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A PRIMAL-DUAL EXTENSION OF THE GOEMANS-WILLIAMSON ALGORITHM
FOR THE WEIGHTED FRACTIONAL CUT-COVERING PROBLEM

NATHAN BENEDETTO PROENCA!Y, MARCEL K. DE CARLI SILVA2*, CRISTIANE M. SATO3*,
AND LEVENT TUNGEL!Y

ABSTRACT. We study a weighted generalization of the fractional cut-covering problem, which we relate
to the maximum cut problem via antiblocker and gauge duality. This relationship allows us to introduce
a semidefinite programming (SDP) relaxation whose solutions may be rounded into fractional cut covers
by sampling via the random hyperplane technique. We then provide a 1/agw-approximation algorithm
for the weighted fractional cut-covering problem, where agw = 0.878 is the approximation factor of the
celebrated Goemans—Williamson algorithm for the maximum cut problem. Nearly optimal solutions of the
SDPs in our duality framework allow one to consider instances of the maximum cut and the fractional
cut-covering problems as primal-dual pairs, where cuts and fractional cut covers simultaneously certify
each other’s approximation quality. We exploit this relationship to introduce new combinatorial certificates
for both problems, as well as a randomized polynomial-time algorithm for producing such certificates.
In particular, we show how the Goemans—Williamson algorithm implicitly approximates a weighted instance
of the fractional cut-covering problem, and how our new algorithm explicitly approximates a weighted instance
of the maximum cut problem. We conclude by discussing the role played by geometric representations of
graphs in our results, and by proving our algorithms and analyses to be optimal in several aspects.

1. INTRODUCTION

Let G = (V, E) be a simple graph. For every S C V, the cut with shore S is the set §(S) C F of edges
which have precisely one vertex in S. For every nonnegative vector z € Rf indexed by the edges, the fractional
cut-covering number of (G, z) is

(1) fee(G, z) = min{ 1Ty:y¢ Rﬁ(v), Z yslscs) > z},
scv

where the power set of V' is denoted by P(V), the incidence vector of T C U is 11 € {0,1}Y, and the vector
of all-ones is 1. When z is integer-valued, the integer solutions of (1) correspond to multisets of cuts which
cover each edge e € F at least z. times, thus explaining the name “fractional cut-covering”. The unweighted
version of this graph parameter — i.e., fcc(G) = fee(G, 1) — is used by Samal [39] to prove non-existence of
cut-continuous functions between certain graphs. Such functions are maps between the edge sets of graphs
that arise in the study of certain graph flow conjectures [12, 39]. A fractional cut cover of (G, z) is a feasible
solution of (1).
For every w € Rf , the maximum weight of a cut with respect to w is

(2) me(G, w) = max{w' L5 : S C V}.

As larger cuts intuitively give rise to smaller covers, this suggests a combinatorial relationship between (2)
and (1). The problem of computing mc(G, w) is known as the mazimum cut problem, and it is one of Karp’s
original NP-hard problems [26]. Goemans and Williamson’s approximation algorithm [19] for this problem is
one of the most celebrated applications of semidefinite programming. We denote by SV the Euclidean space
of real symmetric V' x V matrices, and by SX C SY the cone of positive semidefinite matrices, i.e., the set of
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symmetric matrices with nonnegative eigenvalues. The Laplacian of G is the linear function Lo : RF — RV*V
defined by

(3) La(w) = Z wij(e; —ej)(e; —ej)T € RV*Y for each w € R,

ijeE
where {e; : i € V} C {0,1}V are the canonical basis vectors. The trace inner product of A, B € RV*Vis
(A, B) == Tr(ATB). The linear function diag: RV*Y — RY extracts the diagonal of a square matrix, and its
adjoint Diag: RV — RY*V builds a diagonal matrix from its argument such that Diag(z);; = x; for every
1 €V. Write X =Y or Y < X for symmetric matrices X and Y if X —Y is positive semidefinite. Goemans
and Williamson’s approximation algorithm implies that the optimal value of the semidefinite program (SDP)

(4a) n(G,w) =max{ (: Lg(w),Y) : Y € SY, diag(Y) = 1}

(4b) =min{p: peRy, z€RY, p> 1"z, Diag(z) = 1L (w)}
satisfies

(5) acwn(G,w) <me(G,w) < n(G,w) for each w € R,
where

(©) Qow = Th2 % 1 —ios@ ~ 0878

is the approximation factor. Equation (4b) follows from SDP Strong Duality, since both primal and dual
SDPs have Slater points.

The norm of a vector u € R? is ||u|| == VuTu. For a fixed real number ¢ > 1, a vector t-coloring of G is a
function f: V — R? assigning a unit-norm vector f(i) € R? to each i € V such that (t — 1) f(i)T f(j) < —1
for every ij € E. Vector colorings were first introduced in [24]. The smallest value ¢ for which a graph has a
vector t-coloring is called the wvector chromatic number of G, denoted by Xyec(G). Sdmal [38, Theorem 5.2]
defines a map from fractional cut covers to vector colorings, thus proving that G has a vector t-coloring such
that

(7) 2(1 - 1) < fee(@).

Neto and Ben-Ameur [36, Proposition 17] tightened the relationship between fractional cut covers and vector
colorings by showing that
(8) fec(G) < u

~ arccos(1/(1 —t))

for every vector t-coloring of G such that ¢ > 1. Assume F # @, sot > 2, and set ( == 1/(1—t), so ¢ € [-1,0).
Then (6) implies that

U m T 1—¢ 2 1 2 1 1

(9) = = — < = 2(1—--).

arccos(1/(1 —t)) arccos(¢) 2arccos(()1—¢ ~ agwl—C( aqw t
Putting it all together, [36] combines (7), (8), (9), and monotonicity of z — (1 — 1/x) to conclude that

1 1 1

10 211 — ——— | < fee(G §2<1).
1o (@) <9< .20 e
As [36, Corollary 4] points out, the inequalities in (10) provide a polynomial-time computable approximation

for the unweighted number fcc(G), since xyec(G) is the optimal value of an SDP which can be approximated
to any given precision in polynomial time.

We invite the reader to compare (5) and (10). Both describe constant-factor approximations that are
computable from the optimal values of SDPs, and furthermore, the approximation factors are reciprocal.
This work exploits and extends the ideas underlying (10). For every z € RJEr, define

(11) n°(G,z) =min{p: pe Ry, Y € SY, diag(Y) = pl, 1L5(Y) > 2}
where £, : RV*Y — R¥ is the adjoint of the Laplacian, i.e.,

(12) (L5(Y)),, = Yo + Y55 = Yi; = Y for each Y € RV*Y and ij € E.
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If y is a fractional cut cover for (G, z2), then (1,Y) == (1Ty, Y gy ys(1 — 2Lg) (1 — 215)T) is feasible for
the SDP (11). Note that the RHS of (11) is an SDP. If f: V — R? is a vector t-coloring for some ¢ > 1,
we may define p == 2(1 — 1/t) and Y € SY by Y;; == uf(i)" f(j) for every i,j € V. Then diag(Y) = ul
and 1L5(Y) > 1, as i(ﬁE(Y))ij = 1p(1 = fO)Tf() = tp(1+ &) = 1 for every ij € E. In this
manner, the feasible solutions for (11) capture the geometry of vector colorings which enables (10). Using 1°,
we strengthen (10) to all nonnegative weights:

1

(13) n°(G, z) < fee(G, z) < n°(G, 2) for each z € RY.

Aow
This weighted generalization of (10) stands as the proper fractional cut-covering analogue to (5) for the
maximum cut problem.
The similarity between (5) and (13) is the starting point of this work, whose main contributions include

(i) pinpointing the relationship between the maximum cut problem (2) and the fractional cut-covering
number (1) to gauge and antiblocker duality [16, 17];

(ii) introducing (11) as the dual parameter to (4a), immediately obtaining that (13) is equivalent to (5)
via a precisely defined bound conversion procedure [6, Sections 6 and 7];

(iii) describing a randomized approximation algorithm, dual to the Goemans—Williamson algorithm, which
rounds any nearly optimal solution of the SDP (11) to a (1/aqgw)-approximately optimal fractional
cut cover of (G, z) with very sparse support;

(iv) pairing instances of the maximum cut and fractional cut-covering problems so that one can obtain
approximately optimal solutions for both instances by solving a single SDP, and so that their
approximate optimality can be certified by a simultaneous, (mostly) combinatorial certificate;

(v) showing our algorithms to be best possible in several aspects;

(vi) clarifying the role played by geometric representation of graphs in the aforementioned results.

Our algorithms run in polynomial time on the real-number machine model (see [7]) and hence in strongly
polynomial time on a Turing machine, assuming rational input for the latter. A sufficient condition for our
randomized algorithms to satisfy these complexity bounds is the existence of random number generation and
Cholesky factorization oracles which run in polynomial time.

1.1. Organization of the Text. In order to facilitate reading, we unveil these results in increasing order
of abstraction. We start at Section 2 by exhibiting a novel randomized approximation algorithm for the
weighted fractional cut covering problem. The connection between n and 1° is the main theme of Section 2.
In Section 3.1 we express the relationship between both optimization problems via antiblocker [16, 17] and
gauge duality [6]. We then show how computing either one of the parameters n or ° implicitly computes
the other parameter, and how this can be leveraged to provide simultaneous combinatorial certificates for
the approximate optimality of certain cuts and fractional cut covers. The existential results for certificates
we prove in Section 3.3 are refined into efficient algorithms in Section 3.4. We recover the role played by vector
colorings in this introduction by relating our approach to geometric representations of graphs in Section 4.
Section 5 discusses possible improvements to our approximation algorithms by collecting noteworthy instances
of our optimization problems: either instances where simpler approaches lead to degenerate behavior, or
instances which show our bounds to be tight.

1.2. Notation. For each n € N, denote as usual [n] :== {1,...,n}. The set of nonnegative real numbers is
denoted by R, and the set of positive real numbers is R, ;. Let U be a finite set. We denote by RY the
real vector space indexed by entries in U. For each i € U, we denote by e; € {0,1}Y the i-th canonical basis
vector. The 1-norm of a vector z € RY is ||z[|1 := 3_,c;/|il, the co-norm of z is ||z[|ec = max{ |2 : i € U},
and the support of z is supp(z) == {i € U : z; # 0}.

2. A RANDOMIZED ROUNDING ALGORITHM FOR WEIGHTED FRACTIONAL CUT COVERING

Let V be a finite set. The set
YV ={Y eSY : diag(Y) = 1}

is commonly referred to as the elliptope. We adopt (extended) Minkowski set operations and write u&" =
{Y €SY : diag(Y) = pl} for every p € Rand Ry &V == {pY : p e Ry, Y € EV}. Forevery Y e Ry, &Y
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and nonzero h € RV, define

(14) GW(Y,h) ={ieV:elY*h >0},
where Y2 is the unique positive semidefinite square root of Y. Equation (14) describes a possible implemen-
tation of the random hyperplane technique used by Goemans and Williamson [19] to sample a shore of a cut.

Let (2,3, P) be a probability space and let the random variable h:  — RY be a uniformly distributed unit
vector. For every Y € R, &Y, we denote by GW(Y): Q — P(V) the random variable given by

GWY):weQ— GW(Y,h(w)) CV,
which samples shores. It is proved in [19] that

(Y.
(15) P(ij € 6(GW(Y))) = arccos(¥ig) for every ij € F and Y € £V.

T
Algorithm 1 leverages the connection between the elliptope and probability distributions on P(V') given
by GW. We will exploit semidefinite programming to produce a matrix Y € R, £V from which we sample a
fractional cut cover in (randomized) polynomial time by repeated sampling from GW(Y"). This section is
devoted to proving correctness of Algorithm 1: namely, that it produces an approximately optimal fractional
cut cover with high probability in polynomial time.

The algorithm works roughly as follows. First it creates a new weight vector Z from the input weight vector
z € RE by rounding up the edge weights that are too small relative to ||z[ . Then it obtains a nearly optimal
solution (u,Y") for the SDP relaxation (11), which is used to sample cuts 6(GW(Y")). The rounding up of
the weights ensures that every edge has a significant probability of being in the random cut §(GW(Y)).
The algorithm builds a fractional cut cover by using this sampling procedure 7" times independently, obtaining
a vector of support size T, which is then scaled. The parameter T is defined in the range ©(In(]V])) so that
it is large enough to guarantee that we obtain a fractional cut cover with high probability. Our pseudocode
abstracts away the important work of carefully choosing data structures: in particular, one needs to exploit
the sparse nature of the fractional cut cover produced in its representation.

Algorithm 1 SDP-based randomized approximation algorithm for fcc

Parameters: a constant approximation factor § € (0, agw) parameterizes the algorithm ApPPROXFCCg.
As in (27) and (28), define the following constants in terms of J3:

g
Aow
Input: a graph G = (V, E) and edge weights z € R¥
Output: APPROXFCCg(G, 2) is a fractional cut cover of (G, z) with high probability with objective value

bounded above by %fcc(G, z) and support size bounded above by T := [C'In(]V])], as in (28)
1 procedure APPROXFCC3(G, 2)
(V,E)«+ G
Ze + MAX(z, 3¢[|2] ) for each e € E > Round up z
Find a feasible (u,Y") for n°(G, 2) in (11) with objective value pu < n°(G, 2) + o||2||o
RPV)

T=1-

€(0,1), o=e=v=%€(0,3), and C:=81V2r/r"2

y<+0¢€
repeat T times
S+ GW(Y) > Sample a shore S C V via the random hyperplane technique
ys < ys +1
end

© 0 N o a »~ w N

return i !
(1 —7y)agw Y

11 end procedure

[y
o

Neto and Ben-Ameur [30, Section 4] already scale the probability distribution on P (V') given by GW(Z)
to define a fractional cut cover from some Z € R, €Y. By placing this construction in the weighted setting,
we obtain Proposition 1, which directly justifies our definition of 7°.
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Proposition 1. Let G = (V, E) be a graph and let z € R¥. Let (u,Y) be feasible for (11). Set y € RPV) by
(16) Ys = K P(GW(Y)=S9) for every S C V.

