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Preface

The study of triangular forms for operators began in the late 50’s
and early 60’s with the work on triangular integrals of the Russian school
(Gohberg, Krein, et al) and the work of Ringrose. It was Ringrose who
initiated the study of the algebra of all operators with a given triangular
form. He coined the term ‘“nest algebra’ since the more natural term “tri-
angular algebra” had recently been taken by Kadison and Singer for a
related class of algebras. While one cannot claim that the study of these
algebras is near completion, one can say that the subject has reached a
certain maturity. This is due in part to a complete solution of the similar-
ity problem for nests proposed by Ringrose in his early work. This solu-
tion, due to Andersen, Larson, and the author, is the main focus of part II
of this monograph.

The intent of these notes is to present this material for the benefit of
graduate students with a background in functional analysis. It is hoped
that it will also be of use to other experts, but of course one could be more
terse for such an audience. Only a basic knowledge of C*algebras and
von Neumann algebras is assumed. Indeed, many results for O*algebras
and type I von Neumann algebras are developed carefully here. This sub-
ject of non self adjoint operator algebras is attractive, in part, due to the
nice blend of single operator theory and self adjoint algebra theory.

There is a larger related class of reflexive algebras (CSL algebras)
introduced by Arveson which receives the attention of many researchers
interested in nest algebras. The theory of these algebras is much less well
understood. So we have chosen only to introduce a small portion of this
material at the end of the book. However, wherever possible, the proofs
provided in the nest case are chosen so that they extend to other CSL lat-
tices.

The first part of this monograph concentrates on the structure of
compact operators. This goes substantially beyond what is normally done
in an introductory course in operator theory. But it is elegant and sub-
stantial mathematics that should be familiar to more operator theorists.
Some of this material is available in the books of Ringrose [5] and Gohberg
and Krein [1, 2. But our viewpoint is more up to date, and many of the
proofs are different.

The second part deals with basic structural properties of nest alge-
bras - the radical, unitary invariants, and similarity invariants. The third
part deals with further structural properties of nest algebras. It is not
always necessary to read what has come before, so a flow chart has been
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provided for the reader’s convenience. The last short part is an introduc-
tion to OSL algebras.

These notes in a preliminary form were used for a graduate course
taught at the University of Waterloo in winter 1987. There is too much
material here for a one semester course. Indeed, it was necessary to pick
and choose a narrow path in order to get to the Similarity Theorem in one
term. I would like to thank D. Casperson, D. Dicks, L. Marcoux, and F.
Zorzitto for numerous helpful criticisms. Also, I would like to thank Mrs.
B. Law for her technical expertise in typing this manuscript.

An asterisk * on an exercise means that I do not know the answer.
It does not necessarily mean that it is an important problem.

Kenneth R. Davidson
Waterloo, 1987



0. Background

In this chapter, we review briefly some of the facts about Hilbert
space operators and C*-algebras which will be needed to read this book.
Most of the material can be found in introductory textbooks such as Con-
way [1], Douglas [2], or Kadison-Ringrose [3].

0.1 Banach Algebras

A Banach algebra is a Banach space A over € which is also an (asso-
ciative) algebra over € such that ||AB]|| < ||A|| || B]| for all A, B in 4.
When A has a unit I, the spectrum o(A) (or o 4(A) if A needs to be clari-
fied) is the set {\ €C:A—\I is not invertible in A}. This is a non-empty
compact set. The spectral radius

spr(A) = sup{]\ |:X €(A)} = lim |l.A" ||/

Let f be holomorphic in a neighbourhood G of o(A), and let C be a finite
union of Jordan curves such that ind¢(\) = 1 for every X in o(A). Define

fl4) = fg{f(z)(zl—fl)“dz .

Let Hol(o(A)) denote the set of functions holomorphic in some neighbour-
hood of o(A).

Riesz Functional Calculus. Let A be an element of a Banach algebra A

with identity. Then for every f in Hol(o(A)), f(A) is well defined

independent of the curve C. The map taking f to f(A) is an algebra
n

homomorphism such that each polynomial p(z) = ¥, c,z* is taken to
F=0

col+ ), cr AL

k=1

Let A be an abelian Banach algebra with identity. A multiplicative
linear functional is an algebra homomorphism ¢ into ©. Such functionals
are always continuous with |[¢|| = 1. They are in a one to one correspon-
dence with the maximal ideals of A. The set M, of maximal ideals is

1



2 K.R. Davidson

given the weak™ topology induced as a subset of the dual space A'. It is
easy to verify that M, is closed, and thus is compact by the Banach-
Alaoglu Theorem. There is a natural homomorphism of A into C(M),
called the Gel fand trans form, is given by A(¢) é(A).

Gelfand’s Theorem. The Gelfand transform A — A of A into C(M4)
is a continuous algebra homomorphism such that ||A|| < ||A||. Further-
more,

o(A) = 0(A) = Ran(A) = {¢(A):¢ € M,} .
The kernel of this map is

rad(A) = M{kerd:¢ € My} = {A € A:0(A) = {0}} .
An immediate corollary is the:

Spectral Mapping Theorem. For f in the Hol(c(A)),
o(f(A)) = f(o(A)).

0.2 C*Algebras

A C™algebra is a Banach algebra with a conjugation operation *
such that (A")"'= A, (AB)'= B*A*, (eA+BB)*=aA*+BB*, and
[[A*A]l = ||A]|®. (That is, A — A* is an involution and a conjugate linear
anti-isomorphism satisfying the special norm condition ||A*A|| = ||A]|%)

The main (and in a certain sense only) examples are self-adjoint subalge-
bras of B (X).

Gelfand-Naimark Theorem. If A is an abelian C*-algebra with iden-

tity, then the Gelfand transform is an isometric *-isomorphism of A
onto C(M ).

An element N of a C*™algebra A is normal if N*N = NN*. This
occurs precisely when the sub C*algebra C*(INV) generated by N is abelian.
Thus one obtains the immediate corollary:

C*-Functional Calculus. If N is a normal element of a C*-algebra,
then C*(N) is isometrically x-isomorphic to C(o(N)). The inverse map
ytelds a functional calculus extending the Riesz Functional Calculus
such that f(N) = f(NY, and o(f(N)) = f(o(N)) for all f in C(e(N)).
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Every (two-sided, closed) ideal I of a C*algebra A is self-adjoint,
and A /I is a C*-algebra. Furthermore,

Proposition. Let m be a *-homomorphism of a C*-algebra A into a C*-
algebra B. Then ||r|| = 1, Ran(x) is closed and is isometrically *-iso-
morphic to A /ker .

An element P of a O*algebra is positive if it is self-adjoint with posi-
tive spectrum. By the functional calculus, P = A*A where A = P%. Con-
versely, every operator of the form A*A is positive (even if A is not nor-
mal). A positive linear functional is a linear map of A into © such that
f(A) > 0 whenever A > 0. The two variable function [A,B] = f(B*A) is
a sequilinear form on A X A. The Cauchy-Schwartz inequality becomes

If(B*A)|* < f(A*A)f(B'B) .

It follows easily from positivity that if 0 < A < I, then 0 < f(A) < f(I).
Hence if ||A]| < 1,

IF(A) P = |f(PA) P < F(AA)F(D) < FUI)

So || fll =l f/(I)]| and f is continuous. A state is a positive linear func- -
tional with f(I) = 1.

A representation of a C*-algebra A is a *-homorphism 7 of A into
B (M). This representation is cyclic if there is a cyclic vector = with
{r(A)z:A € A} dense in X. A representation is non-degenerate if 7(A) has
no kernel. It is easy to check that every non-degenerate representation is
unitarily equivalent to a direct sum of cyclic ones.

Gelfand-Naimark-Segal Theorem. Let A be a C*-algebra with iden-
tity. Given a state on A, there is a cyclic representatian my on H;p with
cyclic vector &; such that f(A) = (7,(A)¢;,€;). Conversely, given a cyclic
representation ® with unit cyclic vector & let f(A) = (v(A)EE). Then
there is a wunitary U of N; onto N such that U =¢ and
m(A) = Un(A)U* for every A in A.

One can show that every C*algebra has enough states $(A) so that
WAl = sup {|f(A)|:f € S(A)}. Thus by taking a direct sum of the
representations from the GNS construction, one obtains:

Corollary. Every C*-algebra is isometrically *-isomorphic to a subalge-
bra of B (X).
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0.3 Von Neumann Algebras

The weak operator topology on B (M) is the weakest topology such
that the functionals ¢(T) = (Tx,y) are continuous for every  and y in X.
The strong operator topology is the weakest topology such that the map
T — ||Tx|| is continuous for all z in X. It will be seen (Theorem 1.15) that
B (X) is the dual space of the trace class operators. So it has a weak
*-topology (sometimes called the ultra-weak topology). This is the weakest
topology such that the trace tr(CT) is a continuous function of T for every
trace class operator C. The weak operator continuous functionals are pre-
cisely those where C is finite rank. There are several other related topolo-
gies, but these will generally suffice for our purposes.

A von Neumann algebra is a C*-subalgebra of B (X) containing the
identity which is closed in the weak operator topology. If A is a subset of
B (X), the commutant A' = {T"€ B (#):AT = TA for all A in A}. The
von Neumann algebra generated by a single operator 7' is denoted by
W*(T). There are two basic density theorems that we will require.

The von Neumann Double Commutant Theorem. Let A be a C*-
subalgebra of B (X). Then the closure of A in any of the weak operator,
strong operator, and weak* topologies is the double commutant A".

Kaplansky’s Density Theorem. Let A be a C*-subalgebra acting on a
separable Hilbert space . Then every operator in the unit ball of A" is
the strong operator limit of a sequence of operators in the unit ball of A.
The self-adjoint part of the ball of A is likewise strongly dense in the
sel f-adjoint part of the ball of A".

By the Banach-Alaoglu Theorem, the unit ball of B (¥) is compact in
the weak* topology. Thus it is also compact in the weak operator topol-
ogy since it is a weaker topology. It is not, however, compact in the
strong operator topology. Multiplication is separately continuous but not
jointly continuous in any of these topologies. However, in the strong
operator topology, multiplication is jointly continuous on the unit ball.
The adjoint operation is continuous in the weak operator and weak* topo-
logies, but not in the strong operator topology. The strong* topology is
the weakest topology containing the strong topology in which adjoint is
continuous.
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0.4 Compact Operators

An operator K is compact if the image of the unit ball of ¥ under K
has compact closure. (In fact, the image of the unit ball under K is
closed). Let {e,,n > 1} be an orthonormal basis, and let P, be the orthog-
onal projection onto span {e;,1 <k < n}. It is not hard to show that a
compact operator K is the norm limit of the finite rank operators P, K.
The following results are standard.

Theorem. For an operator K on Hilbert space, the following are
equivalent:

(i) K is compact,

(i) K*is compact,

(i) K is the norm limit of finite rank operators.

Theorem. Let K be a compact operator. Then o(K) consists of {0}
together with a finite or countable set {\,} of eigenvalues with {0} as its

only limit point. The Rieszk progections Ep{\,} are finite rank, and have
range equal to ker (K—X\,I)™ for k, sufficiently large.

When K is normal and compact, one obtains:

Spectral Theorem (Compact Case). Let K be a compact, normal
operator on N. Then there is an orthonormal basis {e,} of eigenvectors

with eitgenvalues DG such that lim A, = 0. So
n —o00
=] o0
K(Yane,) = S hua,e,.
n =] n=]

0.5 Bounded Operators

Let T be a bounded operator on Hilbert space. The absolute value
of T is the positive operator |T|= (T*T)%. It is easy to check that
[T ||| = || Tz || for every x in . So one can define a partial isometry U
so that U |T |z = Tz and Uy = 0 for y in ker T. Then UU" is the projec-
tion onto the closure of the range, Ran (T) and U*U is the projection onto
(ker T)L. One obtains the polar decomposition T = U |T|.
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For normal operators, one has the Spectral Theorem. More detail
will be obtained in Chapter 6.

Spectral Theorem. Let N be a normal operator on Hilbert space.
There is a countably additive, regular Borel measure E, on € with values
in the projections onto subspaces of ¥ such that:

()  En(e(N) =1,

(i) En(X) commutes with every operator commuting with N, for every
Borel set X,

(iv) if f is bounded Borel function, let f(N) = [ f(2)dEn(2). This is
a homomorphism from the bounded Borel functions on € onto
W*(N) extending the C* functional calculus of N.

Another special property of normal operators is:

Fuglede’s Theorem. Let N be a normal operator, and let A be a
bounded operator such that NA = AN. Then N*A = AN*,

Corollary. {N}' = {A:AN = NA} is a von Neumann algebra when N
s normal.

The quotient C*-algebra A = B (X)/K is called the Calkin algebra.
The image of an operator T in A will be denoted by T. An operator T is
called Fredholm if T has closed range, and both kerT and

ker T* = Ran (T)1 are finite dimensional. The Fredholm indez is defined
as

indT = dimkerT — dim ker T* .

Atkinson’s Theorem. An operator T in B (}) is Fredholm if and only
1f T is invertible in the Calkin algebra.

Thus the set of Fredholm operators 7 (X) is open in B (¥). The
Fredholm index is continuous, and hence locally constant, and is invariant
under compact perturbations. Furthermore
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Theorem. The Fredholm index is a continuous algebra homomorphism
of F(N) onto Z. The kernel is the connected component of the identity
in F(XN).

The essential spectrum of an operator T, denoted ,(T), is U(T) in
the Calkin algebra. The complement ¢(T)\o,(T) consists of countably
many bounded components of the complement of ¢(7T) on which T—\T is
Fredholm of some fixed index, together with countably many isolated
points of finite multiplicity clustering at o (7).
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1. Ideals of Compact Operators

In this chapter, we investigate various ideals of B (¥). The first
result justifies the title of this chapter.

