equivalencebetween
the curves, it will often be corveniert to orient the line instead of the curve
when de ning other varieties of meanders.

@) (b) (© (d)

Figure 1.3: The duality betweenthe line and curve in an open meander

This duality is illustrated in [Figure 1.3 Beginning with an open mean-
der we orient the line (a). The curve is straightened by applying a homeo-
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morphism of the plane (b-d). Straightening the curve, curvesthe line. By
ignoring the nal orientation on the line, we are left with a new open mean-
der (d). By our choicein orientations, applying the transformation a second
time hasthe result of rotating the con guration by a half turn in the plane.
The processcan be made self inverse by re°ecting the nal con guration

acrossthe line.

For the purpose of enumeration a more conveniert class of objects of
study is the classof closedmeanders,and it is customary to refer to these
simply as meanders.

De nition 1.1.2 (Closed Meander). A closedmeanderis a planar con-
“guration consisting of a simple closeal curve and an oriented line, that cross
“nitely many times and intersect only transversaly. Two meanders are
equivalent if there exists a homeomorphism of the plane that maps one to
the other.

A

n=

Figure 1.4: Examples of closed meanders, and their orders, denoted by n.

The order of a closedmeanderis de ned asthe number of pairs of inter-
sectionsbetweenthe closedcurve and the line. Sincethe two curvesintersect
an even number of times, the order of a closedmeanderis an integer. Ex-
amplesof closedmeandersare provided in |[Figure 1.4.

A third variety of meandersis obtained by replacing the line in the
de nition of a closemeander, with a ray. If we think of the ray asa river
with a source,and think of the curve as a road, this correspondsto a road
that wraps around the sourceof the river.

De nition 1.1.3 (Semi-meander). A semi-meanderis a planar con gu-
ration consisting of a simple closeal curve and a ray, that cross nitely many



times and intersect only transversaly. Two semi-menders are equivalent if
there exists a homeomorphism of the plane that maps one to the other.

As with open meanders,the number of intersections between the two
curves of a semi-meandric con guration may be odd, and the order of a
semi-meandriccon guration is the number of intersectionsbetweenthe two
curves. In addition to order, semi-meanderdave a secondnatural parameter
of enumerative importance. The winding numkber of a semi-meanderis the
minimum, over all equivalent con gurations, of the number of times the
closed curve crossesthe extension of the ray to a line. Examples of semi-
meandersare provided in |[Figure 1.5. Notice that the middle two examples
are equivalent as semi-meanders.

@@@@

n=5w=3 n=4w=0 n=4,w=0 n=5w=1

Figure 1.5: Examples of semi-meanders,their orders, n, and their winding numbers, w.

The apparert inconsistencyin the of de nition of the order of a closed
meanderand the order of a semi-meanderis justi ed inSection2.2.1, where
both classesare viewed in terms of arch con gurations, which we now intro-
duce.

De nition 1.1.4 (Arc h Con guration).  An arch con guration is a pla-
nar con guration consisting of pairwise non-intersecting semicircular arches
lying on the sameside of an oriented line, arranged suchthat the feet of the
archesare equally spaced along the line.

The order of an arch con guration is the number of archesit contains.
An arch con guration consisting of concernric arcsis called a rainbow con-
‘guration. Sud con gurations are used in represeiting semi-meanders.
Figure 1.6 illustrates someexamplesof arch con gurations. The nal exam-
ple is the rainbow con guration of order 5.
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Figure 1.6: Examples of arch con gurations of order 5.

Arch con gurations play an essetial role in the erumerative theory of
meanders. They are usedto obtain the canonicalrepreserativ esof both me-
andersand semi-meanderghat are usedin subsequeh constructions. They
also have a natural link to the Temperley-Lieb algebra, which is discussed

in |Chapter 5

The principal enumerative problem assaiated with meandersis to de-
termine the number of inequivalent meandric con gurations of various forms
with respect to order. We intro duce notation to represert thesenumbersfor
the varieties of meandersalready intro duced. The numbers of inequivalert
open, closed, and semi-meandersof order n are denoted by m,, M, and
M, respectively, and are called the n-th open meandric numkber, (closel)
meandric numkbker, and semi-mendric numkber, respectively. We let C,, de-
note the number of arch con gurations of order n.

AN
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Figure 1.7: The eight inequivalent meandric con gurations of order three.

As an example, Figure 1.7 givesall of the non-equivalent meandric con-
“gurations of order three, the lines ead being understood to be oriented
from left to right. SoM3 = 8. The rst few meandric numbers are listed in

Table A.1|



1.2 Enumerativ e Strategies

To date, there is not a complete solution to the meander problem. Seeral
constructions can be usedto rephraseit in di®eren forms, but none of these
approades has yet succeededn making the problem more tractable.

‘Chapter 2 preseris someelemenary approadesto the problem of enu-
merating meanders. Open meandersare related to closedmeanders. Mean-
ders and semi-meandersare then discussedin terms of arch con gurations.
This leadsto a de nition of meandric and semi-meandric systems, and in
turn yields weak upper and lower bounds for the number of meandersof a
given order. Seeral automorphisms on the classof meandersare described
and used to derive congruencessatis ed by the meandric numbers. The
chapter concludeswith a description of an algorithm for exhaustive enumer-
ation of meandersand semi-meanders.

Each of the remaining chapters deals with a more advanced approac
to the problem, outlining the construction and mathematical tools involved,
and summarizing the conclusionsthat can be drawn from the approad.

‘Chapter 3 dealswith represeriing meandersas permutations and then
dewelops some properties of the symmetric group in order to expressme-
andric and semi-meandricnumbersin terms of characters of the symmetric
group. These expressionsprovide an e®ective method for describing mean-
dersin purely combinatorial terms, and a bridge to the theory of symmetric
functions.

‘Chapter 4 preseris an expressionfor meandric numbersin terms of ma-
trix integrals. A meandric con guration is generalizedto a map with mul-
tiple roads, multiple rivers, and arbitrary gerus. Counting these modi ed
objects with respectto number of rivers, roads, and gerusis then phrasedas
a problem of colouring maps. This map colouring problem is then expressed
as a matrix integral. Results about meanderscan be obtained by taking
appropriate limits. To date, there are no known techniques for evaluating
the resulting integrals, but the construction rephrasesthe meanderproblem
in analytic terms.



‘Chapter 5intro ducesthe Temperley-Lieb algebra. The meanderproblem
is reducedto oneof evaluating the Gram matrix of a symmetric bilinear form
on the algebrawith respectto a particular basis. The chapter developssome
properties of the Temperley-Lieb algebraand relatesthem to the evaluation
of this form. This construction potentially opensthe meander problem to
the tools of linear algebra.

Chapter 6 considers approaches to the meander problem that involve
taking cross-sectionsof meanders. Each intersection betweenthe curvesis
treated as a letter in a combinatorial word. This interpretation presens
the meander problem in terms of the theory of formal languagesand leads
to a description of the technique that, to date, has been most e®ectie at
exhaustively enumerating meanders.



Chapter 2

Elementary Approac hes

2.1 Relating Open and Closed Meanders
We rst justify the exclusionof open meandersfrom subsequeh discussion

by noting their relationship to closedmeanders,which are more easily ana-
lyzed, in alarge part becauseof their represenabilit y by arch con gurations.

O A {7

Figure 2.1: Closed meandersand odd order open meanders

T

Figure 2.1illustrates the bijective corresppndencebetweenclosedmean-
ders and open meandersof odd order. A unique closed meander can be
obtained from every open meander of odd order by adding an intersection
betweenthe curvesat the right of the con guration. The two free ends of
the curve are stretched around the rest of the con guration and made to
meet at this point. The processis easily reversed by breaking the closed
curve of a closedmeanderat its rightmost crossingwith the line to obtain
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two free ends which are extendedto in nit y. This construction establishes
the relation:
Mn = Mop; 1t

It is alsopossibleto relate the number of open meandersof an even order
to closed meanders. An open meander of order 2n can be completedto a
closedmeanderof order n by joining the two endsof the curve at in nit y and
orienting the line appropriately, asillustrated in Figure 2.2. This operation
is not bijectiv e sincein the reverseoperation the closedcurve can be broken
along any segmet incident to the in nite facein the upper half-plane. Each
choice generatesa di®erert open meander.

Nm W()ﬂﬂ RWONU;
U U N U N

Figure 2.2: Closed meandersand even order open meanders

We thus have the relation that the number of open meandersof order
2n is the sum, over all closedmeandersof order n, of the number of pieces
of the closedcurve in the upper half-plane that are incident to the in nite
face.

2.2 Using Arc h Con gurations

Arch con gurations provide a conveniert medium for obtaining a canonical
represeniation of closedmeanders. In a closedmeander,the line partitions
the closedcurve into two pieces,an upper piece and a lower piece, corre-
sponding to the two sidesof the line when the con guration is drawn with
the line oriented from left to right. The pieces,ead taken together with
the line, are referred to as the upper and lower con gurations of the me-
ander. Each of theseis homeomorphicto a unigue arch con guration, the
existenceof which requires a topological argumert beyond the scope of this

10



essy. Theseare the canonical represertations of the upper and lower con-
“gurations. The canonical represetiation of a closedmeanderis the unique
meandric con guration that is homeomorphicto the original meanderand
in which both the upper and lower con gurations are in canonical form.

AN T~ o Y
(c) (d)

@) (b)

Figure 2.3: The canonical form of a closed meander.

Figure 2.3 illustrates this represernation. A closedmeander (a) is split
into an upper con guration and a lower con guration givenin (b). An arch
con guration is constructed homeomorphicto ead pieceto obtain in (c) a
canonical represenation of the upper and lower con gurations. Given two
arch con gurations of the sameorder, we can superpose them by drawing
one on ead side of the line and identifying their basepoints. Superposing
the canonical represettations producesthe canonical represenation of the
original meanderin (d).

To nd the canonical represettation of a closed meander of order n,
considerthe following construction. Homeomorphically deform the con g-
uration to make the points of intersection betweenthe curve and the line
equally spacedalong the line, while keepingthe line "xed. Deleting the in-
tersection points betweenthe curve and the line partitions the closedcurve
into 2n connected componerts, n on ead side of the line. Replace eah
of these componerts by a semicircular arch on the same side of the line,
with the same points of intersection with the line. The upper and lower
con gurations of the resulting con guration are easily seento both be arch
con gurations of order n. Shawing that the nal con guration is homeomor-
phic to the initial con guration requires repeated invocations of the Jordan
Curve Theorem.

The construction provides an injective function from classesof closed
meandersof order n to ordered pairs of arch con gurations of order n, cor-

11



responding to the upper and lower arch con gurations. We notice that not
every sud pair of arch con gurations is the image of a closedmeander: in
particular, taking the samecon guration for the upper con gurations and
the lower con gurations yields n closed curves instead of a single closed
curve. This motivates the following generalization of meanders.

De nition 2.2.1. A meandricsystemis the superposition of an ordered pair
of arch con gurations of the sameorder, with the rst con guration as the
upper con guration, and the second con guration as the lower con guration.

The order of a meandric systemis the order its underlying arch con gu-
rations. To work with meandric systems,we useM r(]k) to denotethe number
of k componert meandric systemsof order n. This is a natural generaliza-
tion of meandric numbers, in the sensethat M, = rﬁl). Values of Mrﬁk) for
small n and k are listed in Table A.4|

A sequenceof polynomials is usedto summarize the meandric system
numbers. The n-th meandric polynomial,

X
ma(Q) = M{d (2.1)
k=1
is the ordinary generating seriesof meandric systemsof order n with re-
spect to number of componerts. Given the polynomial my(q), M, can be
recovered as the coexcient of q.

