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Abstract4

We analyze the stability and accuracy of second order limiters for the discontinuous Galerkin method

on unstructured triangular meshes. We derive conditions for a limiter such that the numerical solution

preserves second order accuracy and satisfies the local maximum principle. This leads to a new measure of

cell size that is approximately twice as large as the radius of the inscribed circle. It is shown with numerical

experiments that the resulting bound on the time step is tight. Finally, we consider various combinations

of limiting points and limiting neighborhoods and present numerical experiments comparing the accuracy,

stability, and efficiency of the corresponding limiters.

1. Introduction5

Hyperbolic conservation laws are a class of partial differential equations that model wave propagation.6

Weak solutions of such equations admit discontinuities, which can lead to nonphysical oscillations when high7

order numerical methods are employed. A popular technique to stabilize the growth of these oscillations8

for methods that are formally second order accurate is slope limiting. The gradient is computed directly9

by differentiating a polynomial solution, e.g. in Galerkin methods, or reconstructed using neighboring10

solution means, e.g. finite volume (FV) methods. A limiting algorithm will modify, or limit, this gradient11

so that the solution at suitable points belongs to a specified, local range [1].12

For one-dimensional problems, slope limiters that ensure a total variation diminishing (TVD) property13

are frequently used [2, 3, 4, 5]. In two dimensions, enforcing a TVD property can lead to at most first14

order schemes [6]. A different requirement on the numerical solution is enforcement of a local maximum15

principle, studied in [7] on two-dimensional structured grids for steady state computations. This idea is16

used in [8] to reconstruct non-oscillatory gradients on unstructured meshes of triangles. This limiter is17

quite popular due to its ease of implementation and computational simplicity. It consists in writing the18

numerical solution as a sum of the cell mean and slope. The slope is then reduced by a scalar between19

0 and 1 such that the numerical solution at predetermined points lies in a locally defined interval. Some20
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limiters modify the x and y components of the gradient separately, e.g. [9], by solving a small linear21

program on each element. Slope limiters can operate on solution values at the edge midpoints [10], at the22

neighboring cell centroids [9], or cell vertices as in [11, 12, 13]. In contrast to the above methods, classified23

as monoslope methods, multislope methods have also been studied whereby the solution is reconstructed24

and limited independently at each face of the element [14, 15].25

Much literature on limiters has been devoted to finite volume methods. When transitioning to the26

discontinuous Galerkin (DG) method, often the same limiters are applied. However, second order limiters27

for the discontinuous Galerkin method have been presented in, e.g. [16] for one-dimensional problems and28

[17] for multidimensional problems. The limiter proposed in [18] requires precomputation of several mesh-29

dependent geometric parameters on each cell, which increases computational complexity. This explains the30

popularity of coupling the DG method with the so-called Barth-Jespersen limiter [8]: no geometric data31

needs to be precomputed, and the limiter does not require a stencil larger than that of the DG method.32

Another second order limiter for the DG method on triangles was presented in [19] and requires solving33

an optimization problem.34

Classical limiters operate only on the linear approximations to the solution. Limiters that work on35

higher than second order accurate approximations are needed and a significant effort has been placed36

into finding such limiters. In [20, 21], the idea of moment limiters was proposed, whereby the numerical37

solution’s dth derivative is limited using the (d− 1)th derivatives on neighboring cells. Generalizations of38

the moment limiter to unstructured meshes were studied in [22, 23]. Different approaches to high order39

limiting were described in [24, 25].40

In this work, we analyze the Barth-Jespersen limiter [8] on two-dimensional unstructured meshes of41

triangles, applied to linear and nonlinear problems using the DG method. This limiter has been addressed42

in [26] for finite volume methods, but not for the DG method. Despite its popularity, we argue that in its43

simplest form, it is not a well performing limiter for the DG method.44

The simplest implementation of the Barth-Jespersen limiter uses the edge neighborhood and edge45

midpoints as limiting points. With these choices, we show that unstructured meshes are unlikely to yield46

second order accurate numerical solutions, defeating the purpose of high resolution numerical methods.47

For these meshes, we show that the way a refinement study is conducted will influence the observed rate of48

convergence of the solution. For example, refinement obtained by tiling the initial mesh or remeshing the49

domain at a reduced cell size can yield first order convergence. One may observe second order accuracy in50
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the L1 norm with nested refinement, but first order accuracy is still observed in the L∞ norm. We prove51

that a remedy of this problem is to choose an alternative limiting neighborhood, such that the limiting52

points lie in the admissibility region that we define.53

In our analysis of second order limiters applied to DG, we address two issues: stability and accuracy.54

For stability, we have proven that the numerical solution for scalar equations will satisfy a local maximum55

principle that ensures L∞ stability, provided a suitable time step restriction is enforced. This new time56

step restriction follows from the stability analysis, and uses a new measure of cell size, which is the cell57

width in the direction of flow. We show with numerical experiments that this time step restriction is tight.58

The new measure is approximately double the radius of the inscribed circle, typically used with maximum59

principle limiters and the DG method. As a result, the maximum allowable time step doubles and the60

amount of computational work halves.61

From our analysis, we find the range to which the cell means of the solution at the next time step62

will belong, provided the above time step restriction is enforced. This range is determined by the solution63

averages on nearby elements, i.e. on the neighbors used in the limiting procedure. There is freedom in64

defining this neighborhood, e.g. we can choose the elements that share edges or we can choose elements65

that share vertices with the element being limited [27]. These neighborhoods are the most natural ones,66

though others are possible, e.g. the entire mesh. We find that smaller neighborhoods introduce too much67

numerical diffusion. In particular, limiting with the edge neighborhood is too diffusive. On the other68

hand, if the neighborhood has a large and variable size, e.g. vertex neighborhood on an unstructured grid,69

this can yield almost a threefold increase in the time spent executing the limiting subroutines. This has70

implications for limiters that use vertex-type neighborhoods [11, 13, 24, 28].71

The other aspect of the limiting algorithm is the choice of points at which the numerical solution is72

checked for overshoots, i.e. the algorithm’s limiting points. In this work, we study the one- and two-73

point Gauss-Legendre quadrature nodes as limiting points. Checking for oscillations at quadrature points74

comes naturally in the DG implementation. This is because the basis functions at these points are often75

precomputed, therefore solution values can be obtained efficiently. Other choices are theoretically possible76

though seldom done in practice. We have proven that one- and two-point limiting are sufficient for the77

stability of linear and nonlinear problems, respectively. Two-point limiting may lead to first order accuracy78

and catastrophically diffusive solutions on edge neighborhoods. Numerical experiments verify that two-79

point limiting is more diffusive than one-point limiting on all neighborhoods, though the difference is small80

3



for the vertex neighborhood. While the one-point limiter with nonlinear fluxes will not guarantee that the81

minimum and maximum of the solution are maintained, for all problems that we considered, the growth in82

the means was small. Finally, we find that the number of limiting points does not affect code run time as83

drastically as the size of the neighborhood. In the numerical experiments section (Section 8), we discuss84

which combination of limiting points and neighborhoods should be used.85

2. The discontinuous Galerkin method86

In two spatial dimensions, hyperbolic conservation laws are partial differential equations (PDEs) of the87

form88

ut +∇ · F(u) = 0, (1)

with the solution u(x, t) = (u1, u2, ..., uM)ᵀ defined on Ω× [0, T ] such that x = (x, y), x ∈ Ω ⊂ R2, T is the89

final time and F(u) = (F1(u),F2(u)) is the flux function. Additionally, the initial condition along with90

appropriate boundary conditions are prescribed.91

The discontinuous Galerkin method can be formulated by first dividing the domain Ω into an unstruc-92

tured mesh of triangles such that Ω =
⋃
i Ωi. We define S(Ωi) to be the space of linear polynomials on Ωi,93

and {φi,k}k=0,1,2 to be the set of orthonormal basis functions on S(Ωi). The weak form of the conservation94

law is obtained by multiplying equation (1) by a test function v ∈ H1(Ωi) and integrating on element Ωi.95

After applying the divergence theorem, we obtain96

∫
Ωi

utvdx−
∫

Ωi

F(u) · ∇vdx +

∫
∂Ωi

vF(u) · ndl = 0, ∀v ∈ H1(Ωi), (2)

where n is the unit outward facing normal on the element’s boundary ∂Ωi.97

The exact solution on element Ωi is approximated by Ui, which is a linear combination of the ba-98

sis functions φi,k, i.e. Ui =
∑2

k=0 ci,kφi,k, where ci,k = [c1
i,k, c

2
i,k, . . . , c

m
i,k, . . . , c

M
i,k]