1.1 Proposition. The only proper closed ideal in B (X) for a separable
Hilbert space X is the set K of compact operators.

Proof. Let T be a non-compact operator. By the polar decomposition,
T=U|T| and [T} is not compact. So there is an infinite dimensional
spectral projection E of |T'| on which T is bounded below. The operator
V=E|THEL is invertible, and E = V"'U*TE. Thus E belongs to the
two sided ideal generated by T. From this, it easily follows that this ideal
is all of B (¥). On the other hand, if K is a non-zero compact operator, a
similar argument shows that the ideal generated by K contains a rank one

projection. Hence it contains all finite rank operators, which are dense in
K. ' [

1.2. Let K be a compact operator. The positive operator |K | = (K*K)*

has eigenvalues s; > s, > ... with lim s, = 0. The s-numbers or singular
n — o0

values of K are the numbers s, = s,(K). Let {e,,n > 1} be an orthonor-

mal set of eigenvectors of |K | for the eigenvalues 8,(K). Let f, = Ue,.
Then

K = Esnfn ®6,:
n =1

and this sum is norm convergent. Here z X y* denotes the rank one
operator

z ®y'(z) = (2,y)z
The identity A(z ® y*)B = Az & (B*y)* is readily verified.

For 1 <p < oo let C, denote the Schatten p-class of all compact
operators K such that {s,(/)} belongs to £?. Define a norm on C, by

1Kl = (35 sa(KF)2

n2>1

Of particular interest are the trace class operators C;, and the Hilbert-
Schmidt operators C,.

11
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(2

1.3 Theorem. Let K = Y5, f, & e be a trace class operator. Then
n=1

for every orthonormal bases {¢,} and {1}, one has

E (Kdrte) | < IIKMl

and

NgF

(Kbebs) = Dson(furen) -
k=1

k

Il
LN

Proof. Using the Cauchy-Schwartz inequality and the Parseval identity,

2 IK¢k;¢k I<ZES ¢k} Il(fn;¢k)|

k=1n=1

8

Ms

Il

](en;¢k) l |(fn7"/"k) I

Sn

2
i
ol

I
s

SCA

ﬁz )

n;¢k I21/2 i fnr'l/)k I2
k=1

2
I
X
ol
i

f
(s
31
B

3
L

Now taking ¥, = ¢, one obtains an absolutely convergent series. Thus

§M%m=§§M%mmM)

k=ln=1
= Z E fm¢lc) n!¢k E fn; . u
n=1 k=1 n =1

Consequently, one may define a well defined continuous linear func-
tional known as the trace on C; by

tr(K) = Y, (K¢,,0,) .
n=1
This is independent of the choice of orthonormal basis.

Now we develop some basic inequalities about s-numbers.

1.4 Lemma. Let K be a compact operator. Then
8,(K) = inf{|| K—F||:rank F < n—1} .
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o0 n—1
Proof. Let K = Y}s,f, ®e;. Then F, = 3} s;fx & ¢f has rankn—1,
n=1 k=1

and K—F, = Y s fr Qef. So

k=n
8o(K) = ||K=F, || > inf{|| K—F||:rank F < n—1} .

On the other hand, if rank F' < n—1, there is a unit vector z in the inter-
section ker F' N span {e;,1 <k <n}. So

IE=F|| 2 [(K=F)e|| = || Kz ||

IS sk fall = 503 e P s .
k=1 k=1

1.5 Corollary. Let K be compact, and let T be a bounded operator.
Then

8 (TK) < || T84(K) and s,(KT) < || T}|s,(K) -

Proof. Let F, be the operators defined above. Then

5 (TK) < || TK-TF, || < | TN |1 K=Fo || = [|Tlsa(K)
82 (KT) < |KT-F,T|| < ||[K=F, | |T]| = | T|lsa(K) . =
1.8 Corollary. C, is a self-adjoint ideal in B(}), and

ITES |, <ITN 1K, || S|| for all K in C, and T, S in B (X).

Proof. Since s,(TKS) < ||S|| ||T||s,(K), this belongs to £? and satisfies
the desired inequality. That C, is a linear space follows for if K, K,
belongs to C, and F,g’) are the finite rank operators of the previous lemma,
then

Szn(KH‘Kz) < $2n—1(K1+K2)
<K+ K =FN—-FP|| < s, (K )+s,(Ky)

So | Kt Kall, < 28(IKyl, + 1Fll,): I K = Yi6,(fa @ el), then
n=1

K'= Y 6,(en ® £2). So s,(K*) = 8,(K) for n > 1. So K|, = K],
=1

and therefore C, is self-adjoint. L]
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To obtain the triangle inequality for the C, norm, we need some
more inequalities.

1.7 Lemma. Let K be a compact operator. If {¢;,1 <k < n} and
{p,1 <k <n} are orthonormal famazlies, then
n

kZ_JI (K ¢r,%e) | < g)lsk(K).

Proof. Replace t; by a scalar multiple so that (K ¢;,%;) >0 for
1<k <n. Let U be the rank n partial isometry such that Uy, = ¢, for
1<k <n. Then s;(KU) < s;(K) for 1 <k <n, and s{KU) =0 for
k > n as rank(KU) < n. Hence

M=

(Kppt) = é}l(KU«/)k,wk) ~ tr(KU)

k=1

< KU, = ésk(KU) < glsk(fc) . .

1.8 Corollary. Let K| and K, be compact operators. Then

> i (Kt K) < Sap(Ko)+a(K) .

k=1 k=1

Proof. Write K1+K, = Y5, f; & ef where s, = s;(K,+K,). Then
k=t

DK+ Ky) = Y (K +Kaey, i)
k=1

a
[
~

IA
M

[(K e, fi) |+ [(Kgex, fi) |

LS
I

(A
M=

sk(K)+sp(K) u

-
I
o

1.9 Corollary. Let K, and K belong to C,, 1 < p < oo. Then
| K+ Kol < K+,
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Proof. The case p = 1 is immediate from Corollary 1.8, and p = cois the
usual operator norm. So suppose 1<p < Let
MZ2X 2. 2X41 =0 be a decreasing sequence of positive real
numbers. By “summation by parts”, one obtains

YiNksp(K+Ky) = E(X >\J+1)i sp(K1+Ky)
< 300Ny 30 64 B )04 (5C)
=1 k=1
= Y Ne(sk(K)+sp(Ky)
k=1
Let 1<g<oo be such that 1/p+1/q = 1. Let

Ae = (K +Kp)P = sp(K+K,)P 1. By Hélder’s inequality,

> sp(K+Kp) = ) Xpsi(K+Ky)

k==l k=l
< ixksk(KI)"l'i)‘ksk(Kﬁ
k=1 k=1
S EDN ATl + (NS uliP)
k=1 k=1
< (Elsk(K1+K2)p)1/q(”K1l|p+|IK2||p) .
Hence
(S sul oK) < Kl + 16l
Taking a limit as n increases yields || K+Fll, < || Kll,+]El,- n

We extract from this proof another technical inequality.

1.10 Lemma. Let K be a compact operator, and let
M 2Xg 2> 2N =0 be a decreasing sequence of positive real
numbers. Let {¢;,1 <k <n} and {¢;,1 <k < n} be orthonormal sets.
Then

n

DNk (K be,9i) | E kSk(K

k=1

Proof. This is a simple summation by parts argument together with
Lemma 1.7.
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gxk (K o) | = é(x,-—x,-_l)g) (K beb) |

< é(xj_xj—l)glsk(K) = ékksk(K) . -

Now we are ready to prove that C, is complete. Let ¥ denote the
set of finite rank operators.

1.11 Theorem. C, is a Banach space for 1 < p < oo, and 7 is dense in
C

-
Proof. It must be shown that C, is complete. If K is in C,, then
KN = s1(K) < (30 se(KP)2 = | K|,
E>1
So if K, is a Cauchy sequence in C,, then it is Cauchy in K. Thus
K = lim K exists in K. A fortiori,

J—o

(Kz.y) = lim (K;z,y)

o0
for every pair of vectors  and y in ¥. Let s, = s,(K) and choose ortho-

normal sets {e,} and {f,} so that K = Y,s,(f, ®e;). By Lemma 1.10
n=1

and Hoélder’s inequality,

isf = i'sz/q(Ken:fn) = ]hm If}sg/q(Kjen)fn) l
R k=1

k=1 k=1

< lim inf )] sp/%si(K)

J—=oo k==l
< lim inf (3] s))V4||K,)l,
J-—+c0 k=1

= (E$£)l/q11im ”KJ'”p .
k=1 —00

Note that || /||, converges since |||, —||K;ll, | < ||K;—Kkll, by the
triangle inequality, and so || K|, is Cauchy. Thus we obtain

(30 < Jim |IFl,
k=l — OO

Taking a limit as n increases yields || K[|, < lim ||K}||,, so K belongs to
J—c0

C,. Apply this same inequality to K—K,, to obtain
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”K_Kn”p < J!iIPOJ"Kj—Kn”p .

As K is Cauchy, the right hand side tends to zero as n increases. So K,
converges to K in the C, norm.

Given K in C, represented as above, the finite rank operators
n

F, = Y s.(fr ® ef) clearly converge to K in Cp- So Fis dense in C,. u
k=1

1.12 Theorem. Let K belong to C,, 1<p < oo and 1/p+1/q9 = 1.
Then for every T in C,, KT belongs to C, and ¢x(T) = tr(KT) is a linear
functional on C, with ||¢g|| = || K|],.

Proof. Let s, = s,(K) and K = Y}s,(f, @es). Let t, = s,(T). Also,

n=1

o0
KT can be written as KT = Y, s,(KT)¢, & ¢:. Let Uy be the rank N

n=1

partial isometry such that Un¢, = ¢, for 1 <n < N. Then
N N N
Esn(KT) = E(KT¢n7UN¢n) = E(T¢n;K*UN¢n)
n=1 n=1 n=1

I
M=
s

(T¢n 7ek)(K*Un ¢n 7ek)

B
[
LA
-
I
-

(¢n ;Tek)(¢n 7skUltffk)

I
M=
s

=
I
=

Ea

(U]tlfk )¢n )(Tek )¢n )

!
(s
M= L

Sk
1

st(UN e Ter) = D] 8k(TUXf i)

=
[
-
=
I

I
NgF}

k=1 k=1
o0 N
< Dlsrs(TUY) < Y 54ty

Eol

IA
ils L

k=1

sz)l/v(gtz)w = KL, -
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Now let NV increase to infinity to obtain ||KT}|; < ||K||,||T||,- Hence
[¢x(D| = er(KT) < |IKT|l; < 1K, Tl
so [[¢xll < K1,
On the other hand, for 1 < p < oo, let T = is,’{/q(en ® f2), then

blT) = S s2(fu @ 1) = Do}
= (S0 A5 e = KT,

N
So || ¢kl = ||K||p Ifp=1let Ty = De, @ fr. Then

N " N
$x(Tn) = trdsa(fo @ f2) = Y sn
n=1 n=1

So ||¢kll = sup [ $x(Tw)ll = 1K |l;- Andif p = 00, T = ¢; @ f{ suffices. ®

1.13 Theorem. If1<p <ooand 1/p+1/q = 1, then the map of C,
into C', given by taking K to ¢x is a linear, isometric isomorphism.

Proof. By the previous theorem, we know that this map is isometric.
Clearly it is linear. It must be shown to be surjective. Let ¢ be a continu-
ous linear functional on C,. Consider the form <z,y> = ¢(z ® y*). It is
routine to verify that <-,-> is linear in the first variable and conjugate
linear in the second. Furthermore,

[<zy>[< |8l Il @ y*ll, = 18]l =]l lv]] -
Thus there is a bounded linear operator A with ||A]| < ||¢]| so that
p(z QYY) =<zy>=(Azy) = tr(A(z R ¥") .
By linearity, ¢(F) = tr(AF) for every finite rank operator F.

If A is not compact, then from the proof that the ideal generated by
A is all of B(}) one can obtain orthonormal families {e,,n > 1} and
n

{fam =1} so that (Ae,,f,) >6 >0 for all n. Let F, = Y e, @f..
k=t
Then
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nd < z”)(Ae,,,f,,) = tr(AF,)

k=1

= ¢(F,) <1181l 1Full, = n' 211611
Hence ||¢|| > n'/46 for all n > 1 which is absurd. So A is compact.

Let A= E (fn ®e2), and let F, =Y s, @ f1) if
k=1

n
1<p<oooan=Zen®fn1fp=oo. Then
k=1

B(F,) = tr32sl(fx @ 1) = et
k=1

k=1

< N8l NF, = 1S 58

k=1
Hence (D;sf)? <||4]] for all n. Hence A belongs to C, and
k=1
Al < llell- n

1.14 Corollary. Co ts a Hilbert space with inner product
(K.,L) = tr(L'K).

1.15 Theorem. The dual of C; is B(X) given by the pairing
¢ A(T) = tr(AT).

Proof. By Corollary 1.6, AT belongs to C; and ||AT||; < ||A]|| {|T}l;-

by Theorem 18, 18a(T) 1< [[A] Il Hense l6a]l IA]L On the
other hand, if ¢ is a linear functional on C;, then as in the proof of
Theorem 1.13, <z,y> = ¢(z @ y*) is a bounded bilinear form given by
¢(F) = tr(AF) for every finite rank operator, and ||A] <|/4||. By
Theorem 1.11, 7is dense in C; so ¢ = ¢, and ||d4]| = || A]]. n

This shows that B () is a dual space, and indeed, it is the double
dual of K. The weak™ topology in B (X) is the weakest topology in which
all the functionals ¢{A) = tr(TA) are continuous for all T in C;.