Agw

Then y is a fractional cut cover for (G, z) with objective value 1Ty = ﬁu. In particular,

o P(ij € 5(GW(Y))) for every ij € E.

GW

(17) Zij <

Proof. We may assume that g > 0. Set Y := pu~'Y € &Y. By the definition in (14), we have that
GW(Y,h) = GW(Y, h) for every h € RV, which implies that GW(Y) = GW(Y). Let ij € E. Since Y € £V,
we have that Y;; € [-1,1]. If z;; = 0, then (17) holds trivially. Assume that z;; > 0. Since diag(Y) = 1,
we get from (12) that

0 <z < 1(£&(Y)),,

- J
Thus Y;; < 1, so arccos(Y;;) > 0, and P(ij € §(GW(

pLEY)),, = nh(— V).
)

_ 1-Y:, _
<A1 =Yiy) = s ——— 9 _P(ij € 5(GW(Y by (15
s < 1l 2 "3 arccos(Y;;) (17 € S(GWT)) y {15)
< puzloP(ij € S(GW(Y))) by (6)
_ “ 7Y — ) — _
= > - PGW(Y)=5) = D ys = (Z ySLS(S)),;
scv. oW SCV: SCv *
ijE8(S) ij€8(S)

As this holds for every ij € E for which z;; > 0, we conclude that y is a fractional cut cover for (G, z) with
objective value 1Ty = ﬁu, and (17) holds. a

Corollary 2. Let G = (V,E) be a graph, and let z € RZ. Then
n°(G, z).
aGW ( )

Proof. As mentioned after (12), the first inequality holds since (11, Y) := (1Ty, >scyys(1—21g)(1— 215)")
is feasible for the SDP (11), for every fractional cut cover y for (G, z). The second inequality in (13) follows
directly from Proposition 1. O

(13) n°(G, z) < fee(G, 2) <

Remark 3. We will define in (18) below the random variable capturing the repeated sampling behavior
of Algorithm 1. One might question the purpose of employing a randomized approach when Proposition 1
defines a precise solution with a guaranteed approximation factor to the optimal value. We provide two
compelling reasons: in Proposition 1,

(i) it is a challenging task to compute the probabilities P(GW(Y) = S) in (16): while the marginal
probability P(ij € §(GW(Y))) is determined by (15), computing P(GW(Y) = S) requires joint
probabilities for all the vertices in the shore .S;

(ii) the fractional cut cover y obtained may have exponential support size: indeed there are instances
(e.g., the complete graph with uniform weights) for which there exist optimal solutions for (11) that
result in a vector y given as in (16) with exponential support size; see Appendix B.

The randomized procedure helps to address these two issues.

It is natural to consider the problem of, given a matrix ¥ and a real number p as in Proposition 1, finding
a fractional cut cover with polynomial support size and objective value bounded above by (1/aqw)p; that
such an exponential space saving exists follows from Carathéodory’s theorem. The randomized approach
below will in fact reduce the support size to O(In(n)), a reduction of two orders of magnitude compared to
the fractional cut cover from Proposition 1.

Let T € N\ {0} and let v € (0,1). Let G = (V, E) be a graph, and let Y € SV and u € R be such that
Y € uEV. Let Sy,...,Sr C V be independent, identically distributed random shores sampled by GW(Y).
Define

T

H 1 F
1 Y) = h = C dy = —"——= RY.
(19)  Ara(G.Y) = (Fy), where Fi= (1,81} CP(V) and yi= (g5 es, € B



6 N. BENEDETTO PROENCA, M.K. DE CARLI SILVA, C.M. SATO, AND L. TUNCEL

Informally, A7 ,(G,Y’) produces a (scaled version of a) sparse surrogate for the probability distribution
of GW(Y). It is immediate that
(19) 17y = ! Lu and  |F|<T.

agw 1 —7
The parameter ~ regulates the deviation from the objective value obtained in Proposition 1, while 7" needs to
be chosen large enough so that concentration results imply that the desired level of accuracy is achieved with
high probability.

Let G = (V, E) be a graph. Samal [33, Theorem 5.2] uses Chernoff’s bound to show that, by sampling
sufficiently many cuts, one can obtain a fractional cut cover for (G, 1). Proposition 4 improves on this work,
by providing an explicit bound on the actual number of cuts that suffices in the general weighted setting. We
will use that, for every z € [-1,1] and y € [0, 2],

(20) if 2 <1—y then arccos(x) > +/2y.

This follows monotonicity of arccos, and the inequality arccos(1 — y) > /2y for each y € [0, 2].

Proposition 4. Let {,x,7 € R be such that 0 < £ <1 <k and 0 <y < 1. Let G = (V, E) be a graph on n
vertices, and let z € RY be nonzero. Let (1Y) be feasible in (11). Let T > [3n(%£)"/? 5 In(n)] be an integer
and set (F,y) = Ar,(G,Y). If

(21a) 1< El[2] oo

and

(21b) z 2 €llz]leo 1,

then

(22) P(Z ysls(s) >Z> > 1—%.
SeF

Proof. Let S1, ..., St be random shores defined as in (18). For every ij € E, set X;; == [{t € [T]: ij € 6(S;)}]
and p;; = P(ij € §(GW(Y))). By construction, for each i¢j € F, the random variable X;; has binomial
distribution on T' trials with success probability p;; and

" 1
yslss)) = g Xy,
(SEZ}_ 3(5) i (1=7y)aew T ¥
By (17), we have that p;; > <<% z;; and so E(Xj;) > T&% 25 Thus, in order to prove (22), it suffices to

show that P(Je € F, X, < (1 —7)E(X,)) < 1/n.
Set Y := p~'Y and let ij € E. Using z # 0, (21b), (21a), feasibility of (x,Y) in (11), and (12), we obtain

26 2¢||%]loe 2z 2z;; _ 1 > >
== < < LL(Y)iy=1- Y
R Al S Al = p S 2R i

Hence V;; <1 — % Using (15) and (20) we see that

- %S%) N i\/g
By Chernoff’s bound,

P(X;; < (1—7)E(X;;)) < exp(—m> = exp (—@) < exp (—72T 5).

2 s K

Hence, by union bound and the lower bound on 7',

P(Je € B, X < (1 - 1)E(X,)) <n? eXp(‘WjTT i )

3nk'21n(n) 72 1
< exp (2 In(n) — 51/272( )7? i) -1 O
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Remark 5. When applying Proposition 4, it is apparent that (21b) is the most stringent condition. Indeed,
the other requirements can be satisfied by a nearly optimal solution to the SDP in (11). On the other
hand, (21b) restricts the applicability of our procedure to certain well-behaved values of z. This is not an
artifact of our analysis, but an unavoidable consequence of the repeated sampling approach. Appendix A
shows that, for every ¢ € (0,2), there exists an instance (G, z) which has an optimal solution (fi,Y) for (26a)
such that there is an edge ij with
. 2
B(ij € §(GW(T))) = arccos(1 7T25+5 /2)7

which can be made arbitrarily small. This, in turn, increases the number of samples needed to produce a
cut cover, i.e., a set of cuts whose union is the whole edge set of the graph. Theorem 6 solves this issue by
perturbing the edge weights z to a vector 2 that satisfies (21b).

Let G = (V, E) be a graph. We will use that

(23) n°(G, z0) < n°(G, 1), for every zg,z1 € RY such that 2o < 21,
(24) n°(G,z0 + z1) < n°(G, z0) +1n°(G, z1) for every zg,z1 € RY, and

(25) Izl < 1°(G, 2) for every z € RY.

These facts follow from SDP Strong Duality: if G = (V, E) is a graph and z € Rf, then

(26a) n°(G,z) =min{ p: p e Ry, Y € SY, diag(V) = pl, 1L5(Y) > 2}

(26b) = max{ zTw:weRY, zeRY, 1L¢(w) < Diag(z), 1"z < 1}.

o

The optimization problems (26a) and (26b) form a primal-dual pair of SDPs. Note that (4,Y) =
(2]12 00> 2|2l 0o 1) and (i, ) = (0,]V|~11) are relaxed Slater points of (26a), and (26b), respectively, so SDP
Strong Duality ensures both problems have optimal solutions attaining a common optimal value; see, e.g., [34,
Theorem 7.1.2]. The proofs of (23) and (24) are immediate from (26a) and (26b), respectively. To prove (25),
let z € Rf and note that, for every ij € E,

2 Diag(e; + ¢;) — La(eij) = 2(e;e] + ejejT) — (e; —ej)(ei —e;)T = (ei +ej)(e; +e;)T €SY.
Hence, for every ij € E, the pair (w,z) := (e;;, 3(e; + €;)) is feasible in (26b) for (G, z). Thus (25) holds.
Theorem 6. Let § € (0, agw) and set
B

Agw

(27) Ti=1- €(0,1) and C = 81\/§7r/75/2.

There exists a randomized polynomial-time algorithm which takes as input a graph G = (V, E) on n vertices
and a vector z € R¥ and outputs (F,y), where F C P(V) and y € R are such that

}P’( Z yslss) > z) >1- %, 1Ty < %fcc(C{z), and |F| < [Clu(n)] = O(In(n)).
SeF

That is, with high probability, y is a %-approximately optimal solution for (1) with logarithmic support size.

Proof. We start by setting up the constants that will be used in the proof (and in Algorithm 1). Set

(28) oci=egi== % €(0,3) and T :=[Cln(n)],
as in the preamble to Algorithm 1. The constants o, €, and -y are chosen so that
11—+ 1-7/3 T
29 P = 7> = (1- — > (1 — - 3.
(29) T+eto oY (1+27/3 aow = ( 1+2T/3>°‘GW—< maow =8

We define £ by rounding up entries that are smaller than 1e|/z[|o. Set 2 € RE by 2;; :== max{z;;, 3¢ 2[/oc }
for every ij € E. (Note that this done in Line 3 of Algorithm 1.)

Let (u,Y) be a feasible solution for n°(G, 2) in (11) with objective value
(30) 1< n°(G,2) + o zllec = n°(G, 2) + 0|2 o

Note that this appears in Line 4 in Algorithm 1. Such a nearly optimal solution (4, Y") can be computed in
polynomial time due to the existence of strict Slater points for the SDPs in (26a); see Appendix C.
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SO Sation | Ko | TOmIS | o
Fractional Cut-Covering Proposition 1 (18) Proposition 4 Theorem 6
Simultaneous Certificates Proposition 15 Proposition 22

Maximum Cut Certificates Theorem 18 (64) Proposition 21 | Theorem 23
Fractional Cut-Covering Certificates Theorem 19 Theorem 24

FIGURE 1. Section 2 produces solutions accompanied by certificates of their approximate
optimality. These developments parallel Section 2: we exploit the properties of optimal
solutions to SDP relaxations in a rounding procedure. As an auxiliary step, we study
simultaneous approximate solutions to both problems.

We now move to the final and randomized part of Algorithm 1. Set (F,y) = Ar(G,Y). Note that y is
the solution produced by Algorithm 1. To finish the proof we will prove that y is a fractional cut cover for
(G, z) with probability at least 1 — 1, and it has support size at most [C'In(n)] and objective value at most
(1/8) fee(G, 2).

We will apply Proposition 4 to show that y is a fractional cut cover for (G, 2) with probability at least
1— L. Since 2 > 2, this implies that y is a fractional cut cover for (G, z) with probability at least 1 — £. Set
&:=¢/2=7/6 and k = 3, and recall the definition of  in (28). By construction, (21b) holds. Note that

T = [Cln(n)] = mfln(nﬂ - [gﬂ(fyﬂ(i)?ln(nﬂ - [gﬂ@m(i)ﬂn(nﬂ,

so the lower bound on Proposition 4 is met. We will check that p < k||2||«, that is, that (21a) holds.
We claim that

(31) n°(G,1) < 2.

This follows from feasibility of (i, Y) == (2,2I) in (11) for (G, 1), as £ (I) = $1 by (12). Hence, (30), (23), (31),
and o < 1 imply

1 <n°(G2) + ol 2lloe <n°(G[2]lec D) + 0| 2lloe = (n°(G, 1) 4 0)[[2][c0 < 312|oo,

so Proposition 4 applies.
The support size of y is |F| < T = [Cln(n)] by (19). Finally, we bound 17y:

1 1

1Ty=—— by (19

Y acwl_’yu Y( )
1 1

< ——° (G, 2) + 0]|2]| 0o by (30
(G +oll)  (30)
1 1

< 7(77"(6’72 + %5||2||oo]l) + U||2||Oo) by (23),as 2 < z+ %EHéHOOIL
Qow 1 —7
1 1 o . o R

< —— = (1°(G,2) + 3el2lloon” (G, 1) + 02]|c) by (24)
Qgw 1 —7
1 1

< ——(n°(G,2) + €||2]|oo + 7||2]|00 by (31
o (°(G2) 2 [l ) y (31)
1 1

= ——(n°(G, 2) + (e + 0)]|2]| 0o since [|2]loo = |20
<%w1—7@( )+ ( )zlloo) [ 2]] I 2]]
1 14+4e+4+0

< - e 000G,z by (25

T oagw 1—7 n°( ) y (25)

< 31(G.2) by (29). O
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3. A PrRIMAL-DUAL EXTENSION OF THE GOEMANS—WILLIAMSON ALGORITHM
WITH CERTIFICATES OF APPROXIMATE OPTIMALITY

Section 2 describes an approximation algorithm for the fractional cut-covering problem. The work
of Goemans and Williamson is so ubiquitous in our reasoning that one may claim Algorithm 1 to be
“dual” to the algorithm described in [19]. This language suggests a primal-dual approach, where cuts and
fractional cut covers simultaneously certify each other’s (approximate) optimality via a suitable notion of
“weak duality”. This section provides randomized polynomial-time algorithms exploiting this idea. Fix a
desired approximation factor 5 € (0, aqw). Given a fractional cut-covering instance, we produce a fractional
cut cover whose (1/f8)-approximate optimality is certified by a maximum cut instance with one of its
[B-approximately optimal solutions. Symmetrically, the input may be a maximum cut instance, and the
algorithm then produces a S-approximately optimal cut and certifies it via a fractional cut-covering instance
with one of its (1/8)-approximately optimal solutions. The alignment of subtopics between this section and
Section 2 are highlighted by Figure 1.