ᵀ are referred to as the99

modal degrees of freedom. As continuity between elements is not imposed, the solution is multivalued100

in the boundary integral. We therefore introduce a numerical flux F∗(Ui,Uj) to allow information ex-101

change between adjacent cells Ωi and Ωj. We assume that the numerical flux is consistent, monotone, and102

differentiable. With v chosen to be φi,k, equation (2) now becomes103

d

dt
ci,k =

∫
Ωi

F(Ui) · ∇φi,k dx−
∑

j∈Ne
i ,j 6=i

∫
∂Ωi,j

φi,kF
∗(Ui,Uj) · ni,j dl, k = 0, 1, 2, (3)
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where ∂Ωi,j is the edge shared by Ωi and Ωj, N
e
i is the set of Ωi and elements sharing an edge with Ωi,104

and ni,j is the outward pointing unit normal on that edge. We use numerical quadrature to evaluate the105

integrals in (3). The system of equations (3) can be solved in time using a standard ODE solver, e.g. a106

Runge-Kutta (RK) method. In the presence of discontinuities in the exact solution, the numerical solution107

can develop nonphysical oscillations that may lead to numerical instability. To suppress oscillations and108

stabilize the solution a limiter will be used.109

3. Limiting algorithm110

With the following limiting algorithm, we seek to enforce the local maximum principle. The numerical111

solution satisfies the local maximum principle if112

min
j∈Ni

U
n

j ≤ U
n+1

i ≤ max
j∈Ni

U
n

j , (4)

where Ni is a set containing the index of Ωi and the indices of elements in the neighborhood of Ωi, and U
n

i113

is the cell average.114

We previously defined the numerical solution in terms of basis functions and degrees of freedom. Here,115

we rewrite it in terms of the cell average and slope at time step n:116

Un
i (x) = U

n

i +∇Un
i · (x− xi), (5)

where xi is the centroid of Ωi, U
n

i is the cell average, and ∇Un
i is the solution gradient. The limiting117

procedure applied to the numerical solution on Ωi multiplies the gradient by a coefficient αi, with the aim118

to enforce the maximum principle (4) on the means at the next time step. The limited solution Ũn
i (x) is119

of the form120

Ũn
i (x) = U

n

i + αi∇Un
i · (x− xi). (6)

Limiting is done by comparing the values of Ui(x) to the solution averages on neighboring elements, where121

the points x can be quadrature points, element vertices, edge midpoints, or other. We refer to these points122

as limiting points. If the solution at the limiting points falls outside of the range defined by its neighbors,123

its slope is reduced by αi.124

We collect the indices of the elements used in limiting the slope on Ωi in a set. As with limiting125
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Ωi

(a) Edge-neighborhood Ne
i : Ωi and

all elements that share an edge with
Ωi.

Ωi

(b) Vertex-neighborhood Nv
i : Ωi and

all elements that share a vertex with
Ωi.

Ωi

(c) Reduced neighborhood Nr
i : Ωi

and three vertex neighbors.

Figure 1: Edge, vertex, and reduced neighborhoods of Ωi.

points, there is freedom in choosing a suitable neighborhood of Ωi. For example, the edge neighborhood is126

comprised of Ωi itself and all the elements that share an edge with it, we refer to the set of these indices127

as N e
i . The vertex neighborhood is comprised of Ωi itself and all elements that share a vertex with it, we128

refer to the set of these indices as N v
i . We can also choose a reduced subset of N v

i , which we refer to as129

N r
i . These neighborhoods are illustrated in Figure 1.130

We execute the following algorithm to compute αi:131

1. Compute the minimum and maximum cell means on the elements in Ni:132

mn
i = min

j∈Ni

U
n

j and Mn
i = max

j∈Ni

U
n

j . (7)

2. Compute the coefficient yi(xl) at each limiting point xl

yi(xl) =



Mn
i −U

n
i

Un
i (xl)−U

n
i
, if Un

i (xl)− U
n

i > 0,

mn
i −U

n
i

Un
i (xl)−U

n
i
, if Un

i (xl)− U
n

i < 0,

1, otherwise.

3. Find the smallest yi(xl) on Ωi

yi = min
l
yi(xl).

4. If yi ∈ (0, 1), then the solution is outside the locally defined range, [mn
i ,M

n
i ], for at least one limiting

point. Scaling the gradient by αi = yi brings that value into the prescribed range. If yi > 1, then
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xi

(a) One-point Gauss-Legendre quadrature rule.

xi

(b) Two-point Gauss-Legendre quadrature rule.

Figure 2: Nodes of quadrature rules for edge integrals.

the solution at the limiting points lies in the range, i.e. the current slope is acceptable and should

not be modified, so αi = 1. Combining the above into one formula, we have

αi = min(yi, 1).

5. The limited numerical solution Ũn
i is now given by (6).133

After limiting, the polynomial Ũn
i (x) is rewritten in terms of the basis functions and the simulation134

continues.135

4. Time integration136

We propagate (3) in time using an explicit two-stage second order Runge-Kutta (RK) method, known

as Heun’s method. For a system of ODEs of the form

d

dt
c = L(c),

the time stepping scheme, with a limiter, is given by Algorithm 1.137

Algorithm 1 SSP-RK2 algorithm.

c(1) = cn + ∆tL(cn)
Limit c(1)

c(2) = c(1) + ∆tL(c(1))
cn+1 = 1

2
cn + 1

2
c(2)

Limit cn+1
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In the algorithm above, we limit the intermediate RK stage and the solution at level tn+1. The stability138

results we prove in the next section concern one forward Euler time step, which is only first order accurate in139

time. The presented analysis extends to a special subset of RK methods, called Strong Stability Preserving140

(SSP) schemes. This is because such methods can be written as a convex combination of forward Euler141

steps [29]. Since each forward Euler step does not introduce new extrema, a convex combination of them142

will not either. Note that Heun’s method is SSP.143

5. Stability144

We now prove stability of the DG scheme coupled with the limiter (6) under a suitable time step

constraint for linear and nonlinear equations. From (3), with the test function φi,0 = |Ωi|−
1
2 , where |Ωi| is

the area of the cell, we obtain the ordinary differential equation for propagation of the mode corresponding

to the constant basis function, ci,0,

d

dt
ci,0 = − 1√

|Ωi|

∑
j∈Ne

i ,j 6=i

∫
∂Ωi,j

F∗(Ui(x), Uj(x)) · n dl.

Multiplying both sides of the equation by φi,0, recalling the orthonormal property of the basis, and using

U i = ci,0φi,0, we have

d

dt
U i = − 1

|Ωi|
∑

j∈Ne
i ,j 6=i

∫
∂Ωi,j

F∗(Ui(x), Uj(x)) · n dl.

We apply one forward Euler time step to the equation above, and the scheme for the cell average on Ωi145

becomes146

U
n+1

i = U
n

i −
∆t

|Ωi|
∑

j∈Ne
i ,j 6=i

∫
∂Ωi,j

F∗(Un
i (x), Un

j (x)) · n dl. (8)

In the case of nonlinear fluxes F(u), the DG method needs to integrate the boundary integral with third147

order accuracy [17]. An efficient choice of approximation is the two-point Gauss-Legendre quadrature148

rule, with xi,j,q being the qth quadrature point on ∂Ωi,j. Replacing the boundary integral in (8) with the149

quadrature rule gives150

U
n+1

i = U
n

i −∆t
∑

j∈Ne
i ,j 6=i

1

2

|∂Ωi,j|
|Ωi|

∑
q=1,2

F∗(Un
i (xi,j,q), U

n
j (xi,j,q)) · ni,j, (9)
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where |∂Ωi,j| is the length of ∂Ωi,j. For a linear flux, this becomes151

U
n+1

i = U
n

i −∆t
∑

j∈Ne
i ,j 6=i

|∂Ωi,j|
|Ωi|

F∗(Un
i (xi,j), U

n
j (xi,j)) · ni,j, (10)

where xi,j is the midpoint of the edge shared by Ωi and Ωj. Before presenting the main result, we state152

the following proposition, the proof of which is provided in Appendix A.153

Proposition 1. For a quadrature point x, there exists a multiplier 0 ≤ r ≤ 2 and another quadrature

point x′ on a different edge, such that

Ui(x)− U i = r(U i − Ui(x′)).