1.18 Proposition. Let A belong to C,, 1 < p < co and let B belong to
C,. Then tr(AB) = tr(BA).

Proof. It follows from Theorems 1.12 and 1.15 that AB and A belong to
Ci. So by Theorem 1.3, the computation of the trace is an absolutely
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convergent sum. Also, if {¢;,k > 1} is an orthonormal basis

;y) Z ((L‘ :¢k 7¢Ic

2

converges absolutely for every z and y in ¥. So

r(BA) = 33 (BAG, 4,) = 3 (44,,5%,)

(A¢n >¢k)(B*¢n ;¢k)

I
Ms i
s

n=1 k=1

2 2 (B¢k:¢n )(A ¢k;¢n)

k=1 n=1

§(B¢k;A bi) = §(AB¢1,,¢,,) = tr(AB) . n
k=1 k=1

1.17 Corollary. If T is trace class and S is invertible, then
tr(STS™) = tr(T).

We finish this chapter with a useful relationship between the strong
operator topology on B (¥) and the C, classes.

1.18 Proposition. Let K belong to Cp, 1< p <oo IfT,is abounded

net converging to T in the strong operator topology, then T,K converges
to TK in the C, norm.

Proof. Let M = sup ||T,|| and let € > 0 be given. Choose F' finite rank
such that ||[{—F||, < e. Then since the range of F is finite dimensional,
T,F converges to TF in norm. So

s(T-T)F) < (T=TJF, 1<k < rankF .

Hence [[(T-T,)F||, < (rankF)"?||(T—T,)F|| tends to zero. Choose oy so
that [[(T-T,)F ||, < € for all @ > ;. Then for & > oy,

ITK-TK |, < || TE—F) ||, +[(T-TF |+ | ToF—E) |,
< Mete+Me = (2M+1)e . m
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Notes and Remarks.

The C, classes were introduced by von Neumann and Schatten as
completions of the tensor product ¥ & ¥ in various norms. These were
investigated in a series of papers and this material is contained in
Schatten’s monograph [1]. The study of ideals of Hilbert spaces was ini-
tiated at about the same time by Calkin [1]. He showed that there was a
correspondence between ideals and the corresponding ‘“ideals” of
s-numbers. The inequalities Lemma 1.7 and Corollary 1.8 are due to Fan
[1]. Theorem 1.15 on the predual of 8 (¥) is due to Dixmier [3]. There are
many extensions of these ideals, and a treatment may be found in Gohberg
and Krein [1].

Exercises.
1.1 Let T be a Hilbert-Schmidt operator. Let {e,,n > 1} be any ortho-
o0
normal basis. Prove that Tz = (3] | Te, ||B)* =
o0 o0 Nl n=t
(32 30 I(Tew e) )%
n=1 m=1

1.2 Let ¥ = L%0,1) and let K(x,y) be a square integrable function on
(0,1) X (0,1). Let (Tf)z) = [of(y)K(z,y)dy. Prove that T belongs
to Cy and [|T|lg = || K|l

1.3 Prove that C; coincides with the set of products AB where A and B
belong to C,,.

14 Let T belong to C,, 1 < p < o0, and let {e,,m > 1} and {f,,n > 1}
be arbitrary orthonormal sets. Prove that

3 (Teu, £a) P < |z .

n=1

Show that this inequality is sharp. Conversely, if T is any operator
such that

N
E |(Ten7fn) |p S M?P

n =]
for all finite orthonormal sets, then 7" belongs to C, and ||T||, < M.
1.5 Let T, be a bounded net converging to T in the weak operator topol-
ogy. Show that if K is compact, then KT, converges to KT in the

strong operator topology. Hence if L is also compact, KT,L con-
verges to K7L in norm.

1.6 Let C be an operator in C,, 1 < p < coor K. Prove that C can be
factored as C = C;K where C; belongs to C, and K is compact.






2. Triangular Algebras

Any matrix A acting on ©" has a triangular form. That is, one can
find an orthonormal basis {ey,...e,} so that the subspaces
N; = span{ey,...,e;}, 1 < j < n, are all invariant for A. With respect to
this basis, A has a matrix (a;;) in which a;; = 0 if ¥ > 5. Also, the spec-
trum of A is read off as {a;;,1 < j < n} including multiplicity. Consider
the analogue for an operator T acting on a Hilbert space ¥. To ask for an
orthonormal basis {e,,n > 1} so that N; = span {e;,...,¢;} is invariant is
too demanding because this forces T' to have lots of eigenvectors. Even
fairly nice operators can fail to have eigenvectors. So instead, we ask for a
(linearly ordered) chain of (closed) invariant subspaces of T. Even this
may not be possible for all operators.

2.1. A nest is a chain N of closed subspaces of a Hilbert space ¥ contain-
ing {0} and ¥ which is closed under intersection and closed span.

In other words, a nest is a chain of subspaces which is complete with
respect to the natural lattice operations on the lattice of all subspaces of a
Hilbert space. The set LatT of invariant subspaces of an operator T is
always a complete lattice. So there is no loss in considering only nests
instead of arbitrary chains. Give any chain C of invariant subspaces of T,
one can always extend it to a maximal chain of invariant subspaces. This
follows from Zorn’s Lemma and the fact that the union of an increasing
family of chains of invariant subspaces is also a chain of invariant sub-
spaces. This largest chain is necessarily complete, as the completion is also
an invariant chain.

Given an orthonormal basis for €©*, one defines the algebra of all
upper triangular matrices. By analogy, one makes the following definition.

The triangular algebra or nest algebra T(N) is the set of all opera-
tors T such that TN € N for every element N in N.

2.2 Proposition. T(N) is a weak operator closed subalgebra of B (X).

Proof. It is clear that T(N) is a linear space containing the scalar opera-
tors. If A and B belong to 7(N), and N belongs to N, then

AB(N)CA(N)C N .

So AB belongs to T(N). Finally, if A, belong to T(N) and A is a weak
limit point of A,, then for every Nin N, z in N and y in N+,

23
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0 = lim(Aez,y) = (Az,y) .

Thus AN is contained in IV, and A belongs to T(N). u
Before proceeding, consider some examples of nests.

2.3 Example. Let P, be an increasing sequence of finite dimensional
subspaces such that their union is dense in ¥. Then P= {{0},P,,n > 1,X}
is a complete nest. T(P) consists of all operators which have a block
upper triangular matrix with respect to P. The nest P is maximal exactly
when dim P, = n for all n.

2.4 Example. Let ¥ = L%0,1) with Lebesgue measure. For each ¢ in
[0,1], let N, consist of all functions f in L%0,1) such that f(x) = 0 a.e. on
[t,1]. Then N = {IV;:0 < ¢ < 1} is a “continuous” nest. (See Section 2.7).

2.5  Example. Let ¥ = L%(0,1)?) be the space of Lebesgue square
integrable functions on the unit square. Analogous to the preceding exam-
ple, let M, be the set of functions supported on [0,¢] X [0,1]. Then
M = {M,,0 <t <1} is a continuous nest. It is maximal (Proposition 2.10)
but it is different from Example 2.4 in an essential way (Chapter 7).

2.6 Example. Let g be counting measure on the set of rational
numbers Q. Let X¥= £%Q)=L*u). For each ¢ in IR, let
Qi = {/ €2%®):f(q) = 0 for ¢ >t} and Q7 = {f €£%@®): f(g) = O for
g > t}. Note that if ¢ is irrational, then Q;” = @;%. But if ¢ belongs to @,
then Q;F © Q; = span {6,} where 8, is the characteristic function of ¢.
Set @_oo = {0} and Qo= X. Then Q = {QF:—c0< t < + 00} is a nest.
The set {6;:t €@} is an orthonormal basis for ¥. This nest is “atomic”
(Section 2.7) because the space is spanned by the gaps between adjacent
elements of the nest.

2.7. Given a collection {M,} of subspaces of a Hilbert space, VM,

denotes the closed linear span and /AM, denotes intersection. This makes
the set of subspaces of ¥ into a lattice. A nest is just a complete, totally
ordered sublattice. For NN belonging to a nest N, define

N_=V{N'e€ N:N'< N}

and
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N,=A{N'€X:N'>N} .

It is easy to see that N_ is the immediate predecessor to N if there is one.
Otherwise N_= N. If N_# N, then N = (N_), is the immediate suc-
cessor of N_.

The subspaces N & N_ are called the atoms of N. If the atoms of
N span X, then N is atomic (e.g. Examples 2.3 and 2.6). If there are no
atoms, N is called continuous (e.g. Examples 2.4 and 2.5).

The algebras 7 (/) contain an abundance of operators, and this will
be used to prove reflexivity. Given an algebra A, the lattice of all invari-
ant subspaces of A is denoted Lat A. Similarly, if L is a lattice of sub-
spaces, then Alg /[ denotes the algebra of all operators leaving each ele-
ment of L invariant. The lattice L is reflexive if L = Lat AlgL; and an
algebra A is reflexive if A = AlgLat A. Clearly, T(N) is reflexive. It
turns out that N is also reflexive.

2.8 Lemma. Let N belong to N. Then every operator of the form
T = P(N)TP(N)L belongs to T{N).

Proof. Let N' belong to N. Then either N' > N, or N' < N. In the
first case, P(N'}LP(N,) = 0 so P(N')LTP(N') = 0. In the second case
P(N)LP(N'") = 0 so P(N}ATP(N') = 0. Thus N'is invariant for 7. =

2.9 Theorem. Lat T(N) = N.

Proof. Let M be an invariant subspace for T(N) and let IV be the least
element of N containing M. Let N' be any other element of N with
N'< N. Since M &N/, there is a vector = in M such that P(N')Lz = 0.
Let y be any vector in N’ and let T be an operator of the form
T = P(N',)TP(N')} such that TP(N')‘z = y. By Lemma 2.8, T belongs
to T(N). Thus y = Tz belongs to M. Hence

M>V{N'.:N' <N}=N .
(To verify this identity, consider two cases, N = N_ and N = (N_),.)
Thus M = N belongs to N. n

A nest is mazimal if it is not contained in any larger nest.

2.10 Proposition. A nest is mazimal if and only if all its atoms are
one dimensional.
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Proof. Necessity is clear. Suppose that N is a nest in which all atoms are
one dimensional. Let M be a subspace such that for every N in A, either
N<MorN>M. Let

No= V{N € \:N < M}

and
Ny= A{N€eN:N>M} .

Clearly, Ng< M < N;. Also, if N belongs to N, either N < N, or
N > N,. If Ny= N,, then M = N, belongs to N. If Ny N, then
N; © Ny is an atom of N and hence is one dimensional. So M equals N,
or Ny and thus belongs to N. (From this, it follows that Ny = N, after
all.) So N cannot be expanded to a larger nest. u

2.11. A subspace N is invariant for 7 exactly when N1 is invariant for
T*. Thus it follows that T(N)*= T(ANL) where AL is the nest
{N-L:N € N}. The intersection D (N) = T(N) N T(N)* is the diagonal of
T(N). This is the weakly closed, self-adjoint algebra (von Neumann alge-
bra) of all operators T' which leave N and ALl invariant. Thus if N
belongs to A,

TP(N) = P(N)TP(N) = (P(N)T*P(N))* = (T"P(N))* = P(N)T .
Conversely, if T commutes with P(IN) for all N in X, then
TP(N) = P(N)TP(N) and TP(N)t = P(N)LTP(N)+
so T belongs to D(N). Thus D(N)= N is the commutant of
{P(N):N € A},
One also defines the core of T(N) to be the von Neumann algebra
generated by {P(IN):N € N}. By the Double Commutant Theorem, this is

just the commutant of D (N) and will be denoted by A". Note that A" is
abelian, and hence is the centre of D ().

A vector z is a cyelic for a von Neumann algebra A provided Az is
dense in X. A vector x is separating for a von Neumann algebra A pro-
vided Az = 0 implies A = 0 for A in A.

2.12 Proposition. Let M be an abelian von Neumann algebra on a
separable Hilbert space. Then M' has a cyclic vector x. Hence z is a
separating vector for M.

Proof. Let x be any vector in ¥. Let X, denote the closure of
{Az:A € M'}, and let P, be the orthogonal projection onto ¥,. Since X,
is invariant for M/, P, commutes with M’ and thus belongs to M. If F is a
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projection in M, then A(Ez) = E(Az) for A in M. Thus ¥g, = EX, and
Pg, = EP,.

Let {z,} be a maximal family of unit vectors (necessarily countable)
such that P, = Pz" are pairwise orthogonal (provided by an application of

Zorn’s lemma). If P = Y}P, is not the identity, one could take any unit

vector # = PLz and obtain a nonzero projection P, < P! which extends

{z,}. Thus }]P, = 1. Set £ = },2™"x,. Then X, contains 2"P,z = z,
n>1

for all n > 1. Hence ¥, contains ), Az, = X, and so z is cyclic for M'.

If T belongs to M, then
Hpy = {AT2:A € M} = {TAz:A €M}y =TH, = RanT .

Thus if Tx = 0, one has Ran (T) = {0} and thus 7' = 0. So z is a separat~
ing vector for M. n

The nest N has an order < given by containment. So (N,<) is a
topological space when endowed with the order topology. The set
P(N) = {P(N):N € N} is ordered as a subset of the positive operators on
M, and it is a topological space when endowed with the strong operator
topology.

2.13 Theorem. Let N be a nest. Then the natural map taking N to
P(N) is an order preserving homeomorphism of the compact Hausdorff
space (N,<) onto (P(N),s). If N has a unit separating vector x, then the
map ®,(N) = (P(N)z,z) is an order preserving homeomorphism of
(N,<) onto a compact subset of [0,1].