3.1. Gauge Duality. This subsection presents the gauge duality theory that permeates and forms the
foundational basis for our results. In this manner, this subsection places our work within the literature and
equips readers with a theoretical framework that can lead to new results.

Proposition 7. Let G = (V, E) be a graph. The functions mc(G, -) and fcc(G, -) satisfy

(32a) me(G,w) = max{w'z: z € RY, fee(G, 2) < 1} for every w € RY,
(32b) fee(G,z) = max{ 2w : w € RY, me(G,w) < 1} for every z € RY,
(32¢) w'z < me(G,w) fee(G, 2) for every w, z € RY.

The functions 7(G, -) and n°(G, -) satisfy

(33a) (G, w) =max{w'z: 2z e RY °(G,2) <1}, for every w € RY,
(33b) n°(G,z) = max{ z"w: w e RE, n(G,w) <1}, for every z € RY,
(33¢) w'z < (G, w)n°(G, 2) for every w, z € RY.

Remark. The striking similarities between (32) and (33) underscore the existence of a theoretical framework
that explains this phenomenon, rather than being a fortunate coincidence. It turns out that the functions
me(G, -), fee(G, +), n(G, ), and n°(G, -) are positive definite monotone gauges, which we shall define presently.
Furthermore, me(G, -) and fee(G, -) form a dual pair, as do n(G, -) and 7°(G, -).

Proof of Proposition 7. Equation (32b) follows directly from Linear Programming Strong Duality, as

fee(G, 2) = min{ 1Ty:ye Rz(v), Z yslss)y > z}
scv

=max{z w:w € Rf, VS CV, wT]l(;(S) <1}
=max{z'w: w € RY, me(G,w) <1},
and (32c¢) is then straightforward. Next, we show that (32a) holds. We have that
me(G, w) = max{w' l5g) : S CV}

< max{ wlz:ze Rf, RS Rz(v), 1Ty <1, z< Z yS]l(;(S)} take (z,y) = (Ls(g), €s)
scv

=max{w'z: z € RY, fee(G,2) <1} by (1)
< mc(G,w) by (32c).
The proof of (33) follows a similar structure. For every w € Rf, equation (33b) follows from SDP Strong
Duality via (4) and (26b). The Cauchy-Schwarz inequality in (33c) then follows from (33b). Finally, (33a)
follows, since
n(G,w) = max{w' (L5(Y)) : Y € SY, diag(Y) = 1} by (4a)
<max{w'z:zeR¥ 2 < ILL(Y), Y eSY, diag(Y) = 1}
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=max{w'z:z€RE n°(G,2) <1} by (11)
< n(G.w) by (33¢). O
In the following discussion, we will elaborate on the above concepts along with their associated im-
plications. Let E be a finite set, and let ¢: Rf — Ry be a function such that ¢(0) = 0. We say that
e ¢ is positive definite if ¢(x) > 0 for every nonzero z € R¥;
e ¢ is monotone whenever z < y implies ¢(z) < ¢(y) for every z,y € R¥;
e ¢ is positively homogeneous if ¢p(ax) = ad(z) for every x € RY and o € Ryy;
e ¢ is a gauge if it is convex and positively homogeneous.

If ¢: Rf — R, is a positive definite monotone gauge, we define its dual ¢°: Rf — R, by
(34) ¢°(2) = max{z"w: w e RY, ¢(w) <1} for every z € RY.

It is routine to check that ¢° is a positive definite monotone gauge. One can also exploit a hyperplane
separation theorem to show that ¢°° = ¢.

Corollary 8. Let G = (V, E) be a graph. Then the functions mc(G,-) and n(G,-) are positive definite
monotone gauges, and their duals are fce(G, -) and 7°(G, +), respectively.

Proof. This follows directly from Proposition 7. O

We have already exploited the properties of positive definite monotone gauges throughout our work:
recall (23) and (24), for example, which state monotonicity and convexity of 7°(G, -). More importantly,
gauge duality immediately establishes a bound conversion procedure [, Section 6] on which this work is based.
Recall (5) and (13):

(5) aqwn(G,w) <mc(G,w) < n(G,w) for each w € RY,

(13) n°(G, z) < fee(G,z) < n°(G, ) for each z € RY.

Agw

The relationship between these inequalities are instances of the following result.

Proposition 9. Let E be a finite set, and let ¢, : Rf — R be positive definite monotone gauges. Let
o, € Ry;. Then the following are equivalent:

ap(w) < dp(w) < Pu(w) for every w € Rf;
5U°(2) < ¢°(2) < 59°(2) for every z € RY.

Proof. Since ¢°,9°: Rf — R, are positive definite monotone gauges and ¢°° = ¢ and ¥°° = 1, it suffices to
show that

(35) if p(w) < By(w) for every w € RY, then %z{;o(z) < ¢°(z) for every z € RY.

This follows from the fact that, for every z € Rf ,
¢°(2) = max{z"w: w € RY, ¢(w) < 1} and %wo(z) =max{z'w: weRE, Bih(w) <1} O

From a geometric viewpoint, positive definite monotone gauges are deeply related to convex corners, which
are the underlying convex sets of many classical optimization problems. Let E be a finite set. The lower-
comprehensive hull of C C R¥ is defined by 1c(C) :== {z € RY : 3z € C,z < z}, and C is lower comprehensive
if le(C) = C. A convex corner is a lower-comprehensive compact convex set C C Rf with nonempty interior.

Every positive definite monotone gauge ¢: Rf — R is associated to a convex corner

Co={z eRY: ¢°(x) <1}
which satisfies
p(w) =max{w'z: x € Cy} for each w € RY.

The antiblocker of C C R¥ is defined by abl(C) := {y € RY : Vz € C, y "z < 1}. From these definitions and
the fact that ¢°° = ¢, it is clear that C4o = abl(Cy4). This correspondence allows one to recast gauge duality
results in terms of antiblocking duality [16, 17].
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Let G = (V, E) be a graph. Define the cut polytope of G as

(36a) CUT(G) = conv{ 155 : SCV}C RE,

where conv(-) denotes the convex hull, and define its semidefinite relaxation as

(36b) CUTspp(G) = {1L5(Y): Y € £V} CRE.

The convex corners associated to mc(G, -), fcc(G, -), n(G,-), and n°(G, ) are the following:
(37) Cinc(c,y = 1c(CUT(G)) and  Cee(a,) = abl(CUT(G)),

(38) Cpa,) = lc(CUTspp(G)) and  Cyo(q,.) = abl(CUTspp(G)).

Basic convex analysis shows that studying fcc(G, -) for all weights z € Rf corresponds to studying the whole
boundary structure of Cp.(q,.), not just in the direction z = 1. The set lc(CUT(G)) above has appeared
previously in the literature as the bipartite subgraph polytope of Gj see, e.g., [22].

Moreover, the inequalities in (5) and (13) can be interpreted as the following set inclusions:

(39a) e 1e(CUTspp(G)) € 1e(CUT(G)) C le(CUTspp(G)),
(39b) abl(CUTspp(G)) C abl(CUT(G)) € 71— abl(CUTspp(G)).

We refer the reader to [6, Sections 2-7] or [5, Sections 4.1-4.3] for an in-depth discussion about gauge duality,
with elementary proofs of the aforementioned results. One may regard gauge duality as a manifestation of
convex duality. For example, Freund [14] formulates pairs of primal and dual gauge optimization problems,
and proves a strong duality result using a hyperplane separation theorem. In this form, gauge duality has
received a lot of attention in the optimization community recently; see [2, 15]. We remark that the work of
Grotschel, Lovéasz, and Schrijver [21, Corollary 3.5], together with the remark that (4a) defines a positive
definite monotone gauge, immediately implies that one can approximate the optimal value of (11) to any
given precision in polynomial time. The algorithm in Section 2 refines this by showing that, beyond the
polynomial-time computable lower bound to the value of the fractional cut-covering number, one has a suitable
approximation algorithm leveraging the work of Goemans and Williamson [19] that actually constructs an
approximately optimal fractional cut cover.

Remark 10. The work [21] is relevant to our discussion for another reason. Let 5 € (agw, 1). Assume that
for every graph G, there exists a positive definite monotone gauge ¢ : Rf — R, such that

(1) there exists a polynomial time algorithm that takes as input an instance (G, z) of the fractional
cut-covering problem and e > 0, and outputs ¢ € Q such that |¢ — ¥g(2)| < ¢; and

(2) Ya(z) < fee(G,2) < %wg(z) for every z € R¥.

We argue that, under these assumptions, the Unique Games Conjecture [27] is false. Indeed, Grotschel, Lovész,
and Schrijver [21] showed that under the first hypothesis, one can approximate the number g (w) € R for every
input w € Qf in polynomial time. Proposition 9 and item (2) above imply that S¢g(w) < me(G, w) < ¥ (w).
However, by [27, Theorem 1], this contradicts the Unique Games Conjecture.

3.2. B-pairings. Let G = (V, E) be a graph. For every vector w € Rf, one has an instance (G, w) of the
maximum cut problem. Similarly, for every vector z € RY, one has an instance (G, z) of the fractional
cut-covering problem. From a computational complexity point of view, it is remarkable how (32c) relates
the optimal values mc(G, w) and fee(G, ). It is natural then to try to find pairs (w, z) € R¥ x RY which
mutually certify the optimality of each other. That such pairs exist is a consequence of (32). As we are
interested in approximation algorithms, we then parameterize this relationship between instances by a real
number 5 € (0, 1], interpreted as an approximation factor.

Definition 11. Let G = (V, E) be a graph and let 3 € (0,1]. A B-pairing on G is a pair (v, z) € R¥ x RY
such that there exist p, u € R, such that p = 0 = p if and only if w =0 = 2, and

40a (40b) (40c)  (40d) (40e) 1
(40) w22 )pu and Bpp < me(G,w)p < pp < pfec(G,z) < Bpu.

We define an ezact pairing on G to be a 1-pairing on G.
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When p > 0 and p > 0, which we regard as the “typical” case, we may restate (40) as
N (40Db) (40¢) (40d) (40e)
sz(‘ﬁ >Pﬂa Bp < me(G,w) < p, and p < fec(G,z2) < %H-
The definition is made to accommodate the case 0 € {p, u}. The nonzero conditions on p and p are meant
only to avoid “spurious” B-pairings. In fact, one can easily check that, in Definition 11,

p=01if and only if w =10 and @ =0 if and only if z = 0.

Let G = (V, E) be a graph, and let w, z € RY. If we take p := n(G,w) and p := n°(G, z), Proposition 9
states that (40b) and (40c¢) are the “dual inequalities” to (40e) and (40d), respectively. Definition 11 abstracts
some of the concepts from positive definite monotone gauges mentioned in Section 3.1, while preserving the
relevant duality. Definition 11 also shifts the focus to the relation established between w and z, which is

crucial to our certification approach. Note that for an exact pairing (w, z), the above solutions are optimal
with a precise relationship:
w' z = me(G,w) fee(G, 2), mc(G,w) =p, and fee(G,z) = p.

While the definition of a S-pairing captures the notion of simultaneous S-approximations of the numbers
mc(G, w) and fee(G, 2), it is important to consider which objects might certify that a pair (w,z) € RY x RY
is indeed a S-pairing for a fixed 8 € (0, 1]. The lower bound (40b) on the maximum cut value and the upper
bound (40e) on the fractional cut-covering value in (40) can be naturally certified by (the shore of) a cut and
a fractional cut cover, respectively. However, certifying the upper bound (40c) on mc(G,w) and the lower
bound (40d) on fce(G, z), i.e., me(G,w)p < pu < pfec(G, z), poses a more complex question. We achieve
this certification by using semidefinite programming weak duality. Since mc(G,w) < n(G,w), we have that

(41) mc(G,w) < p for each feasible solution (p,x) of (4b).

From the viewpoint of (G, w) as a semidefinite relaxation for mc(G, w), it is very natural to regard x as (the
key part of) a feasible solution for its dual SDP (4b). However, the vector z € RV also has a combinatorial
interpretation. Direct computation using (12) shows that

(42a) L5(1g1)) = Ls(s) for each S C V,

(42b) L5(TAT) =L5(h1T) =0  for each h € RY.

Thus, the inequality 1L (w) < Diag(z) from (4b) implies the middle inequality in:

(43) w55y = (3La(w), (1 — 21g)(1 — 215)") < (Diag(z), (1 — 21g)(1 —21g)") =17z < p.

This shows that, while the semidefinite inequality %Lg(w) =< Diag(x) just used may look at a first glance not
quite combinatorial, the only property used in the proof of (43) is the more combinatorial-looking

(44) <i£g(w),hhT> < (Diag(x), hh") for each h € {+1}V.

Hence, any certificate for the inequality ;L (w) = Diag(z) certifies the inequality in (44) for arbitrary
h € RV, and in particular for each h € {1}V i.e., for each h € RY of the form 1 — 215 for some S C V.
Certifying a richer family of inequalities can be seen as dual to solving a relaxation of mc(G,w). Finally,
the semidefinite inequality £Lg(w) =< Diag(z) can be certified by providing an LDLT factorization (that is,
a square-root-free Cholesky decomposition) of the positive semidefinite matrix Diag(z) — 3 L¢(w). With (43)
we have showed how to certify mc(G,w) < p; it remains to discuss certification of fcc(G, z) > u. However, as
we shall prove in the upcoming results, the latter inequality can be certified by the same objects that certify
the former inequality for appropriately paired edge weights w and z. Such a simultaneous certification is a
key aspect of our work. We have now gathered all the ingredients we need to define certificates for S-pairings.