For schemes (9) and (10), we have the following maximum principle result.154

Theorem 1. Let m′i = mink∈Ne
i
mn
k and M ′

i = maxk∈Ne
i
Mn

k , where mn
k and Mn

k are given by (7). If155

mn
i ≤ Un

i (x) ≤ Mn
i for all quadrature points xi,j in (10) or xi,j,q in (9), and ∆t is subject to the CFL156

constraint157

∆t ≤ 1

6
min
i

hc,i
λi
, (11)

where hc,i is the radius of the inscribed circle of Ωi, and λi is the magnitude of the wave speed on Ωi, then158

U
n+1

i ∈ [m′i,M
′
i ]. (12)

That is, the schemes (9) and (10) satisfy a local maximum principle.159

Proof. The proof consists of three steps. First, we write the solution mean at tn+1, U
n+1

i , in the following160

form161

U
n+1

i = diU
n

i +
∑

djU
n
j (x), (13)

where the sum is over all edge quadrature points x, and Un
j (x) are understood to be the solution values162

from either inside or outside the element Ωi. Next, we show that under the CFL constraint (11), the163

coefficients dj are non-negative, and their sum is equal to 1, i.e. they have164

1. sum property:165

di +
∑

dj = 1, (14)
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2. non-negativity property:166

dj ≥ 0. (15)

This means that U
n+1

i in (13) is a convex combination of solution values at tn. Upon application of the167

limiter (6), these values will be bounded, i.e. we have168

3. limiting property:

Un
j (x) ∈

[
min
k∈Nj

U
n

k ,max
k∈Nj

U
n

k

]
= [mn

j ,M
n
j ],

where x is understood to be an edge quadrature point. Finally, if the conditions in properties 1, 2, and 3169

are satisfied, then the bounds (12) on U
n+1

i directly follow. We now prove the theorem for linear problems,170

i.e. (1) with linear fluxes.171

Linear problems. For linear problems we use the upwind numerical flux, which is given by

F∗(Un
i (xi,j), U

n
j (xi,j)) · ni,j =


(a · ni,j)Un

j (xi,j) if j ∈ N e,−
i ,

(a · ni,j)Un
i (xi,j) if j ∈ N e,+

i ,

where N e,−
i and N e,+

i are the sets of inflow and outflow neighbors, respectively, i.e. N e,±
i = {j : j ∈ N e

i , j 6=

i, such that ± a · ni,j > 0}. Therefore, scheme (10) becomes

U
n+1

i = U
n

i + ∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

Un
j (xi,j)−∆t

∑
j∈Ne,+

i

|a · ni,j|
|∂Ωi,j|
|Ωi|

Un
i (xi,j). (16)

By the divergence theorem, we have the following relation172

∑
j∈Ne

i ,j 6=i

|∂Ωi,j|a · ni,j = 0. (17)

Using (17) in (16), we have

U
n+1

i = U
n

i + ∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

(Un
j (xi,j)− U

n

i )−∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

(Un
i (xi,j)− U

n

i ).
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Applying Proposition 1 to the outflow terms in the previous equation, we obtain

U
n+1

i = U
n

i + ∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

(Un
j (xi,j)− U

n

i )−∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j(U
n

i − Un
i (xi,j′)),

where ri,j is the scaling coefficient r on edge ∂Ωi,j. Grouping terms allows us to write the above equation

in the form (13):

U
n+1

i =

1−∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

−∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j

U
n

i +∆t
∑

j∈Ne,−
i

|a·ni,j|
|∂Ωi,j|
|Ωi|

Un
j (xi,j)

+ ∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,jU
n
i (xi,j′). (18)

We will now prove Properties 1 and 2.173

Sum. The sum constraint is automatically satisfied because

di +
∑

dj =

1−∆t
∑

j∈Ne,+
i

ri,j|a · ni,j|
|∂Ωi,j|
|Ωi|

−∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|


+ ∆t

∑
j∈Ne,+

i

ri,j|a · ni,j|
|∂Ωi,j|
|Ωi|

+ ∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

= 1.

Non-negativity. First, note that the coefficients in (18)

∆t|a · ni,j|
|∂Ωi,j|
|Ωi|

and ∆t|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j

corresponding to dj in (13) are always non-negative. Next, we will choose a local stable time step ∆ti such174

that di is non-negative as well, i.e.175

di = 1−∆ti
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

−∆ti
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j ≥ 0. (19)

Observing that |a · ni,j| ≤ ||a||, ri,j ≤ 2, extending the sums from N e,±
i to N e

i , and rearranging the terms,
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we obtain the following upper bound on the sum terms in (19)

∆ti
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

+ ∆ti
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j ≤ 3∆ti||a||
∑

j∈Ne
i ,j 6=i
|∂Ωi,j|

|Ωi|
.

Coefficient di will be non-negative if

3∆ti||a||
∑

j∈Ne
i ,j 6=i
|∂Ωi,j|

|Ωi|
≤ 1.

Solving for ∆ti yields the sufficient condition for the non-negativity property (15)

∆ti ≤
1

6

hc,i
||a||

,

where

hc,i = 2
|Ωi|
|∂Ωi|

,

|∂Ωi| is the perimeter of Ωi, and hc,i is the radius of the circle inscribed in Ωi. Then the non-negativity176

constraint on the entire mesh is177

∆t ≤ 1

6
min
i

hc,i
||a||

. (20)

Finally, property 3 is guaranteed by limiter (6). Thus (12) is true, and the linear scheme (10) is L∞178

non-increasing with time in the means.179

Nonlinear problems. We consider the scheme (9), and use the notation Fi,j(U1, U2) = F∗(U1, U2) · ni,j.180

Similar to the linear case, we use the divergence theorem to obtain181

∑
j∈Ne

i ,j 6=i

|∂Ωi,j|Fi,j(U
n

i , U
n

i ) = 0. (21)

Using (21) in (9), we obtain

U
n+1

i = U
n

i −
∆t

|Ωi|
∑

j∈Ne
i ,j 6=i

1

2
|∂Ωi,j|

∑
q=1,2

{
Fi,j(U

n
i (xi,j,q), U

n
j (xi,j,q))− Fi,j(U

n

i , U
n

i )
}
.
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Adding and subtracting Fi,j(U
n

i , U
n
j (xi,j,q)) in the inner sum, we have

U
n+1

i = U
n

i −
∆t

|Ωi|
∑

j∈Ne
i ,j 6=i

1

2
|∂Ωi,j|

∑
q=1,2

{Fi,j(Un
i (xi,j,q), U

n
j (xi,j,q))− Fi,j(U

n

i , U
n
j (xi,j,q))}

+{Fi,j(U
n

i , U
n
j (xi,j,q))− Fi,j(U

n

i , U
n

i )}.

Using the mean value theorem, we obtain

U
n+1

i = U
n

i −
∆t

|Ωi|
∑

j∈Ne
i ,j 6=i

1

2
|∂Ωi,j|

∑
q=1,2

∂Fi,j
∂U1

(ξ1, U
n
j (xi,j,q))(U

n
i (xi,j,q)− U

n

i ) +
∂Fi,j
∂U2

(U
n

i , ξ2)(Un
j (xi,j,q)− U

n

i )

with
∂Fi,j

∂U1
and

∂Fi,j

∂U2
as the partial derivatives with respect to the first and second arguments of Fi,j, respec-

tively, ξ1 between U
n

i and Un
i (xi,j,q) and ξ2 between U

n

i and Un
j (xi,j,q). Introducing v1

i,j,q = ∆ti
|∂Ωi,j |
|Ωi|

∂Fi,j

∂U1
(ξ1, U

n
j (xi,j,q)),

and v2
i,j,q = ∆ti

|∂Ωi,j |
|Ωi|

∂Fi,j

∂U2
(U

n

i , ξ2), we have

U
n+1

i = U
n

i +
∑

j∈Ne
i ,j 6=i

1

2

∑
q=1,2

v1
i,j,q(U

n

i − Un
i (xi,j,q))− v2

i,j,q(U
n
j (xi,j,q)− U

n

i ).

By the monotonicity property of the numerical flux182

v1
i,j,q ≥ 0 and − v2

i,j,q ≥ 0. (22)

As in the case of a linear flux, we apply Proposition 1 to the U
n

i − Un
i (xi,j,q) term, i.e.

U
n+1

i = U
n

i +
∑

j∈Ne
i ,j 6=i

1

2

∑
q=1,2

v1
i,j,qri,j,q(U

n
i (xi,j′,q)− U

n

i )− v2
i,j,q(U

n
j (xi,j,q)− U

n

i ),

where ri,j,q is the scaling coefficient r on edge ∂Ωi,j at the qth quadrature point. Grouping terms yields

U
n+1

i =

1−
∑

j∈Ne
i ,j 6=i

∑
q=1,2

1

2
(v1
i,j,qri,j,q − v2

i,j,q)

U
n

i +
∑

j∈Ne
i ,j 6=i

1

2

∑
q=1,2

[
v1
i,j,qri,j,qU

n
i (xi,j′,q)− v2

i,j,qU
n
j (xi,j,q)

]
.