Proof. First it will be shown that P(N) = {P(N):N € N} is compact in
the strong operator topology. Let P(N) denote the weak operator closure,
which is compact since it is bounded. Let P, = P(N,) be a net of projec-
tions converging weakly to an operator E. By the Double Commutant
Theorem, E is a positive contraction in N”. Let N, be the least element of
N such that P(Ng) > E. Let N be any element of N with N < N, By
the minimality of Ny, there is a unit vector # in Ny & N such that
Ez # 0. Thus (Ex,x) > 0. Hence there is an aq so that (P,z,x) > 0 for
all @ > ap, and consequently P, > P(N,). Similarly, if N’ belongs to N
and N'> Ny, let & be any unit vector in N' & N,. So there is an a; so
that (Pyx,2) <1 for all a > oy Hence P, < P(N'_). Therefore, for
every N, N' in N with N <Ny<N' there is an &, so that
Py = Ex = P(Ny)z for every z in N, @ (N'_)t. The union of these
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subspaces is dense in Ny @ Ngt = X. It follows that P, converges to
P(No) in the strong operator topology. This shows that P(N) is weak
operator closed, hence compact, and that the strong operator topology
coincides with the weak operator topology on P(N). So it is compact in
the strong operator topology as well.

The map taking P(N) to N is an order preserving bijection of a
compact Hausdorff space onto another Hausdorff space. To show that it is
continuous, it suffices to show that {P(IN):N < Ny} and {P(N):N > Ny}
are open. If z is a vector, ||P(N)z|| is an increasing function of N which
Is strong operator continuous, thus {P(N):||P(N)z] <1} and
{P(N):||P(N)z|| > 1} are open. Such sets separate the points of .
Hence (P(N),s) and (N,<) are homeomorphic.

If  is a separating vector, the map ®, is strongly continuous and
strictly increasing on N. Thus ®,(N) is a compact subset of [0,1]. The
topology on [0,1] is just the order topology, so this is a homeomorphism. ®

2.14 Example. Now one can talk about the order type of a nest by
representing it as a compact subset of [0,1]. Consider the examples 2.3 -
2.6. Example 2.3 has order type w = INy U {oo}. Example 2.4 and 2.5
have order type [0,1] and z(¢) = 1 is a separating vector. In 2.4, it is also
a cyclic vector for N" = N'. But in 2.5, M’ is much bigger than M" and
M" has no cyclic vector. Example 2.6 is a bit more complicated. Let a,
be non-zero complex numbers for each r in @ such that Y, |a, |? = 1.
Then z = Ya,8, is a separating and cyclic vector for Q" = Q'. The
map ¢, takes Q onto a compact subset of [0,1]. For each r in @,
t,-= 2,(Q;) is strictly less than ¢+ = ®,(Q,F). So there is an interval
(t,—t.+) in [0,I\®,(Q). This set of “gaps” is dense since the atoms are
dense in the order of Q. Thus $,(Q) is a perfect set with no interior and
must be order homeomorphic to the Cantor set.

If Ny < Nyin N, the subspace E = N, & N, is called an interval of
N. The significance of intervals is due in part to the following two propo-
sitions.

2.15 Proposition. Let E be an interval of N. Then the map ®5 of
T(N) into B (E) given by
®(T)= P(E)T|E

1s an algebra homomorphism onto T(Ng) where Ng is the nest
{N N E:N € N}. This map is continuous tn all the natural topologies
on B (X).
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Proof. Let £ = Ny © N; for N;, Ny in N and let P; = P(N;). If N is
invariant for T, then TP(N) = P(N)TP(N) and
P(N)AT = P(N)LTP(N)L. Thus for T, Ty in T (N) one has
(Py—Py)T\To(Py—P1) = Py(P{-T)(ToP,)Pit

= Py(Pi-TyP(-)(PyT,Py) P,

— P(E)T,P(E)T,P(E) .
Hence ®g(T\Ty) = ®5(T1)®x(T,). As @5 is linear, it is an algebra
homomorphism. Clearly, ||®£|| < 1 so ®f is continuous.

For N in N and T in T(N), ®5(T) takes NN E into
P(E)YN = NN E. So ®5(T) belongs to T(Ngz). On the other hand, if A
belongs to T(Ng), let T = AP(E). Clearly, T belongs to T(N) and
$p(T) = A. So dj is surjective. ]

2.186 Theorem. Let A be an algebra of operators, and let E be a sub-
space such that $g(A) = P(E)A|E is an algebra homomorphism. Then
there are invariant subspaces Ny and Ny for A such that E = N, © N,.
In particular, if A = T(N), then E is an interval of N.

Proof. Let N, be the smallest invariant subspace of A containing F.
Thus N, is the closure of {Ae:A € A,e € E}. Set N; = N, & E. It suf-
fices to show that IV, is invariant for 4. Now if A and B belong to A,

0 = ®p(AB)-P£(A)®5(B)
= P(E)ABP(E)-P(E)AP(E)BP(E)
= P(E)AP(E)1BP(E) .

Since the ranges of BP(E') spans N, as B runs over A, it follows that the
ranges of P(E)LBP(E) spans N;. Thus P(E)AP(N,) = 0 for all A in A.
Hence

AP(N,) = P(E)J‘P(Nz)AP(Nﬂ = P(N))AP(N) .
So N, is invariant.

In the case of nest algebra, Theorem 1.10 shows that N; and N,
belong to N. So E is an interval of N. u

2.17. The atomic part of the diagonal of T(N)is D, = Y, @ B(A,)
ALEA

where A ={A,} is the set of atoms of N. The map
A(T) = Y, P(Al)TP(A,) is a contractive projection of B (¥) onto D,. By

Proposition 2.15, A is multiplicative on T (N).
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Notes and Remarks.

A class of triangular algebras was introduced by Kadison and Singer

(1]. This class contained nest algebras with maximal nests and many alge-
bras that are not even norm closed. The order type of a nest, and the
diagonal for nest algebra are first used here. The notion of a nest was
introduced by Ringrose [1] in connection with triangular forms for compact
operators. Proposition 2.10 is proved in that paper. In a sequel, Ringrose
[3], Lemma 2.8 and Theorem 2.9 are proven as is Proposition 2.15.
Theorem 2.16 is due to Sarason [1]. The notions of Alg, Lat, and reflexive
algebras are due to Halmos.

Exercises.

2.1 Let L be any collection of subspaces of X. Prove that AlgL is a
weakly closed, unital algebra.

2.2 Given a compact subset w of [0,1], construct a nest N of order type
w.

2.3 Prove that every von Neumann algebra is the norm closure of the
span of its projections. Hence prove that every von Neumann alge-
bra is reflexive, and identify its invariant subspace lattice.

2.4 Let T belong to T(N), and let A(T) be the projection of section 2.17.

Show that the spectrum of A(T) is a subset of (7).



3. Triangular Forms for Compact Operators

The starting point is the existence of proper invariant subspaces for
compact operators. The proof presented here is old fashioned, but illus-
trates how one can lift the finite dimensional triangular forms to the com-
pact operator case.

3.1 Theorem. Let K be a compact operator on a Hilbert space X.
Then K has a proper invariant subspace.

Proof. Let P, be any increasing sequence of finite rank projections
increasing to the identity. Then K, = P, KP, converges to K in norm.
The restriction of K, to P, X is a finite rank operator and thus can be put
in triangular form with respect to some chain {P, ;0 < j < rankP,} so
that rank P, ; = j. Fix a unit vector z = P;z. Let j, be the least integer
such that (P,,'j”:v,m) 2% SetQ, =F,; and @, =P, ;

n,jy,—1"

The set {Q,,n > 1} is bounded, so there is a subsequence which con-
verges in the weak operator topology to an operator Q. Likewise on a
sub-subsequence, one has Q,,_j converging weakly to an operator Q. Rela-

bel this subsequence so that
@ = w—lim@, and @7 = w-lm@,” .

Then 0 < @~ < @ < I. Furthermore, since @,—Q,  are rank one, it fol-
lows that @ —@ ™ has rank at most one. Also,

(Qz,z) = lim(Q,z,2) > %
and
(Q@7z,2) =lim(@Q,z,2) < %

Thus @ # 0, Q7 # I, and Q—Q is rank one. So either Q or Q is nei-
ther O nor I. We shall suppose that @ # I.

Since K is compact, lim KQ,z = KQz exists in norm for every vec-
n—+00

tor  (Exercise 1.5). Thus since K = lim K, and (I-Q,)K, @, = 0,
n —+00
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lim Q,KQz = KQz— lim (I-Q,)(KQz—K,Q,2) = KQz

0

Thus this limit exists in norm. So

KQr = w—1im Q,KQz = QKQz .

From this, it follows that K carries the range Ran (Q) of @ into the eigen-
space N = ker(Q—I). Hence any subspace M such that
N € M ¢ Ran(Q) is invariant for K. As @ # I, N is not all of ¥; and as
@ # 0, Ran(Q) is not zero. Thus there is a proper subspace M of this
form. n

8.2 Corollary. Let K be a compact operator on a Hilbert space X.
Then there is a maximal nest N of invariant subspaces of K.

Proof. Apply Zorn’s lemma to obtain a maximal chain N of invariant
subspaces of K. Since Lat K is a complete lattice, N is complete and thus
is a mnest. By Proposition 2.10, it is enough to verify that
dim(N © N_) <1 for all N in N. If, on the contrary, dim (N & N_)
>2, let Ky=PE)K|E where E= NG N_. As K, is compact,
Theorem 3.1 provides a proper closed subspace M of E invariant for K.
But then N_ @ M is invariant for K and is intermediate to N_ and N.
This contradicts the maximality of N in Lat K. Hence all atoms are one
dimensional and N is a maximal nest. u

3.3. As in the matrix case, one can read off information about the spec-
trum of a compact operator from its triangular form. Let K be compact
and let N be a maximal nest of invariant subspaces of K. Let A = {A,}
be the (one-dimensional) atoms of N. By Proposition 2.15,
®(T) = P(A)T |A, is an algebra homomorphism of T{X). In this case,
® ,(T) is just a scalar number so P, is a multiplicative linear functional of
T(N). It follows that A, = ®,(T) belongs to the spectrum of T as an ele-
ment of T(N). For otherwise

1= Q(T-N)T=Nol)™) = @oT-NL)R((T-No])™) = 0

which is absurd. In general, the spectrum of T' in T{N) is greater than
o(T). However, in the case of a compact operator, more can be said.

3.4 Ringrose’s Theorem. Let K be a compact operator. Let N be a
mazimal nest of invariant subspaces for K, and let A = {A,} be the
atoms of N. Then o(K)= o y(K) = {0} U {PK):A, €A} and the
non-zero values are repeated according to their algebraic multiplicity.



Triangular Forms 33

First, we need a lemma. A partition of a nest N is a finite set

Ej,....E, of pairwise orthogonal intervals of N such that Y, E; = ¥. A par-
i=1

tition is always obtained from a finite subnest

{0}=M <M <..<M,=M)of Nby E; = M; & M,_,.

3.5 Lemma. Let N be a nest, and let K be a compact operator in T(N).
Given ¢ >0, there is a partition E\,...E, of N so that for each
1< ¢ <s, either E; is an atom or || P(E;)KP(E;}|| < e.

Proof. Let N 7 {0} belong to N. If N = N_, then the net P(IN,) for
{N, € N:N, < N} indexed by itself converges to P(N) in the strong*
operator topology. Hence by Proposition 1.18, (P(N)—P(N,))K converges
to zero in norm. Thus there is a subspace L{N) < N in N so that

IP(N © L(N)KP(N © LIN)|| < ¢ .

If N# N_, set L(N)= N_. Then N & L(N) is an atom. Similarly, if
N # X, one can find U(N) > N in N so that either U(N) & N is an atom
or

IPUN) © N)KPUWN) © N)j| < .

Let Oy = {N' € N:L(N) < N!' < U(N)} for N in N with the excep-
tions Opyy = {N' € N:N' < U({0})} and Oy = {N' € N:N' > L(X)}. These
sets are open intervals of N in the order topology which cover N. By
Theorem 2.13, N is compact. Thus there is a finite subcover
ONl’ c ’ONk‘ The set {N;,L(V;),U(N;),1 < ¢ < k} in its natural order is
a finite nest {0} = My < M; < ..< M, = ). Let E; = M; & M;_,. As
each E; is dominated by one of the intervals N; © L(N;) or U(N;) & N;,
it follows that E; is either an atom or ||P(E;)KP(E;)|| < e. =

Proof of Theorem 3.4. Suppose that A\ does not belong to the set A =
{0} U {PJK):A,€A}. It must be shown that K—\I is invertible. Let
€= [\|/2 and apply Lemma 35. One obtains a finite subnest
{0} = My < M, < .. < M, = ) and intervals E; = M; & M,_, such that
either ||P(E;)KP(E;)]| <€ or E; is an atom. In the latter case
P(E;)KP(E;) = \;P(E;) and X; belongs to A.

Let (K;) be the s X s upper triangular matrix form of K with
respect to this finite nest M. The diagonal entries are Kj; = P(E;)K |E;.
By construction, K;—\I; is invertible (where I; = I |E;). Hence K—X\I is
invertible. To see this, let T be the s X s diagonal matrix with entries
Ty = (Ku—XI;)™. Then T(K—MI) is an upper triangular s X s matrix
with diagonal entries I;. In other words, T(K—XI) = I+N where N is

e —
strictly upper triangular. Since N®* = 0, (I+N)™ = ¥ N*¥ = S exists and

K=0
is upper triangular. Thus ST is (K—)J)_l.
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Note that (K—XI)™" belongs to T(M). This is still the case if M is
replaced by a larger finite nest containing any given IV in N. That means
N is invariant for (K—XI)™". As N is arbitrary, (K—X\I)™! belongs to
T(N).