2.2.1 Embedding Semi-Meanders in Closed Meanders

Arch con gurations can also be used to provide a canonical represena-
tion of semi-meanders. Consider the following construction illustrated in

Figure 2.4

Beginning with a semi-meander(a), create a secondray with the same
origin as the rst. The new ray can be created arbitrarily closeto the
original ray, sud that it is distinct from the original ray but the semi-
meandric con guration consisting of the closed curve and the original ray

12
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Figure 2.4: Semi-meandersspecialize closed meanders

is equivalent to the con guration consisting of the closed curve and the
new ray (b). By homeomorphically deforming the plane, the two rays can
be separated further and aligned such that they are oriented in opposite
directions (c). Interpreting this pair of rays as a line oriented in the same
direction asthe original ray, we have constructed a meandric con guration
(d).

In this presenation, the con gurations swept out betweenthe two rays
is seento be a rainbow con guration. Moreover, beginning with a closed
meanderwith a rainbow con guration for its lower arch con guration, it is
possibleto reversethe transformation to obtain a semi-meanderby inter-
preting the line as a pair of rays originating from the certer of the rainbow
con guration and deleting one of the rays. This provides a natural embed-
ding of semi-meandersn meandersand establishesthe following proposition.

Prop osition 2.2.2. Meandric numkbkers and semi-meandric numbers satisfy
the relation
Mn - Mp: (2.2)

By represering meandersas pairs of arch con gurations, we obtain a
natural represenation for semi-meandersin terms of arch con gurations.
Semi-meandersan be viewed asthe specialization of meandersto thosewith
the rainbow con guration astheir lower arch con guration. In addition, the
closed curve of a semi-meanderof order n intersects the ray n times and
intersectsthe pair of rays 2n times, sothe closedmeanderobtained by this
correspondenceis also of order n. It is this relationship that motivated a
de nition of order that at rst appearsto be an inconsistert between the

two classes.
13



This represertation also preseneswinding number asan identi able pa-
rameter. When a semi-meanderis presered as a closedmeanderwith the
rainbow con guration asits lower con guration, the winding number canbe
recovered as the number of arches passingover the midpoint of the upper
arch con guration.

Parallel to the de nition of a meandric system,we de ne a semi-meandric
systemas the superposition of an arbitrary upper arch con guration with a
lower rainbow con guration.

2.2.2 Embedding Closed Meanders in Semi-Meanders

Closed meandersalso have a natural embedding in semi-meandersthough
in this embedding, the order is not presened. A semi-meanderof order 2n
with winding number zero can be drawn so the ray can be extendedto a
line without intersecting the closedcurve. A closedmeander of order n is
obtained by orienting the line consisterily with the ray.

Figure 2.5: Closed meanders specialize semi-meanders

Figure 2.5illustrates this interpretation: a semi-meanderof order 8 with
winding number zero (left) is drawn sud that the ray can be extended to
a line without intersecting the closedcurve and the resulting con guration
is interpreted as a closedmeanderof order 4 (right) by replacing the ray by
the oriented line containing it.

In a similar manner, a closed meander can be interpreted as a semi-
meander with winding number zero by picking any point on the line that
precedesall intersections, and using it as the origin of the ray of a semi-
meandric con guration using the sameclosedcurve. In terms of diagram-
matic represenations, the construction is trivial, amourting to replacing

14



the tail of an arrow, marking the direction of a line, by a dot, indicating the
origin of a ray.

Using this interpretation, we can interpret closedmeandersas a special-
ization of semi-meanders.Closed meandersare those semi-meanderswith a
winding number of zero. The following proposition is an immediate conse-
guence.

Prop osition 2.2.3. Meandric numbers and semi-mendric humbers satisfy
the relation

Mp - Moan: (2.3)

2.2.3 Bounding Meandric Num bers

We can obtain both an upper bound and a lower bound for meandric num-
bersin terms of arch con gurations.

Lemma 2.2.4. The numbkers M, and C,, satisfy the relation
Ch- M- C,%

Proof. Meandric systems of order n are in bijective correspondence with
ordered pairs of arch con gurations of order n, of which there are C,2. So
the inequality

Mn- C,2

is a consequenc®f meandersbeing a subsetof meandric systemsof the same
order.

To establishthe lower bound, and completethe proof, we show that every
arch con guration occurs asthe upper con guration of somemeander. We
begin with the obsenation that every arch con guration cortains an arch
such that no arch lies betweenits feet. Call sud an arch a minimal arch.

We employ a construction that usesone meander to generate several
closedmeandersof the next higher order. Considertwo arch con gurations
sud that the secondis derived from the rst by erasing a minimal arch

15



and redrawing the resulting con guration sothe feet of the archesare again
equally spaced.Figure 2.6illustrates this derivation: beginningwith (a), (b)
is obtained by deleting the minimal arch indicated with an arrow, redrawing
(b) as(c) completesthe derivation.

Figure 2.6: Minimal arch deletion

Starting with a meanderof order nj 1 with the derivedarch con guration
asits upper con guration, we can construct a meander of order n with the
“rst arch con guration asits upper con guration. [Figure 2.7 illustrates this
construction. Beginning with an arbitrary closedmeanderwith the derived
arch con guration as its upper con guration (a), we obtain an equivalert
meander, with the archesrepositioned to accommalate in situ the missing

arch (b), and locate the region of the lower con guration incident with the
feet of the missing arch (c).

\_/ =

@ (b) ()

Figure 2.7: Deforming a meander to accomadate a missing arch

A meanderof order n with the rst arch con guration asits upper con-
“guration is obtained by picking any lower arch incident to this region and
stretching it to crossthe line and replacethe deleted arch. In generalthe
choice is not unique. usesan arrow to indicate the two lower

archesthat can be selected,and illustrates the result of the construction in
ead case.
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Figure 2.8: Stretching an arch acrossthe line
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This construction can be usedto produce a closed meander with any
speci ed arch con gurations asits upper con guration. To do this, construct
a sequenceof arch con gurations beginning with the speci ed con guration
and ending with the con guration consisting of a single arch, suc that
ead con guration is obtained from its immediate predecessorby deleting
a minimal arch. illustrates such a sequencebeginning with the
arch con guration from the previous example.

@@[\p

Figure 2.9: A sequenceminimal arch deletions

The con guration with a single upper arch is uniquely completed by the
con guration with a singlelower arch. Beginning with this meanderusethe
precedingconstruction to produce a meanderfor ead arch con guration in
the sequence. Sud a sequenceis illustrated in [Figure 2.10 with an arrow
indicating the arch that is stretched at eat step.

Since this construction can be applied beginning with any arch con g-
uration to obtain a meander with the speci ed con guration as its upper
con guration, we concludethat, every arch con guration is the upper con-
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Figure 2.10: A sequenceof meanders

“guration of at least one meander. This establishesthe lower bound

Cn' Mn D

Arch con gurations are easily shavn to be in bijective corresppndence
with seweral other classesof combinatorial objects of known cardinality.
For completenesswe provide a direct derivation of the arch con guration
numbers.

_ i C
Lemma 2.2.5. The number of arch con gurations of ordern, C;, is ﬁ'zn ,

n
the n-th Catalan number.

Proof. We consider the null con guration (with no arches)to be an arch
con guration. Let A denote the classof arch con gurations, and B denote
the classof arch con gurations with a single arch incident with the in nite
face. An arbitrary arch con guration canbe decompsedasa nite sequence
of arch con gurations of classB. The decomposition is reversible since a
sequenceof arch con gurations of classB can be concatenatedto produce
an arch con guration of generaltype. This establishesthe bijection:

which presenesthe number of arches. Thus if A(x) and B(x) 2 Q[[x]], the
ring of formal power seriesover Q, are the ordinary generating seriesfor A

18



and B, respectively, then

1

3 .
A(X) = B(X)l = m

i=0
But an arch con guration of generaltype can be obtained from one of class
B by deleting the arch incident with the in nite face. Since the process
is reversible, given an arch con guration of generaltype we can obtain a
unique arch con guration of classB by adding an arch spanning the ertire

con guration, we have the additional relation,

B (x) = XA (X);

and concludethat A(x) satis es the equation

1

Ax) = 1 xA(x);

or equivalertly
A(X)i 1= xA(x)%

Letting D(x) = A(xX) i 1, we have
D(x) = x(1+ D(x)%

and by Lagrange'simplicit Function Theorem [8, Thm. 1.2.4],

D _Xﬂni11+ 2n
= L")
n, 1
X 1H Znﬂ
n njl
n, 1
X M
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is the unique solution to this equation in Q[[x]]. From this we seethat

AGX) = X 1 uznﬂxn.
- n+1 n ’
n, 0
and so
Cn = X"JA(X) = o'
: n+1 n '
as required. m

We have an immediate corollary.
3

¢ 2
Corollary 2.2.6. The number of meandric systemsof ordernis —1- :

i2n
n
We also have a rough picture of the generalbehaviour of the meandric
numbers. From Stirling's approximation, the asymptotic behaviour of C,, is

known to be C, » Cr]fl,—nzz for a constart C. It is thus reasonableto assume
that the asymptotic behaviour of M, is

n

R
Mpn » Cn—® (2.4)

for someconstarts C, R, and ®. Indeed, it is shavn in [11] that there exists
a constart Ay sud that for all A with 0< A< Ay, A" < M, - (Aw)".

From (2.2) and (2.3), we can bound the semi-meandricnumbersby M, -
M, - Ma, and can concludethat they also exhibit exponertial growth. It

is conjectured that .

— =R
My » Cn—® (2.8

for some constarts C, R, and ®. For reasonsstemming from interpreta-
tions of meandersand semi-meandersin statistical medanics, it is further
conjectured, in [5], that R = R,
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2.3 Filtering Meanders From Meandric
Systems

By considering a meandric system as a pair of arch con gurations of the
same order we have determined that the number of sud systemsis C,2.
We now give an expression,asdescribed in [11], for the generating seriesfor
meandric systemswith respect to twice their order,

X
B(x)=  C,%x
n, 0

Prop osition 2.3.1. The genearting series B (x) hasthe expression,

H 1 Z 2%p i} ,ﬂ
B(X)= 25 i1+ o, ; 1; 8xcosA+ 16x2 dA : (2.5)

Proof. We work in C((x)), the eld of formal Laurent seriesover C, and
make use of a result due to Parse\al, seefor example [11].

P
Lemma (P arseval 1805). If f (x) = n, oanX" is analytic in a neightour-
hood of zer in C, then F (x) = n, 0(anx”)2 is analytic in a neighlourhood
of zem and representableas

F(x) = Res - f—(,x (! 1X):

5

By consideringthe natural embedding of Q[[x]] in C((x)), we can view
A(x), the generating seriesfor arch con gurations asthe function,

X X 1 u2n‘ﬂ 1 P ax
A = n— n=7| I :
(x) Cax n+1 n * 2X
n, 0 n, 0

which is analytic onthe discD = fx 2 C: jxj < %19- So, by the lemma, with
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A and B taking the rolesof f and F, respectively,

A(X)A( T 1x)
o LAIAL - X)

B(x) = Res -

11 pli 4x 1 pli 4, i Ix

= Res =y — 2.X 2,1 1x

11 I
= RRes;o —(1i pli 4x)1i 1 4,11

1 1 S 1P —
= —— Res- —(1j pli 4x)i Res-o =( 1j 4,1%)
4x2 R S
1P . ’
+Res-o —( 1j 4x j 4, ilx+ 16x?)
- H. 1+ - ZZ%p 1i 8xcosA+ 16x2dAﬂ
T2 ', !

The rst two residuesare seento be 0 and 1, respectively, while the nal
residue is obtained by integrating around the perimeter of the unit circle
with , replacedby cosA+ isinA. O

Giventhe relative easewith which we obtain a solution to the problem of
enumerating systemsof meanders,and that a systemof meandersis a multi-
componert meander,one might hope to be able to exploit this knowledgeto
obtain an exact solution to the number of single componert, or connected
meanders. Indeed, under the appropriate combinatorial conditions, there is
a simplerelation betweenthe generatingseriesfor connectedobjects and the
generating seriesfor the set of objects constructed from a nite collection of
connectedobjects. We considertwo classesof objects for which the number
of connectedobjects can be obtained from the number of general objects,
and shaw that meandric systemsdo not fall into either of these classes.