(23)

This is of the form (13). We will now prove properties 1 and 2.183
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Sum. The sum constraint is automatically satisfied because

di +
∑

dj = 1−
∑

j∈Ne
i ,j 6=i

∑
q=1,2

1

2
(v1
i,j,qri,j,q − v2

i,j,q)

+
∑

j∈Ne
i ,j 6=i

{1

2

∑
q=1,2

v1
i,j,qri,j,q −

1

2

∑
q=1,2

v2
i,j,q}

= 1.

Non-negativity. First, note that the coefficients in (23) corresponding to the dj coefficients in (13) are

always non-negative by (22). Next, we will choose a ∆ti such that di is non-negative as well, i.e.

di = 1−
∑

j∈Ne
i ,j 6=i

∑
q=1,2

1

2
(v1
i,j,qri,j,q − v2

i,j,q) ≥ 0.

Due to the differentiability of the numerical flux, there exists a λi such that
∂Fi,j

∂U1
(ξ1, U

n
j (xi,j,q)) ≤ λi and −

∂Fi,j

∂U2
(U

n

i , ξ2) ≤ λi hold. Similar to the linear case, a sufficient condition on the local time step ∆ti is

6∆ti
λi
hc,i
≤ 1.

A time step suitable for all elements is determined by minimizing the ratio
hc,i
λi

, i.e.

∆t ≤ 1

6
min
i

hc,i
λi
.

Finally, Property 3 is enforced with limiter (6). Thus (12) is true and the nonlinear scheme (9) is L∞184

non-increasing.185

Remark.186

Here we derive a less restrictive CFL condition for linear problems. Consider the coefficient187

di = 1−∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

−∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

ri,j. (24)
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Because 0 ≤ ri,j ≤ 2, it follows that di is bounded below by

1−∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

− 2∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

≤ di.

The non-negativity of di is guaranteed if188

0 ≤ 1−∆t
∑

j∈Ne,−
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

− 2∆t
∑

j∈Ne,+
i

|a · ni,j|
|∂Ωi,j|
|Ωi|

≤ di. (25)

From (17), we have the identity

−
∑

j∈Ne,−
i

|∂Ωi,j|a · ni,j =
∑

j∈Ne,+
i

|∂Ωi,j|a · ni,j.

Because a · ni,j < 0 for j ∈ N e,−
i and a · ni,j > 0 for j ∈ N e,+

i , this becomes189

∑
j∈Ne,−

i

|∂Ωi,j||a · ni,j| =
∑

j∈Ne,+
i

|∂Ωi,j||a · ni,j|. (26)

For linear problems, three situations are possible. There can be two inflow edges and one outflow edge, or

one inflow edge and two outflow edges. In these two situations, there is a single inflow or a single outflow

edge. We refer to that edge as ∂Ωi,J . Finally, when the direction of flow is parallel to an edge, i.e. is one

inflow and one outflow edge. In this case, ∂Ωi,J can refer to either the inflow or outflow edge. In terms of

∂Ωi,J , identity (26) now becomes

|∂Ωi,J ||a · ni,J | =
∑

j∈Ne,−
i

|∂Ωi,j||a · ni,j| =
∑

j∈Ne,+
i

|∂Ωi,j||a · ni,j|.

Using the above in (25), we obtain190

0 ≤ 1− 3∆t|a · ni,J |
|∂Ωi,J |
|Ωi|

. (27)

The area of the cell Ωi is 1
2
|∂Ωi,J |Hi,J , where Hi,J is the height of the cell measured from the edge ∂Ωi,J as191

shown in Figure 3a. Further, a simple geometric consideration reveals that ||a||Hi,J = hd,i|a · nJ |, where192

hd,i is the width of the cell in the direction of a as in Figure 3a. The non-negativity constraint on the193

15



∂Ωi,J

Hi,J

hd,i

a

ni,J

θ

θ

(a) Cell size in the direction of flow hd,i.

Hi,3

Hi,2

Hi,1

∂Ω3

∂Ω2
∂Ω1

(b) Cell size for systems h′d,i =
min(Hi,1, Hi,2, Hi,3).

h′
d,i hc,i

(c) Comparison of minimum cell width h′d,i
and radius of the inscribed circle hc,i.

Figure 3: Measures of cell size for time step restriction (28).

entire mesh is then given by194

∆t ≤ 1

6
min
i

hd,i
||a||

. (28)

By geometrical considerations, we note that this hd,i is larger than the radius of the inscribed circle hc,i195

(Figure 3c). Therefore, this CFL condition (28) is less restrictive.196

For systems of equations, in general, there is not a single direction along which information is propa-197

gated. For simplicity, we propose to take the minimum possible cell width, i.e.,198

h′d,i = min(Hi,1, Hi,2, Hi,3), (29)

where Hi,1, Hi,2, and Hi,3 are the cell widths perpendicular to the three edges of the element, ∂Ω1, ∂Ω2,199

and ∂Ω3, as shown in Figure 3b.200

We have shown that at the next time step the solution means will satisfy a local maximum principle201

that depends on the chosen limiting neighborhood. That is, U
n+1

i will lie in the interval [m′,M ′], where202

m′ and M ′ depend on the elements involved in limiting by (7). In the next section, we discuss how the203

choice of limiting points and neighborhoods affects the accuracy of the numerical solution.204

6. Solution accuracy and admissibility region205

In order to preserve second order accuracy, the limiting algorithm (6) must not modify linear data.206

We call the set from which one can choose limiting points such that this condition is not violated the207

admissibility region. First, we give a definition of this region, and then prove in Theorem 2 that points208
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v2

v1

v0

xi

(a) Edge-neighborhood, equi-
lateral triangles.

v2

v0

v1

xi

(b) Edge-neighborhood, de-
formed triangles.

xi

v1

v2

v3
v4

v5

v6

v7

v8

v0

(c) Vertex-neighborhood.

xi

v0

v2

v1

(d) Reduced-neighborhood.

Figure 4: Admissibility regions for Ωi and various limiting neighborhoods.

from this region satisfy the desired property.209

Definition 1. The limiter’s admissibility region is defined as the convex hull of the centroids of the elements

in Ni, where Ni is the neighborhood of Ωi involved in the limiter (6). Geometrically, this region is a convex

polygon whose vertices are labeled vk and ordered counterclockwise about their barycenter (Figure 4). Any

point x in the region can be written as

x =
∑
k

γkvk,

∑
k

γk = 1 and γk ≥ 0.

By definition, the points x in the convex hull satisfy the following conditions

(x− xi) · qk ≤ (vk − xi) · qk, (30)

(x− xi) · qk ≤ (vk+1 − xi) · qk, (31)

for all indices k, where qk are outward pointing unit vectors such that qk · (vk+1 − vk) = 0, i.e. they are210

vectors perpendicular to the boundaries of the convex hull. Additionally, the pairs qk and qk+1 are linearly211

independent.212

We display examples of admissibility regions in Figure 4. These regions depend on the neighborhood213

involved in computing the local minimum and maximum [mn
i ,M

n
i ] in the limiting procedure in Section214

3. For the edge neighborhood the region is simply the triangle formed by connecting the centroids of the215

elements that share an edge with Ωi, as shown in Figures 4a and 4b. For the vertex neighborhood, the216

shape is more complex, as shown in Figure 4c.217

The admissibility region of the vertex neighborhood usually contains all the limiting points. An excep-218
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v1

v0

xi

v2

q1 q0

q2

β1

β2 β0

xi,1

xi,2xi,3

(a) Edge neighborhood, with vectors qk.

v1

v0v2

q1
q0

q2

β1

β2 β0

θ0,1 = π − β1

θ2,0 = π − β0θ1,2 = π − β2

(b) Admissibility region of Ωi in Figure 5a.

Figure 5: Illustration for Theorem 2, where Ωi = (xi,1,xi,2,xi,3), and the admissibility region is shaded.

tion would be neighborhoods of elements that are located on the boundary of the computational domain.219

The number of elements in the vertex neighborhood is variable in unstructured meshes. This leads to220

memory inefficiencies in numerical codes as the stencil for the limiter varies from element to element.221

This motivates defining the reduced neighborhood. We iterate through all possible combinations of three222

elements in the vertex neighborhood and choose the first subset such that all limiting points are contained223

in its convex hull (Figure 4d).224

Theorem 2. (i) If the limiting points lie in the admissibility region then linear data will not be modified225

by the limiter (6). (ii) If a limiting point lies outside the admissibility region, then there exists a gradient226

that will be modified by the limiter (6).227

Proof. We first prove part (i) of the theorem. Let us consider an admissibility region, which is a polygon228

with vertices vk (Figure 5a). We denote by βk the angle formed by the edges of the polygon at vertex229

vk. Since the region is convex, we have that 0 < βk < π. We denote by θk,k+1 the angle between qk230

and qk+1. A simple geometric consideration reveals that θk,k+1 = π − βk (Figure 5b) and, consequently,231

0 < θk,k+1 < π.232

We consider a vector g = ∇Ui. There exists an index K such that g lies between qK and qK+1 (Figure

5b). Since 0 < θK,K+1 < π, we can express g = c1qK + c2qK+1 such that c1, c2 ≥ 0. Assume the limiting

point x ∈ Ωi is in the admissibility region. Therefore, it satisfies (30) and (31), with index k = K + 1 and
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k = K, respectively, i.e.