Definition 12. Let G = (V, E) be a graph and let 8 € (0,1]. Let (w,z) € RY x RE. A B-certificate for
w, z) is a tuple (p, 1, S, y, x) such that p = 0 = p if and only if w =0 = z, and

(

(45.) p,p € Ry are such that pp = w'z,

(45.ii) S C V is such that wTIL,g(S) > Bp,

(45.ii) y € RZ:(V) is such that ZUgVyULS(U) >zand 17y < %u, and
(45.iv) x € RY is such that p > 172 and Diag(z) > 1La(w).
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Remark 13. Recalling the discussion preceding Definition 11, note how items (45.i), (45.ii), and (45.iii)
are the natural certificates for the inequalities (40a), (40b), and (40e¢), respectively. Whereas we work with
an SDP certificate in (45.iv), this setup opens the possibility of using other techniques which upper bound
the maximum value of the weighted maximum cut problem. Concretely, one could substitute (45.iv) by
appropriate certificates arising from [23, 41], for example.

Next, we prove that a S-certificate for (w, z) does indeed certify that (w, z) is a S-pairing.

Proposition 14. Let G = (V, E) be a graph and let 8 € (0,1]. Let (w,z) € RY x RE. If there exists a
B-certificate for (w, z), then (w, 2z) is a B-pairing.

Proof. Let (p, 1, S,y,x) be a [-certificate for (w, z). Item (45.1) proves (40a). One has
Bop < pw' Lscg) < pme(G,w)
by (45.ii). This proves (40b). Similarly,
plec(G,2) < plTy < fpu
by (45.iii). This proves (40e).

So far we have only used feasible solutions for me(G, w) and fcc(G, z) to obtain bounds for the optimal
values. Finally, (45.iv) shows that (41) applies, so

41) (s o (320) (41)
me(G,w)p < pu = "w' z < me(G,w)fee(G,z) < pfee(G, 2),

thus proving (40c) and (40d). O

3.3. Existence of agw-Certificates. Having motivated the definition of S-certificates as objects simultane-
ously proving approximate optimality for the maximum cut and fractional cut-covering problems, a next
step would be to determine conditions on a S-pairing (w, z) € Rf X Rf that guarantee the existence of a
B-certificate for (w, z). Set

(46) H(G) = {(w,2) e RE x RY : w2z = n(G,w)n°(G, 2)}.

We now expand (46) into a more convenient characterization. Recalling (4b) and (11),
(4b) n(G,w) =min{ p: pe Ry, z € RY, p > 1", Diag(z) = 1La(w)},
(11) n°(G,z) =min{ p: p e Ry, Y € SY, diag(V) = pl, 1L5(Y) > 2},

we claim that
I(p, x) feasible for (4b) for (G, w),
(47) H(G) =} (w,z) e RY x RY . 3(p,Y) feasible for (11) for (G, 2),
and w'z > pu

For each (w,z) € H(G), we shall refer to pairs (p,z) and (i, Y) assumed to exist as in the RHS of (47),
as witnesses of the membership (w,z) € H(G). To prove ‘C’ in (47), it suffices to choose as witnesses an
optimal solution (p,z) for (4b) and an optimal solution (u,Y") for (11). Next we prove ‘O’ Note that,

(48) if (p,2) and (p,Y) witness the membership (w, z) € H(G), then pp = w'z = (3L (w),Y),

since pu < w'z < w' (3LL(Y)) = (2Ls(w),Y) < (Diag(z),Y) = plTz < pp, so equality holds throughout.
In particular, we further have that n(G,w) < p and n°(G, z) < u, so equality holds in both cases by (33c).
Thus, ‘O’ is proved in (47). To see the connection between (47) and Definition 12, note that in the Goemans—
Williamson approximation algorithm for the maximum cut problem and in our approximation algorithm
for the fractional cut-covering problem, a crucial step is obtaining a matrix ¥ € SK that is feasible in the
semidefinite relaxation, which is then used in the sampling of shores. In this way, the matrix Y encodes both
the shore (45.ii) and the fractional cut cover (45.iii) featured in S-certificates.

In this subsection, we present two main results. The first result (stated in Proposition 15) is that there is an
agw-certificate for every nonzero (w, z) € H(G); in particular, by Proposition 14, every nonzero (w, z) € H(G)
is an agw-pairing. The second result (stated in Proposition 16) shows that, given an instance (G, w) of the
maximum cut problem, we have that (w, z) € H(G) for z € R¥ if and only if z is in the convex cone generated
by the optimal solutions of a certain formulation for n(G, w). Symmetrically, given an instance (G, z) of the
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fractional cut-covering problem, we have that (w,z) € H(G) for w € R¥ if and only if w is in the convex cone
generated by the optimal solutions of a certain formulation for n°(G, z).
Let G = (V, E) be a graph and let z € R¥. Goemans and Williamson’s analysis [19] implies that

(49) if (p,Y) is feasible for (11) and p > 0, then E(wT]lg(Gw(y))) > %Twﬁﬁg(w),Y}.

Now we show the existence of an aqgyw-certificate for every nonzero pair (w, z) € H(G).

Proposition 15. Let G = (V, E) be a graph. For every (w, z) € H(G) such that w # 0 # z, there exists an
agw-certificate (p, i, S, y, x) for (w, z) such that p # 0 # u. In particular, (w, z) is an agw-pairing.

Proof. Let (w, z) € H(G) be such that w # 0 # z. Let (p, ) be an optimal solution for (4b) and let (1, Y") be an
optimal solution for (11), so that p = n(G,w) > 0 and u = 7°(G,2) > 0. Thus, w'z = (G, w)n°(G, 2) = pp,
so (45.1) holds. Equation (45.iv) holds by the feasibility of (p,z) for (4b). Define y € RP(V) as in (16).
Equation (45.iii) follows from Proposition 1. Since

o o o .
E(wT]lMGW(Y))) > %pﬂ = Qgwp = Zw <%[’G(w)7y> > ZW (Diag(z),Y) = acw]lTx = Qgwp,

there exists S C V as in (45.ii). Thus, (w, z) is an aqw-pairing by Proposition 14. |

The set H(G) defines a relation between maximum cut and fractional cut-covering instances. Suppose the
starting point is an instance of one of these problems and one builds an instance for the other one so that the
pair is in H(G). This motivates the following definitions. Define

(50) sc(w) ={z e R : (w,2) € H(G)} for every w € RY,
(51) we(2) = {weRY : (w,z) e H(G)} for every z € RY.

The upcoming Proposition 16, which describes the encoding of the optimal solutions to our SDPs in H(G),
is more conveniently stated using a slight variant of (4):

(52a) n(G,w) =max{w'z: 2 e RY, Y € SY, diag(Y) = 1, 2 < 1£5(Y)}
(52b) =min{p: p €R, z € RV, Diag(z) = 1Ls(w), p > 1z}
Recall (26a) and (26b):

(26a) n°(G,z) =min{ p: p e Ry, Y € SY, diag(V) = pl, 1L5(Y) > 2}
(26D) = max{ ZTw:weRE reRY, 1L¢(w) < Diag(z), 17z < 1}.

Note the various symmetries relating these SDPs. The constraint ‘Diag(z) = L (w) occurs in (52b)
and (26b) and ‘2 L%(Y) > 2" occurs in (52a) and (26a), although in each constraint one of w or z is a variable
in one but not in the other SDP. Additionally, the constraint ‘diag(Y) = 1’ from (52a) appears homogenized
in (26a) with the variable u, whereas the constraint ‘17z < 1’ from (26b) appears homogenized in (52b) with
the variable p.

Let G = (V, E) be a graph. We now relate 3¢ and wg to optimal solutions of (52a) and of (26b), resp.
For any finite set U and for any set S C RV, we denote by cone(S) the convex cone generated by S, i.e., the
smallest convex cone containing S and the origin.

Proposition 16. Let G = (V, E) be a graph. For every w € R,

(53) 36(w) = cone({ z € R¥ : 3y € SY s.t. (2,Y) is optimal in (52a) for n(G,w)}).
Similarly, for every z € Rf ,

(54) we(z) = cone({w € RY : 3z € RY s.t. (w, ) is optimal in (26b) for n°(G, 2)}).
Proof. We first prove (53). Let w € R¥. Note that

(55) {zeRY :w'z=n(G,w)n°(G,2)} = cone({z € R¥ : 1°(G,2) < 1, w'z = n(G,w)}).

Indeed, ‘C’ holds in (55) since n° is positively homogeneous. For the proof of ‘D’, first note that the
LHS is clearly closed under positive scalar multiplication since 1°(G, ) is positively homogeneous. To see
that the LHS is a convex cone, let z;, 25 be elements of the LHS. Sublinearity of n°(G,-) implies that
w' (21 + 22) = (G, w)(n°(G, 21) + 1°(G, 22)) > (G, w)n°(G, 21 + 22), whence equality holds by (33c), which
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proves that z; + 25 lies in the LHS. Since w'z = n(G, w) > n(G,w)n°(G, z) > w'z for every z € R¥ in the
RHS of (55), by (33c¢), this concludes the proof of (55). We can now prove (53):

sc(w)={zeREY : (w,2) € H(G)} by (50)
={zeRE 1wz =n(G,w)n°(G,2)} by (46)
=cone({z € RY : n°(G,2) < 1, w'z = n(G,w)}) by (55)
=cone({z € RY : 3y e SY, diag(Y) = 1, 1L5(Y) > 2, w'z = n(G,w)}) by (26a)

= cone({z € RY : Y € SY s.t. (2,Y) is optimal in (52a) for n(G,w)}).

For (54), let z € RE. One can prove, analogously to (55), that

(56) {weRY :w'z=n(G,w)n°(G,2)} = cone({w € RY : n(G,w) < 1, w'z =1°(G, 2)}).
Then
wg(z) ={weRE: (w,2) € H(G)} by (51)
={weRE: w2 =n(G w)n°(G,2)} by (46)
= cone({w € RY : n(G,w) <1, w'2 =n°(G,2)}) by (56)
= cone({w € RY : 3z € RY, 1 > 17z, Diag(z) = 1La(w), w'z =n°(G,2)}) by (4b)
= cone({w € RY : 3z € RV s.t. (w,z) is optimal in (26b) for n(G,w)}). O

Remark 17. Let G = (V, E) be a graph. Proposition 16 establishes a stronger result than nonemptiness
of H(G), by showing that the projections j¢(w) and wg(z) of H(G) are nontrivial convex cones for every
w, 2 € Rf. These cones are tightly connected to normal cones of the relevant convex corners. Recall
the sets defined in (38). Fix a nonzero w € R¥, and set p == n(G,w) > 0. Then n(G,p~'w) < 1, so
p~tw € Cpo(c,y = abl(Cyi,.y)- Then one can show that
jc(w)={z¢€ Rf cw'z =n(G,w)n°(G, 2)}
—{zeRE: ()T = (G, 2)}
={z€RY: 2 € Normal(Cye(c,,p 'w)},
where Normal(S,7) :== {c € RE : Vo € S, ¢z > c¢Tz} denotes the normal cone of S C R¥ at 7 € S. Thus
3¢(w) = RY N Normal (C,e (g, (G, w) ™ w) for every w € RY \ {0}.
Dually,
we(z) = REY N Normal (Cyq,.), 1°(G, 2) " '2) for every z € RY \ {0}.
By combining Propositions 15 and 16, we show how to obtain aqyw-certificates when the starting point is
either a maximum cut instance or a fractional cut-covering instance. In Section 3.4, we present algorithmic

versions of these results: from nearly optimal SDPs solutions and a randomized sampling procedure, we produce
a heavy cut and a light fractional cut cover.

Theorem 18. Let G = (V, E) be a graph and let w € R¥ be nonzero. Then there exist a nonzero z € 3¢(w)
and an agw-certificate for (w, z).

Proof. There exists an optimal solution (2,Y") for (52a). Thus, (w, 2) € H(G) by Proposition 16. As w # 0,
we have that z # 0. By Proposition 15, there exists an aqw-certificate for (w, ). a

Theorem 19. Let G = (V, E) be a graph and let z € R be nonzero. Then there exist a nonzero w € wg(z)
and an agw-certificate for (w, z).

Proof. There exists an optimal solution (w, x) for (26b). Thus, (w, z) € H(G) by Proposition 16. As z # 0,
we have that w # 0. By Proposition 15, there exists an agyw-certificate for (w, z). |
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3.4. Algorithmically Obtaining (-Certificates. Theorems 18 and 19 are pleasantly symmetric, both in
statement and in proof. However, they are not directly suitable for algorithmic use. The first issue is in the
definition of H(G) itself: as Proposition 16 states, its elements arise as optimal solutions to SDPs, whereas in
algorithms one must work with nearly optimal solutions. The second issue is that, in Proposition 15, the cut
0(S) and the fractional cut cover y obtained have significant caveats: the shore S is not explicitly constructed
and y may have exponential support size. In particular, the same issues arising at Section 2 resurface here
again, requiring one to “thicken” edges and to settle for sparse surrogates of the probability distribution
described in Proposition 1.

Rather than parameterizing our rounding procedure as we have done in Section 2, we parameterize our
optimization problems, thus obtaining a family of geometric objects to study. Let G = (V, E) be a graph and
let £ € [0,1). For each w € R¥, define

(57a) 1e(Gyw) = (1 —e)n(G,w) + 5wl

(57b) =min{p:peRy, z€RY, p> (1 —¢)1'z + £1Tw, Diag(z) = 1Lc(w)}.

Then 7. (G, -): R¥ — R is a positive definite monotone gauge, and by (34) its gauge dual can be written as
(58a) n2(G,z) =max{z'w:z e RV, weRY, 1L5(w) < Diag(z), (1 —e)1Tz + 517w < 1}

(58b) =min{p:peR, Y €SV, Y = eul, 1LE(Y) > 2, diag(Y) = pl}

for every z € Rf . The equality in (58b) follows from SDP Strong Duality, as the relaxed Slater points we
exhibited in (26) remain relaxed Slater points in (58). Let o € (0,1) and set

(p,x) feasible for (57b) for (G, w),
59 H. ,(G) := w,z) € RY x RE : 3(u,Y) feasible for (58b) for (G, z),
: + X IRy
and w'z > (1 — o)pp

As for H(G), for each (w, z) € H, ,(G), we refer to pairs (p,z) and (1, Y) assumed to exist as in the RHS
of (59), as witnesses of the membership (w, z) € He »(G). Note the following approximate version of (48):

(60) if (p,z) and (u,Y) witness the membership (w, 2) € He 5(G), then (1 —o)ppu < w'z < pu.
This holds since
w'z <w' (3L5(Y)) = (3La(w),Y —epl) + (AL (w), epd)
< (Diag(x),Y —eul) + %]lTw =(1-e)1Tz+ %]lTw),u < pi.
0 (G, w)ne(G,2) —w'z

<o,
1e (G w)ng (G, 2) }
where the expression inside the absolute value is taken to be zero whenever 0 € {w, z}.