For the rst classof objects, a generalobject is obtained from connected
objects by Cartesian product, and can be decompsedinto a sequenceof
connectedobjects. For this class,the ordinary generating seriesfor general
objects G(x) and the ordinary generating seriesfor connectedobjects C(x)

satisfy the relation
1

G(x) = T ¢k C(x):

(2.6)
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Meanders and meandric systemsare not in this classof objects. Any
sequenceof meanderscan be concatenatedalongthe line to form a meandric
system, but not every meandric systemtakesthis form. Two closedcurves

may be nestedas in |Figure 2.11 (a), intertwined as in |Figure 2.11 (b), or
both asin Figure 2.11 (c), for example.

@) (b) ()

Figure 2.11: Meandric systemsthat are not formed by concatenation

For the secondclassof objects, a general object is obtained from con-
nected objects by ~-product [8, Def. 3.2.9], and can be decomposedinto a
collection of connectedobjects on disjoint setsof labels. In this case,G(x),
the exponertial generating seriesfor the generalobjects, and C(x), the ex-
ponertial generating seriesfor the connected objects, satisfy the relation

G(x) = exp(C(x)): (2.7)

Consideringthe basepoints asthe labelled objects, every componert of a
meandric systemis a closedmeanderon a subsetof the labels: the meandric
systemFigure 2.12(a) is the superposition of the meanderFigure 2.12(b) on
the secondand forth pairs of intersections,with the meanderiFigure 2.12(c)
on the rst and third pairs of intersections, for example. Meandric systems
do not, however, fall into this secondclassof objects.

The superposition of two copiesof the meanderin Figure 2.13(a) using
the samepartition asin|Figure 2.12(a) producesacon guration,
(b), that is not a meandric system; the upper con guration is not planar.
The allowable con gurations for one componert are dependert on the form
of the other componerts, and this violates the conditions under which
holds.
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Figure 2.12: A meandric system is a collection of meanders
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Figure 2.13: A collection of meandersthat is not a meandric system

There does not appear to be an elemenary conbinatorial description
of the operation of constructing a meandric system from meanders. As a
result, there is no known way to obtain the meandric numbers for meandric
system numbers. In particular, the generating seriesfor meanderscannot
be related to the generating seriesfor meandric systemsby either (2.6) or

(2.7).

2.4 Automorphisms of Meanders

Automorphisms on the classof meanderscan be used constructively in al-
gorithms for constructing meandersof a given order. They can also be used
to simplify an exhaustive enumeration of meandersby eliminating redun-
dancy. Given an automorphism on the classof meanders,it is possibleto
encale the ertire classby a list that includes only a single elemen of each
orbit under the action of the automorphism. If the automorphism is easily
computable, then analysison the ertire classcan be carried out by iterating
through the list of orbit represettativesand expanding ead orbit in turn.
For certain automorphisms, it is possibleto derive congruencessatis ed by
the meandric numbers by consideringthe size of orbits under the action of
the automorphism.
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Two classesof automorphisms are particularly useful: those de ned by
rigid transformations of the plane, and those de ned by cyclic shifts of the
intersection points. Theseare now consideredin greater detail.

2.4.1 Rigid Transformations

The most obvious classof automorphisms consistsof rigid transformations
of the plane. In particular, the closedcurve of a meandercan be re°ected in
(I') or along the line ($ ), or re°ected through apoint (©=1+$ = $ 1)
i.e. rotated through 180, to produce a new meander of the same order.
Thesethree transformations are illustrated in [Figure 2.14 (b), (c), and (d),
respectively, for the meandergiven in m'&a).

VAR
N\ &

)
(c) (d)

()

\ 4

\4

A\
A\

<)X

Figure 2.14: Rigid automorphisms of meanders

The automorphism | hasan especially conveniert realization in terms of
arch con gurations, sinceits action correspondsto interchanging the upper
and lower con gurations. We establish some properties of this automor-
phism.

Prop osition 2.4.1. The meander of order one is the only closel meander
that is invariant under the action of | .

Proof. For a meanderto beinvariant under the action of | , every arch in its
upper con guration has a courterpart in the lower con guration that sits
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on the samebasepoints. The superposition of any arch from the upper con-
“guration with its courterpart from the lower con guration forms a closed
curve. Sincethe meanderhas only a single closedcurve, it must consist of
just this single pair of arches. O

Corollary 2.4.2. For n, 2, the meandric numkbers satisfy the congruene
Mnp~ 0 (mod 2):

Proof. Sincel has order two, every orbit, exceptthe one consisting of the
meander of order one, is of order two. So a list, consisting of one repre-
sertativ e of eadh orbit, contains exactly half of the meandersof every order
greater than one. This establishesthe congruence. O

To construct a list of orbits under the action of I, we need only have
a convenient meansfor identifying a canonical represerativ e of ead orbit.
This can be accomplished,for example, by taking as represenativ esthose
closed meandersfor which the leftmost arch in the upper con guration is
longer than the leftmost arch in the lower con guration. [Figure 2.15givesa
completelist of represenativ esof the meandersof order 3 under this choice.
Contrast this to the list of meandersof order 3 givenin |[Figure 1.7.

LR G LN LD
NN /

Figure 2.15: Represenativ e meanders of order 3

The other two automorphisms do not act as corveniertly. In particular,
they have xed points. The rst two meandersin [Figure 2.16 are xed by
$ , while the third is xed by ©. As a result, limiting the list to onerepre-
sertativ e of ead orbit under either of theseautomorphisms doesnot reduce
the sizeof the list by afull factor of two, and analyzing theseautomorphisms
doesnot produce any new congruences.
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Figure 2.16: Fixed points of rigid automorphisms of the plane

The additional spacesavings a®ordedby considering only a single rep-
resenativ e of ead orbit under the action of the group consisting of these
three automorphisms together with the identity, can still be signi cant in
carrying out an exhaustive enumeration. These orbits form an identi able
class of objects in their own right and correspond to a class of meanders
where the oriented line is replaced by an unoriented line in the de nition,
and equivalenceis taken up to homeomorphismwith the plane considered
as a subsetof three-dimensional Euclidean space.

2.4.2 Cyclic Shifts

A seconduseful classof automorphismsis the cyclic shift of the basepoints
along with a canonical adjustment to the meander. A left cyclic shift is
performed by breaking the closedcurve at its leftmost intersection with the
line and rejoining the free endsto form the rightmost intersection. The
inverseof this operation, the right cyclic shift, clearly exists, so the cyclic
shift is an automorphism. Figure 2.17 illustrates the stagesof a left cyclic
shift applied to the leftmost diagram.

(AN AN A A
RIS P SO Y

Figure 2.17: A cyclic shift

Applying 2n shifts to a closedmeanderof order n restoresthe meanderto
its original con guration, sothe order of every orbit divides 2n. A complete
orbit under the action of the shift operation is shown in [Figure 2.18 As
with rigid transformations, not every meanderis in an orbit of maximum
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Figure 2.18: A complete orbit under the action of cyclic shift

order, although the meanderof order oneis again the only meanderthat is
‘xed by the automorphism.

Prop osition 2.4.3. For everyorder greater than one, there is a single orbit
of order two and no orbit of order one under the action of cyclic shift.

Proof. ConsiderameanderM of order n. If the basepoints of M arelabelled
f1,2;:::;2ng according to the orientation of the line, then the upper arch
con guration of M hasat leastoneminimal arch. Without lossof generality,
its basepoints areij 1andi.

Let -( M) denotethe imageof M under the action of a right cyclic shift.
So-( M) hasan upper arch with basepointsi andi+ 1. Thus,if M is xed
by -, thenij 1 i+ 1 (mod 2n) andson = 1.

Similarly, if M is xed by - 2 then its upper and lower con gurations
must be "xed by the induced action of - 2. But the only arch con gurations
“xed by - 2 are the con guration consisting ertirely of minimal archesand
the con guration obtained by applying a cyclic shift to it.  The orbit of

Figure 2.19: The orbit of order two under the action of cyclic shift
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order two consistsof the two meanderswith one of these con gurations as
an upper con guration and the other asa lower con guration. It is givenin

Figure 2.19 O
Corollary 2.4.4. For p an odd prime,

Mg = 2 (mod 2p):
Proof. We considerthe orbits of meandersof order p¥ under the action of
cyclic shift. Every orbit has order dividing 2p¥, so p divides the order of
every orbit, other that the one of length 2. Thus

My = 2 (mod p):

Combining this with Corollary 2.4.2, we concludethat,

Mg = 2 (mod 2p): O

As with rigid transformations, the orbits under the action of cyclic shift
have a natural interpretation as a classof objects in their own right. Since
only the cyclic order of the intersections betweenthe curve and the line is
relevant in identifying an orbit, an orbit canbe represened by replacing the
line in the de nition of a meanderwith an oriented closedcurve. |[Figure 2.20
illustrates this encading. This classof objects should be consideredas em-
bedded on a sphere, since a cyclic shift would otherwise involve passinga
segmem of the outer curve through the point at in nit y.

Figure 2.20: Represening an orbit under cyclic shift
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By replacing the oriented line by a secondclosed curve, and replacing
the plane by a sphere,we obtain a parallel to open meanders,in that the two
curvesare equivalert in the de nition. In fact, the orbit of a closedmeander
under cyclic shift corresponds to the con guration obtained by taking the
one point compacti cation of the open meander of odd order found under
the equivalencein [Section 2.1.

2.5 Enumeration by Tree Traversal

Since, to date, there is no excient way to compute meandric or semi-
meandric numbers exactly, one approac for obtaining asymptotic results
has beento usethe conjectured asymptotic form M, » C% and experi-
mentally determine values for the constarts C, R, and ®. This approadc
requires the knowledge of a large number of terms. The most e®ective way
to obtain these numbers has beento list all the meandersof the required
form and count them.

One method for enumerating a classof objects is to construct a forest,
such that the vertices at depth n are exactly the objects of order n. We
consideronly the casewhere there is a single object of order one, and the
forestis atree. In order to construct suc atree, we needonly have a method
for identifying incidence. This can be accomplishedby de ning a function
mapping objects of order n > 1 to objects of ordernj 1. By meansof suc
a function, a tree can be formed by taking the unique object of order one
asthe root, and de ning the children of a given object to be its preimages
under the function.

If the preimagesare easily computable, then it is possibleto enumerate
all objects of a given order by using standard tree traversing algorithms.
This traversal can be done with an amount of memory polynomial in the
desired order, and in time proportional to the number of objects of that
order.
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2.5.1 A Tree of Semi-Meanders

To construct sudch a function for the class of semi-meanders,we consider
semi-meandersas closed meanderswith a lower rainbow con guration. In

this presenation, de ne the imageof a semi-meandeito be the semi-meander
obtained by breaking the outer arch of the lower con guration, cortracting

the two free ends acrossthe line, and rejoining them to create a new arch

in the upper con guration. This is illustrated in

PNV

AN/ UU

Figure 2.21: A function on semi-meanders

This function satis es the condition of having an easily computable
preimage. A semi-meanderhas one preimage for ead arch of the upper
con guration that is incident with the in nite face. For a given arch, the
corresponding preimageis obtained by breaking the arch, stretching the two
free ends, one around ead end of the con guration, and rejoining them to
createa newouter arch in the lower con guration. Sinceevery semi-meander
of order, 2 hasat least2 upper archesincident to the in nite face,we have
the immediate consequencehat, for n | 2,

mn " Zvn+1

illustrates the tree of semi-meandersobtained using this
function. Notice that the left half of this tree is the mirror image of the right
half. Mirroring a semi-meanderin this presernation correspondsto mirror-
ing a semi-meanderin the standard presenation acrossthe line. Using this
tree, it is thus possible,by mirroring every semi-meander,to enumerate all
semi-meanderswhile traversing only the branch corresponding one of the
semi-meandersof order 3.
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Figure 2.22: The tree of semi-meandersof order - 5

@
>\/@/ \
)

@
€
@
@

This method canbe extendedto enumerate all systemsof semi-meanders.
In this case,eath semi-meandricsystemhas, asits children, all of its preim-
agesunder the function and the system obtained by adding a circle sur-
rounding the original system.