(x− xi) · qK ≤ (vK+1 − xi) · qK ,

(x− xi) · qK+1 ≤ (vK+1 − xi) · qK+1.

Multiplying the first inequality by c1, and the second by c2, then summing, we have

(x− xi) · g ≤ (vK+1 − xi) · g.

Adding the cell average U i, we have by (5),

Ui(x) ≤ Ui(vK+1).

Therefore,

Ui(x) ≤Mi,

where Mi is given in (7). The same reasoning can be applied to g = −∇Ui, which gives

−Ui(x) ≤ −mi.

Therefore,

mi ≤ Ui(x),

where mi is given by (7). Therefore mi ≤ Ui(x) ≤Mi, x ∈ Ωi, and by the limiter algorithm (6), the slope233

is not limited.234

We now prove part (ii) of the theorem by constructing a solution that will be limited by algorithm (6)

if a limiting point x ∈ Ωi lies outside of the admissibility region. In this case, at least one inequality (30)

or (31), e.g. (30) with index K, will not hold:

(vK − xi) · qK < (x− xi) · qK .

However, each of the vertices vk of the admissibility region belongs to the region itself, therefore by (30)235
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∇Ui

Ωi
v1

v2

v3

A

Figure 6: Limiting point A is outside the admissibility region of Ωi, described by v1, v2, and v3.

and above, we have236

(vk − xi) · qK ≤ (vK − xi) · qK < (x− xi) · qK . (32)

Let us assume that the global solution is a plane, whose gradient is qK . We add to (32) the solution237

average U i on Ωi. Using (5), we obtain238

Ui(vk) < Ui(x), ∀k. (33)

Additionally, because the vertices of the admissibility region correspond to neighboring element centroids,

we have Ui(vk) = Uk. Taking the maximum over k in (33) gives

Mi < Ui(x).

Since Ui evaluated at x exceeds its allowed range, the slope of Ui will be limited by the limiting algorithm239

(6).240

Remark : Part (ii) of this theorem has a simple geometric interpretation that is illustrated in Figure 6.241

Ui is a linear function whose isolines are parallel lines. Since the isoline passing through the limiting point,242

A, lies higher than the centroids on the neighboring elements, the value of Ui at A exceeds the value at243

the neighboring centroids and the numerical solution on Ωi will be limited.244
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(a) Ω0. (b) Ω1. (c) Ω2.

Figure 7: Mesh sequence obtained through tiling.

7. Refinement studies245

In the following discussion, we argue that limiting with the edge neighborhood should not be used with246

the discontinuous Galerkin method. With this limiter, we are not guaranteed that an element’s limiting247

points will all lie in the admissibility region. This will lead to a reduced rate of convergence on smooth248

solutions. The observed rate of convergence under mesh refinement will depend on a number of factors: the249

quality of the initial mesh, the particular numerical solution, and the method of refinement. To illustrate250

this point, we construct two sequences of meshes and conduct numerical simulations that demonstrate251

different convergence behaviors. Here we analyze only the midpoint limiter, the two-point limiter will252

perform even worse.253

All numerical simulations were done using the DG code described in [30] written for NVIDIA graphics254

processing units (GPUs), using the code optimizations described in [31].255

7.1. Tiled refinement256

We start with the initial mesh Ω0 of a square domain Ω. Then, Ω0 is scaled by a factor of 1
2
, and tiled257

over Ω to obtain the next mesh in the sequence Ω1; that is, Ω1 is composed of four scaled copies of Ω0. We258

continue in a similar fashion, i.e. Ω2 contains 16 scaled copies of Ω0. We show a sample initial mesh, and259

two subsequent meshes obtained through tiling in Figure 7. The initial mesh is arbitrary with the only260

restriction that vertex placement on opposing boundaries is identical. This is needed in order to avoid261

nonconforming elements on the boundary of adjacent tiles. To simplify this discussion, we assume that262

elements on tile boundaries are not limited.263
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xi

xi,1 xi,2

xi,3

Figure 8: Shaded surfaces are described by the integrand |a(x− xi) + b(y − yi)| in (34).

To demonstrate a loss of accuracy under limiting, we examine the limiting operation applied to a linear

function u(x, y). On Ωi, this function can be written as

ui(x, y) = a(x− xi) + b(y − yi) + ui,

where ui is the average over Ωi, xi, yi are the coordinates of the cell centroid. After applying the limiter

to ui(x, y), we obtain the limited function

Ũi(x, y) = αia(x− xi) + αib(y − yi) + ui,

where αi ∈ [0, 1] is the limiting coefficient. This coefficient will not change upon translation or scaling of264

the mesh, provided the numerical solution is linear.265

The L1 norm of the error introduced due to limiting is

E1(Ω0) =
∑
i

∫
Ωi

|ui(x, y)− Ũi(x, y)|dxdy

=
∑
i

(1− αi)
∫

Ωi

|a(x− xi) + b(y − yi)|dxdy. (34)

Each integral in the sum has a geometrical interpretation of the volume of two polyhedra since a(x−xi) +266

b(y − yi) is zero along a line passing through the centroid of Ωi. This is illustrated in Figure 8, where the267

shaded planes are the surfaces described by the integrand.268

Shrinking the mesh by a factor of two, x′ = 1
2
x, shrinks the volume of the polyhedra and, therefore,269

the error by a factor of eight. We have on the scaled mesh, Ω′, the L1 error270

E1(Ω′) =
1

8
E1(Ω0).
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Additionally, translating the mesh, x′ = x + d, does not change the error. On the translated mesh, Ω′, the

L1 error is

E1(Ω′) =
∑
i

(1− αi)
∫

Ωi

|a((x+ dx)− (xi + dx)) + b((y + dy)− (yi + dy))|dxdy

=
∑
i

(1− αi)
∫

Ωi

|a(x− xi) + b(y − yi)|dxdy

= E1(Ω0).

To summarize, scaling the Ω0 by a factor of two reduces the error by a factor of eight and translation

does not affect the error. Thus, the L1 error on Ω1, which consists of four scaled and translated copies of

Ω0 (Figure 7) is

E1(Ω1) =
4

8
E1(Ω0) =

1

2
E1(Ω0).

This implies that the nth mesh in the tiled sequence has the error

E1(Ωn) =

(
1

2

)n
E1(Ω0),

which indicates at most first order convergence in the general case.271

7.2. Nested refinement272

We now define a mesh sequence for which the same limiter, i.e. edge midpoints as limiting points273

coupled with the edge neighborhood, will yield a second order approximation of the initial data. We start274

by considering a mesh consisting of one element, Ωi (Figure 9a). It is refined by splitting into four children,275

Ωj, Ωk, Ωl, and Ωm (Figure 9b). We can show that on the center child element of Ωi, in this case Ωj,276

linear data will not be limited. To show this, note that the limiting points of Ωj, ξ, are the midpoints of277

its edges:278

ξj,1 =
1

2
(xj,3 + xj,1),

ξj,2 =
1

2
(xj,1 + xj,2),

ξj,3 =
1

2
(xj,2 + xj,3),

(35)
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where xj,1, xj,2, and xj,3 are the vertices of Ωj. Further, the vertices of Ωj are the midpoints of Ωi’s edges:279

xj,1 =
1

2
(xi,1 + xi,2),

xj,2 =
1

2
(xi,2 + xi,3),

xj,3 =
1

2
(xi,3 + xi,1),

(36)

where xi,1, xi,2, and xi,3 are the vertices of Ωi. Combining (35) and (36), we have280


ξj,1

ξj,2

ξj,3

 =


1
2

1
4

1
4

1
4

1
2

1
4

1
4

1
4

1
2




xi,1

xi,2

xi,3

 . (37)

We also write the centroids xm, xk, and xl in terms of xi,1, xi,2, and xi,3:


xm

xk

xl

 =


2
3

1
6

1
6

1
6

2
3

1
6

1
6

1
6

2
3




xi,1

xi,2

xi,3

 . (38)

Combining (37) and (38), we obtain


ξj,1

ξj,2

ξj,3

 =


2
3

1
6

1
6

1
6

2
3

1
6

1
6

1
6

2
3




xm

xk

xl

 .