Let G = (V, E) be a graph and let £ € [0,1). We show in Theorem 20 below that 7.(G,w) and n2(G, z)
are approximations for (G, w) and n°(G, z), respectively. Before that, we state two important monotonicity
properties of the Laplacian of a graph G:

The analogue of the expression we took as definition of H(G) in (46) is

H.,(G) = { (w,z) € R x RY -

(61a) v < w implies Lg(v) < Lo(w),  for every v,w € R,
(61b) A < B implies L (A) < Lg(B), for every A, B €SY.

Both follow from the fact that Lg(e;;) = 0 for every ij € E. This is immediate for (61a) by using the
definition of L. For (61b), one has

(L&(A))ij = (La(A), ei5) = (A, La(eiy)) < (B, Laleij)) = (Lg(B), eij) = (La(B))i
for every A, B € SV such that A < B, and for every ij € E. These results imply one of the motivating

properties of n2:

V2
(62) if (1, Y") is feasible for (58b) and p > 0, then P(ij € GW(Y)) > V€ for every ij € E.
7
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Let (u,Y) be feasible in (58b), and let ij € E. Then p—Y;; = $L5(Y)i; > $L&(epd)i; = ep by (61b). Thus
(1 —¢) >Y;;. Hence (15) and (20) imply that
~ly;, 2
P(ij € GwW(y)) = 2eeose Vi) o V2=

s s

so (62) holds.
Theorem 20. Let G = (V, E) be a graph, and let € € [0,1). Then, for each w,z € Rf,
(63a) (1 —e)n(G,w) < n.(G,w) <n(G,w), for each w € RY,

1
(63b) n°(G,z) <n2(G,z) < EnO(G, z), for each z € RY.

Proof. As the identity matrix is feasible in (4a), the rightmost inequality below holds:
(1 =em(G,w) < (1 =e)n(G,w) + 5wl = (1 = e)n(G,w) + e(3La(w), I) < (G, w).

Thus (63a) follows from (57a). Now (63b) follows from (63a) and Proposition 9. Alternatively, one can
prove (63b) directly. As the feasible region of (11) contains the feasible region of (58b), the first inequality
in (63b) holds. Let (u,Y) be feasible for (11). Set pe = p/(1 —¢) and Y. =Y + eu.l = ep.I. Then
diag(Yz) = pl + ep.1 = p1. Moreover, from (61b) and Yz = Y we obtain 1£%(Y.) > 2£5(Y) > 2. Thus
(1e, Yz) is feasible for (58b) with objective value p.. Hence (63b) holds. O

Let T € N\ {0} and let v € (0,1). We use the shore sampling procedure (18) defined in Section 2. Let
G = (V,E) be a graph, let p € Ry, and let Y € p€y. Let Si,...,S7 C V be independent identically-
distributed random shores sampled by GW(Y"). Recall the definition in (18):

T
H 1 F
18 Ar(G,Y) = (F,y), where F ={51,..., 57} CP(V)and y = ———— = e Ry
(18)  Ar(GY) = (Fup), where = {Su.. 81} € PWV) and y = L7 3 es, € B
A shore of a sampled cut with largest weight is arg max{ wT]l(;(S) : S € f}. These objects give rise to the
sampling procedure in Algorithm 2, which we analyze next. Similar to Algorithm 1, the pseudocode of
Algorithm 2 abstracts away important implementation choices, including the choice of data structures.

Proposition 21. Let ¢,0,7 € (0,1). Let G = (V, E) be a graph on n vertices and let (w, z) € H, ,(G) be
such that w # 0 # z. Set 8 = agw(l —7)(1 —0)(1 —¢). Let (p,z) and (i1,Y) witness the membership
(w,z) € He o(G). For each integer

6m
[ Gomrt = oy —ay ")
the randomized polynomial-time procedure Ar,(G,Y) satisfies the following: with probability at least
1 —2/n, we have that (p, u, S™**,y, ) is a [-certificate for (w, z), where

p=01-2)1p, p=plwsz

(F,y) = Ar~(G,Y), and S™ = argmax{ wT]l(;(S) : S € f}.

In particular, (w, z) is a S-pairing,.

T>

(64)

Remark. Alternatively, rather than sampling from GW(Y") in the call to Ay, in Proposition 21, using the
definition of 7. as a starting point, one may use a perturbed sampling GW.(Y") obtained by sampling from
GW(Y) with probability (1 — €), and by sampling uniformly among all shores with probability e.

Proof of Proposition 21. Let (w,2) € He 5(G). Let (p, ) and (i, Y') witness the membership (w, z) € H. ,(G).
Note that p,ji > 0asw # 0# z. Set p:= (1 —¢)"'pand p:= (1/p)w" 2. Item (45.i) in the Definition 12 of
B-certificates holds trivially. We also have (45.iv), since Diag(z) = +L¢(w) and
p 1 ( T, & ) T

>—((1—-9)1 - >1 x.
Lo (-t + Sul) 2 1%
In particular, (p,z) is feasible in (4b) so
(65) mc(G,w) < n(G,w) < p.

Next we prove (45.i1) and (45.iii).

p:
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Algorithm 2 Certification procedure

Parameters: a constant approximation factor 8 € (0,aqw) parameterizes the algorithm CERTIFYg.
As in (68) and (70), define the following constants in terms of 3:

B 2 T 2T
0,1 == 0,2/3 =— 0,1/3 d =
Input: a graph G = (V, E), a pair (w, z) € R x RE of nonzero edge weights, and witnesses (p,z) and (f,Y)

of the membership of (w, z) in H, ,(G).
Output: CERTIFY3(G, (w, 2), (p,x), (i, Y)) is a S-certificate (p, 1, S,y, z) with high probability, where the
support of y has size bounded above by T' == [ 233 In(|V|)], as in (69).

20273
1 procedure CERTIFYg(G, (w, 2), (p,x), (1, Y))
F+ o
= PV)
gy« 0e R,

T=1-—

€ (0,1).

repeat T times

F «— FU{S}
Ys < ys+1
end
Smax ¢ argmax{ wTﬂg(s) : S e .7:}
10 Yy (1_'Yl)taGW %g
11 p+—(1—¢)7p

12 peptwlz

2
3
4
5 S+ GW(Y) > Sample a shore S C V via the random hyperplane technique
6
7
8
9

13 return (p, p, S™** y, x)
14 end procedure

Let S1,...,S7 and (F,y) be defined as in (18), so that S™&* = argmax{ ’lUT]].(;(S) .S e ]—'}. We will now
prove (45.ii) for the shore S™#*. More precisely, we show that wT]l(;( gmax) > Bp with probability at least
1—1/n. As (i1,Y) is feasible in (58Db), it is feasible in (11), so from (49) we have that

« U)TZ _
E(w lsewry) 2 —{1£6(w), Y) 2 ow—= 2 acw(l - 0)p = acw(l = 0)(1 - )y,

and by (65), we can bound the range of wT]l(;(Gw(y)) as 0 < ’U)T]l(;(Gw(y)) < p. Define X; = wT]lé(St)
for every t € [T]. Define S = ZtT:1 X;. The random variables X1,..., X7 are independent and satisfy
0<X; <pand E(X;) > acw(l —0)(1 —¢)p for each ¢ € [T]. Using Hoeffding’s inequality,

P(X, < (1= 1)E(X,) for all ¢ € [T]) < P(S < (1-7)E(S)) < exp<—V2E(5)2)

T2
< eXp(_VQ(OéGW(1 ;52)(1 — E)pT)2> B exp(—(acjv(l —o)(1 - E))QT) <1/n,

since

T { In(n) 2-‘ .

(aawy(1 —0o)(1 —¢))
Thus w' Ls(gmax) > agw (1l —7)(1 — 0)(1 — &)p = Bp with probability at least 1 — 1/n, so the proof of (45.ii)
is complete.

We now prove (45.iii). By (19),
wlz 1w’z 1

1L ol o ea<ia- _ 1wz
M=o’ gl - — s gl=a7 =577 =51

Next we will use Proposition 4 to show that ) ¢ ryslsg) > 2z with probability at least 1 — 1/n. Set

2:=1L:(Y). Set k= 2/e and £ := £/2. We claim that the hypotheses from Proposition 4 for 2 are met

(66) 1Ty =
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by (i,Y) as well as &, k, and ~. It is immediate that (z,Y") is feasible in (11) for (G, 2). We claim that
(67) g,z <%;<p foreveryij € E.

By using (61b), (25), (63b), and that feasibility of (f,Y") in (58b) for (G, 2) implies that n2(G, 2) < i1, we see
that

€ _ * — * 2 2 o 2 o 2 -

S = TLG(ERT) < FLG(Y) = 2 < 2]l < 0°(G, )1 < n2(G,2)1 < fil.
Thus (67) holds. Condition (21a) of Proposition 4 holds by the first inequality in (67); condition (21b)
follows from noting that §||2||cc < it < Z; for every ij € E. Hence, with probability at least 1 —1/n,
(F,y) = Ar~(G,Y) covers z — by covering 2 > z. Thus (66) proves (45.iii), as

= [t - [5(2) "o

Hence, the probability that (p, u, S™@*,y, x) is not a S-certificate for (w, z) is at most 2/n. |
Proposition 22. Let 5 € (0, agw) and set
153 2 T—0 T
68 =1- 0,1 == 0,2/3 d = = 0,1/3).
68) 7 %We(,), 0:=37€(0,2/3), and e 30=0) 3(3—27)6(’/)

There exists a polynomial-time randomized algorithm that takes as input a graph G = (V, E) on n vertices, a
pair (w, z) € H »(G), and objects (p, x) and (i1, Y") witnessing the membership (w, z) € H, ,(G), and, with
probability at least 1 — 2/n, outputs a S-certificate (p, u, S™**,y, x) for (w, z), where

2187r WW -

(69) [supp(y)| < T = | ———=
202,73
This algorithm may be implemented so that it makes:

(1) a single call to an oracle producing a Cholesky factorization of an n X n matrix;
(2) Tn calls to an oracle sampling from a standard Gaussian distribution; and
(3) O(Tn?) extra work.

Proof. Set

2e 2T
70 = = € (0,1).
(70) L
The constants o, €, and v are defined so that

2¢e

(1-7)1-0)(1—¢)= (1_16)(1_5)(1_0):(1—35)(1—a)= (1—

Thus 8 = agw(l — 7) = agw(l —7)(1 — 0)(1 — ). Moreover,

3
(71) (1 - e)y)%e = (26)% = 4¢® = % (; - ") .

g

The proof is then an application of Proposition 21, since

e )] = a1 3)3 | oy (1)
_ [ B Wln(n)—‘

202, (1 —0)3

(21877 1

sinceT—U:%Tanda>O

202, T
=1T.

Let B € RIM*V be a Cholesky factorization of Y, i.e., such that Y = BTB. Let Q € RI71*[" have each
entry independently sampled from a standard Gaussian distribution. Algorithm 2 may be easily implemented
by computing the matrix product X = 2B and checking the signs of the entries of X. This matrix product
can be computed in O(Tn?) time, which dominates the O(T?n) time of naively computing F and the O(Tm)
time of computing S™2*. ]
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Algorithm 3 Primal-dual randomized rounding approximation algorithm for mc, building an instance for
fcc and certificates

Parameters: a constant approximation factor 8 € (0, agw) parameterizes the algorithm ApPROXMCFCCg.
Define the following constants in terms of 3:

1 B8 2 . T 2T and O 2187w
Ti=1- o=-T =_— =— =_—
aw’ 3" 33-2r) T o9—7r 202 73

Input: a graph G = (V, E) and nonzero edge weights w € Rf.

Output: APPROXMCFCCs(G, w) returns a nonzero z € R¥ and a S-certificate (p, u, S,y,z) for (w, z)
with probability at least 1 — 2/|V|, such that |supp(y)| < [CIn(|V])]. The algorithm runs in strongly
polynomial time.

1 procedure APPROXMCFccg(G, w)
2 Find a feasible pair (Y, (p,z)) for (4) such that 5 < (:Lc(w),Y) + o|w]|so.

3 n1

4 Y+ (1-e)Y+el

5z 1LL(Y)

6 p (1—e)lTz+ Sllw|y > Solve 7. (G, w) within o||w|| s
7 return (z, CERTIFY3(G, (w, 2), (p, z), (i, Y)))

8 end procedure

Algorithm 4 Primal-dual randomized rounding approximation algorithm for fcc, building an instance for
mc and certificates for both instances

Parameters: a constant approximation factor 5 € (0, agw) parameterizes the algorithm APPROXFccMcg.
Define the following constants in terms of (:

Ti=1-— s o= 27' €= T = 727- and C = 72187%
T e’ 73T ST 32y T oo T a2 3

Input: a graph G = (V, E) and nonzero edge weights z € RY.

Output: APPROXFCCMCp(G,2) returns a nonzero w € R¥ and a S-certificate (p, p, S,y,z) for (w,z)
with probability at least 1 — 2/|V|, such that |supp(y)| < [C'In(|V])]. The algorithm runs in strongly
polynomial time.

1 procedure APPROXFCCMcg(G, 2)

2 Find a feasible pair (p,w), (i, Y) for (58) such that i < 27w+ ||z« > Solve n2(G, 2) within o||z||s
3 return (w, CERTIFY(G, (w, 2), (p,2), (i, Y)))

4 end procedure

Theorem 23. Let 3 € (0,aqw). Set 7:=1— B/acw and C = 21877 /(2a2,,7). There exists a randomized
polynomial-time algorithm that, given a graph G = (V, E) on n vertices and a nonzero w € Rf , computes
with probability at least 1 — 2/n a nonzero vector z € R¥ and a S-certificate (p, 1, S, y,z) for (w,z) such
that the support of the fractional cut cover y has size at most [C'In(n)].