Now suppose that X\ # 0 belongs to A and occurs n times. Repeat
the above construction to obtain a finite next M with intervals E,,....E, so
that K has an upper triangular for (Kj;) where either Kj; = \I; or
K;;—\I is invertible. The former situation occurs exactly n times, say for
+ in a set X. Let C be an oriented circle centered at X so that o(Kj;) is
disjoint from C U int C unless 7 belongs to X. For z in C, (2/—K)™ " is an
8 X s upper triangular form with diagonal entries (2[;—Kj;)™!. Thus one
can compute the Riesz indempotent for K and {\} as

S _K)
Py = ot [c(zI-K)dz

This has matrix entries given by integration of the matrix entries of
(2I-K)™.. So it is upper triangular, and its diagonal entries are

1 4 0 1¢X
(Pa)i = omi Je(2li=Ky;)dz = {Ii i €eXxX:

Thus, rank P\, = trP, = |X |=n. So the algebraic multiplicity of X\ in
o(K) is equal to its number of occurrences on the diagonal. L

3.8. Next, we wish to show that, in a number of ways, T(N) has an
abundance of compact operators. In terms of determining the invariant
subspace lattice N, even the rank one operators are sufficient. This is
because in the proof of Theorem 2.9, the operator T' constructed may be
taken to be rank one. The first result is the converse of Lemma 2.8 for
rank one operators.

3.7 Lemma. Let ¢ @ y* be a rank one operator in T(N). Then there
18 an element N of N such that z belongs to N and y belongs to (V)L

Proof. Let N be the least element of N containing z. Let N’ belong to
N with N' < N, and set z = P(N')y,
0 = P(N')(z ® y*)P(N")z
= P(N'}tz ® 2%(z) = ||z |PP(N") e
Since x does not belong to N', P(N')1z % 0. Thus z = P(N')y = 0.
This is valid for all N' < N. Hence P(N_)y = 0 as required. u

3.8 Proposition. Let F be a rank-n operator in T(N). Then F is the
sum of n rank one operators in T (N).
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Proof. The proof will proceed by induction on n. The cases n = 0 and 1
are immediate. Suppose that F' has rank n. For N in N, define f(IV) to
be the dimension of N N Ran(F). Let k be the least, non zero value
attained by f. Then N N Ran(F) = X is the same k dimensional space
for every n in f7'{k} since N N Ran (F) increases with N. Consequently,
the infimum Nj of f~'{k} contains X. So it is the least element of N with
non zero intersection with the range of F'.

Take z to be any unit vector in this intersection, and let y = F™z.
For any N<N, in N, FP(N)y=PN)FP(N)y belongs to
N N RanF' = {0}. Hence P(N)y belongs to ker F = (Ran F*)L. Hence

0= (P(N)y,F'z) = (P(N)y,y) = [|P(N)y|]* .

Thus y belongs to [ N1 = (NgL. By Lemma 238, z ® y* belongs to
N<N,
T(N).

The rank of F—z & y* agrees with the rank of its adjoint
F'—y @ «*. Since z belongs to Ran F = (ker F*)-L, this operator annihi-
lates ker F*. By design, it also annihilates 2. Thus it has rank at most
n—1. By the induction hypothesis, F—z X y*is the sum of n—1 rank one
operators in T(N), completing the proof. u

The next lemma sets the stage to prove that T{N) N K contains a
bounded approximate identity for the compact operators. This will yield a
number of nice corollaries.

3.9 Lemma. Let N be a continuous nest. For any unit vector x in X,
let P be the orthogonal projection onto N'z. Then P belongs to N' and
there are finite rank operators R, = PR, P in T(N) converging to P in
the strong*® topology, and ||R, || < 1 for all n.

Proof. It is clear that the range of P is invariant for N and hence P
belongs to N'. The map ¢(N) = ||P(N)z||? is a continuous non-decreasing
function of N onto [0,1] by Theorem 2.13. For n <1 and 0 < k < 2", let
N, be the least element of N such that ¢(N,,)=k2™. Let
Etn = Ngn © Ni_;, be intervals of N. Then

Ten = 2n/2P(Ek,n)‘T
is a unit vector in By, N PH. Set
271
Rn = Zxk—l,n ® mla:,n, .
k=2

By Lemma 2.8, R, belongs to T(N). It is easy to check that R, = PR, P
and [|R, || = L.
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Notice that for m > n

m—n

Rmmk,n = Rm (2(”_"')/2 E xj,m)
§=2"""(k—1)41

= @, +20 V(g o)1) — T glm )y )

Hence
lim R,y =y
m 00

whenever y belongs to (U span{z;,:1 < k < 2"} But this is dense in PX
n>1
and ||R, || £ 1. Thus R, converges to P in the strong operator topology.

Finally, if y belongs to PX,
”y“2 = hm(y,R,,y) = hm(thy;y)

Since ||R,y|| <1, it follows that limR,y = y. So R, converges to P in

the strong operator topology as well. |

3.10 Theorem. Let N be a nest. Then there is a net F,, of finite rank
contractions in T(N) such that F, converges to the identity in the
strong* topology. If N is a separable space, the net may be taken to be a
sequence F, .

Proof. Let P, be the projection into the span of al] the atoms of N. Tt is
trivial to construct an increasing net (or sequence inf the separable case) of
finite rank projections R, in N’ converging strongly to P,. The algebra

PLT(N)|PLX is a nest algebra T(M) where M isla continuous nest. It
suffices now to prove the theorem for a continuous npst.

If z is a unit vector, let P, be the orthogonal projection onto N"z.
Let {Pza} be a maximal family of such projections which are pairwise

orthogonal (Zorn’s lemma). Then ZP,,Q = I for otherwise any vector z

orthogonal to each P,,a will extend this set. If ¥ is separable, then this is a

countable family. For each z,, one has by Lemma 3.9 a sequence R, o of
finite rank contractions converging to P,a in the strong* topology. Then

Rn,f = E Rn,oz
¥

indexed by IV X 2 where (2 is the set of finite subsets of indices is a net
of finite rank contractions in T(N) converging strong* to the identity. In
n

the separable case, R, , = ER,,,{,-} will suffice. -
£==1
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3.11 Erdos Density Theorem. The finite rank contractions in T (N)
are dense in the unit ball of T(N) in the strong* topology.

Proof. Let T be a contraction in T(N), and let Rg be the net con-
structed in Theorem 3.10. Then TRy is a finite rank contractions in T (N),
and converges to T in the strong* topology. L

3.12 Corollary. The norm closure of the finite rank contractions in
T(N) is the set of compact contractions in T(N).

Proof. By Proposition 1.18, KRj converges to K in norm if K is com-
pact. |

3.13 Corollary. The span of the rank one operators in T (N) is weak*
dense in T(N).

Proof. Immediate from Proposition 3.8 and Theorem 3.11. L]

We are now in a position to give a straightforward proof of Lidskii’s
Theorem about the trace of a trace class operator.

3.14 Corollary. Let K be a trace class operator in T(N). Then K is
the limit in the trace norm of finite rank operators in T (N).

Proof. By Proposition 1.18, KRz converges to K in the trace norm. =

3.15 Lidskii’s Theorem. Let K be a trace class operator, and let
{Xnm > 1} be a list of the non zero values in o(K) including multipli-

city. Then tr(K) = Y \,. |
n>1

Proof. By Corollary 3.2, K is contained in T (N) for some maximal nest‘
N. By Theorem 3.4, the values {\,} occur as the diagonal entries
{®(K):Ay €A} of K with respect to N, including multiplicity. Define a
linear map on the trace class operators in T(N) by

O(T) = Y97 .
Let z, be a unit vector in the atom A, Then by Theorem 1.3,
[2(T) | = |3 (Trara) | < 3 [(Toaed) | < IT -

So @ is well defined and has norm at most one.
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If T is finite rank, then by standard matrix arguments tr T equals
the sum of its eigenvalues. So trT = ®(T). By Corollary 3.14, K is the

limit in the trace norm of a sequence T}, of finite rank operators in T(N).
Thus

trK = limtr7T, = lim ®(T,) = ®(K) . n

n—00 n —0

Notes and Remarks.

Invariant subspaces for compact operators were obtained indepen-
dently by von Neumann (unpublished) and Aronszajn and Smith [1]. This
was extended to more general operators related to compact operators by
Bernstein and Robinson [1], Halmos [1], Arveson-Feldman [1]. Finally,
Lomonosov (1] introduced a completely new method to show that if T com-
mutes with a non zero compact operator, then T has a proper invariant
subspace. See Radjavi and Rosenthal [2] for a treatment of all these ideas.

Corollary 3.2 and Theorem 3.4 are due to Ringrose [1]. The proof
given here is somewhat different than the original, which is done in arbi-
trary Banach spaces. Theorem 3.8 is in Erdos [3] and is attributed to
Ringrose. Theorems 3.10 and 3.11 are due to Erdos. Theorem 3.15 was
proved by Lidskii [1] by quite different methods. This proof is due to
Erdos [6]. Another proof, due to Power [3], also uses the ideas of nest
algebras.

Exercises.

3.1 (Lomonosov, Hilden) Let K be a compact operator, and let
A ={K}. Prove that A has an invariant subspace as follows:
Assume that A has no invariant subspaces.

(i)  Show that ¢(K) = {0}.

(i) Let [[K|=1 and choose =z, with | Kol =2. Let
B = {z:|Jz—2|| < 1}, and C = KB. Find open sets U,,...,U,
covering C and operator A;,...,A, in A such that Ajy belongs
to B for all y in Uj.

(i) Find a sequence jy,5p,... from {1,..n} such that
A; KA; K..A; Kz belongs to B for every p > 1. Show that

Jp Jp—1 7y
this contradicts (i).

3.2 Let V be the Volterra operator on L%0,1) given by

Vi) = [.f(t)at

Prove that (V) = {0} by i) computation of ||V*||, ii) by an applica-
tion of Ringrose’s Theorem, and iii) by explicitly finding (V—X\I)™!
for X # 0.



3.3

3.4

3.5

3.6

3.7
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Prove that every quasinilpotent trace class operator is the limit in C,
of a sequence of finite rank nilpotent operators.

Use Lemma 3.5 to give a simple direct proof that the finite rank
operators in T(N) are dense in T(N) N K.

(Weyl) Let T be an operator in C,, 1 <p < oco. Let {\,} be the
eigenvalues of T including multiplicity. Prove that

(35 P P <7,

(Hint: Use Exercise 1.4) Show that equality holds if and only if 7 is
normal.

(Longstaff) Let L be a lattice of subspaces. For L in L, define L_ to
be the span of {M in L:M $L}. Show that the rank one operator
z @ y* belongs to Alg L if and only if there is an element L in L
such that z belongs to L and y belongs to (L_)L.

(Lance)

(i)

(i)

Suppose z

that Tx =

and y are vectors in ¥ and T belongs to T(N) such

y. Show that sup. <|IT|| < oo

IRy ||
|| P(NY e ||

Let 7 be a finite nest 0 = Fy < Fy < ... < F, = }{ with inter-
val projection E; = P(F;)—P(F;;), 1 <7 <n. Let # and y
be vectors and let z;=FE;x and y; = E;y. Suppose that

EHyJ”2 < 2”%“2 for 1 <k <n. Show that there is a fin-

=k

Hint: Use

=
fte rank operator Tin T(¥) with ||T]| <1 and Tk = y.

induction on n. Suppose T} = E{T, in T(¥) has

ITyl] €1 and Tz = Efy. Show that H(I——T*Tl)%m]] > |yl
Hence form T = T1+E1U(1 TiT)* where U is a certain rank
one partial isometry.

Let N be an arbltrary nest. Suppose £ and y are vectors such

that supl!—@Llu- M < oo. Show that there is an opera-

tor T in ‘J’I

P(N)tz
(N) such that Tz = y.

|






4. Triangular Truncation

Let ey,....e, be the standard basis for C*. The map 7, which takes a
matrix A to its upper triangular part is a bound linear map. However, as
we shall see, || 7, || grows like log n. As a result, triangular truncation is

not bounded in infinite dimensions. In this section, we will explore this
carefully.

4.1 Example. Consider the n X n matrix

1 1 1
0 1 - =
2 3 n—1
1 1
-1 0 1 —
2 n—2
1
_— -1 0 1
2
1 1
A= -3 -5 -10 = [a;;]
1
0 1 —_
2
-1 0 1
1 1 1 —1 0
n—1 n—2 2

where a;; = z—l—; if ¢ # 7 and a;; = 0. Let T, = T,(A, ) be the upper tri-
angular part. It will be shown that ||A, || < 7 while || T, || > :;-log n. Let
g = (n—1)"%(}]e;). Then

k=2

n
1Tl 2 1 Tzl = (n—1)7*|| 33 bres |
k=1

n—k
where b, = 2% > log(n+1—k) > log(n /3) if k < 2n /3. Hence

-1

1Tl 2 w2 10g(n /5) = (2/3)4108(n /3)

whence

41
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T .
nll—->oo logn "‘( )2

On the other hand, consider the doubly infinite matrix
M = (mu), jez where my; = (i—7)™ if i # 7 and m;; = 0 as an operator
on £%Z). Let P, be the projection of £%Z) onto the
span{e;,1 <1 <n}. Clearly, A, is unitarily equivalent to P, M |P, ¥ and
thus ||A, || < ||M]| for all n. Next, notice that M is skew adjoint. So
| M||? = || M?||. The operator M? has a matrix (b;;) where

3 1
biy= 3 mamg= 3 b=~ 3

k=00 k;ezg(" k)(k .7) n;eo,j_,'n("-j'*'i)
Thus b;; = L oyl 28 Andifji=r0
us by = — P———2 —k—g--———r/?;. ,if j—1 = r #
k30 k=1

naet(n—r)  Zin(r-n)  Zon(n-r)
1 1,1 1
= -9 - —— (=
n§+1r(" -r ") 7.231 ( +n——r)
- —“E 251 2
rim k Ta=1 ™ r?
Hence M? = —n?/3I-Y 2/k?U, where U, is the unitary operator shifting
k#0
¢; to e; ;. So
M Sl
I H<“—'+E—= 6~ =1°.
k=ok n=17

Hence || 4, || < || M| < .