Therefore, by Definition 1 the limiting points of Ωj belong to its admissibility region. Thus linear data on281

Ωj will not be limited by (6). An example is given in Figure 9b, where the limiting points lie inside the282

shaded admissibility region. In Figure 9c, the third mesh in the sequence, Ω2, is shown. A simple geometric283

consideration reveals that elements that do not share an edge with the boundary of the original element284

will not be limited. This is because they are the center element of Ω1, scaled by a factor of 1
2
, translated285

and rotated. Therefore, elements on which linear data is limited can only appear on the boundaries of the286

initial mesh elements in Ω0 (Figure 9d). In the nth mesh of this sequence, there are 3(2n − 1) , n > 0,287

elements on the boundary.288

We now construct a nested refinement sequence starting with an arbitrary initial triangulation, Ω0,289
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(a) Ω0, one element Ωi.

xi,1

xi,2

xi,3

xm

xk

xl

xj
ξj,1

ξj,2

ξj,3

xj,1

xj,2

xj,3

(b) Ω1, four child elements Ωj ,
Ωk, Ωl, and Ωm. Grey zone is
the admissibility region for Ωj .

xi,1

xi,2

xi,3

(c) Ω2, sixteen child elements.

xi,1

xi,2

xi,3

(d) Linear data on hatched ele-
ments in Ω2 will not be limited
by (6).

Figure 9: Mesh sequence obtained through nested refinement, with Ω0 in (a) as the starting mesh.

(a) Initial mesh. (b) Third mesh in tiling sequence. (c) Third mesh in nested refinement
sequence.

Figure 10: Sample meshes from tiling and nested refinement sequences. The elements on which linear data is limited are
shaded.

with N0 triangles, of a square domain Ω, e.g. the initial mesh in Section 7.1. To obtain the first mesh in290

the sequence, Ω1, we refine each cell as described above. Completing this procedure n times gives the nth291

mesh in the sequence, Ωn, which has 4nN0 elements. The number of elements that can possibly be limited292

in Ωn is N0 · 3(2n − 1), for n > 0. The upper bound on the number of elements on which the function293

will be approximated to first order grows linearly with h decreasing while the number of elements in the294

mesh grows quadratically, where h is a measure of cell size. This yields an effective second order rate of295

convergence in an integral norm of an approximation of the initial data, because the limited elements form296

a smaller and smaller proportion of the total number of elements in the mesh. This is easy to see by noting297

that the error on limited elements is O(h), the area of an element is O(h2), and the number of limited298

elements is O(h−1). The product of these estimates gives O(h2).299
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8. Numerical experiments300

Unless otherwise specified, the problem is solved on the domain [−1, 1]2, using the upwind or Lax-301

Friedrichs numerical flux on linear and nonlinear problems, respectively. We use the Heun’s method to302

integrate in time unless otherwise stated and specify the particular time step restriction used in each303

example.304

8.1. Accuracy verification - linear exact solution305

We solve (1) with the flux F(u) = [u, u], on the tiled and nested mesh sequences (Figure 10) described306

in Section 7 with the initial and boundary condition chosen such that the exact solution is307

u(x, y, t) = t− 1

2
x− 1

2
y. (39)

We use the limiter based on the edge midpoints coupled with the edge neighborhood. First we project308

and limit the initial condition on the mesh sequences and report the error resulting from the application309

of the limiter in Figure 11a. Since there is no error due to projection of the initial condition into the finite310

element space, the observed error is entirely due to one application of the limiter. We observe the first311

and second order rate of convergence as discussed in Sections 7.1 and 7.2 for the tiled and nested mesh312

sequences, respectively. We also construct another sequence by remeshing the domain, whereby each mesh313

in the sequence has a comparable number of elements to nested and tiled refinement. The L1 error on the314

remeshed sequence behaves similarly to tiled refinement, i.e. with first order accuracy.315

Next, we examine the global error due to the cumulative effect of the interaction between the limiter316

and the DG method at the final time T = 1. In these experiments, we use the time step restriction based317

on the radius of the inscribed circle hc,i in (20) (Figures 11b and 11c). The limiter severely affects the318

solutions on the tiled sequence. The maximum error initially decreases with a rate of one, and then the319

rate tapers off to approximately 0.6. However, in the L1 norm, convergence appears to stall. The error320

even increases at the last two solutions in the sequence. Note that the solution means are still converging321

with first order accuracy (Figure 11b); in the plot, we refer to this error with ‘Tiled: means’. For nested322

refinement, we observe quadratic convergence in the L1 norm and linear convergence in the L∞ norm.323

The reason for the first order convergence in the L∞ norm is that some elements are limited. On those324

elements, the accuracy is only first order. However, we observe second order convergence in the L1 norm325

because the number of limited elements is small relative to the total number of elements in the mesh (for326
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(a) L1 error after application of the
limiter on the initial projection.
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(b) L1 error at the final time T = 1.
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(c) L∞ error at the final time T = 1.

Figure 11: Convergence history of initial condition (39) after projection and limiting, and final solution at T = 1 of (1) in

Section 8.1. We plot the error versus (number of elements)
1
2 .

example Figure 10c). Even though the analysis in Section 7.2 is only valid for the first application of the327

limiter, its conclusion seems to hold for multiple applications during a simulation.328

8.2. Accuracy verification - nonlinear exact solution329

We consider (1) with the flux F(u) = [u, u], and the following initial condition330

u(x, y, 0) = sin(πx) sin(πy), (40)

along with periodic boundary conditions in the x and y directions. We use a time step restriction based331

on the radius of the inscribed circle, hc,i, in (20). We report the global error in the numerical solution at332

T = 1 on the nested and tiled mesh sequences (Figure 12). We note that convergence behavior is similar333

to that in Section 8.1 (Figure 11).334

8.3. Validation of CFL number for linear fluxes335

These experiments verify that the less restrictive CFL condition (28) based on cell width in the direction

of flow hd,i is tight. We solve (1) with flux F(u) = [u, u] and a square pulse as the initial condition

u(x, y, 0) =


1 if max(|x|, |y|) ≤ 1

4

0 elsewhere.

We limit at the edge midpoints and use the vertex neighborhood. The domain is divided into a 40 by 40 grid336

of squares. Then the squares are split into triangles by connecting the upper left and lower right corners337
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(b) L∞ error at the final time T = 1.

Figure 12: Convergence history of the final solution of (1) in Section 8.2. We plot the error versus (number of elements)
1
2 .

Figure 13: Structured mesh on which the linear CFL (28) based on hd,i is verified to be tight.

of each square (Figure 13). The width of the cells in the direction of the flow is hd,i = 1
40

√
2 ≈ 3.535 · 10−2

338

and the wave speed is ||a|| =
√

2. We solve the problem until the final time T = 0.1 with forward Euler339

and RK2 time stepping. The smallest and largest of the cell-wise solution averages at the final time are340

reported in Table 1 for various values of the CFL number.341

We observe that the time step restriction (28) is valid and tight for the forward Euler method. For342

RK2, we notice in Table 1b that the CFL number can be increased without the solution violating the local343

maximum principle. A possible reason is the larger absolute stability region of the RK2 family of time344

integrators.345

8.4. CFL experiments for a nonlinear flux346

This experiment demonstrates that both measures of cell size, radius of the inscribed circle hc,i in (20)

and minimum cell height h′d,i in (29), yield solutions that appear to satisfy the maximum principle for
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1/CFL Minimum Maximum
3 -1.84e-01 1.23
4 -3.11-03 1.00085
5 -1.15e-05 1

5.95 -2.69e-07 1
6 -6.56e-18 1

(a) Forward Euler.

1/CFL Minimum Maximum
3 -9.50e-18 1.000336
4 -6.15e-18 1
5 -3.93e-18 1

5.95 -3.72e-18 1
6 -3.62e-18 1

(b) RK2-SSP.