Proof. Let w € R¥ be nonzero. Define ¢ := 27 and ¢ := 7/(9 — 67) as in Proposition 22. By (nearly) solving
the primal-dual SDPS in (4), one can compute in polynomial time a feasible solution Y for (4a) and a feasible

solution (p,z) for (4b) such that
p < (iLc(w),Y) +olwls.
Set
(72) Vi=(1-e)Y+el, 2=3iL5Y), p=0-e)1Tz+5|uw|.
We claim that
(73) (p,z) and (1,Y) witness the membership (w, z) € H, (G).
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It is immediate that (p,z) is feasible in (57b), whereas Y > eI implies (1,Y) is feasible in (58b). Since
[lw]loo < n(G,w), we can use (63a) and (57b) to see

(74) (1= o)llwlloe < (1 - £)(G,w) < 1(Gyw) <
Then
p=1-e)lTz+ £l by (72)
< (1-e)((iew),Y) +ofwls) + 5wl since 172 < < (1Le(w), V) + ofwllw
=(1Le(w),(1 —e)Y +el) + (1 — )o||w]|s since £||w|ly = ($La(w),el)
=w' 24 (1 —¢)o|jw|ee by the definitions of Y and z
<w'z+op. by (74)

This completes the proof of (73). Moreover, as w # 0, we get from (74) that p > 0. Hence w'z > (1—0)p > 0,
as 0 < 1. Thus z # 0. Proposition 22 then finishes the proof. |

Theorem 24. Let 8 € (0, acw). Set 7:=1— 3/acw and C = 21877 /(202 ,,73). There exists a randomized
polynomial-time algorithm that, given a graph G = (V, E) on n vertices and a nonzero z € Rf , computes
with probability at least 1 — 2/n a nonzero vector w € R¥ and a S-certificate (p, 1, S, y, z) for (w,z) such
that the support of the fractional cut cover y has size at most (C’ ln(n)-|.

Proof. Let z € RE be nonzero. Define ¢ := 27 and ¢ := 7/(9 — 67), as in Proposition 22. By (nearly) solving
the primal-dual SDPs in (58), one can compute in polynomial time a feasible solution (z,w) for (58a) and a
feasible solution (z,Y") for (58b) such that

p< w2+ o|z] o
By combining (25), (63b), and (58b), we see that

(75) 12llee <n°(G,2) < n2(G,2) < fu.
We claim that
(76) (1,z) and (g, Y') witness the membership (w, z) € H, »(G).

Feasibility of (1,z) and (&,Y) in the appropriate SDPs are easily verified. Moreover, by (75), one has
i <w'z+ 0|zl <w'z+ oji. This proves (76). Moreover, as z # 0, we get from (75) that i > 0. Hence
wlz > ji(1—0) >0as o < 1. Thus w # 0. Proposition 22 finishes the proof. O

Remark 25. Theorem 23 uses that the SDP (4) is nearly solvable in polynomial time. However, Theorem 24
relies on nearly solving the SDP (58), which is introduced in this work. Appendix C proves this can be done
in polynomial time.

4. GEOMETRIC REPRESENTATION OF GRAPHS

Definition 26. A hypersphere representation of a graph G = (V, E) is a map u: V — R? for some d € N such
that the map i € V +— |lu;]| € R is constant. Such constant is the radius of u, denoted by r(u). We denote
by H(G) the set of all hypersphere representations of G.

Let G = (V, E) be a graph, and let ;1 € R,. Hypersphere representations of G with squared radius p
are directly related to u&Y via their Gram matrices: if u € H(G) has squared radius p and one defines a
matrix U with columns {u; }sey, then UTU € uEY; conversely, if X € u€Y, then the columns of X'/? form a
hypersphere representation of G with squared radius pu.

Let X € u&Y be the Gram matrix corresponding to a hypersphere representation v € H(G). Then for
every z € RE,

(77) L5(X) > 2 if and only if ||u; — u;||* > 2, for every ij € E.

In this way, the constraint defined by the adjoint of the Laplacian has a natural geometric interpretation.
The study of geometric representations of graphs has been very fruitful [29]. To our knowledge, geometric

representations provided the first proof that specializing the SDP in (11) to the case z = 1 recovers the

relationship with the vector chromatic number. A wunit-distance representation of a graph G = (V,E) is a
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hypersphere representation u: V' — R? of G such that ||u; — u;||?> = 1 for every ij € E. The hypersphere
number of G, denoted by t(G), is the smallest squared radius of a unit-distance representation of G. Using
semidefinite programming, one can write

t(G) = inf{r(u)?: u € H(G) such that |[u; — u;||* = 1 for every ij € E}
=inf{p: pe Ry, X €SY, diag(X) = pl, L5(X) = 1}.

The only differences between this optimization problem and the problem (26) specialized to z = 1 appear
in the constraint featuring the adjoint of the Laplacian: the % factor is gone, and ‘>’ was changed to ‘="
Lovéasz [30, p. 23] proved that

1
78 26(G) + — =1,
(79) @+ 5
where ) denotes the Lovdsz theta function [31]. The similarities between the Lovasz theta function ¥ and the
vector chromatic number are already discussed in the work introducing xvec [24]. In fact, Xvec(G) = ¥'(G),
where G denotes the complement of a graph and ¢ denotes a variant of ¥ introduced independently in [33]
and [10]. A natural variation of (78) that involves ¥’ (see, e.g., [8, Sec. 4]) is

1

2#(G) + ——— =1,
@) Xvee(G)

where
t'(G) =inf{p: X € SY, diag(X) = pul, La&(X) > 1} = 1n°(G).

It is then immediate that

(79) (G 1) = 2(1 - )(vl(G))

Our introduction presented (10) as a motivating question of our work. Note that (79) and Corollary 2 provide
an alternative proof of (10). Equation (79) is another manifestation of the well-known connection between
the Lovdsz theta function (and its variants) with the maximum cut problem — see, e.g., [9, 28].

The optimization problems we have considered optimize different objective functions over certain hyper-
sphere representations of a graph G = (V, E). For each z € Rf, an optimal fec representation of (G, z) is a
hypersphere representation u: V — R such that i”uZ —uj||? > 2;; for every edge ij € F, and with minimal
radius among such representations. For each w € RY, an optimal mc representation of (G,w) is a hypershere

representation u: V — R? with radius 1 which maximizes > wijllu; — uj||2. Define, for every w, z € Rf ,

ijEE

FCCyx(G, z) == argmin{ r(u)® : u € H(G) such that §|lu; —u;|* > z;; for every ij € E}, and

1
MCy(G,w) = argmax{ 1 Z wij|lu; — uj|? s u € H(G), r(u) = 1}.
ijeE
The connection between these two sets of optimal geometric representations, which we illustrate with Figure 2,
is captured by the following theorem.

Theorem 27. Let G = (V, E) be a graph. If w € R¥ is nonzero, then for every u € MCy (G, w) there exists
z € 3¢(w) such that

(80) (vVHui)iev € FCCy (G, z), where pn:=min{p e R, : pi”ui - uj||2 > z;; for every ij € E}.
Conversely, if z € RE is nonzero, then for every v € FCCyx(G, ) there exists w € wg(z) such that
(81) (r(v)_lvi)iev € MCy«(G,w).

Remark. Let G = (V, E) be a graph. Note that (80) describes an algorithm producing an element in
FCCyx(G, z) from inputs G, w € R¥, u € MCy (G, w), and z € 3¢(w). Similarly, (81) describes an algorithm
producing an element in MCy (G, w) from inputs G, z € R¥, v € FCCy (G, 2), and w € g (z). If one is
given w € Rf and an optimal mc representation u € MCy (G, w) and simply wants to obtain an associated
optimal fcc representation, there is an easily computable choice of z € 3¢(w) — namely, z; = +|u; — u;|?
for every ij € E.
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(B) and its corresponding fcc representation
() mc representation u: V — R? v: V= R®

FIGURE 2. Geometric equivalence between hypersphere representations.

Proof. Let w € RE be nonzero, and let u € MCy (G, w). Let Y € £V be the Gram matrix corresponding
to u, i.e., Y;; = u]u; for every i, € V. Since u € MCy (G, w), there exists z € ]Rf and (p,z) € R, x RY
such that (z,Y) and (p, z) are optimal solutions for the SDPs (52a) and (52b), respectively. We will prove
that v == (y/fu;)icy € FCCx(G, 2). From optimality of (z,Y),

(82) r(v)* =min{p € R, : ptu; — u;||* > z; for every ij € E} =min{p € R, : 1L5(pY) > 2z} = 1.

Now let & € H(G) be such that 1[|5; — ;|2 > 2;; for every ij € E, and let Y be the Gram matrix of 9. Since
(p, x) is feasible in (52b),
pr(®) > 1Tex(0)? = (Ding(x), V) > (ALa(w), V) = 3wkt — 52 > vz = p.
ijEE

As w # 0, we have that p > 0, so r(9)? > 1. As the latter inequality holds with equality at v by (82),
we conclude that v € FCCy (G, 2).

Let z € Rf be nonzero, let v € FCCy« (G, 2), and let Y be the Gram matrix of v. Since v € FCCy«/(G, z),
there exists (w,z) € RY x RY such that (r(v)?,Y) and (w,z) are optimal solutions to (26a) and (26b),
respectively. We will prove that u == (r(v)_lvi)iev € MCy« (G, w). We claim that

(83) L=1 > wijllu —uyl|.

Indeed, by optimality of (r(v)?,Y) and (w, ), we have that r(v)? > r(v)?*1Tz = (Y, Diag(z)) > (Y, +Lg(w)) >
2Tw = 1(v)2. Thus
r(v)? = (Y, 1 La(w) = 1 D wijllvi —vi[> = r(0)*] Y wijllui —ug).
ijeEE iJER

As z # 0, we have that r(v)? > 0, so (83) holds. Now let @ € H(G) be such that r(@) = 1. Let Y be the
Gram matrix corresponding to @. Then u € MCy« (G, w) follows from (83), as

1Y wijllas —a|* = (Y, $La(w)) < (V,Diag(z)) = r(@)°1Te < 1= 1 > wijllu; —uy|*. O
ijeE ijeE
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5. TIGHTNESS OF OUR RESULTS

This section discusses several aspects in which our algorithms and analyses are best possible. We collect
instances of the maximum cut and fractional cut-covering problems that justify several aspects of our
algorithms, including

(i) the need to sparsify the cut cover defined in Proposition 1,

(ii) the need to either “thicken” edges, as in Section 2, or to perturb the SDP, as in Section 3.4,
(iii) the asymptotic support size of the fractional cut cover we have obtained,
(iv) the approximation factor.
These aspects are intertwined. Item (i) motivates the use of repeated sampling. Ttem (ii) shows that naively
sampling cuts until a fractional cut cover is obtained takes too long for some choice of weights, and item (iii)
discusses the amount of cuts needed to be sampled. The whole algorithmic set up grounds our analysis and
guides our discussion of item (iv).

5.1. Sparsification of Rounded Solution. Let G = (V, E) be a graph, and let z € R¥. Let (p,Y) be
feasible in (11), and set

(84) y = vp, where ps =P(GW(Y) = S5) for every S CV, and v := min{ veR v Z pslscs) > z}
scv

Proposition 1 implies that 7 < u/acw. Via (84) we have a deterministic fractional cut cover y € RE(V) for

every feasible solution (y,Y) of (11). It is then natural to question the necessity of the repeated sampling

approach. Remark 3 mentions the difficulty of computing the vector p € Rz(v)

, and we now exhibit an
instance where y has exponential support size. One may check that (u,Y) = ( — %, 21 — %]l]lT) is an
optimal solution to n°(K,) for every nonzero n € N, certified by the dual optimal solution (Z, w) := (%]l, %]l)
for (26b). For every i € [n], let g; be independently sampled from the standard normal distribution, and set

h == ||g]|~tg. One can prove — see Appendix B — that
(85) supp(y) = supp(p) = { S CV: P(GW(Y,h) = 8) >0} ={SCV:5#2,5#V}.
Hence, the vector y € RK(V) defined in (84) may have exponential support size.

5.2. Edge Thickening or SDP Perturbation. The repeated sampling approach naturally arises as a
sparsification of the probability distribution in (84). Let G = (V, E) be a graph, let = € R¥, and let (1, Y") be
feasible in (11). Set o := 0. For every nonzero t € N, set

(86) Ut = Jt—1 + esq) and py = inf{ veR, :v Z (Ut)sLscs) > z},

SCV
where each S(t) is independently sampled from GW(Y). These objects capture what we mean by “repeated
sampling”. We claim that

(87) P(tlggo (G = y) =1,

where y € Rf(v) is defined as in (84). In words, (87) states that almost surely, the vector y describes
the behavior of the repeated sampling approach as more samples are taken. We now prove (87). Let
B € REXP(V) be the incidence matrix of the cuts of G, so Bx = Y oscy Tslses) for every x € RP(V).
Set D == {z € RE(V) : supp(Bz) 2 supp(z) }, and set f(z) = max{z;/(Bx);; : ij € supp(z)} for every
x € D. Observe that f is continuous on D, that p € D by Proposition 1 and f(p) = v, and that
f(az) = Lz for every a € Ry and « € D. The Strong Law of Large Numbers implies that lim;_,oc 9 = p
almost surely. Assume that this event happens. For every sufficiently large ¢ € N, one has 4 € D,
as supp(Bg:) = supp(Bp) 2 supp(z). Thus (87) holds, as

Jim gy = lm f(G)ge = lim f(Go)tde = im f(39:) 39 = f(p)p = vp = v.
Proposition 28. Let ¢ € (0,2). There exist a graph G = (V, E), vectors w € R¥ and z € R¥, as well as
(1,z) and (i, Y) witnesssing (w, z) € H(G) such that, for u; and g, defined as in (86),

E(min{t € N: pu; < +o00}) > (2\/5 + 0(63/2)>_1.

s
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Proof. Let G := K3 be the complete graph on three vertices, with V(K3) = {1,2,3}. Set (212, 213, 223) =
(1,1,¢) € RE. Appendix A shows there exist w € R¥ and € RY such that (1,z) and (y,Y) witness the
membership (w, z) € H(G), where p:=4/(4 — ) and

1 /2—-1 /2 -1
g/2—-1 1 1—2e+¢2/2
9 2

g/2—1 1—2+¢%/2 1

If t € N is such that p; < +00, then the edge 23 € E was covered, and hence

Y =

4 —

. . 1 o ™ _ 2\@ 3/2 -

E(min{t € N: i < foc}) = P({2,3} € 6(GW(Y))) arccos(l —2e +¢2/2) ( _— O )) - U

Although (87) ensures repeated sampling converges to the solution in (84) almost surely, algorithmically
it is necessary to bound the number of samples one has to take. Remark 5 mentions that edges with relatively
small weights can force exponentially many samples to be taken just to enable feasibility. Proposition 28
formalizes that remark: it defines a family of instances where naively sampling from an optimal solution to
the SDP (11) may require, in expectation, exponentially (on the size of the input (G, z)) many cuts just to
output a feasible fractional cut cover. Proposition 28 also motivates the perturbed SDPs introduced in (57)
and (58), as it shows, in particular, that one cannot take e = 0 in Proposition 22.