4.2, Let 7 be a finite nest {0} = Ng< N;<..<N, = ¥. Set
P; = P(N;) and AP; = P,—F,_; for 1<i <n. For each T in B (X),
define

UAT) = S RTAP;

$=1

LAT) = Epi-lTAPi

i=]
n

D{T) = SAPTAP; .
i=l

These terms are respectively the upper triangular, strictly upper triangu-
lar, and diagonal parts of T with respect to ¥. The first two terms can be
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thought of as upper and lower sums in a Riemann sum.

Let N be a nest, and consider the finite subnests 7 of N as a net
ordered by inclusion. An operator T has a trianglar trunction U,(T) if
limyU {T) exists in norm. Likewise, define strictly upper triangular trunc-
tion [ (T) and diagonal Dy(T). Similarly define weak versions by replac-
ing norm limits by weak operator limits.

First let us study the diagonal map. Recall from section 2.17 that
A(A) is the projection of A onto the atomic part of the diagonal.

4.3 Proposition. If T = D+K where D belongs to N' and K is com-
pact, then DfT) converges in norm to D+A(K).

Proof. Since D{D) = D for every 7 it suffices to consider the compact
operator K. By Lemma 3.5, given ¢ > 0 there is a finite nest 7, so that
|E;KE;|| < € for every atom of 7, which is not an atom of N. It follows
that || DAK)—A(K)|| < 2¢ for every 7 containing %. Thus the proposition
is proven. n

4.4 Proposition. If N is atomic, then D{T) converges in the strong
operator topology to A(T) for every T in B (X).

Proof. Let {¢;} be an orthonormal basis for ¥ such thz;lt for each 7, there

is an atom A; containing ¢;. Consider a vector = = Y, a;e;. If 7is any
i=1

finite subnest of N so that each 4;, 1 € ¢ < N, is an atom of %,
DAT)z = 3 P(A)IP(A; ) aie;) = A(T)z

Since DAT) is a bounded net (by ||T’||) and the algebraic linear span of {e;}
is dense in X, D{T)y converges to A(T)y for every y in X. u

When XN is not atomic, the net DfT) does not converge weakly for
every operator. A more complete analysis will be given in Theorem 8.6.

Now consider the triangular truncations. The first result is very
easy, and left as an exercises.

4.5 Proposition. Let N be a nest and let T be an element of T(N).
Then Uy(T) =T = UAT) for every finite subnest 7 of N. The strictly
triangular integral L (T) exists if and only if Dy(T) exists, and in this
case L y(T) = T—Dy(T). Thus, if T is compact, L y(T) = T—A(T).
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4.6 Corollary. If N is a nest and T is an element of T(N)*, then
Ly{T)=LAT)=0 for every finite subnest ¥ of N. The net
UAT) = DAT), so Uy(T) exists exactly when Dy(T) exists. In particular,
if T is compact, U(T) = Dy(T) = A(T).

Proof. T(N)*= T(AL)and L (T) = T—U .(T) = 0. Also,
UAT) = T~L o(T) = D (T) = DAT)

for every finite subnest of N. Apply Proposition 4.5. ]

4.7, If Uy(T) = Ly(T), one says that the (upper) triangular integral
[ wP(N)TdN exists. The terms UHT) and L AT) are the upper and lower

Riemann sums of this integral.

The two preceding rather trivial results have the following more
remarkable consequence.

4.8 Theorem. Let N be a nest. Suppose that T is a compact operator
in T(N) such that A(T) = 0. Then

T = 2f yP(N)ReTdN = 2i [ ,P(N)ImTdN .

Proof. By Proposition 4.5 and 4.6,
T = Uy(T) = LT)+A(T) = L,(T)
and
0= Ly(T") = Up(T)-A(T") = Uy(T") .
Hence
T=U(T+T)=Ly(Tx£T .

So the integrals of both 2ReT’ = T4T* and 2:ImT = T—T" exist and equal
T. n

4.9. It is an easy consequence of Example 4.1 that there exist compact
self-adjoint operators whose triangular truncation with respect to some
nest of order type w = IN U {00} is unbounded. So Theorem 4.8 is not
applicable to all compact operators in B (¥). To get a handle on what is
going on, it is necessary to consider other ideals of compact operators
closed in stronger norms, such as the trace class operators and Hilbert-
Schmidt operators. We consider the Hilbert-Schmidt operators first as
they are quite easily handled.
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4.10 Theorem. Let N be any nest. Then the triangular truncation
operators Uy, Ly and Dy are contractive projections of the Hilbert-
Schmidt class Cq into itself. Thus they are orthogonal projections.

Proof. Let 7 be any finite subnest of X, and let E,,...,E, be the orthogo-
nal projections onto the intervals of 7. For every operator T in C,,

n n

i=1j=1
Thus
T3 = er(TT) = tr(gEiTEngkTEt)
=tr(333] %}E,-TEJ-TE,)
i g

= "(;%}(EiTEj)(E/—’Ej)*) = g“EiTEszz ~

Since UAT) = gE;TE‘j and LAT) = Y, E;TE}, it follows that
i<i i<j

I LATE < NUATE < NTNE
Also, if 7} C % are two finite subnests, then another consideration of
the terms E;TE); yields
I LAMNE < NLADIIE < Nuz(DE < uz(DI5 -

and

I L(T) =L (DI = | Li(DIE-NLADI3
and

| Us(T)=Us(DIF = N UsTE-NUr(DIE -

Then ||LAT)|l; is monotone increasing and bounded above; ||UAT)||Z is
monotone decreasing and bounded below. Let M? = infs|UAT)||Z. For
each € >0, choose 7, so that ||Uz(T)||f < M?+€®. Then for any finite sub-

nests 7 containing %,

|Uz(T)=Us(T)]13 < MP+E~M? = & .
Hence UT) converges in the C, norm. Likewise, L {T") converges. Thus
Uy(T) and L y(T) are well defined, contractive projections.

The space C, is a Hilbert space, and every contractive projection on
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a Hilbert space is self-adjoint. Finally, Dy = Uy—L  is also a contractive
projection. By Proposition 4.3, Dy(T) = A(T) for all T in C,,. n

4.11. In the case of trace class operators, the extreme points of the unit
ball are the rank one operators. So it suffices to look at them. Consider,
in particular, the rank one operator 1 @ 1* in L%0,1) and the continuous
nest N = {IV;:0 <t < 1} of subspaces of functions supported on [0,t]. By
Theorem 4.8 and the results of the next section, Uy(1 ® 1*) = V is the
Volterra operator. By Theorem 5.8, the singular values of V are
{2/(2n—1)m,n > 1}. Thus V is not trace class, although it belongs to C,
for all p > 1. Thus triahgular truncation is not bounded in C;. By the
easy duality result below, this yields another proof that truncation is not
bounded on the compact operators either. However, this example tells us
exactly to which ideal the truncations of trace class operators naturally
belong.

Let Cq be the normed ideal of compact operators A such that

>i54{(A)
2
14lln = sup=——

g /5

is finite. And define C, to be the ideal of all compact operators A such
that

4l = 35 2s,(4)

n=1
is finite. The ideal C, is known as the Macaev ideal.
The ideal Cq is strictly larger than C, since it contains all operators

whose s-numbers are O(i) On the other hand, if A belongs to Cq,
n

L& 1 1
sa(4) < —375;(4) < Al =
=17

J=1
logn

n
£? for p > 1. So Cq is contained in the intersection of all C, classes for

p > 1. Similarly, note that (—712-,71 > 1) belong to £% for all ¢ > 1. So if A

belongs to C, then with L+—1— =1,
p q

Thus the sequence s,(A) is O( ). This implies that s,(A) belongs to
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lAll = 35 Feu(a) < N ol < oo

n=1

Thus C, contains all the C, classes for p < oo.

4.12 Lemma. The map A — ¢, given by ¢,(X) = tr(AX) for X in C,
18 a linear 1sometry of Cq onto C,,'.

Proof. Let ¢ be a functional on C,. Proceed as in Theorem 1.13 by con-

sidering the sequilinear form <z,y> = ¢(x & y*). This satisfies
I<zy>|<l¢ll lle @ y'llo = NIl 2l 1ly]] -

Thus there is a bounded linear operator A with ||A|] < [|4|| such that

¢z @y") = (Azy) = tr(Az ® y*) .
Let {e;,1 < & < n}and {f;,1 <k < n} be two orthonormal sets. Then

IS A e | = 160072 @ e) |
k=1 k=]

<SS e @il = 14154 -

k=1
It follows as in the proof of Theorem 1.13 that A is compact. Let {e;} and
o0
{/+} be the orthonormal families such that A = ¥, s;(ex @ f7). Putting

k=1
this into the inequality above yields

n n 1

Va4 < 6135+

k=1 k=1
Then ||A|lq < ||#]]. The functionals ¢ and ¢, agree on all finite rank
operators. These are easily seen to be dense in C,,, s0 ¢ = ¢ ,.

Conversely, let A belong to Cq. Let A; be positive real numbers
such that A} > Xp > .. > X\,. Let {¢;,1 < j<n} and {fp1 <3< n} be
N

orthonormal sets, and let F' = Ekjej & f;. Every rank n operator with
—

s-numbers X;,...,\, has this form. Set X\,,, = 0, and compute using

Lemma 1.7 and summation by parts
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l64(F) | = |tr(A'§_'i3x,‘eJ- ® 73|

S i)\] [(Aej7fj) I = Zn)(xj_k]#l)g: I(Aek7fk) l
J=1 J=1 k=1
2 J n 1
< BB enl4) < IS 0 rs) S
=1 =]

F=1 k=1
= 14123 55, = A lal Pl

Since finite rank operators are dense in C,, one obtains ||¢4]| < ||A]lq.
Thus equality holds and the theorem is proved. n

4.13 Lemma Let z & y* be a norm one, ‘rank one operator. For every
nest N, s;(Uy(z ® v) < —IE- forall k > 1.

Proof. Since x @ y*is in Cy, U y(z & y*) belongs to C, by Theorem 4.10.
Consider £k = 1. Then

si(Un(z @ v*) = [ Uy(z & I

SHUplz @y <z Qu'lle=1 .

For k > 2, let Py=0, P, = I, and set P; to be the projection onto
the least element N; of N such that

* 1
H(B—Pi-i)e @ y(Py—P)ll = [(P=Pi—e || | (P=P-)y || > n
for 1 <7< k-1 Let Q; = P(Nj—_). By the minimality of P;, one has

H@=Ps-e | (@—~Prull < &

for 1 < j < k—1. And by the Cauchy-Schwartz inequality,
3
L=zl lyll = 2N(F=Pi-e || |(P~Fy |
J=1
1
> 1=+ [P | [Pl -

Thus || Pty || || Pebyy |l < %— Write E; = Q;—F;_; for 1 < j < k-1, and
Ek == Pk‘l:_l.
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By Lemma 1.4, if K has rank at most k—1, then
si(Uulz @ y7)) < |[Un(z @ y)-K]|| .
k=1
Define K = E(Pf—Pj_,)x () QJrLy*. This has rank at most k—1. Let ¥

J=1
be the finite subnest {0,N —,Ny,..,N, - N;_;,¥}. One can see that

Use @ v) = 3 Eje ® Ply'+(P—-Q)s® Qv

J=1
== K+§3Ejz X Ey* .
J=1
Therefore,
Un(z ® y)-K = Uplls(e @ y)-K) = 21 Un(Esz ® E?) .
j=
This is a sum of orthogonal terms. So by the k = 1 case,

splp(z @ y") < max || Uy(Ez ® Ey)|
1<5<k

< 1rgjasxk||Ejm I HE,"J“ <

[

4.14 Theorem. For cvery nest N, the operator Uy carries C, into Cgq
and |[Uy(T)lla < ||T

-

Proof. By Lemma 4.13, this holds for rank one operators. In general,

T= Y 8¢, @ [ where s, = 5,(T) and {e;}, {fx} are orthonormal
k=1
sequences. Thus

Uil < X sillUple, @ F)lla < sk = |17l - n
k>t k>1

Now, we employ. duality methods to show that U is bounded from
the Macaev ideal C,, into K.

4.15 Lemma. Let A belong to B (M), and let T be trace class. For every
finite nest 7, tr(U#(A)T*) = tr(AUHT™)).

Proof. Let Fbe given by projections 0 = FPo<P<.<P, =1
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tr(UAAYT) = 3 tr(BA(P—P; )T

J=1

= Sir(ARTE-PLy)) = tr(AUATY) .

4.16 Theorem. Let N be a nest. For every A in C,,
Uy(A) = limzlU{A) exists, and ||Uy(A)|| < ||A|lo. Thus Uy is a contrac-
tive map from C, into K.

Proof. Let 7 be a finite subnest of N. Then U A) is compact, and there
are unit vectors z and y such that
lUAAN = (Us(A)ey) = tr(UA)y @ z7)) = tr(A(Usly ® z*))")
<lAfLllUsy @ z7)lle <114l
by Theorem 4.14 and Lemma 4.15.