Table 1: Minimum and maximum cell average for Example 8.3 using time step restriction (28) based on the width of the cell
in the direction of flow, hd,i, for various CFL numbers.

nonlinear problems. We consider problem (1) with flux F(u) =
[

1
2
u2, 1

2
u2
]

(the two-dimensional Burgers’

equation). The initial condition is a square pulse of side length 1
2
, centered at the origin and rotated by π

4

(Figure 14a). The exact solution at T =
√

2
2

is given by

u

(
x′, y′,

√
2

2

)
=


x′ + 1

4
, if − 1

4
≤ x′ ≤ 3

4
and − 1

4
≤ y′ ≤ 1

4
,

0, otherwise,

where x′ =
√

2
2
x+

√
2

2
y and y′ = −

√
2

2
x+

√
2

2
y (Figure 14b). We use the vertex neighborhood and the nodes347

of the two-point Gauss-Legendre quadrature rule as limiting points. The first mesh is generated by dividing348

the domain into a 10 by 10 grid of squares. Then the square elements are split into triangles by connecting349

the upper left and lower right corners of each square. Subsequent meshes we test on are obtained through350

nested refinement. We report the minimum and maximum cell means for both measures of cell size in Table351

2. It appears that both time step restrictions result in solutions that are L∞ non-increasing. However, the352

minimum cell height is substantially larger than the inscribed radius, which reduces the number of time353

steps by more than half.354

We also solve this problem using the vertex neighborhood and one-point limiting. According to the355

analysis in Theorem 1, the solution is not guaranteed to stay within the local bounds. We find this to356

be the case, however the growth in the means is on the order of approximately 10−6. This indicates that357

while the proof is correct, practically the violation of the local maximum principle is small.358

8.5. Rotating objects359

This example demonstrates the comparative performance of the proposed limiters, i.e., one- or two-

point limiting points with edge, vertex or reduced neighborhoods. We solve (1) with the flux F(u) =

[−2πyu, 2πxu] on the square domain [−1, 1]2. The exact solution is a rotation of the initial data about
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Figure 14: Exact solution at initial and final time for Example 8.4.

Number of elements Time steps Minimum Maximum
200 85 5.22e-11 0.693
800 199 2.59e-18 0.873
3200 406 9.1e-36 0.934
12800 817 1.05e-69 0.962
51200 1637 4.14e-137 0.980

(a) Radius of the inscribed circle (20).

Number of elements Time steps Minimum Maximum
200 35 5.53e-11 0.691
800 82 2.55e-18 0.871
3200 168 1.01e-35 0.932
12800 338 9.51e-70 0.962
51200 678 3.31e-137 0.980

(b) Minimum cell height (29).

Table 2: Verification of the time step restriction based on and radius of the inscribed circle hc,i in (20) and minimum cell
height h′d,i in (29).
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Figure 15: Initial condition for rotating objects test problem in Example 8.5.

the origin. The solution comprises a slotted cylinder and a cone (Figure 15). Each object is defined on a

disc of radius r0 = 0.3, the center of which is (x0, y0). The height of the objects are written in terms of

r(x, y) = 1
r0

√
(x− x0)2 + (y − y0)2. Outside of the discs, the initial solution values are zero. The center

of the slotted cylinder is (x0, y0) = (0, 0.5) and its height is defined as

h(x, y) =


1 if |x− x0| ≥ 0.05 or y ≥ 0.7

0 otherwise,

for r(x, y) ≤ 1.

The center of the cone is (x0, y0) = (0,−0.5) and its height is defined as

h(x, y) = 1− r(x, y) for r(x, y) ≤ 1.

We use the time step restriction based on the minimum cell height h′d,i (29), and an unstructured mesh360

of 16,870 triangles. The surface integral in (3) is evaluated using the two-point quadrature rule. As a361

result, one-point limiting does not guarantee a solution that is L∞ non-increasing. The solutions at T = 1362

are plotted in Figures 16 - 19. The two-point, edge neighborhood limiter is clearly the most diffusive and363

the one-point, vertex neighborhood limiter is the least. The two-point, edge neighborhood limiter provides364

a noticeably worse solution than the other limiters, Figure 19. The one- and two-point vertex limiters yield365

the least diffusive results, and perform similarly.366

In conclusion, we observe that neighborhoods with fewer elements are more diffusive, e.g. edge and367

reduced neighborhoods and larger neighborhoods are less diffusive, e.g. vertex neighborhood. Larger368
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neighborhoods result in larger intervals to which the numerical solution at the limiting points is constrained.369

Finally as expected, two-point limiting is more diffusive than one-point limiting.370

(a) One-point limiting, edge neighborhood. (b) Two-point limiting, edge neighborhood.

Figure 16: Raised solution in Example 8.5 for the edge neighborhoods.

(a) One-point limiting, vertex neighborhood. (b) Two-point limiting, vertex neighborhood.

Figure 17: Raised solution in Example 8.5 for the vertex neighborhoods.
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(a) One-point limiting, reduced neighborhood. (b) Two-point limiting, reduced neighborhood.

Figure 18: Raised solution in Example 8.5 for the reduced neighborhoods.
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Figure 19: Cross sections of solution for Example 8.5 along x = 0 at T = 1.
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Figure 20: Set-up of the double Mach test problem in Example 8.6.

ρ s p
Ul 8 8.25 116.5
Ur 1.4 0 1

Table 3: Density, normal speed, and pressure to the left and right of the shock in Example 8.6.

8.6. Transient shock - double Mach reflection371

Consider the two-dimensional Euler equations

∂

∂t



ρ

ρu

ρv

E


+

∂

∂x



ρu

ρu2 + p

ρuv

(E + p)u


+

∂

∂y



ρv

ρuv

ρv2 + p

(E + p)v


= 0

with the equation of state

p = (γ − 1)
(
E − ρ

2
(u2 + v2)

)
where γ = 1.4, the adiabatic constant for air. We solve the double Mach reflection problem using the set372

up described in [32, 30]. The computational domain is [0, 3.5] × [0, 1] with a Mach 10 shock impinging373

with an angle of 60◦ on a reflecting boundary. The set-up is shown in Figure 20, with the states to the374

left Ul and right Ur of the shock given in Table 3. The problem is solved on an unstructured mesh of375

271,458 triangles until a final time of T = 0.2. We extend the limiter to systems of equations by limiting376

each component separately, i.e., we limit the conserved variables.377

The contour plots for density using three different limiters are shown in Figures 21, 22, and 23. Although378

computationally simple, limiting using the edge neighborhood does not yield a solution of good quality.379

One-point limiting smears the slipline (contact discontinuity) emanating from the primary triple point in380

Figure 21a. Two-point limiting in Figure 21c is clearly too diffusive: the contact and reflected shock are381
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Neighborhood limiting points Run time (s) Time steps Time (ms) /step
vertex 1 51.4 8,624 5.9 (-)

reduced 1 18.7 8,409 2.2 (2.68x)
vertex 2 55.5 8,371 6.6 (-)

reduced 2 27.7 8,464 3.2 (2.06x)

Table 4: Comparison of run time for limiters. The number in brackets is the speed up factor of the limiters using the reduced
neighborhood relative to those using the vertex neighborhood, with the same number of limiting points.

smeared significantly and the rightward moving jet is not resolved at all.382

One- and two-point limiting with the reduced neighborhood in Figures 22a and 22c performs just383

as poorly as one-point limiting with the edge neighborhood. Enlarging the limiting stencil to the vertex384

neighborhood significantly improves the solution in Figures in Figures 23a and 23c. The shocks and slipline385

are tighter and the jet is better resolved. We observe more vortices due to Rayleigh-Taylor instabilities.386

Both one- and two-point limiting appear to be numerically stable, though two-point limiting is more387

diffusive.388

In Table 4, we report the time spent executing subroutines for limiters using the vertex and reduced389

neighborhoods in the DG-GPU code [30, 31] on an NVIDIA Titan X Pascal. The number of quadrature390

points does not seem to affect run time of the limiter subroutine as much as stencil size. We note that the391

run time is gravely affected when using a variable stencil size. For this test problem, the run time of the392

one-point, vertex neighborhood limiter subroutines took 5.9 ms, and the one-point, reduced neighborhood393

limiter subroutines was 2.2 ms; this is a 2.68x reduction in run time. On the mesh in this example, the394

vertex neighborhood size varies from 7 to 17, whereas the size of the reduced neighborhood is simply 3.395

The substantial increase in runtime of the limiter algorithm can be explained by the following. First, the396

amount of memory loads required to execute any vertex neighborhood based limiters is at least double397

that required for the reduced neighborhood. Further, due to size variability of the vertex neighborhood,398

thread divergence in the GPU code will limit the attainable parallelism at runtime. For a discussion of399

thread divergence in unstructured CFD codes on GPUs, see [31].400

The conclusion to draw from this example is that the quality of the limited solution is a trade-off401

between computational work and numerical diffusion. For more computational work, one can reduce the402

amount of numerical diffusion introduced by the limiter by using the vertex neighborhood. The least403

computationally intensive limiter using the edge neighborhood can excessively smooth the solution. For404

this problem, we consider the two-point, vertex limiter as the best trade-off between solution quality and405

run time. Two-point limiting is preferred because the basis functions are already precomputed at these406
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(a) One-point limiting, edge neighborhood. (b) One-point limiting, edge neighborhood, zoom.