2.5.2 A Tree of Meanders

A similar construction canbe usedto generateall closedmeanders.To de ne
the incidencefunction, we usethe obsenation that every closedmeanderhas
at least one minimal arch in its upper con guration.

To nd the image of a closedmeander, apply cyclic shifts, if necessary
until a minimal arch appearsasthe leftmost arch of the upper con guration.
For all four meandersin Figure 2.23 the rightmost meanderis obtained by
this step. The image of the original meanderis obtained by pushing this
minimal arch acrossthe line. [Figure 2.24 illustrates this nal step.

As with semi-meanders,the preimageis easily computed. A meander
has one primary child per arch of the lower con guration incident with the
in nite face. For a givenarch, the corresponding child is found by pulling the
arch acrossthe line to the left of the existing con guration. The remaining
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Figure 2.23: Shifting a meander to obtain a minimal arch
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Figure 2.24: The image of a meander

children are found by applying reversecyclic shifts to the primary children
until the upper con guration has a single arch incident with the in nite
face,a subsequen shift would result in a di®erert minimal arch. Sinceevery
meander has at least one child, we concludethat the sequenceof meandric
numbers is monotonically increasing.
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Chapter 3

The Symmetric Group

Meandershave a natural represettation as permutations. This chapter uses
this represenation to presert a combinatorial construction for meanders.
The meandric and semi-meandricnumbers can then be expressedin terms
of characters of the symmetric group. Throughout this chapter, elemers of
S, arerespreseted by their disjoint cyclesrepresertation.

3.1 Representing Meanders As Permutations

Given a closed meander of order n, we represen it sud that the line is
horizontal and oriented from left to right, the closedcurve is oriented such
that at the rst intersection betweenthe curvesit is directed from bottom
to top. The intersectionsbetweenthe two curveshave a natural labelling by
the integersfl;2;:::;2ng, de ned by their ordering along the line. These
labels also have a cyclic order de ned by their order along the closedcurve.
This cyclic order, when interpreted as a a full cyclein S, is referred to
as a meandric permutation. There is a one-to-onecorrespondencebetween
meandersand meandric permutations. Figure 3.1 shows the meandric per-
mutation (1109432587 6).

Interest in meandric permutations predates modern interest in the enu-
merative theory of meanders. They were discussedfor instance by Rosen-
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Figure 3.1: The meandric permutation (1109432587 6)

stiehl in [12] as planar permutations. Thesepermutations occur in the anal-
ysis of geographicaldata, and have the property that they can be sorted in
linear time [12] . Enumerative information about meanderscan be usedto
bound the performance of algorithms dealing with this sorting.

It is an immediate consequenceof the de nition, that every meandric
permutation is in the conjugacy class Gy of Son, where n is the order
of the corresponding closed meander. A natural question is how to deter-
mine whether a given permutation in S, of cycle type (2n) is a meandric
permutation. We have the following necessarycondition.

Prop osition 3.1.1. If %2 S, is a meandric permutation, then ¥# is a
permutation of cycle type [n?], where one cycle is on the odd symils and
the other is on the evensymitols.

Proof. We considerthe upper and lower arch con gurations of the meander
corresponding to ¥ Every arch spansan integral number of smaller arches,
ead of which has an even number of basepoints. Thus every arch has one
foot on an even symbol and the other on an odd symbol.

Following the closedcurve involves stepsthat alternate between upper
and lower arches, so as a consequencegvery meandric permutations alter-
nates betweeneven and odd symbols. The result follows. O

This condition doesnot characterize meandric permutations. Consider
the permutation (1 4 3 6 5 2), with square (1 3 5)(2 4 6) which is not a
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meandric permutation. Attempting to draw the meander corresponding to
(143652), one nds that the closedcurve must be selfintersecting in the
upper half plane.

The ditcult y in identifying meandric permutations is a consequencef
the fact that planarity is a property of the upper and lower con gurations
rather than the meanderasa whole. It is possibleto recover the upper and
lower con gurations from a meandric permutation, aswill be described later
in this chapter, but there is no apparert way to do so algebraically.

3.1.1 Automorphisms of Meandric Permutations

The automorphismsdescribed in [Section 2.4 all have natural interpretations
in terms of meandric permutations.

Re°ecting a meanderin the line reversesthe orientation of the closed
curve. The corresponding meandric permutation is thus obtained by read-
ing the meandric permutation of the original meanderin the reverseorder.
This is simply the inverse of the permutation obtained from the original
meander. We conclude that the inverse of a meandric permutation is a
meandric permutation.

To interpret re°ection along the line and cyclic shifts in terms of permu-
tations, we introduce two permutations,

&= ¢n=(12n)(2 2nj 1)¢e¢(n n+ 1) and
Ya= ¥ = (12 ::: 2n);

(3.1)

corresponding respectively to the actions of re°ection along the line and
right cyclic shift on the labels.

Re°ection along the line reversesthe order of the labels and reversesthe
orientation of the closedcurve. Similarly, a cyclic shift, shifts the labelsand
reversesthe orientation of the curve. So, for ¥sa meandric permutation,
the images of ¥ under re°ection along the line and right cyclic shift are,
respectively, ¢i 1% 1¢ and % % 13, Sincerotation of the closedcurveis the
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composition of re°ection acrossand along the line, the image of a rotation
is ¢1 1% . The following proposition is a consequencef re°ection and cyclic
shift being automorphisms.

Prop osition 3.1.2. If ¥ 2 S, is a meandric permutation, then so are
il ¢ Y and ¥4 ¥ the classof meandric permutations is closel under
inverse, conjugation by % and conjugation by ¢.

That the automorphisms from Section 2.4 are easily accessiblein this
encaling, is atestamert to how natural the encaling is. It alsosuggestghat
the encding is unlikely to make any additional structure more accessible.

3.2 Arch Con gurations as Permutations

There is a secondnatural encading of meandersin terms of the symmet-
ric group. In order to deal with planarity, we use this alternate encaing.
Instead of directly encading meandersas permutations, we encale ead me-
ander as an ordered pair of arch con gurations. Each arch con guration is
then represerntied as a permutation. Using this encading, it is possibleto
describe compactly which pairs of permutations correspond to meanders.

The permutation represenation of arch con gurations is a natural par-
allel to the represenation of meandersas permutations. Each arch is a
transposition on its endpoints, and the ertire con guration is the product
of these disjoint transpositions. An arch con guration of order n is the
product of n disjoint transpositions in So,. As with meanders,the base
points of the arches are labelled according to the orientation of the line.
gives the arch con guration correspnding to the permutation
(1 10)(23)(4 9)(5 8)(6 7).

There are two steps in identifying which pairs of permutations in the
conjugacy classGyny of Szn correspond to closedmeanders. We must rst
identify which elemerts of Gyny correspond to arch con gurations. Then,
given two such elemerts, we must determine whether the meandric system
obtained by interpreting one as an upper arch con guration and the other
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Figure 3.2: The arch con guration (1 10)(2 3)(4 9)(5 8)(6 7)

as a lower arch con guration is connected. These steps can be carried out
algebraically. We deal with ead stepin turn.

3.21 Elements of Guny That Are Arc h Con gurations

Identifying arch con gurations among elemerts of Cyny is accomplishedby
interpreting them permutations as graphs, a classof objects for which pla-
narity is more easily described. A graph corresponding to * 2 Ggany is
constructed on 2n vertices labelled f1;2;:::;2ng by creating an edge be-
tween every pair of vertices adjacert in the cyclic order (1 2 ::: 2n), and
adding an edgebetweenevery pair of vertices whoselabels are in the same
transposition of 1.

Sud a graph is seento have 3n edges,n corresponding to transpositions,
and 2n corresponding to consecutiwe pairs of vertices. For the permutation
to be an arch con guration, its graph must be planar. Sincethe graph is
planar and has 2n verticesit hasn + 2 faces,by Euler's theorem. [Figure 3.3
shaws the graph of the arch con guration from Figure 3.2 together with its
face boundaries.

We considerthe cyclesthat bound the facesof the graph of an arch con-
“guration. A single face, corresponding to the lower half-plane, is bounded
entirely by edgesde ned by the cyclic order of the labels, while the bound-
ary cyclesof the remaining n + 1 facesare seento alternate betweenedges
de ned by transpositions and edgesde ned by the cyclic order of the base
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Figure 3.3: The graph of * = (1 10)(2 3)(4 9)(5 8)(6 7) with its face boundaries

points. These are the cyclesof ¥ . Continuing the above example, ¥ =
(2 39)(2)(4 8)(5 7)(6)(10) which consistsof 6 cycles.

Letting - (¥4 denote the number of cyclesin the disjoint cycle represen-
tation of the permutations ¥4 we have the following characterization of the
permutations that correspond to arch con gurations.

Lemma 3.2.1. The permutations in S, that correspnd to arch con gu-
rations form the set

fi Zan): (%): n+ 1g

Proof. If 1 2 Guny correspondsto an arch con guration, then by the above
obsenation ¥ consistsof n+ 1 cycles. Conversely if 1 doesnot correspond
to an arch con guration, then at least two archescrossand ¥4 consistsof
at most n cycles. O

As expected, this classof permutations is closedunder conjugation by
¢, and ¥ operations that correspond respectively to re°ection along the
line and cyclic shift of the basepoints. We also note, that for ¥ to be a
permutation with n+ 1 cycleson 2n elemeris, at leasttwo cycleshave length
1. Thesecyclescorrespond to the minimal archesof the arch con guration.

3.2.2 Completing the Characterization

Pairs of arch con gurations of order n that form meandric systemswith a
single connectedcomponert can also be characterized algebraically. There
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is a single closedcurve if and only if it is possibleto walk through all the
labels using a closedpath alternating betweenarchesfrom the upper con g-
uration and archesfrom the lower con guration. Suc a walk is a meandric
permutation, so by taking it two stepsat a time, by |[Proposition 3.1.1, we
obtain two cyclesof length n. We obtain the following characterization of
which meandric systemsare meanders.

Lemma 3.2.2. If (*1;1,) is an ordered pair of transposition representations
of arch con gurations of order n, then the meandric systemfor which * ;
representsthe upper con guration and ! , representsthe lower con guration
is @ meander if and only if * 11 5 2 Gp2y.

Proof. The cycles of 111, correspnd to walks through the labels taken
two steps at a time along paths that alternate between arches described
by transpositions of 1 ; and arches described by transpositions of 1 ,. Soif
(* 1;1,) correspndsto a meander,then by the above obsenation ead cycle
of this type is of length n, and * 11 2 2 Gyy2y.

Conversely if 11 and 1, are both transposition represertations of arch
con gurations of order n, then every transposition of eac contains an odd
label and an even label. Soif * 11, 2 Gy2y, then ead cycle consistsonly of
labelswith the sameparity. A walk through all the labelscanthusbeformed
by interleaving the two cyclesand so (! 1;1 2) correspndsto a meander. [

Noting that (*1;15) represenis a meanderonly if 111, is the square of
the corresponding meandric permutation, we can seehow to extract the
upper and lower con gurations from a meandric permutation. Consecutive
pairs of symbols in the meandric permutation de ne the archesof the upper
and lower con gurations. The upper arch con guration is read by taking
pairs of symbols starting with 1, while the lower con guration is read by
taking symbols starting at either of the labels adjacert to 1.