5.3. Asymptotic Support Size. Let G = (V, E) be a graph, let z € Rf, and set n == |V/|. Proposition 4
shows that, by assuming the ratio between the largest and smallest entry of z is bounded, we can produce in
polynomial time a fractional cut cover with support size O(In(n)). Our algorithms then perturb the input
so this hypothesis is met. The logarithmic bound may not be asymptotically improved without further
assumptions on the input. Assume that supp(z) = E. We claim that

(88) [lg(x(@))] < |supp(y)| for every fractional cut cover y of (G, z),

where x(G) denotes the chromatic number of G. Since supp(z) = E, every edge must be in some cut defined
by a shore in supp(y). The minimum number of cuts necessary to cover the edges of a graph is [lg(x(G))] —
see, for example, [12, Section 6]. Thus (88) holds. In particular, the bound on |supp(y)| given by Theorem 6
or Proposition 22 is asymptotically best possible for graphs such that x(G) = ©(|V(G)|) — in particular, for
complete graphs.

5.4. Approximation Factor. The algorithms we presented work in two steps: first they solve an SDP
relaxation, and then they employ a rounding procedure to convert nearly optimal SDP solutions into actual
combinatorial solutions — namely, (the shore of) a cut or a fractional cut cover. Each of these two stages
impacts the approximation factor. Let G = (V, E) be a graph. The integrality ratio of a mazimum cut
instance (G,w) (with respect to n) is mc(G,w)/n(G,w). The integrality ratio of a fractional cut-covering
instance (G, z) (with respect to 1°) is n°(G, z)/ fec(G, z). In either case, the integrality ratio is a number
between 0 and 1 capturing how well the semidefinite programming relaxation approximates the actual optimal
value of the problem at hand.

Our theory ties the integrality ratios of both problems. Let G = (V, E) be a graph, and let w € RE. Then

n°(G, 2) < mc(G, w)
fee(G,z) = n(G,w)

Indeed, this follows from (G, w)n°(G, z) = w'z < me(G, w) fee(G, 2). In this way, the set 3¢ (w) describes
instances (G, z) of the fractional cut covering problem with the same or worse integrality ratio. This
construction can be made algorithmic via the tools developed in Section 2. If the graph G is edge-transitive,
then one can prove that (1,1) € H(G) and mc(G) fce(G) = |E| = n(G)n°(G). In particular, equality holds
in (89), and the cycle on five vertices Cj is a concrete example with bad integrality ratio for both problems, as
n°(Cs) _ me(Cs)
0.878 = < = ~ (0.884,
YW= Feo(Cs) ~ n(Cs)
where unweighted graph parameters are evaluated from their weighted versions with 1 as edge weights. The
integrality ratio can be arbitrarily close to agw.

(89) for every z € 3g(w).
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Proposition 29. For every € > 0, there exists a graph G such that for every z € 35(1),
o L 1(G2) _me(G)

fee(G, 2) n(Q)
Proof. Let € > 0. Feige and Schechtman [13] prove that there exists a graph G such that
mc(G)

n(G)
The result follows from Corollary 2 and (89). |

< agw +e.

< agw t €.

Proposition 29, despite showing that the approximation factor agyw is tight in our analysis, leaves open
the possibility that strengthening our semidefinite programming relaxations could lead to better results, even
if we keep the same rounding procedure. This is not the case, as there exist graphs in which the relaxation is
tight, but the rounding procedure still produces solutions with approximation factor as bad as agw. We now
present such an example. Similar to the proof of Proposition 29, our result builds on what is known in the
literature, and it exploits certain simple eigenvalue bounds.

Let G = (V, E) be a graph, and let L(G) := L (1) denote the unweighted Laplacian of G. It holds that

V] 0 4B 1
(90) NG) < 5 A (L(G)) amd (€)= 17—
One may easily produce feasible solutions for (4b) and (26b) that prove (90). The first inequality is a
well-known bound on the maximum cut value, easily obtained from the characterization of eigenvalues in
terms of Rayleigh quotients; see, for example, [18, Lemma 13.7.4]. More generally, it holds that

(G, w) = mm{ W1 A max (L6 (w) + Diag(w)) : u € RY, w1 = 0};

this formulation was introduced in [11]. The second inequality in (90) is used — implicitly — in [38]. Let
a,b € N be such that b < a. Let Ham(a, b) denote the Hamming distance graph, which has as vertex set
{0, 1}*, with two vertices adjacent if they differ in at least b entries. We denote by Ham_(a, b) the exact
Hamming distance graph, which is the spanning subgraph of Ham(a, b) where two vertices are adjacent when
they differ in exactly b entries. It is known [1, 38] that

(91) if b < a <2band b is even, then Ay, (A(Ham—(a,b))) = (Z) <1 - 2b>,
a

where A(G) € SV denotes the adjacency matrix of a graph G = (V, E). The interest on the smallest eigenvalue
of the adjacency matrix in both works [I, 35] stems directly from (90): since G := Ham—(a,b) is (§)-regular,
it follows that Amax(L(G)) = (§) = Amin(A(G)).

Proposition 30. For every real number 5 > aqw there exists a graph G = (V, E), as well as witnesses (p, x)
and (i, Y) of the membership (1, 1) € H(G), satisfying the following conditions. One has that n(G) = mc(G)
and 1°(G) = fce(G). Furthermore,

(92) E(|6(GW(Y))|) < Bmc(G) and %fcc(G) <y'1,

where y € RE(V) is defined as in (84).

Proof. By (6), there exists a rational number ¢ € (—1,0) such that
2 arccos(()

(93) Qow < 71 —¢ < .
Let a € N be such that b := (1 — ()§ is an even natural number, so that
¢(=1-2b/a.

We now prove the statement holds for G := Ham_(a, b).
Let U € RIU*V(©) bhe defined by Ue, = 25 — 1 € Rl for every s € V(G) = {0,1}1*). We claim that

(94) (p,z) = (L|E|, %(’;:;)]1) and (u,Y) = (§, %UTU) witness the membership (1, 1) € H(G).
Feasibility of (¢,+UTU) in (11) with z := 1 follows directly from the definition of U and G, since
(95) Yi; = 4¢ for every ij € E,



PRIMAL-DUAL GOEMANS-WILLIAMSON FOR WEIGHTED FRACTIONAL CUT COVERS 27

whereas feasibility of (p,z) in (4b) with w := 1 follows from (91), since L(G) = (})I — A(G) as G is (§)-regular.
It is immediate that py = |E|. Thus, (94) is proved. We claim that

(96) (1,1) is an exact pairing,.

Note that, in particular, (96) ensures that n(G) = mc(G) and 7°(G) = fee(G). For every i € [al, set
S; = {s€{0,1}* : s; = 1}. One may easily check that [5(5;)| = (471)297 for every i € [a]. By (94) and (5),
all such cuts are maximum, since

@) = 21E =5 (3)2 = (371 )2 = 130501 < me() < w(G),

Now consider the fractional cut cover gy := %Zie[a] es;. By definition of Ham_ (a,b), each edge belongs to
b of the cuts in {4(5;) : 7 € [a]}, s0 Y gy Uslsg) = 1. Hence (94) and (13) imply that g is an optimal
fractional cut cover, as -

% =1°(G) < fee(G) < 17 = %
This concludes the proof of (96). By (15), (95), and linearity of expectation,
arccos
E(|5(GW (Y Z (ij € S(GW(Y))) = 7(O|E|.
JEE

Let y, p € Rz(v) and v € R be defined from (p,Y) as in (84). Then for every ij € E,

eiTj( )y pSLS(S)) =P(ij € (GW(Y))) = arccos(¢)

Vs
SCvV

by (15). Hence v = mw/arccos(¢). Since a/b = 2/(1 — (), we have that

E(|6(GW(Y)))) 2 arccos(()  fee(G) oy
mc(G) 1-¢ 7 1Ty '

and this number is < 8 by (93). O

Karloff [25] studied a family of graphs closely related to the one featured in the proof of Proposition 30, using
it to bound the quality of the approximation factor obtained by Goemans and Williamson [19]. The specific
construction in our proof is a simplification of this work due to Alon and Sudakov [1]. The relevance of
Proposition 30 to our algorithms inherits several aspects of the relevance of these examples to the maximum
cut setting. Let S be a real number such that § > agw. Proposition 30 presents an obstruction for the
use of the randomized hyperplane technique to produce S-certificates. Let G = (V, E) be a graph whose
existence is ensured by the proposition. Then G defines instances where the SDP relaxations (4a) and (11)
are tight — i.e., the integrality ratio is one —, but where the rounding itself can be responsible for the
approximation factor aqw of the final algorithm. The first inequality in (92) states that the expected value of
a cut produced by the random hyperplane technique will be too small for the desired approximation factor 5.
The second inequality in (92) does not directly translate to the setting of our algorithm, which takes finitely
many samples and outputs a surrogate for the y € RE(V) defined in (84). Proposition 30 and (87) do imply
that, almost surely, the objective value p;/t obtained from (86) deteriorates above %fcc(G) for sufficiently
large values of ¢ € N. Note, however, that similar to how (92) allows for a finite number of samples to define a
fractional cut cover with objective value better than %fcc(G), it also allows for a single cut to have objective
value better than S mc(G).

Let G = (V, E) be a graph and let w € Rf . Propositions 29 and 30 describe limitations of the approach
we chose for producing approximation algorithms for the maximum cut and fractional cut-covering problems.
The Unique Games Conjecture [27] implies that it is NP-hard to compute, given an instance (G, w) of the
maximum cut problem as input, an upper bound to mc(G, w) with a better approximation guarantee than (5).
Recall from Remark 10 that this conjectured optimality extends to the SDP in (11) and the fractional
cut-covering problem: obtaining any better approximation factor on the objective value for Algorithm 1
would disprove the conjecture.
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6. CONCLUDING REMARKS

We summarize the main contributions of this paper and discuss future directions. Key to our contributions
is precisely describing the relationship between the (weighted) maximum cut and the weighted fractional
cut-covering problems through the lens of gauge duality: the functions me(G, -) and fce(G, -) form a gauge dual
pair. Crucially, the SDP relaxation for the maximum cut problem, utilized by Goemans and Williamson [19],
and the SDP relaxation we provided for the fractional cut-covering problem share the same property: n(G, -)
and n°(G,-) form a gauge dual pair (see Proposition 7). This explicit connection establishes the background
and foundation for the development of our algorithms. Gauge duality promptly yields a bound conversion
procedure, enabling us to extend the agy approximation ratio between mc(G,-) and 7(G,-) to a 1/agw
approximation ratio between fcc(G, -) and n°(G,-) (see Proposition 9).

The understanding of this connection organizes our efforts in algorithmic design:

(i) Optimal solutions Y € SY of the SDP relaxation (4a) for maximum cut are employed in [19] to sample
(the shore of) a cut by the randomized hyperplane technique, with Y as the generating parameter. We
extend this technique to the fractional cut-covering problem in two stages: initially by showing that
the marginal probabilities for the shores provide a fractional cut cover with the same approximation
quality, and subsequently by sparsifying our cover through a polynomial-time randomized procedure
(see Propositions 1 and 4 and Theorem 6).

(ii) We address the problem of simultaneously obtaining approximate solutions for the maximum cut
and the weighted fractional cut-covering problems with certificates of approximate optimality. This
inspires our definition of the set H(G), which precisely links tightness of w'z < n(G,w)n°(G, 2) in
gauge duality with the optimality of solutions for the SDP relaxations. This directly motivates the
definition of B-pairings and [S-certificates, which are essential to our simultaneous certification process
(see Proposition 15, and Theorems 18 and 19).

(iii) Given the strong algorithmic focus of our work, it is crucial to deal with the fact that exact optimal
solutions for SDPs may not be computable in polynomial time. We combine the strategies from the
previous items: in Section 3.4, we introduce the set H. ,(G), which is a perturbed version of H(G),
and then develop a randomized approximation algorithm which requires only nearly optimal solutions
for the SDPs.

(iv) When run on a connected graph with n vertices and m edges, our algorithms rely on obtaining a
nearly optimal solution Y to an instance of the relevant SDP problems, which can be done in O(m*)
time, followed by the rounding procedure on Y, which involves a single n x n Cholesky factorization,
O(nln(n)) samples from a standard Gaussian distributions, and O(n?1In(n)) extra work.

(v) Section 5 addresses many aspects of our approach that are optimal. Many of them are mirror images
under gauge duality of corresponding properties for the Goemans and Williamson’s algorithm for
maximum cut (see Proposition 30).