(c) Two-point limiting, edge neighborhood. (d) Two-point limiting, edge neighborhood, zoom.

Figure 21: Double Mach reflection problem using the edge neighborhood.

quadrature points. Using two-point limiting is not substantially slower than using one-point limiting,407

though this may depend on the implementation.408
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(a) One-point limiting, reduced neighborhood, zoom. (b) One-point limiting, reduced neighborhood.

(c) Two-point limiting, reduced neighborhood. (d) Two-point limiting, reduced neighborhood,
zoom.

Figure 22: Double Mach reflection problem using the reduced neighborhood.
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(a) One-point limiting, vertex neighborhood. (b) One-point limiting, vertex neighborhood,
zoom.

(c) Two-point limiting, vertex neighborhood. (d) Two-point limiting, vertex neighborhood,
zoom.

Figure 23: Double Mach reflection problem using the vertex neighborhood.
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9. Conclusion409

We have studied aspects of second order limiters on unstructured meshes of triangles. These limiters410

were first introduced and analyzed for finite volume methods but are often applied to DG methods. The411

important difference between finite volume and DG methods is the manner by which the surface integral412

is evaluated. FV methods use midpoint quadrature for nonlinear problems, while DG uses two-point413

quadrature, thus the FV analysis is not directly transferable to the DG method. Since the the surface414

integral advances the solution means in time, the values at the quadrature points need to be controlled for415

overshoots if we are to enforce the local maximum principle on the means. Numerical experiments indicate416

that limiting at the midpoint for nonlinear equations leads to the violation of the maximum principle417

by a small amount. For example, the solution in Section 8.4 grew only by 10−6. While solutions with418

one-point limiting might look noisy, they do not have unbounded growth, even for long time integration.419

This indicates that strong stability may be more of theoretical interest rather than of practical purpose,420

unless an application cannot tolerate any deviation from the initial means.421

We find that maintaining accuracy is more difficult than preventing uncontrolled growth of the solution.422

Our findings indicate that despite ease of implementation and convenience, the edge neighborhood, i.e.423

elements that share an edge with the element being limiting, should not be used for limiting. This is424

because the limiter is only first order accurate, even on meshes of reasonably good quality, e.g. Delaunay425

discretization of a square domain. While the edge neighborhood comes naturally as it is the stencil of the426

DG method, larger neighborhoods, e.g. the vertex neighborhood, should be employed for the solution to427

stay second order accurate. Unfortunately, this destroys the locality of the DG method, which is one of428

its advantageous aspects. Although a limiter that uses the DG stencil and preserves locality exists [18],429

it has its own drawbacks. It requires precomputing and storing geometrical coefficients, which is costly430

and it needs a user-defined parameter. A possible extension of the present work would be to analyze the431

admissible range of this parameter and its optimal value.432

To summarize, the best limiter is the one based on the vertex neighborhood, though it is almost three433

times as expensive as one based on smaller neighborhoods. The edge neighborhood provides visibly worse434

solutions both at shocks and smooth regions. Although the maximum principle can only be enforced435

for scalar equations, the performance of the limiter on scalar equations is a predictor of performance on436

systems of equations. Numerical experiments with the Euler equations confirm this.437

We show that the local maximum principle is satisfied under a suitable time step restriction. The438
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analysis is valid on one forward Euler time step and the bound is shown to be tight. This restriction439

involves a new measure of cell size, which is the width of the cell in the direction of flow. This is larger440

than the commonly used radius of the inscribed circle. A convex combination of forward Euler time441

steps can extend this stability restriction to high order time integration schemes, e.g. SSP-RK methods.442

Experimentally, we find that a larger time step can be taken for the SSP-RK2 method without violating443

the local maximum principle. Finding the analytical CFL number in this case is subject of future work.444
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Appendix A. Proof of proposition 1449

For simplicity of discussion, we translate the element Ωi such that its centroid is located at the origin.

The vectors pointing from the origin to the three vertices of the triangle are vi,1, vi,2, and vi,3. The vectors

ξ1, ξ2, and ξ3, pointing from the origin to the one- or two-point Gauss-Legendre quadrature points can be

written as

ξ1 = εvi,2 + (1− ε)vi,3,

ξ2 = εvi,3 + (1− ε)vi,1,

ξ3 = εvi,1 + (1− ε)vi,2,

where ε = 1
2

for the one-point rule, and ε = 1
2
±
√

3
6

for the two-point rule. Let ξ̂23,⊥ be the unit vector that450

is perpendicular to the vector ξ2 − ξ3, and that is pointing toward ξ1, i.e., ξ1 · ξ̂23,⊥ > 0. Let ξ̂1,⊥ be the451

unit vector that is perpendicular to ξ1, and that is pointing towards ξ2, i.e. ξ̂1,⊥ · ξ2 > 0 (Figure A.24).452

Because the centroid of Ωi has been translated to the origin, we have453

ξ1 + ξ2 + ξ3 = 0, (A.1)

which gives454

ξ2 − ξ3 = −ξ1 − 2ξ3 = ξ1 + 2ξ2. (A.2)
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Multiplying (A.2) by ξ23,⊥, we have

0 = −ξ1 · ξ̂23,⊥ − 2ξ3 · ξ̂23,⊥ = ξ1 · ξ̂23,⊥ + 2ξ2 · ξ̂23,⊥. (A.3)

Rearranging terms gives the following relations455

ξ1 · ξ̂23,⊥ = −2ξ2 · ξ̂23,⊥ = −2ξ3 · ξ̂23,⊥. (A.4)

We now use this to prove proposition 1, which we restate here.456

Proposition 1. For a quadrature point x, there exists a multiplier 0 ≤ r ≤ 2 and another quadrature

point x′ on a different edge, such that

Ui(x)− U i = r(U i − Ui(x′)).

Proof. Without loss of generality, let us assume that x in the Proposition is ξ1 in Figure A.24. We will457

show that for a given gradient of numerical solution Ui, g, there is a different quadrature point x′ with458

0 ≤ r ≤ 2.459

From the definition of ξ̂23,⊥, ξ1 · ξ̂23,⊥ > 0 (Figure A.24) and from (A.4) we have that ξ2 · ξ̂23,⊥ <460

0 and ξ3 · ξ̂23,⊥ < 0. Additionally, taking the dot product of (A.1) and ξ̂1,⊥, we have ξ2 · ξ̂1,⊥ = −ξ3 · ξ̂1,⊥.461

Therefore ξ2 · ξ̂1,⊥ and ξ3 · ξ̂1,⊥ are of opposite sign. By definition of ξ̂1,⊥, we have ξ2 · ξ̂1,⊥ > 0, which462

implies that ξ3 · ξ̂1,⊥ < 0.463

Now, if the vector g lies between ξ̂23,⊥ and ξ̂1,⊥, i.e. in the region that we denote by (I) in Figure A.24,464

then we can write g as465

g = c1ξ̂23,⊥ + c2ξ̂1,⊥ with c1, c2 > 0. (A.5)

Recalling (A.4) and the definition of ξ̂1,⊥, we have466


ξ1 · ξ̂23,⊥ = −2ξ3 · ξ̂23,⊥,

ξ1 · ξ̂1,⊥ = 0.

(A.6)

Multiplying the first line in (A.6) by c1 and the second by c2, then summing, we have by (A.5)467
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ξ1 · (c1ξ̂23,⊥ + c2ξ̂1,⊥) = ξ1 · g = −2ξ3 · (c1ξ̂23,⊥). (A.7)

Since ξ3 · ξ̂23,⊥ < 0, we have ξ1 · g > 0 by (A.7). Further, because ξ3 · ξ̂1,⊥ < 0, the last term of (A.7) can

be bounded below and above by

0 < ξ1 · g = −2ξ3 · (c1ξ̂23,⊥) < −2ξ3 · (c1ξ̂23,⊥ + c2ξ̂1,⊥)

i.e.

0 < ξ1 · g < −2ξ3 · g.

Therefore, for g in region (I)

0 < −ξ1 · g
ξ3 · g

< 2.

From this we can conclude

0 <
Ui(x1)− U i

U i − Ui(x3)
< 2.

Recognizing that r = −ξ1·g
ξ3·g , we have the bounds 0 ≤ r ≤ 2 and that x′ = ξ3.468

This also holds for vectors in Region (III), in particular, −g. This can be shown by multiplying the

numerator and denominator by −1:

0 < −ξ1 · (−g)

ξ3 · (−g)
< 2.

If g lies in region (II) or (IV), the same arguments can be made for the ratio r = −ξ1·g
ξ2·g , i.e. x′ = x2 and469

0 ≤ r ≤ 2.470
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