Example 3.2.3. For the meandric permutation %= (1109432587 6) of
order 5, the upper con guration is * ; = (1 10)(9 4)(3 2)(5 8)(7 6), while the
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lower con guration is * , = (10 9)(4 3)(2 5)(8 7)(6 1). Verifying the proper-
ties, ¥ 1 = (1 39)(2)(4 8)(5 7)(6)(10) and ¥4 », = (1 5)(2 4)(3)(6 8 10)(7)(8).
So-(¥1)=-(¥2)=6and¥#=111,=(19357)(286104) 2 Gp.

We can now complete our combinatorial characterization of meanders
with the following immediate consequenceflLemma 3.2.1and[Lemma 3.2.2

Corollary  3.2.4. The class of meanders of order n is in bijective corre-
spondena with the set

f(*1;02) 2 Gany £ Gany: - (¥41) = - (¥2)=n+ 111122 Gp)Q:

Taking semi-meandersas the restriction of meandersto those with the
rainbow con guration asa lower con guration, and noting that the rainbow
con guration hasthe permutation represeration ¢, we obtain|Corollary 3.2.5
as a specialization of Corollary 3.2.4 and achieve an algebraic characteriza-
tion of semi-meanders.

Corollary  3.2.5. The class of semi-menders of order n is in bijective
correspndene with the set

f1 2 Comy: - (#)=n+ 11 2 G0

The bijections described in |Corollary 3.2.4 and |Corollary 3.2.5 give us
combinatorial expressiondor meandricand semi-meandricnumbers. Letting
c"*1) denote the set of all conjugacy classesof S, with n + 1 cycles, we
obtain the expressions:

X X

Mpn = 92 11, 13% 21, 2 H 12 2(n2) (3-2)
B R 1;Xzz(;(nﬂ)xl 1t 22C(2n)

Mn = R I;, Fig 1i(n2) (33)

s 2C(n+1) 1t 2C(2n)

where x,., is oneif a and b are the sameconjugacy classand zero otherwise.
In this form, it looks asthough it might be possibleto determine the mean-
dric numbers by working ertirely within the certer of the symmetric group,
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since,asa function of 3 the expressionfor M, is constart on the conjugacy
class(2"). The sameis not possiblefor the semi-meandric numbers, since
the expressionfor M ,, involvesspeci ¢ elemerts of two conjugacy classes.

3.3 Expression in Terms of Characters

For the remainder of the chapter, we will assumea familiarity with char-
acter theory. The reader is referred to [2] for a treatment of this subject.
Characters of the symmetric group are classfunctions, and can be usedto
obtain an alternative expressionfor (3.2) and (3.3) that avoids the use of
the +-function.

The construction of characters involves represertation theory and is of
little interest to the presen discussion. For our purposes,it sutcesto note
that the irreducible charactersof a nite group G are functions At): G C.
They are classfunctions, that is they are constart on conjugacy classeof G,
and are naturally indexed by the conjugacyclasseof the group. In addition,
for gin G and A a character, A(g) = A(gi 1).

We intro duce somenotation for a nite group G with k conjugacyclasses

character indexed by conjugacy classG and let Aj(i) denote the evaluation
of A) at any g 2 G. The irreducible characters (properly characters of
irreducible represenations) satisfy two orthogonality relations:

1 X Ty
@ g WOAPAT = x5 for 1- pq- k
i=1
X G
(2) Aﬁ,')A((q'): :ﬂ—pj)ﬂiip;q for1- p;q- k:

i=1

We use the second orthogonality relation for the group G = S, to
obtain an expressionfor meandric numbers and semi-meandrichnumbers in
terms of characters of irreducible represenations of the symmetric group.
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representationsof the group S 25, and %and ¢, are asin (3.1), then

AR G €40 G ML PP [Gio IR
. 15, 22C(n+1) ((2n)!)5 11;122S2, fi0;h505 =1
AD (AN @MAD (1) A9 2MAM (32 AN, 1)
£ AV (32 )AD(, DAD (12 AV (n?)
woo S @ididey X X
e

AM () AM 2MAD (33 )AD ( YAD) (15 )AT) (n?)

Proof. For S, the conjugacy classesand characters are naturally indexed
by partitions of 2n. For v * n, the size of the conjugacy class (1V12"2 ¢¢¢)
with v; cyclesof length i for eadh i is

j(1272 onyj = Q201

i Vil

In addition, for every gin S»,,, g and g ! are in the sameconjugacy class.
Thus for any character A,

Alg) = Aig' M) = Ag)
so A is real valued and in the caseof S5, we have the relation

TR

R0 Gyl . AD(HAD (@) (3.4)

Replacing the sum over Cony by a sum over S, and substituting into
(3.2 and (3.3) we obtain the desired expression. O

Theorem 3.3.1 provides an explicit way to compute meandric and semi-
meandric numbers but is of little practical use. To determine, for instance,
that there is a unique semi-meanderof order 2 would involve summing over
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6000terms, sincefor S 4 there are two conjugacy classeswith 3 cycles, 24
elemernts, and 5 conjugacy classes.

In fact the expressionin terms of charactersis a direct translation of the
algebraic characterization and doesnot immediately provide any additional
insight into the structure of the problem. It presenesthe parts of the com-
binatorial construction of semi-meandersasidenti able pieces.Considering
the expressionfor M ,,, for example, we begin with a sum over all permuta-
tions in S,,. Summing over h restricts the sum to products of n disjoint
transpositions, while summing over i further restricts the sum to include
only those elemerts of G,ny that correspond to arch con gurations. Taking
the nal sumoverj leavesonly semi-meandricsystemsthat are connected.

The utilit y of the expressioncomesfrom the fact that it providesa bridge
from combinatorics to represenation theory. It may be possibleto expand
the characters in terms of symmetric functions, or even nd an alternate
expansionfor the #-function, although, to date, no signi cant advanceshave
beenmadein this direction.
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Chapter 4

The Matrix Mo del

The method of matrix integrals can be usedto transform the meanderprob-
leminto an analytic question. By selectingan appropriate Gaussianmeasure
on the spaceof Hermitian matrices, the averagevalue of a matrix expression
can be discretised so that the non-vanishing terms correspond to a classof
decorated ribbon graphs from which meanderscan be isolated. The con-
struction usedis from [11].

4.1 Meanders as Ribb on Graphs

We begin with an informal de nition of a ribbon graph.

De nition 4.1.1. A ribbon graph is an object obtained from a graph, by
emleddingit in alocally orientable surface, thickening the edgesinto ribbons,
and deleting the faces. The emhledding imposesa cyclic ordering of the edges
around each vertex.

A ribbon graph presenesthe face boundaries of its embedding. Con-
sequetly, the original graph and embedding can be recovered by stitching
an open disc along eat faceboundary, and cortracting ead ribbon into an
edge.
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By considering the one-point compacti cation of the plane, a meander
has a natural interpretation as a graph embeddedin the sphere: the ver-
tices are intersections between the curves, and the edgesare derived from
segmefs of the two curves, with an additional edge joining the extreme
vertices along the line. These edgesare decoratedwith two colours, to dis-
tinguish those assaiated with the closedcurve from those assaiated with
the line. The encaling is made reversible by rooting the graph. The rst
vertex alongthe line is the root vertex, and the edgejoining this vertex to the
secondvertex alongthe line is the root edge. We producea decoratedribb on
graph by thickening the edges,and preserving their colouring. |Figure 4.1
illustrates this encading.  For the purpose of erumeration, we de ne a

Ny o

NI AN

Figure 4.1: Encoding a closed meander as a ribb on graph

classof ribbon graphsthat generalizeshe ribb on graphsthat correspond to
meanders.

De nition  4.1.2. The class R is the class of oriented 4-regular ribbon
graphs on lakelled vertices, with edgesdivided into two classes, such that
around every vertex the edgesalternate between the two classes. For each
vertex, one of the edgesof the second classis designatel as up.

The graph induced on a ribbon graph of class R by taking only the
edgesof one classis 2-regular. Thus the two classesof edgesinduce two
collections of disjoint cycles. We have the following lemma for identifying
meanderswithin the classR.

Lemma 4.1.3. Meandersof order n arein 4n to (2n)! ¢2°" correspndene
with graphsin R on 2n vertices that are genuszer and have exactly two

cyclesinduced by the partitioning of the edges,one of each class.
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Proof. Beginning with a ribbon graph we obtain an unlabelled graph by
discarding the labels and orientations on the vertices. This results in a
(2n)! ¢2°" to one correspondence. A meander is obtained from sud an
unlabelled graph by designating a root vertex and picking one of the edges
of the secondclassincident to it asthe root edge. Picking the root vertex
and edgeaccourts for the additional factor of 2n ¢2 = 4n. O

Guided by Lemma 4.1.3 we will use Ry, to denote the elemerts of R
with m vertices, and considerthe generating series

1 X Gymsm X
Z(siN) = 7 RN NP ¢ (©); (4.1)
m, 1 ’ G2R m

wherep(G), and r (G) denote,respectively, the number of facesof G, and the
number of cyclesinduced by the edgecolouring, in G. By further decorating
the elemerns of R, assigningead facea label from the setfl;2;:::;Ng, and
assigningead of the cyclesinduced by the partitioning of the edgesa label
from the setf1;2;:::;qg, we obtain the term NP(C) g () asthe number of
distinct decorationsof the map G.

Asscciated with ead vertex are the labels of the four faceswith which
it is incident, labelledis, i, i3, andis in cyclic order, and two labels on the
edges,k for the edgesof the rst class,| for the edgesof the secondclass.
Figure 4.2 givessudch a labelled neighbourhood.

k

Figure 4.2: The neighbourhood of a vertex

We assignto eat half-edgea variable carrying its labelling information,
and assignto ead vertex the product of thesevariables. In clockwise order
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starting with the upper branch, the branchesof |[Figure 4.2 are assignedthe

variables h,('l‘l)2 g,(l)IB h,(';)4 and g,(l)ll and the vertex is assignedthe monomial

h(9 g0 p g0

Illzgi2i3 I3I4gi4ll’
wherethe h's and g's are triply indexed variables.

Prop osition 4.1.4. If, for 1- k - g, welet Hy denotethe N £ N ma-
trix lhi(jk) and G denotethe N £ N matrix 'gi(jk) , then the monomials
assaiated with all possiblevertex neightburhoods are enumerated by

xa
tr (Fik(3|)21
k;l=1

Proof. The sum of the monomials assaiated with all possiblelabellings is

xa oW X
h® o p® o0 — 4 HKGIH G, O

i1i2 s Misia Gigis
k;l=1 iq;iz;izia=1 k;l=1

Our strategy is to enumerate all possible decorated ribb on graphs of
classR on m vertices by picking out all the graphswith a given m-tuple of
vertex neighbourhoods, for all possiblem-tuples. Givena collection of vertex
neighbourhoods, we can describe a ribbon graph by specifying a coupling
(a complete matching) of the branches of the vertex neighbourhoods into
the 2m pairs of branchesthat are connectedto form edges.Sud a coupling
must be consistert with the labelling, and not intro duce any twists into the
ribb ons, as depicted in [Figure 4.3,

Thus, to enumerate all valid maps for a given m-tuple of vertex neigh-
bourhoods, we needto determine the number of consistert branch couplings
for that m-tuple. In terms of the monomials, a coupling is consistert if every
variable hi(jk) is paired with hj('i‘) and ewvery variable gi(jk) is paired with gj('i‘).
To deal with these pairings, we use some results from probability theory
about Gaussianmeasures.
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Figure 4.3: A coupling
4.2 Gaussian Measures

If B is a positive de nite matrix giving a quadratic form on R", then the
measure . ¢
dt (x) = (2% "“2(detB) 2 exp ' | IXTBx dx;

is the Gaussianmeasure on R" ass@iated with B, wherex is an n componert
column vector, and dx is the Lebesguemeasureon R". The measured! is
a probability measure,that is, the measureof the ertire spaceis 1. For a
function f we usethe notation

Z

Hi=  f(x)d:(x)
Rn

to denote the averagevalue of f with respect to the measured!. We note
that, sinced! (x) = d!(j x) for all x in R", the averagevalue of any odd
degreemonomial with respect to this measureis zero. The averagevalue of
a degreetwo monomial is given by the following lemma.

respect to the measure d* assaiated with the matrix B, then
h>(ini = ajj ,

forall 1- i;j - n, where A = (a;) = Bi 1l
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A secondlemma allows us to calculate the averagevalue of an arbitrary
monomial.