Let ¢ > 0 be given. Since the finite rank operators are dense in C,,
choose a finite rank operator X so that ||A—X||, < e. By Theorem 4.10,
there is a finite subnest 7, of N so that if # and 7, are finite subnests con-
taining 7, then ||Uz(X)-Uz(X)|l> < €. Thus

| Uz (A)=Uzr(A)] < N Us(A-X) ||+ Uz (X)-U(X) |+ ]| Uz (X—A) |
SN[ A=X o+ U£(X)=Uz(X) ||+ A=X ], < 3¢ .

Hence Uz A) is norm convergent. Thus U ,(A) is compact, and
IUn(A)| = Lim||U{A) || < AL, - =

4.17 Corollary. Let N be a nest. For every A in C,,
Lu(A) = limzL {A) exists, and || L y(A)|| < ||A|l,. Thus [ ,P(N)AdN
exists i1f and only if A(A) = 0.

Proof. By Proposition 4.3, Dy(A) = A(A) = limzD#A) in norm. Thus
L y(A) = Uy(A)—Dy(A) exists, and is bounded. To obtain the sharp norm
estimate, one must modify Lemma 4.13 for L & n

Theorems 4.14 and 4.16 are evidence that C, is the proper ideal for
triangular truncation. Theorem 4.19 below is the converse, which shows
that no larger idea will do.
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4.18 Lemma. Let D be a diagonal, self-adjoint operator with eigen-
values {\,,n € Z} such that X\,/2n—1)>0 for all n and
by

o0

E 2 nl = 00. Then there is a continuous nest N so that the net
n—-

n=—0c

UAD) does not converge in the weak operator topology.

Proof. Let the eigenvector for A, be e,. After a unitary equivalence, we
may suppose that ¥ = L%0,1) and e, =¢ (t) = et et N be the
continuous nest {V;,0 <¢ <1} where N, is the space of functions sup-
ported on [0,t]. Let 7, denote the subnest {Nem O <k <m} It will be
shown that

= (Uz (D)1,1)
diverges. Let P, = P(IV,),

= (EPk/mD(Pk/m—Pk—l/m)lyl)
k=1

= 3 3 NSt [ e

k=1n=—00

m 0

D> k)n(e( ke, (1=k)/m (e (k /m)—1)

k=1n=—00 (2n 1

I 535 1ea(1/m) (1K) m) e (b /m)

ne—oo{2n—1)T

o0

S —3"—(m—me”(1/m)—z)

n=—oo(2n —1)27r2

Thus
m & : (2n—-1)7r
Im v, = ——
72 E o(2n— 1)2 m
For convenience, take m = 4p. Then since sinf > 26 /7 for 0 < § < /2,
)N _ by _
il%_ n —sin (2n—1)x > 12) i n 21211 1)
T p=—p+1 (2n'—1) 4p T p=—p+l (2"'_1) 2p
_2 o
7r2 n=—p+1 2n—1
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4p A . (2n—1)r 4p 0 1
(S + B )BT  cApypp 3L
T p<—yp n2p+1 (2"'—1) P T n=p+1 (2"’_1)

8||.D
<AL <oy .

Thus
-2 An
Imuy, <=5 3 S2—+|D]| .
T a1 28—
This tends to —oo by hypothesis. Hence u,, diverges. u

4.19 Theorem. Let A be an operator such that for every continuous
nest N, Uy(A) = w-limsUxA) exists in the weak operator topology.
Then A belongs toCI+C,,.

Proof. Say that A is universally truncatable if it satisfies the hypothesis
of this theorem. If A has this property, so does A* For if Fis a finite
nest, Us(A%) = U, (A)* where L is the nest of complements of 7. Thus if
7 are the subnests of N,

w—limzll {A") = w—limzU ;1 (A)* = U1 (A) = Uy(AY)

exists for every continuous nest N. So it suffices to consider the self-
adjoint case,

If A is universally truncatable, so is A+X\I+K for every scalar A\ and
every K in Cy So choose X so that O is in the essential spectrum. Then
use the Weyl-von Neumann Theorem to perturb A by a C, operator K so
that it is diagonalizable. A further C, perturbation will arrange that infin-
itely many eigenvalues are positive and infinitely many are negative. If
this resulting operator D is not in C,, the eigenvalues can be ordered so as
to satisfy Lemma 4.18. This is a contradiction. So D is in C,, and hence
A belongs toCI+C,,. n

Notes and Remarks.

Example 4.1 is based on the fact that the truncation operation send-
ing a Fourier series of a bounded function to its analytic part is
unbounded. Indeed, it is a classical theorem of M. Riesz that this map is
bounded on L? for 1 < p < oo but not on L' or L* This analogue goes
over to the C, classes (Dunford and Schwartz [1] XI.10). Our example
specifically corresponds to the imaginary part of 2log(1—z) which
2Arg(1—=z). This is bounded by 7 which explains | M|| = =, since M is
unitarily equivalent via the Fourier transform of L? onto £2 to multiplica-
tion by 2Arg(1—z). The triangular truncation “is” multiplication by the
unbounded function log(1—z), and thus is not a bounded operator. The
proof that || M|| = 7 given here is due to Choi [1].
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The book of Gohberg and Krein [2] contains a detailed study of tri-

angular truncation and triangular integrals. The bulk of this chapter -
Theorems 4.14, 4.16 and 4.19 are due to Macaev, Gohberg and Krein. The
proof of Lemmas 4.13 through 4.16 are based on a much simpler argument
due to Erdos [8]. The result of Lemma 4.13 is not sharp. The best bound
for sy is 1/2k—1, and this is sharp.

Exercises. _

41 Let T be a quasinilpotent operator such that ImT is trace class.
Prove that T belongs to Cg.

4.2 Prove that if 7is a finite nest with n atoms, then the norm of Uson

n
B (X) is at most 2-1—
k=1 k

4.3 Modify Lemma 4.13 to prove that || L y(A)|| < ||A4]|, for every A in
C,.

4.4* Is there a more elementary way to show that the norm of triangular
truncation on M, increases like logn? For example, can one induec-
tively construct A, in M. with ||A, || < 1 but || T(4,)]| > Cn?

45 Let N be the Volterra nest on L%0,1).

(i) Show that to every operator K in C, one can associate a
unique element k(z,y) in L%((0,1)?) such that

Kf(z) = [k(z,y)f(y)dy
(i) Show that the map U taking K to k is unitary.

(iii) Show that U,(K)= U*PU(K) where P is the projection
L¥(0,1)%) onto {f :suppf < {(z,y):z < y}}.






5. The Volterra Operator

Consider the classical Volterra operator defined in L%0,1) given by
Vi) = [if(2)dz

The purpose of this section is to characterize V up to unitary equivalence
in a rather striking way. It is clear that each element of N, of the natural
continuous nest N on L2(0,1) given in Example 2.4 is invariant for V. So V
belongs to T(N). Since N is a continuous nest, the diagonal map A is the
zero map. Hence by Ringrose’s Theorem 3.4, V is quasinilpotent. Next,
compute

(V*£.9) = (F.Vg) = [of () tg(a)dadt = [3(f§(t)dt)glz)de
So
V(=)= [of(t)dt
In particular,
pnH

V® =
n+1

Since the polynomials are dense in LQ(O,I), it follows that 1 is a cyclic vec-
tor for V*.

5.1 Lemma. V is irreducible. (i.e. {V,V*} = CI).

Proof. 2ReV = V+V" is the rank one operator 1  1* since
(VAVIF() = [A7(0)de = < 1>1(s) .

If Pis a projection commuting with V, then P commutes with V4 V* and
hence €1 is invariant. Thus P1 = 1 or 0. If P1 = 1, consider P instead.
So without loss of generality, P1 = 0. Then

Pi,-=Pv*"1=v*”P1=o )
n:
So P =0. ]

An operator T is completely non-normal if it has no non-zero reduc-
ing subspace M such that T'|M is normal. The Volterra operator is com-
pletely non-normal by Lemma 5.1.

55
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5.2 Lemma. Let Q be a completely non-normal quasinilpotent opera-
tor such that @+Q* is a rank one projection ¢ Q e*. Then Q is compact
and irreducible and e is a cyclic vector for both @ and Q*.

Proof. Since Q—-Q*=2Q—(Q+Q*), the essential spectrum
o (@—Q" = {0}. But Q—-Q* is normal, thus
|Q—Q*|l. = spr.(@—Q*) = 0. That is, Q—Q* is compact. Hence
@ = %(Q+Q%)+%(Q—Q") is compact. For any vector z,

Qe = (Q+Q")2—Qz = (z,¢)e—Qz

Thus, the smallest invariant subspace M for @ containing e is also the
smallest invariant subspace for Q* Hence M reduces Q. Since
R+Q*IML =0, Q |Mt is skew-adjoint. But @ is completely non-normal.
Thus M = vA, and e is cyclic for @ and @Q* The remainder of the proof
mimics Lemma 5.1. Briefly, any projection P computing with @ must
satisfy Pe = e or 0. Since e is cyclic, one has PQ"e = Q" Pe = 0 implying
P = 0 in the second case. In the first case P = I. So @ is irreducible. ™

5.3 Lemma. Let @ be a compact, quasinilpotent, completely non-
normal operator such that Q+Q* is a rank one projection e Q e*. Let M
be a mazimal nest of invariant subspaces for Q. Then M is a continu-
ous nest parametrized by the strictly increasing continuous function

t(M) = (P(M)e,e) .

Proof. Suppose that M; < M, are two subspaces in M such that
t(M;) = t(M,). Let A= M,E M,;, and E = P(A). By hypothesis,
(Fe,e) = 0, whence Ee = 0. So,

(@+QE = 0 = E(Q+Q") (5.3.1)
Decompose ¥ as M; P A @ Ms-. Then Q has a 3 X 3 upper triangular
matrix (Q;;). Plugging this into (5.3.1) yields Q= 0= Q. So
EQ = QF. By Lemma 5.2, E is scalar and hence £ = 0. So M; = M.
This shows that ¢ is a strictly increasing function.

Suppose that M has an atom A = MY S M. Since ¢(Q) = {0},
Ringrose’s Theorem 3.4 implies that P(A)QP(A) = 0. By adding this to
its adjoint, one obtains

0 = P(A)EP(A) = P(A)e ® (P(A)e)* .
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Thus P(A)e = 0, and
tH(M™) = (P(A)e,e)+(P(M)e,e) = t(M) .

This contradicts the first paragraph. Hence M is continuous. n

5.4 Theorem. Every quasinilpotent, completely non-normal operator
@ such that Q+Q* is a rank one projection is unitarily equivalent to the
Volterra operator V.

5.5 Theorem. Lat(V)= N={N,,0<t <1}

Proof. These two theorems will be proved together.

Let M be a maximal nest of invariant subspaces for Q. Let
e ®e* = Q+Q" and let (M) be the function of Lemma 5.3. Index M as
{M;:0 <t <1} such that ¢(M;) =t. First, we claim that e is a cyclic
vector for M". To see this, let P be the orthogonal projection onto the
closed linear span of {M;e:0 <¢ < 1}. This is invariant for M, so P
belongs to M'. The operator T'= Q—PQP belongs to T(M). Further-
more, since Pe = e,

T+T = Q+Q*—P(Q+Q" P =0 .

Hence T is a compact normal operator in T(M). By Theorem 3.4,
o(T) = {0} and hence T = 0. It follows that P commutes with Q. By
Lemma 5.2, P = I so e is cyclic for M".

Define a linear map U of L%0,1) into ¥ as follows. Let f be a step
function; that is, there are 0 = ¢, < t; < ..<t, = 1, z; are the charac-
n

teristic functions of [t;_4,%;], and f has the form Y,a;z;. Define

i=1
E; = P(Mt'_)——P(M,i_l), and set

Uf = EaiE',-e

f==1

It is clear that this is well defined since any refinement of the partition {¢;}

will yield the same sum. Thus U is a linear operator on the dense sub-

space of step functions. Let f and g be two step functions, written as
n

n
f =l a;z; and g = Y, b;z; with respect to a common subdivision {¢;} of

i=1
[0,1]. Then

i=l1
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2

(Uf,Ug) = Ea E,e,EbEe a;b;(E;e e)
i 1

=1 i=

= gaib—i(ti*ti—l) = Zi)ai(;;'(mi;xi)
(Za xnzbaxa) =(f,9) .

=1

Thus U is isometric, and therefore extends to an isometry which we also
denote by U, of L%0,1) into }. The range of U is spanned by
{M;e:0 < t <1} which is dense in ¥ by the previous paragraph. Thus U
is unitary.
By Theorem 4.8, one has
V= [ yP(N)V+V*)dN = limzU 1 & 1%

and

Let f =N, and consider a partition O0=¢<..< t;, =
t<..<t, =1. Let = {Nt’,} and G = {Mti} be the corresponding finite
subnests of N and M. Set F; = P(N;) and R; = P(M,). Then
n iO
Us(1 @ 1°)f = Y (BP(N)L(P—P)1)P;1 = Y (t;—t;;)P;1
i=t i=1
and
n iO
Ugle @ WS = Y1 (RiP(M,)e (R;—R;_;)e)R;e = Y (ti—t;_1)R;e
i=l i=1
Hence UlUx1 @ 1%)f = Ug(e ® e*)Uf. Taking this to the limit yields
UVf = QUf for each f = N;1. As these vectors span L%0,1), it follows
that UV = QU, whence Q = UVU*

It is significant that this unitary U has the further property that
UN; = M, for all 0 <t < 1. Suppose that V has an invariant subspace L.
Let L be a maximal nest of invariant subspaces of V containing L. By the
results above, one obtains a unitary U such that UV = VU and U*L = N,
for some 0 <t <1. By Lemma 5.1, U is scalar and thus L belongs to N.
So N consists of all the invariant subspaces of V. n

5.6 Remark. The use of Ringrose’s Theorem in the first paragraph of
the proof is not really necessary. The operator :T is a compact, self-
adjoint operator in T(M), and hence belongs to M'. Thus M’ contains
every spectral projection of (¢:7) which are all finite dimensional unless
T = 0. But since M is continuous, M’ contains no finite rank operators.
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5.7 Corollary. V is unitarily equivalent to V*.