Throughout our work we have assumed the real-number machine model [7] with two extra oracles: one
sampling from a standard normal distribution, and one computing Cholesky factorizations. This second
assumption is equivalent to assuming exact computation of square roots of real positive numbers. Despite these
assumptions, our results build towards an implementation in the Turing machine model. Explicitly, the Slater
points for (58) used in Appendix C may allow one to utilize the work of de Klerk and Vallentin [10] to conclude
that both 7. and 12 may be computed in polynomial time on a Turing machine. Proposition 22 identifies
the main computational steps required to round these optimal solutions, and it may be extended to the
probabilistic Turing machine model with an appropriate analysis of approximate square root computations.

The interplay of duality with probabilistic aspects that permeates this work suggests interesting avenues
for future research. Note that, essential to our approach, Goemans and Williamson’s randomized hyperplane
technique casts an optimal solution Y for (4a) as a distribution of cuts. This enables edges that do not occur
in any heavy cut to be probably covered after appropriate thickening. The SDP perturbation (58b) makes
this even more robust, since for any feasible solution (u,Y"), sampling from GW(Y) covers every edge with
probability at least v/2¢/7 (by (62)) and Y has full rank. The analysis in [19] for maximum cut relies on
expected values, whereas for fractional cut covers we rely on concentration inequalities (see Propositions 4
and 21). In this respect, it would be interesting to find a gauge dual analogue of the analysis in [19, Sec. 3.1],
which improves the approximation factor agyw when the maximum cut is large. A similar question can be
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made about a gauge dual analogue of low-rank SDP solutions with improved approximation factors, as in [4].
One may also ask whether the techniques from [32] can be applied to derandomize our algorithms.

Further natural research directions include the use of duality in close relatives of the maximum cut problem,
such as maximum bisection problem (see, e.g., [3, 37]) and Nesterov’s generalization to quadratic optimization
problems [35]. Beyond the maximum cut and fractional cut-covering problems, it is natural to search for and
study other pairs of combinatorial optimization problems that are linked by gauge duality. For example, the
literature has both time-honored [20] and more recent [6] publications leveraging the fact that the stability
number and the fractional chromatic number of a graph define gauges dual to each other. Specially in cases
where an approximation algorithm rounds a solution to a convex relaxation of a combinatorial problem, the
(gauge) dual combinatorial problem may be approximated utilizing the ideas within this work. On a broader
note, it seems interesting to look for further pair of problems which can be “simultaneously approximated”.
Definition 12 provides a convenient formalization of simultaneous approximation for this work, but even within
the maximum cut and fractional cut-covering context there are potentially sensible alternative definitions, as
mentioned in Remark 13.
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APPENDIX A. EDGES WITH ARBITRARILY SMALL PROBABILITY OF BEING COVERED

Proposition 31. Let € € (0,2). Set G := K3, set 8 :=4/(4 —¢)?, and set

(97&) w = (2 — 6)[‘3(612 + 613) + 6623 S Rf(c),

(97b) Z:i=e12 + €13+ ¢ce3 € R (G)

Then

(98) (1,z) and (j,Y) witness the membership (w, z) € H(G),

where
1 4 B 1 e/2—1 e/2—1

f:zf((2—6)61+62+63), ﬂ::4 , and Y:=p|e/2-1 1 1—2e+¢2%/2

€ € g/2—1 1—2c+¢2/2 1

In particular, (ji,Y) is an optimal solution for the SDP (11).
Proof. Tt is immediate that diag(Y) = 1. The direct computation

1 0
4—¢)_
QY: e/2—-1|[1 ¢/2-1 5/271]—1—(5—52/4) Lo 1 —1]
g/2—-1 -1
shows that Y € S_‘ﬁ. Moreover, from (12) we get that

. I 2 e—2
(%LG(Y))K’) = (i[,G(Y))12 = 4z - 4_¢ =1= Z12 — Z13-

Furthermore
- 2 2(1 —2e+€2/2) 4de—¢g?
1 px _ _ _ —
(Z‘CG(Y))2374_57 4—¢ — 4_ ¢ = & = Z93.

Thus, (j1,Y) is feasible in (11) for (G, z). Set u = (2 — €)e; + ez + e3. Moreover

1La(w) = (2 —¢e)BLa(e12 + e13) + 18La(e2s) by (97a)
2 -1 -1 0O 0 0
Zib’((?—é‘) -1 1 o|+]0 1 -1 )
-1 0 1 0 -1 1
4—2c -2 -2
=iBle—-2 3-¢ -1 ]
e—2 -1 3-
2—¢ 0 O 2—¢ 2—c¢
_15<(4—s) 0 1 0] 2—5 1 1 )
0 0 1 2—¢ 1 1
= iﬁ((‘l —¢) Diag(u) — UUT) by the definition of u
= 18(4 — ¢) Diag(u)
= Diag(z) since 4z = (4 — )u.

Thus (1, ) is feasible in (4b) for (G,w) as 17z = 1. Since

WTz=20 ) +eB=pl-)= o =F

we obtain (98) from (47). Note that since (1, ) is feasible in (4b), then (w, Z) is feasible in (26b). Since (11)
and (26b) form a primal-dual pair of SDPs, ji = w2 implies optimality of (fz,Y) in (11). O
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APPENDIX B. SDP SoLUTIONS DEFINING FRACTIONAL CUT COVERS WITH EXPONENTIAL SUPPORT

Theorem 32 below presents a rigorous statement and proof regarding (85), i.e., about the exponential
support of a fractional cut cover derived from Proposition 1.

Theorem 32. Let n > 3 be an integer. Set Y = 2] — %]IILT. For every i € [n], let g; be independently
sampled from the standard normal distribution, and set h = ||g||"'g. Then, for each nonempty S C V/,
P(GW(Y,h) =S5)>0
Proof. Let S C V be nonempty. Set
5 = min 2n—1[S|—1 n+|S| -1
o [S|]—1 "n—|S|—1]’

where we consider 1/0 to be +o0. It is straightforward to check that § > 1. For each v € V|, let A, be the
event that 1 < g, < 8 and let B, be the event that —3 < g, < —1. Since g, is sampled from the standard
normal distribution, we have that P(A4,) = P(B,) =: p is a positive constant depending only on S.

(Na)n( ) »)

ses teV\S

Note that, by the independence of (g, )ycv, we have that P(D) = p™ > 0. We complete the proof by showing
that D implies that

(99) GW(Y,h) = S.
We will use the fact that the sampled shore is
GW(Y,h)={i€V:e]Yh>0}={icV:e](I-111T)h >0}
(100) {ZEV h>@} {GV glz%}
z{zeV (n—1)g; > Z gv},
veV\{i}
Assume that D holds. We first prove ‘2’ in (99). Let s € S. Then

Ly =L ( S et th)<< (18] 1) = (n—|S]) < 1 < gu,

ueV\{ } s’eS\{s} teV\S

since our choice of § ensures that 3(|S| — 1) < 2n — |S| — 1. Hence, s € GW(Y™*, h) by (100).
We now prove ‘C’ in (99). Let t € V' \ S. Then

S o=t X et Xe) s i o8- 0+ 1sh 2 -1

veV\{t} veV\(SU{t}) ses
since our choice of 8 ensures that S(n — |S| — 1) <n+ |S| — 1. Thus, t ¢ GW (Y™, h) by (100). O

APPENDIX C. SDP SOLVERS
In this section, we analyze the running time of an interior-point method (IPM) to solve the SDP (58b) to
near optimality:
(58b) n2(G,z)=min{p: peRy, Y €SV, YV = pel, 1L5(Y) > 2, diag(Y) = pl}.
Algorithms 1 and 4 in Theorems 6 and 24, resp., rely on obtaining such nearly optimal solutions for (58b),
where the parameter ¢ lies in [0,1).

For the purposes of stating the running time of IPMs, we will consider an arbitrary primal SDP in the
format

(101a) Minimize (c,x)
(101Db) subject to A(x) =1+ b,
(101c) z €K,
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and its (syntactically symmetric) dual,

(102a) Maximize (b,y)

(102b) subject to y € L,

(102¢) A*(y) 2= ¢,

where

(103a) K=S7"oRPaeR™ CS"@R™?aR™ =X
and

(103b) L:=S™ @R7? @R™ CS™ @ R™ @ R™= Y

for some integers ni,ng, n3, mi, mo, mg € N, the map A: X — Y is linear, b € Y, and ¢ € X. Here, the dual
cone of a cone C in Euclidean space Eis C* :={y € E: Vz € C, (y,x) > 0}, and each of the notations a =¢ b
and b <¢ a, with a,b € E, means that a — b € C.

Note that (101c) and (103a) allow for variables composed of positive semidefinite matrices, nonnegative
vectors, and free scalar variables. Similarly, (101b) and (103b) enables one to require affine functions of the
variables to be positive semidefinite, nonnegative, or equal to zero. As an example, the SDP (58b) can be
cast in the format (101) by setting

K=S}eR,®S", ::SV@RE@IR{V,
ArpaY eR' @SV = (V — pel) & (3L5(Y)) & (11 — diag(Y)),
bi=0®2a0, _71@0,

Some IPMs proceed by producing a sequence of iterates tracking the so-called central path. We will encode
the procedure that updates an iterate to the next one by a function Z, so that from an iterate (xy,y:) of
primal-dual solutions, the next iterate will be E(x¢, y¢) =t (41, Ye41)-

The number of iterations of IPMs so that the duality gap for a pair of solutions (z:,y:) is a d-fraction of
the inital duality gap can be bounded by a function ¢ on the initial Slater points (zo,yo) == (&,¥). Set
(104) N :=nq +no +mq + ma.

For each pair (z,y) of primal-dual feasible solutions, where
=X ®Dxs®x3 GX,
y=Y @y2®ys3 €Y,
and with corresponding slacks
Alx) —b=U; Qus®us €Y,
c—A"(y) =V1 vy Bv3 €X,
define

1
(105) (z,y) = N1H<N<X1 CroPYI Dy, Vi Do @ U, @u2>>

—1In (det(Xl) det(V1) det (Y1) det (U (H x2> (H 1}2) (H y2> (H u2>)

where, for each vector a, we denote [] a := det(Diag(a)). The function ¢ takes into account two important
factors that affect the number of required iterations: the first term in the RHS of (105) depends on the initial
duality gap <X1 Dro®YL Bya, VI Do DU B uz>, whereas the second term is related to the centrality of
the initial Slater point. Indeed, it is intuitive that in IPMs, a good initial point should have a reasonably
good duality gap and at the same time not being too close to the boundary of the feasible region.

The next result is adapted from [12, Theorem 4.5] for our format of SDPs:

Theorem 33. Let § € (0,1) and let (x9,yo) be a primal-dual pair of feasible solutions for (101) and (102),
respectively, such that

(0, y0) < VNIn(1/6),
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where N is defined as in (104) and ¢ as in (105). Define the sequence (¢, y:)2o by (441, Yr41) = Z(zt, yt)
for each ¢ € N. Define the sequence (u¢, v¢)$2, by us = A(z:) — b and v == ¢ — A*(y:) for each t € N. Then

(@ ug,ve D ye) < (0 D ug,v0 D Yo) for each ¢t > # := 24v/N In(1/6).

Proposition 34. Let o € (0,2/3). There exists a polynomial-time algorithm that, given a graph G = (V, E)
with n vertices and m edges, a nonzero vector z € Rf , and a number ¢ € [0,1/3], computes feasible solutions
(x,w) for (58a) and (u,Y) for (58b) such that u < 2Tw + o||2||e. The algorithm consists of applying an
interior-point method for T = 24(n +m + 1) In(8/0) iterations; each iteration encoding one application of
the function = can be made to run in time O((n + m)3).

Remark. Note that, since o is constant, the SDPs (58) can be nearly solved (in the sense of the o||z||
additive error) in strongly polynomial time.

Proof. First we write (58b) and its dual. We scale the cost function of (58b) by N :==n +m + 1, and we
normalize the edge weights by setting z := z/||2||o0:

(P) inf Nu (D) sup Z'w
subject to Y — uel = 0, subject to S € SK,
ILE(Y) >z, w € RY,
—diag(Y) 4+ ul =0, reRY,
Y eSY, S+ 1Lg(w) — Diag(z) =0,
we Ry, 1Tz — e Tr(S) < N.

Set
[ =4, Y =4I,
. d=1Ldegs+1, S:=T1+1D(G)+ LA,

where D(G) := Diag(deg). It is straightforward to check that Y & i and S @ o & # are Slater points for (P)
and (D), resp., with corresponding slacks

U=Y — jel =4(1 —¢)I,
G=1Le(Y)—2=21-7%
Pi=N—-1"¢+eTr(S) = L+ Sm+en.
The duality gap between Y & [ and S@id i is
i+ (U, 8) +a"b = 4(1 + Sm +en) +4(1 — &) Te(I + 1D(G) + 1 A(G) +2171 - 172
(106) <4(145m+en)+4n+4m < 4(1+m/2+n) +4n+4m
<8(1+m+mn)=_8N.

We will now compute an upper bound for the value of the function 1 for Y @ [ and S @@ d. Since we
already computed an upper bound for the duality gap in (106), we will now lower bound the determinants:

[ - det(U (Hu) v-det(S (Hw)

=4-det(4(1—e)I) - [J(21 - 2) - (1 + §m +en) - det(I + 1D(G) + ) -T2
> 4det(4(1 )I) det(I) > 4™(1 —¢)",
where in the first inequality we used that ||Z||c = 1 and I + 1D(G) + $A(G) = I. Thus,

bpeY,Sewaei) < Nln(%(SN)) —In(4"(1 — &)™) < Nln(8).

Set 0 = (8/0)\/N < min{a/8,87\/ﬁ}. By Theorem 33, after 24v/NIn(1/5) = O(N) iterations of Z,
the duality gap is at most 8N < oN. That is, we obtain Y & fi and S & @ & Z, feasible for (P) and (D),
resp., such that Nji < NzZTw + No, that is, i < 270 + 0. Hence, ||z||o - (Y @® f1) is feasible for (58b) with
objective value ||z s/t < 270 + 02| co- O
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