Lemma 4.2.2 (Wic k's Formula). If fq;f5;:::;f2y are linear functions
of X, not necessarily distinct, then

X

where the sum is taken over the (2m j 1)!! couplingsof f1;2;:::;2mg into
pairs fpi; gg. Sucha partition is referred to as a Wick coupling.

By the linearity of the integral operator, h¢iis a linear operator, sothese
lemmasare sutcient for evaluating the averagevalue of any polynomial.

We now considera speci ¢ Gaussianmeasureon the spaceHy of N £ N
Hermitian matrices. Matrices in this spacecan be coordinatized by N ? real
numbers: for the matrix H = (h; ), we usethe coordinates x;; = Rehj; for
i+ j,andyj = Imhj fori< j. In thesecoordinates, Hy is isomorphic to
RN’ Note that for H 2 Hy,

X o X
tr H? = hij hji = hij hy = X%+2 (X%+y§)

ij =1 ij =1 i=1 i<j
is a positive de nite quadratic form on Hy. With respect to the coordi-
natesxj andy;j; , the matrix for the quadratic form is diagonal, with N 1's
corresponding to the coordinates x;, and N2 N 2's corresponding to the
coordinates xjj andyj with i & j. It thus hasdeterminant 2NZi N \We can
construct the assaiated Gaussianmeasured! (H) on Hy as

N7 N ¢
dt(H) = (21 N*=22N% NZexpli Lir H2 dy(H);

where
W Y
dV(H) = dXii dXij dyij
i=1 1 i< - N
is the usual Lebesguemeasureon the space. We view the matrix entries hijj
aslinear functions of the coordinates x;; and y;; , and obtain the following.
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Lemma 4.2.3. With resgect to the measure d! assaiated with the quadmatic
form tr H?,
hhij higi = &4

Proof. The inverseof the matrix of the quadratic form is diagonal with N
I'sandN?j N %‘s. Soby Lemma 4.2.1 we have,

®

: o —®_ -, 2
hhyjihyg i = thyhjit = hyhy = xj+yj =3+

Nl
NI

=1 wheni < j.

In the remaining cases,when (i;j) 6 (I;k), we get no cortribution from
diagonal terms and the averageis zero. O

To enumerate decoratedelemeris of R we extend the measureonHy to a

of N £ N Hermitian matrices. As a corollary to [Lemma 4.2.3 we have the
following.

2 MO i 0®
Corollary 4.2.4. In the space (Hn )< where Hy = hij and Gy = 9

for 1 - k - q, the following relations hold with resgect to the Gaussian
measure descriled above:

D E
h(kl)h_(kz)

iz HeskoHrgio o

i1j1
k1) (k .
gi(ljll)gi(zjzz) = Hgko it and
(k1) ((k2) _ A
hililgizjz =0
Interpreting the variables as labels on branches of vertex neighbour-
hoods, asin |Section 4.1, we concludethat for brancheslabelled a and b,

1 if the branchescan be paired consisterily
0 if the branchescannot be paired.

hab =

Armed with Wick's Formula, we can give a combinatorial interpretation to
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the expression * ¥
3 xq m
tr HiGH G
k;l=1
By the linearity of ht¢i, this expressionis a sum over all Wick couplings of
the variables involved in all possible m-tuples of vertex neighbourhoods.
By the above obsenation, a coupling contributes 1 to the sum if it can be
interpreted asa decoratedelemer of R and 0 otherwise. We concludethat
* , o+
X m X

tr HGH G = Np(G)qr(G): (4.2)

kil=1 G2R m

By substituting this expressioninto (4.1), we obtain the expression

* , o+
1 X Gprsm °oX m
Z(s,GN) = 5 (‘m? g T HKGIHG
moo kil=1 .
-1 exu-itrXq HGH Gﬂ
~ N2 P iy kGIHKkG)
k;l=1

172 o T v
=3 exp j —tr HGH G, dt (H)d* (G)):

N2 (Hy)2a N kil=1 k:l=1

(4.3)

Notice, that in this expression,N and g are not indeterminates. The expres-
sion holds only positive integersN and g. Using the expressionto evaluate
Z(s;qg;N) at di®erent valuesof gor N requiresevaluating di®erert integrals,
but, X

Pm(GN) = NPO(© (4.4)

G2R m

is a polynomial of bounded degreein q and N, and can, in principle, be
determined by interpolation.

52



4.3 Recovering Meanders

Expression(4.3) describesa generatingseriesfor R with respectto number of
vertices,faces,and inducedcycles. A generatingseriesfor elemeris of R with
exactly two induced cyclescan be obtained from Z(s;qg; N) by considering
the coexcient of o?,

Y(siN) = [(F]Z(siaN):

In Y(s;N) agraph G with m verticesand p facesis weighted by a factor of
(i )™s™=(m! ¢N M*2i P),

We further specializeto planar graphs by consideringthe Euler charac-
teristic of the graphsunder consideration. Sincea 4-regular graph on m ver-
ticeshas2m edgessucd a graph hasEuler characteristic mj 2m+p = pj m.
Now a graph of gerus g has Euler characteristic 2j 2g, som+ 2j p= 2g.
Thus we obtain

Yo(s) = NIl!rln Y(s;N)

as the generating seriesfor gerus zero elemers of R with exactly two in-
ducedcycles. In Yp(s) a graph G with m verticesis weighted by a factor of
%(i 1)Ms™. This yields the main theorem for the chapter.

Theorem 4.3.1. The meandric numbers can be obtained from Yq(s) by the
relation

22n )
EMn = [s™"]Yo(s):

Proof. This is an immediate consequencef the precedingobsenations and
O]

Corollary 4.3.2. Where M (s) is the ordinary geneamting seriesfor mean-
ders with respect to their order

2sYJs) = M (4s?):

The construction discussedin this chapter does not provide a nal so-
lution to the meander problem. In particular, a complete solution would
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require a method to ewaluate the integral in (4.3), a task for which little
progress has been made to date. Sewral techniques exist for evaluating
matrix integrals, but none of them are directly applicable in this case.

In general, matrix integrals are evaluated by a change of coordinates,
e®ectiely diagonalizing the matrices involved and working over R". The
dizcult y in this casecomesfrom the fact that the matrices Hy, and G, are
not simultaneously diagonalizable. Unlike the expressiontr H4, which is
usedin erumerating 4-regular maps with no added structure, the expres-
sion tr H G |H G, is not invariant under unitary transformations on Hy.
The obvious change of coordinates H ! (U;r), where U is unitary, & is
diagonal,and H = Uz Ui 1 is not applicable.

4.4 Another Matrix Mo del

The integral from is not unigue in its utilit y in enumerating meanders.
It is possiblethat some similar integral may carry the same enumerative
information but be more susceptibleto evaluation.

In particular, it is worth mentioning the matrix integral usedby Di Fran-
cesco,Golinelli, and Guitter, in [5] and [7]. They considera di®eren Gaus-
sian measure,one normalized sudh that hhjj hyi = Ni_.;| %k, and consideran
expressionwith an extra parameter: instead of working over (Hy )29, they
de ne an integral over (Hy)%* %, separately cortrolling the number of H
and G matrices.

The result is an expressionthat recordsseparatelythe number of cycles
of eadh class. A restriction to connected graphs is obtained by taking a
logarithm. Interpreting the resulting expressionas a polynomial in gz, and
taking the limit as ¢ approacdes zero, further restricts the expressionto
graphswith only a single induced cycle of the secondclass. The gerus zero
caseis recovered as before. This approadc hasthe advantage that it hasthe
potential to be usedfor determining the number of meandric systemswith
respect to both order and number of componerts, sincethe number of cycles
of the secondclassis recorded.
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To date, the integral obtained by Di Francescoet al. has beenno more
susceptibleto existing evaluation techniques than the integral from (4.3),
but, in [7], Di Francescoet al. note that it is suggestie of a two-dimensional
conformal "eld theory, and using this similarity, and universality principles
from statistical mechanics, they conjecture the exact values

Pp_—s g P_—_s .
29 P~ P- 11 P~ P
= — + =1+ —— +
® 12 29 5 and ®=1 24 29 5
in the asymptotic approximations to M, and M ,, (2.4) and (2.49. Numerical
estimatesof ® and ®, obtained by Jensenand Guttmann in [10] through the
method of di®erertial approximants, disagreewith the conjectured values.
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Chapter 5

The Temperley-Lieb Algebra

In this chapter, we shift attention to meandric systems(recall De nition 2.2.7).
Upper and lower arch con gurations are encaded as strand diagrams, which
are in turn interpreted as elemens of the Temperley-Lieb algebra. Under

this encading, the number of componerts of a meandric system can be re-
covered by evaluating a bilinear form on its upper and lower con gurations.
Choosing an appropriate basisfor the algebra, allows us to write the mean-
dric polynomials in terms of the Gram matrix of this bilinear form.

5.1 Strand Diagrams

Before de ning the Temperley-Lieb algebra, we intro duce strand diagrams,
which can be usedto pictorially represen the algebra. Strand diagrams
provide a combinatorial presenation of the algebraand a vehiclefor linking
the algebrato the meanderproblem.

De nition 5.1.1. A strand diagram of order n, is a con guration of n
pairwise non-intersecting curves, called strands, in an open disc, that con-
nect 2n endmints on the boundary of the disc. These points are lakelled
cyclically by f1;2;:::;2ng. Two strand diagrams are equivalent if there is
a homeomorphism from one to the other that respects the lakelling of the
endpints.
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We represen strand diagramsby rectangles,with the labelsf1;2;:::;ng

1 12
2 11
3D / 10
. -
5 8
S ;7

Figure 5.1: A strand diagram of order 6

The connection between strand diagrams and meandric systemscomes
from the following lemma, which is illustrated in |Figure 5.2

Lemma 5.1.2. There is a natural bijection between arch con gurations of
order n and strand diagrams of order n.

$

12345678 9101112

Figure 5.2: A bijection betweenstrand diagrams and arch con gurations

Proof. The arches of an arch con guration of order n are pairwise non-
intersecting, and connect2n points on the boundary of the upper half-plane.
To obtain a strand diagram from an arch con guration, it is suzcient to label
the basemints accordingto the orientation of the line. The labelling of the
basemints makesthe inverseunique. O

5.2 The Temperley-Lieb Algebra

We now de ne the Temperley-Lieb algebraand develop someof its proper-
ties. The readeris referred to [3] for a more complete treatment.
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De nition 5.2.1. The Temperley-Lieb algebra of order n in the indeter-
minate g, denotad TL,(q), is a free additive algeba over C(qg) with multi-

plicative geneators 1, ey, €, ..., €, 1 subject to the relations:
& = qe fori=1,2 ...,nj 1 (R1)
eg = g6 ifjijjj>1 (R2)
ees516 = § fori=1,2,...,nj 1 (R3)

whete 1 is the multiplic ative identity.

Pictorially, the generatorsof TL,(qg) are represened as the strand di-
agrams given in Figure 5.3.  In this represettation, multiplication is by

N 1
1= a= 4
n I"I‘:

Figure 5.3: The multiplicativ e generators of TL (Q)

concatenation. To construct the product ef from strand diagrams e and f:
1. identify the right edgeof e with the left edgeof f,

2. for 1 - i - nidentify the endpoint labelledi in f with the endpoint
labellednj i+ 1in g

3. delete every closedloop introduced by concatenation, accourting for
ead loop by replacing it with a multiplicativ e factor of q.

Figure 5.4 shows the relations (R1), (R2), and (R3) under this represeta-
tion. Each relation equatesa pair of homeomorphic strand diagrams, so
products in TL,(q) respect the concatenation product of strand diagrams.

Prop osition 5.2.2. Using the pictorial representation, strand diagrams of
order n form a hasis for TL,(g) as a C(q)-vector space, and TL(qg) has
dimension C,. We call this basis B;:
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S

R es= i - e
L T
(R3) | ggn@ = % = 'C =q

Figure 5.4: A pictorial represertation of (R1), (R2), and (R3)

Proof. Using the pictorial represenation, every monomial in generators of
TL,(q) can be represerted as a strand diagram of order n, and two mono-
mials that are equivalent under (R1), (R2), and (R3) are represerted by
equivalent strand diagrams. Thus, to verify that strand diagrams form a
basisfor TL(q), we needonly shawv that every strand diagram can be fac-
tored into a product of the multiplicativ e generators. The dimension of the
algebrais then a consequenceof Lemma 5.1.2

We describe a construction for factoring an arbitrary strand diagram of
order n into a product of multiplicativ e generatorsof TL,(q). Appealing
to [Lemma5.1.2, we begin by represening the strand diagram as an arch
con guration of order n. The arch con guration is then further encaded as
a path diagram, a graph in R? on the verticesv; = (i; h;j) for 0 - i - 2n,
whereh; is the number of archespassingover the midpoint betweenthe i-th
and (i + 1)-st basepmints and, by corvertion, hg = hy, = 0.

Example 5.2.3. The strand diagram from |[Figure 5.3 is represente as the
arch con guration |[Figure 5.5/ (a). Encoding this as a path diagram produces

Figure 5.5 (b).

The value hy, is the number of strands passingfrom left to right in the

59



(b)

012345678 9101112

Figure 5.5: Encoding an arch con guration asa path diagram

original strand diagram and determinesthe (two-sided) ideal it principally
generates.We introduce the notation that

1K = eres 00y, k; 1 (5.1)

is the canonical generator for the ideal in TL,(q) cortaining all strand dia-
gramswith at most k strands passingfrom left to right.

We decomposethe path diagram into a basepath, the path represertation
of 1", and a collection of boxesthat, when stacked on the basepath, give
the contour of the path diagram. The boxes are labelled according to their
positions: abox is labelled by g if it is either to the left of the midpoint and
certered over x-coordinate i, or to the right of the midpoint and certered
over x-coordinate 2nj i.

Example 5.2.4. Decomposing|Figure 5.5/ (b) produces|Figure 5.6, with the
base path indicated by a thickene line.

01 23 456 7 8 9101112

Figure 5.6: Decomposing a path diagram
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A factorization of the strand diagram can be read directly from this box
decomposition. The strand diagram is recovered by left multiplying | ¥ by
the labelsof the boxesto the left of the midpoint, read in order of increasing
height, and right multiplying the result by the labelsof the boxesto the right
of the midpoint, read in order of increasingheight. Sincethe labels of two
boxesat the sameheight commute, boxesat the sameheight can be read in
any order.

This completesthe proof. O

The construction provided does not always produce the most compact
factorization of a strand diagram, but has the bene t of emphasizingthe
role played by the ideals principally generatedby | K.

Example 5.2.5. Working from[Figure 5.6, we havethe basepath | = e;e;
and obtain the factorization S = es(exes)(e163)(e264)(€365)€4, With commut-
ing geneators grouped by parentheses.This is il lustrated in [Figure 5.7 (a).
The term correspnding to the base path is indicated by a thickened line.
This factorization can be simpli ed by applying (R2) and (R3) to obtain

Figure 5.7: A factorization of a strand diagram

S = ese,e4€365€4, as givenin [Figure 5.7/ (b).

We now have an encaling of arch con gurations of order n as elemeris
of TL,(g). By represering meandric systemsas ordered pairs of arch con-
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“gurations, we naturally extend this encading to meandric systems: the
elemen (g;f) 2 TLL(q) £ TL,(q) encadesthe meandric system with upper
arch con guration encaled as e, and lower arch con guration encaled asf.
To determine the number of componerts of a meandric system so encaded,
we introduce a trace on the algebra.

i ¢
We think of ITLl(q); TLo(Q);::: asa sequenceof nestedalgebras. The
algebraTL(q) is embeddedin TL+1 (g) by the map

" TLn(Q) ! TLns1(Q)
g 7' e;

extendedasa homomorphism. In terms of strand diagrams, the map addsan
additional strand at the bottom of the diagram, and relabels the endpoints
appropriately.

De nition 5.2.6. A family of functions try: TLx(q) ! C(q) for k , 1is
called a Markov trace if it satis es:

tri is a linear functional, (T1)
tri(ef) = try(fe) for all gf 2 TLk(q), and (T2)
trss(eq) = tri(e) if e2 hleq; i e 1i: (T3)

A function try satisfying (T1) and (T2) is called a trace.

Notice that tryq (e&f) = tri+r (feg) = tri(fe) = trg(ef) so we could
replace (T3) in the de nition by

tri+1 (eaf) = tri(ef) if e f 2 Ml eq;:ii56 10 fork, 1 (T39

A proof that there is a unique Markov trace on TL(q), up to a multi-
plicativ e factor, is given in [3, Appendix A]. As a consequencea Markov
trace is completely determined by any non-zeroevaluation. To give a com-
binatorial interpretation to this trace, we introduce the closure of a strand
diagram.
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De nition 5.2.7. The closureof a strand diagram S, of order n, is obtained
from S by placing the diagram on a cylinder, and identifying the endmint i
with the endpoint nj i+ 1 for eachi in therangel - i - n. Pictorial ly, this
is represental by connecting the endmints around the outside of the disc, in
a planar fashion. [Figure 5.8 givesa strand diagram and its closure.

Figure 5.8: A strand diagram and its closure

The closureof a strand diagram consistsof a collection of loops. We use
# 100p(S) to denote the number of loopsin the closureof S.

Prop osition 5.2.8. The family of functions tr de ned on strand diagrams

by
tr(S) = ¢ oor(S); (5.2)

and extende linearly to TLy(q) is the Markov trace suchthat tr1(1) = .

Figure 5.9: try satis'es (T3)

Proof. Since try is linear, we need only verify (T1), (T2), and (T3) for
monomials. Condition (T1) is satis ed by de nition. Condition (T2) is true
sincethe closure of ef and the closure of fe are obtained by identifying the
samepairs of endpoints in e and f; every loop is either deleted and counted
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by a factor of g by (R1), or courted as a factor of q by # 50p(9. Condition
(T3) is illustrated in Figure 5.9; the portion of the curve indicated by a
thickenedline can be contracted without altering the number of loops. [

The Markov property of try provides a way to recursively evaluate the
function. Consider the following examples.

Example 5.2.9. We calculate the number of componentsin the closure of
S = esexeqezesey.

qff o0 (S) = trg(eserenenesen) = tro(eres€365€4€5) = trg(e2€4€365)
trs(epeses) = tra(ees) = tra(ep) = tra(l) =

We conclude that the closure of S consists of 2 loops, in agreement with

Figure 5.8.

Example 5.2.10. By using (R3) to intr oduce additional geneators, we can
recursively evaluatetry.1 in terms of tr, evenwhen e, doesnot occur as a

factor. Consider trs(e1) = tra(erezer) = tra(ere2636261) = trs(ere26261); for
example.

Example 5.2.11. From the combinatorial interpretation of try, we can eas-
ily verify that tri(1) = ¢¢. This can also be veri ed inductively, using (T3)
to intr oduce a multiplicative geneator that can be expanded.

tr(1) = tries (&) = tr(exe 1&) = qtre(ex; 16)
= qtri(ex; 1) = qtrg; 1(1)

Prop osition 5.2.12. Semi-me&ndric numbers can be expresse in terms of
the trace function and the basis B; throughthe expression

_ X
Mnp = [q] try f: (5.3)
f2B 1

Proof. By [Lemma5.1.2 we take the sum to be over all arch con gurations
of order n. An arch con guration a with corresponding strand diagram S
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cortributes the term tr,(S) = ¢ ©(S)  Since the closure of S and the
semi-meandric system with a as an upper con guration are obtained by
connecting the same endpoints, the number of componerts in the semi-
meandric system with a as an upper con guration is # joop(S). Thus an
arch con guration cortributes the term g preciselyif the corresponding semi-
meandric systemis connected. O

In order to make a similar statemernt relating the meandric numbers to
the trace function, we de ne the transposef' of f 2 TL,(q).

De nition  5.2.13. The transposefunction ': TLn(q) ! TLn(q) is de ned
on the multiplicative basis by

e'=¢

and extendel to the whole algeba through
(ef)! = fle and ((e+°f)l= &+ °f
for all e, fin TL,(g) and all ,, ° in C(q).

In terms of strand diagrams, the action of ¢ is to re°ect the diagram in
the vertical axis and to swap the labelsi and 2nj i+ 1 for eadh i in the range
1. i n.|Figure 5.10givesa strand diagram (a) and its transpose(b).

o g~ WN PR

Figure 5.10: A strand diagram (a), and its transpose (b)

Using ! we can de ne a symmetric bilinear form

h¢¢i,: TLa(q) £ TLa(g) ! C(q) (5.4)
(e:f) 7! tr(eft) (5.5)
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with the property that if e and f are the represenation of arch con gurations
a and b, then he;fi = &9 where c(a;b) is the number of componerts in
the meandric system with a as its upper con guration and b as its lower
con guration.

This last claim is veri'ed by noting that the closure of eft is obtained
by identifying the endpoint i in e with the endpoint i in f for every i in the
rangel - i - 2n. This is precisely the identi cation involved in creating
the meandric system with a as its upper con guration and b as its lower
con guration. Sothe number of componerts in (a;b) is # joop(eft), and we
obtain the expression,

mn(Q) = M (g = he; fin; (5.6)
k=1 ef2B 4

for the n-th meandric polynomial, since, by Lemma5.1.2, the sum can be
taken to be over all meandric systemsof order n. We summarize the form
h¢¢i, with its Gram matrix, M (), a C, £ C,, matrix sud that

[ ¢ :
Mn(q) ij = mhajlny

theorem.

Theorem 5.2.14. The meandric polynomials can be expressé by

¥n

M@= 'M n(0|)¢ij = tr(Mn(0) ¢Jn) = Un' Mn(q)un; and  (5.7)
ihj =1

Mn(cf) = tr ' n(CI)2¢; (5.8)

wher u, is the C,, dimensional column vector of 1's and J, is the C, £ C,
matrix of 1's.

Proof. The expression(5.7) is obtained by rewriting (5.6) in terms of M ,(q).
SinceM ,(q) is symmetric, and every ertry is a monic monomial, every term
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i ¢
in tr (M n(g)Jn) appearssquaredin tr '™ n(0)? ', so(5.8) follows from (5.7).
]

SinceM, can be recovered from these expressionsthrough
£ 2”.j 2
Mn = [dma(a) = a° mn(g);

we have reduced the meander problem to the problem of determining the
Gram matrix of h¢¢i, on TL,(q) with respect to the basisB;. As with the
techniques discussedin previous chapters this is a computationally dixcult
task.

Example 5.2.15. With respect to the basis B; = fey; ee1; e16; €; 19, the
Gram matrix of h¢¢i is

Oq3 ¢ ¢ q qzl

¢ ¢ a & g
Ms3@=Bd? q o o q
¢ F g o

¢ q q ¢ o

Using this matrix, we see that mz(q) = tr( M 3(g)J3) = 8q+ 12097 + 5¢°, and
recover M3 = [glms(qg) = 8.

Despite the apparert computational ditcult y, this approac is promis-
ing. The Gram matrix is richly structured and opensthe meanderproblem
to the tools of linear algebra. In [6], Di Francesco,et al. construct a second
basisB, for TL,(qg) with respect to which the Gram matrix is diagonal, and
order the elemens of B; and B, such that the change of coordinate matrix
from B; to By is triangular. In principle, the meander problem has been
reducedto expressingB; in terms of By, but in practice, only the diagonal
entries of the change of coordinate matrix have beendetermined. This is
suzcient to calculate the determinant of M ,(q) but doesnot provide a nal
solution to the problem.
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Figure 5.11: A secondencading of arch con gurations

Other formulations of the meander problem in terms of the Temperley-
Lieb algebra are possible. In particular, Di Francescosuggestsin [4], that
arch con gurations of order n be encaled as monomials in the left ideal
(e1e3 ¢CCeypn; 1) Of TL2n(q@). Under this encaling, an arch con guration of
order n is encaded by the strands connecting the labels 1, 2, ..., 2n, asin
Figure 5.11 This encaling allows a uniform recursive construction, through
box-addition, of the basiselemeris corresponding to arch con gurations, and
has the property that if a and b are encaded as e and f, then # 5op(eft) =
n+ c(a; b), with the extra n loopscoming from the short archeson the labels
2n+1,2n+2, ..., 4n.
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Chapter 6

Com binatorial W ords

Arch con gurations have a natural encading aswords in the Dyck language.
This chapter describes the extension of this encading to an encaling of
meandric systems as words, and, more generally, deals with enumerative
techniquesthat are basedon sequettially consideringthe intersection points
of a meandric system.

6.1 The Encoding

We begin by describing Dyck language. For typographical reasons,when it
is inconveniert to use parentheses,we usex and y to denote left and right
parentheses. The Dyck languageis the languageof balancedparentheseson
the alphabet f x; yg, and can be generatedby the production rules:

sl 2
(6.1)
sl xsys;

where 2 is the empty word. The following proposition links the Dyck lan-
guageto arch con gurations.

Prop osition 6.1.1. Arch con gurations of order n are in bijective corre-
spondene with Dyck words of length 2n.
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Proof. To construct an arch con guration of order n from a Dyck word of
length 2n, label 2n basemints sequetially with the letters of the word, and
connectead x to its matching y with an arch. The construction is reversed
by reading the basemints sequetially; the rst basemint on an arch is read
as x, while the secondbasemint on an arch is read asy. O

The bijection from the preceding proof provides an encaling for arch
con gurations as words over a two-letter alphabet. This encaling is illus-

trated in Figure 6.1

c )y ¢ CcH)y )y )y

Figure 6.1: An arch con guration asa Dyck word.

By separately encading the upper and lower con gurations of meandric
systemsas words in the Dyck language,and using the rule,

we obtain an encading of meandric systemsas words on the four-letter al-
phabet fC;D;O;Ug. The languagelL of meandric systemsconsists of all
words that encade meandric systemsunder this encading. A language, of
meanders,LCis obtained as the restriction of L to those words that encade
meanders.

Having an interpretation of meandersas words, suggeststhat we con-
sider a sequetial decomposition, onethat readsmeandersfrom left to right.
The i-th crosssection of a meanderis obtained by slicing the canonical rep-
resenation vertically between bridge i and bridge i+ 1, and recording the
position of the line and connectivity of the end points, asdetermined by the
left side of the diagram. The meander OODUUDUUDCDC' is given in
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Figure 6.2 dotted lines mark the crosssections. Someof its crosssections

are given in |[Figure 6.3.

0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 6.3: Cross sectionsof ‘OODUUDUUDCDC'

By considering consecutive crosssections,we gain a geometric interpre-
tation for eath of the letters in a meandric word. Starting with an empty
crosssection, the i-th letter speci es the transition that must be applied to
the (ij 1)-st crosssectionto obtain the i-th crosssection: an O opensa new
strand around the line, a C closesthe strand closestto the line, a U moves
the end of a strand up, and a D movesthe end of a strand down. These
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transitions are shown in Figure 6.4. Notice that not every transition can be
applied to every crosssection: the transition U, for example,can be applied
only to a crosssectionwith at least one strand below the line.

e I 2N
e -

(O)ben (C)iose (U‘)p (D )6wn

Figure 6.4: The four transitions

In [9], Jensendescribes an algorithm, basedon crosssections, for com-
puting meandric numbers. His algorithm inductiv ely determinesall possible
i-th crosssectionsof meandersand how many sequence®f transitions lead
to eadr. The number M, is the number of sequence®f transitions that lead
to the empty crosssectionafter 2n transitions. When computing only a xed
Mp, the algorithm is optimized to discard crosssectionsthat cannot lead
to valid meanderswith the remaining number of transitions. In particular,
a crosssection with more than 2nj i strands either above or below the line
cannot bethe i-th crosssectionof a meanderof order n. Slight modi cations
can be usedto enumerate semi-meandersor meandric systems.

In his analysis, Jensencites experimental evidencesuggestingthat the
computational complexity of determining the rst n meandric numbers us-
ing this algorithm grows asymptotically as % 2:5", and that memory use
is proportional. In corntrast, the tree enumeration approac described in
'Section 2.5 usesan amourt of memory that is polynomial in n, but hastime
requiremerts that are proportional to the largest meandric number being
calculated, that is % 12:26". In practice, Jensen'salgorithm is the most
e®ective method known for computing meandric numbers exactly.
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6.2 Irreducible Meandric Systems

Lando and Zvonkin, in [11], successfullyusethe encading of meandric sys-
tems as words to analyze a classof objects lying strictly betweenmeanders
and meandric systems. They call this classirr educible meandric systems. It
is de ned asfollows.

De nition 6.2.1. A meandric systemrepresenta by the word W is said to
be irreducible, if no subwod of W representsa meandric system. If W rep-
resentsan irr educible meandric system,then W is said to be an irreducible
word.

Lando and Zvonkin prove that a meandric systemhasa unique decompo-
sition into a collection of irreducible meandric systems. In fact the language
of meandric systemscan be described by the production rules:

sl 2
s! OsCs

s! OsUsDsCs
(6.2)

s! ®s®,s ¢¢t®y, S

where ®®, ¢¢0®,, denotesa genericirreducible word, and there is one pro-
duction rule for every irreducible word. By showing that every meandric
systemhas a unique derivation using theserules, they are able to shaw that
the ordinary generating seriesfor meandric systemswith respect to order,
B (x), and the ordinary generating seriesfor irreducible meandric systems
with respect to order, N (x), satisfy the functional equation

B(x) = N (xB ?(x)): (6.3)
Using analytic techniques, Lando and Zvonkin combine (6.3) and (2.5
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to concludethat the radius of convergenceof N is

My, 1/4ﬂ2_

Ya

This leadsto their main result, that meandric numberssatisfy the inequality,

H 1, ﬂ2n

M, < :
n 4i Yo

(6.4)

for all suxciently large n valuesof n.

6.3 Production Rules For Meanders

We do not yet have a collection of production rules for the language L°
of meandersthat can be usedin the manner of (6.1) or (6.2) to produce
enumerative results. The substitution rules (the “rst of which areillustrated
in [Figure 6.5),

ouc! U obC! D
ouucCc! ucou obDC! DCOD
ouuuc! uucbouu obbbC! DDCUODD (6.5)
Oui+2C! Ui+lCDioui+l ODI+2C| Di+1cuiODi+l

can be applied reversibly to any meandric systemwithout altering the num-
ber of componerts. Togetherwith the additional substitution rules,

ubD! 2 DU! 2 (6.6)

they form a complete set of substitutions, in the sensethat a sequenceof
substitutions can be usedto reducethe word represenation of any meander
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to the word OC. This reduction can be made unambiguous by requiring
that ead reduction be carried out at the rightmost possiblepoint.

S

AARVER . e
N ,,/U%k/

@) u U o u

Al el el e
UL T

@]

aaNe

u C D O U U

D

N

Figure 6.5: Substitution rules for meandric words

In theory, it should be possibleto de ne a set of production rules for
producing every meander from the initial string OC. Unfortunately, from
the perspective of searting for enumerative utilit y, only the rules can
bereversedin a context freefashion. If AB isaword represening a meander,
the substitution AB ! AUDB canbe madeonly if the crosssectionde ned
by the pre x A has a strand below the line, and the substitution AB !
AD UB can be made only if the crosssectionde ned by the pre x A hasa
strand above the line. The string OUUDDC doesnot even correspond to
a meandric system, despite the fact that it can be produced from OC by
twice applying the substitution 2! UD.
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App endix A

Tables of Num bers

For convenienceof reference,we reproduce sometables of known values of
M, my, My, and M,ﬁk). Tables/A.1, /A.2/ and|A.3  are reproduced from [10]

with the entry for my3 correctedto agreewith My, and [13]. [Table A.4is
reproduced from [5].

n Mnp | n Mnp| n Mn

1 1/ 9 0933458 17 59923200729046
2 2|10 8152860| 18 608188709574124
3 8|11 73424650| 19 6234277838531806
4 42 | 12 678390116| 20 64477712119584604
5 262 | 13 6405031050 21 672265814872772972
6 1828 | 14 61606881612 22 706094197445806139p
7 13820| 15 602188541928 23 74661728661167809752
8 110954| 16 5969806669034 24 794337831754564188184

Table A.1: The rst 24 meandric numbers.
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n My | N My | N Mn

1 116 252939 31 5969806669034
2 1|17 933458 32 15012865733351
3 2118 2172830| 33 5992320072904¢
4 3] 19 8152860| 34 151622652413194
5 81| 20 19304190 35 608188709574124
6 14 | 21 73424650| 36 1547365078534578
7 42 | 22 176343390 37 6234277838531806
8 81| 23 678390116| 38 15939972379349178
9 262 | 24 1649008456 39 64477712119584604
10 538 | 25 6405031050 40 165597452660771610
11 1828 | 26 15730575554 41 672265814872772972
12 3926 | 27 61606881612 42 173360908172796849p
13 13820| 28 152663683494 43 706094197445806139p
14 30694| 29 602188541928
15 110954| 30 150396295493

Table A.2: The rst 43 open meandric numbers.

n M, | n M, | n M,
1 1|16 1053874| 31 42126805350798
2 1|17 3328188| 32 137494070309894
3 21| 18 10274466| 33 455792943581400
4 4119 32786630| 34 1493892615824866
5 10| 20 102511418 35 4967158911871358
6 24| 21 329903058| 36 16341143303881194
7 66 | 22 1042277722 37 54480174340453578
8 174 | 23 3377919260 38 179830726231355326
9 504 | 24 10765024432 39 600994488311709056
10 1406 | 25 35095839848 40 198976181665666639P
11 4210 | 26 112670468128 41 6664356253639465480
12 12198| 27 369192702554 42 22124273546267785420
13 37378| 28 1192724674590 43 74248957195109578520
14 111278| 29 3925446804750 44 247100408917982623532
15 346846| 30 12750985286162 45 830776205506531894760

Table A.3: The rst 45 semi-meandric numbers.
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ken {1 2 3 4 5 6 7 8 9 10 11 12
1(1 2 8 42 262 1828 13820 110954 933458 8152860 73424650 678390116
2 2 12 84 640 5236 45164 406012 3772008 35994184 351173328 3490681428
3 5 56 580 5894 60312 624240 6540510 69323910 742518832 8028001566
4 14 240 3344 42840 529104 6413784 76980880 919032664 10941339452
5 42 990 17472 271240 3935238 54787208 742366152 9871243896
6 132 4004 85904 1569984 26200468 412348728 6230748192
7 429 16016 405552 8536890 161172704 2830421952
8 1430 63648 1860480 44346456 934582000
9 4862 251940 8356656 222516030
10 16796 994840 36936988
11 58786 3922512
12 208012

Table A.4;: Meandric system number M ¥ for small n and k.
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