Proof. This follows as a Corollary or by direct computation using

Uf(a) = f(1-z). .

It is not trivial to compute ||V||. In the next theorem, we compute
all the s-numbers of V.

5.8 Theorem. The eigenvalues of (V*V)* are
particular, ||V|| = 2/x.

(QT_z_i—);r—fornZI. In

Proof. The spectrum of V*V consists entirely of eigenvalues since this is a
compact self-adjoint operator. So consider this equation for \ # 0:

M(z)=VVi(z) = [5([if(s)ds)de

The right hand side is differentiable by the Fundamental Theorem of Cal-
culus. Repeated application shows that f is C*°. Moreover,

A e) = [11(s)ds

and

AU e)=—f(z) .
The boundary conditions are f(0) = 0 and f/(1) = 0. This has solutions

Ta() = sin(Z2= - = Gy

It is well known that this forms a complete orthogonal set for L2(0,1).
Consequently, o((V*V)*) consists of {—(-én%l);-,n > 1}

5.9. Next, we consider certain algebras related to V. It will be more con-
venient to work with V*. It is an easy exercise to show that

V() = [ty e

lﬂ':l:),)\ 2 for n>1 .

n a; .
Given a polynomial p(z Ea 7 set plz)=),— L |x°’_1. Then
g=1 i= (3-1)!
V) f(z) = [5b(= t)dt

Hence
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Ip(V)F 1P = [ | 5B(z—2)f (¢)dt Pda
< [ollBUE M7 1Pt = B N5 117113 -
So [[lp(VI < llpllz-

5.10 Theorem. FEwvery operator in {V*} is a limit of a sequence of
polynomials in V* in the strong operator topology. So {V*}' coincides
with the weak and weak* closed algebras generated by V*.

Proof. Let T be an operator commuting with V*. First suppose that
T1 = p is a polynomial, and let p be the polynomial related to p as above.
Then

xﬂ

T(Z=) = TV™"1 = V*T1 = V™5

n!
= VP p(V)L = VIV = p(V)( L)

Since polynomials are dense in L%0,1), T = p(V?).

In general, let T1 = f and choose a polynomial p, so that
|| f=pnlle < 1/n. Let p, be such that p,(V*)1 = p,. Then

II(T—pn(V*))(%)II = (TP (VYV"1|| = [V (T—p, (V)|

= [IV*(f =)l < IV {I/n
It follows that p,(V*)h converges to Th whenever k is a polynomial. Since
Ipa (VI < NlBalle < 1} flle+1/n

1s uniformly bounded, p,(V*) converges to T in the strong operator topol-
ogy.

Thus the unit ball of the algebra generated by V* is strongly dense in
the unit ball of {V*}'. A fortiori, it is dense in the weak operator topology.

As this topology coincides with the weak* topology on bounded sets, it is
also weak* dense. =

5.11 Corollary. {V}' coincides with the weak* closed algebra A (V) gen-
erated by V.

Proof. Immediate from Corollary 5.7 and Theorem 5.10. n

The algebra T(N) is not singly generated as a (weak* closed) algebra
since it is not abelian. It is, however, doubly generated. Let M, be the
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operator of multiplication by « on L%0,1). It follows from the double com-
mutant theorem that

(Mo} = {M,}" = {M;:f €L*(0,1)} . "

5.12 Theorem. The unit ball of the algebra generated by {V,M,} is
strongly dense in the unit ball of T(N). In particular, T(N) is generated
by {V,M,} as a weak* closed algebra.

Proof. It is easy to see that the polynomials p(M,) = M, with ||p|l.< 1
are strong® dense in the unit ball of {M,} = A’. Let N be an element of
N, and let f and g be any bounded functions in L?(0,1) such that
P(N)f = f and P(N)1g = g. Then

M,VM, = M_,«P(N)VP(N)J-M,
= M;P(N)(V+V)P(N)LM,
=M;1Q1)M, =fRg" .
Let p, and g, be sequences of polynomials so that MPn and qu converge
strong* to M; and M,. Since V is compact, MP"V converges in norm to

M,V, and M,Vqu converges in norm to M;VM,. Thus f & g* belongs
to the norm closed algebra generated by {M,,V}.

By Lemmas 3.7 and 3.8, all the finite rank operators of T(N) belong
to the norm closed algebra of {M,,V}. By the Erdos Density Theorem
3.11, the unit ball is strongly dense in the unit ball of T(N). n

Notes and Remarks.

The invariant subspaces of V have been found by Dixmier (1],
Donaghue [1], and Brodskii [1]. The usual proof makes use of
Titschmarsh’s Theorem on the zero divisors in the convolution algebra
Ll(O,l). Theorem 5.4 and this approach to the Volterra operator is due to
Livsic [1]. Gohberg and Krein [2] show how Titschmarsh’s Theorem can
be deduced from this (see Exercise 5.4). Another approach to Lat(V) is
given by Sarason [4]. Theorem 5.10 is also due to Sarason, but the proof
given here is due to Erdos [11]. Theorem 5.12 is in Sarason [3], and is a
consequence of more general results of Radjavi-Rosenthal [1] and Arveson
[6] on weakly closed algebras with a nest of invariant subspaces (see
Chapter 15).
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Exercises.

5.1
5.2

5.3

54

Verify that V™" f(z) = [Jf(t)(z—t)"7/(n—1)! dt.

Let {e,,» > 1} be an orthonormal basis of ¥. Let D be any diagonal
self-adjoint operator with respect to the basis {e,} with distinct
(2

eigenvalues. Let y = Y a,e, be a unit vector such that a, = 0 for

n=1
all n > 1. Set T'=Y%y ® y+1D. Then T+T =y @ y* is a rank
one projection. Prove that T is irreducible and hence completely
non-normal. Compare this with Theorem 5.4.

(Donaghue) Let {e,,n > 1} be an orthonormal basis for ¥. Let A be
the weighted shift given by Aey = 0 and Ae, = 27"e,_, for n > 1.

(i) Show that LatA is the nest P= {P,,n >0} where P, =
span{e;,0 < k < n}.
Hint: If 2 = Y, a,e, is not in any P, and |ay | > lag | for
n=0
k> M, show that aj@MM+)2aMy eot+ Y, Be; and

. J=1
[B;] <27,
(i) If p(z) = Eakm , show that ||p(A)|ls < 37%||p(A)*,||. Hence

show that {A}' is the norm closed algebra generated by A and
1.

(i) Let D be a diagonal matrix with distinct eigenvalues. Show
that the weakly closed algebra generated by A and D is T(P).

Recall that L'(0,1) is a Banach algebra under the convolution pro-
duct

f*g(x fof(x t)g(t)dt

Prove the Titchmarsh Convolution Theorem: If f and g belong to

LY0,1) and fxg =0, then there is an « in [0,1] such that
supp f C [a,1] and suppg C [1—o,1]. Hint: If f and g are continu-
ous (and hence in L?), show that (V™ f)xg = 0 for all n > 0.
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6. The Radical

In the study of any Banach algebra, one is interested in its represen-
tation theory. In this section, sufficiently many representations are con-
structed to fully describe the (Jacobson) radical R and the quotient alge-
bra T(N)/R.

The first step is a description of O’ (N), the C’*—algebra generated by
{P(N):N € N}. Since the product HP (N;) = P( /\N) C*(N) is the

closed linear span of {P(IN)}:N € A}. It is abelian, and thus it is *-iso-
morphic to C(M ) where My is its maximal ideal space. Let 2 denote the
two element lattice {0,1}. Hom(N,2) denotes the set of lattice homomor-
phisms of N onto 2. This set has a natural order given by ¢ < ¢ if and
only if $(N) < %(N) for all N in N. Hom(N,2) is endowed with the order
topology, which is the smallest topology such that Ly= {9 < ¢} and
Ug = {¢:9 > ¢} are open.

6.1 Proposition. There is a canonical homeomorphism of the maxi-
mal ideal space My of C*(N) onto Hom(N,2) given by restriction to
P(XN).

Proof. Let ¢ belong to M. Then ¢(P(N)) = ¢(P(N))? and thus equals 0
or 1. Also, this is an increasing function of N. Hence ¢(N) #(P(N)) is
a lattice homomorphlsm onto 2. Conversely, for ¢ in Hom({N,2), one
defines  #(P(N)) = ¢(N). Extend ¢ by linearity to  the
span{P(N):N € N}. Let A be a finite linear combination of P(IV;),
1 <7 <n. Order them so that0=N0<N1<N2< .N, = I, and set

E; = P(N;)-P(N;_;). The A can be written as Ea E;. There will be an
integer iy so that ¢(N,-O) =1> ¢(1\7,-O__1), and hence $(E;) =1 and
#(E;) = 0 otherwise. So

l$(A) [ = la; I < NIA] -

Hence ¢ extends to a continuous functional on C*(N). It is clear that ¢ is
uniquely determined by ¢, and thus a bijective correspondence is esta-

blished.

The map ® taking ¢ to éis a bijection of the compact Hausdorff
space My onto the Hausdorff space Hom(N,2). Thus once it is established
that this map is continuous, it will follow that it is a homeomorphism.

65
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Ny = sup{N € N:&(N) = 0} .
If q~5(N¢) = 0, then t;S(N) = 0 if and only if N < Ny. So
Up= (6> 8} = (h:¥(Ny) = 1}
and
Ly={$ <4} =Ny >Ny} = |J {$:9(N) =1} .
N<N¢
Similarly, if $(N;) = 1, then $(N) = 0 if and only if N < N,. And
Ug={$> ¢} = (h:Ny <Ny} = {J {¢:9(N) = 1}
and
Ly={<¢}={d:9(Ny) =0} .
Now <I>"1{1~ﬁ:1~b(N) = 0} = {¢:9%(P(N)) < 1/2} is open in the weak* topol-
ogy on M. Likewise,
& ~HP:P(N) = 1} = {¥:9(P(N)) > 1/2}

is open. So ®~(Uy) and ®Y(L,) are open for all ¢ in Hom(N,2). Thus <I>
is continuous, and hence a homeomorphism.

8.2. There is a natural parametrization of M implicit in the proof above.
For ¢ in M, set €5 = 1—¢(Ny). The set X = {(Ny,e4):¢ € M} is a sub-
set of N X {0,1}. Let < be the lexicographic order on X ;:

(Ny,e1) < (Nyseg) if (N < Np) or (N; = Ny, and ¢; < &) .
The pair (INy,€4) determines ¢ (and thus ¢) by the rule
$(N) = 0 if and only if (IV,0) < (Nyes) . (6.2.1)
The sets Ly and Uy become
Ly = {§:(Ny,ey) > (Ngeg)}
and
U¢ = {’;Z):(N,ﬁ,é,ﬁ) < (N¢,€¢)} .
So the map taking ¢ to (INy,ey) is order reversing.

Every pair (IN,e) in N X {0,1} gives rise to an increasing function of
N into 2. If one deletes the pairs ({0},0) and (X,1) because they imply
#({0}) = 1 and ¢(¥) = O respectively, the remaining pairs determine an
element ¢ of Hom(N,2). Some duplication is possible. Consider first a
pair (N,1) determining ¢ by (6.2.1). Then (N) =0 and $(N') = 1 for
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N'> N. Thus (Ngeg) = (N,1). Now, consider (N,0). Then ¢(N) =1
and @(N')=0 for N'<N. Thus Ngyg=N_. When N_= N,
(Ngyeg) = (IN,0). But when N_< N, (Nyeg)=(N_1). In this case,
A =N © N_is an atom of N and ¢ is evaluation of this atom. Thus, one
can think of X as a quotient of N X {0,1}\({0},0) U (¥,1) by identifying
(N_1) and (N,0) when N_3 N. When it is convenient to use this
parametrization, we will write ¢ = (INy,€4).

8.3. Let us associate to each ¢ in M, the set &4 of projections
E = P(N,)—P(Ng) with Nj, Ny in N such that ¢(E) = 1. These projec-
tions will be called test intervals for ¢. By Theorem 2.15, the map
®p(T) = ET|EH is an algebra homomorphism. For ¢ in M, define a
seminorm

|7y = inf{]| ETE||:E € &4} .

Let I; denote the set of operators T in T(N) such that ||T||s = 0. It is
easy to verify that

Ig = | kerdg .
Egg,
In particular, I, is a closed ideal. Let Dy = T(N)/I,, and let ®4 denote

the natural quotient map onto D4. I will be called a diagonal ideal, and
Dy its associated diagonal algebra.

Let us consider & more carefully. If ¢ is evaluation at an atom A,
then E, = P(A) is the least element of &4 Thus @4 = &4 is the compres-
sion map onto A, and Dy = B (A). If ¢ =(N,0) and N = N_, then every
test interval contains a smaller one of the form P(N)—P(N') for N' < N.
Thus

ITlls = dnt JIPIN)-PNYT(PN)-P(N) |

= lim [|®ya (D] .
Nl,rTnNII nen(DIl

Similarly, if ¢ = (N,1) and N = N,, then every test interval contains
P(N'")—P(N) for some N' > N; and

1Tl = jat JI(PON)—PIN)T(E(N ) ~B(N)) |
= limllevon@Il -

There is also a connection with the topology of M. For each inter-
val E = P(N;)—P(Ny), let
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Op = {¢ € M\:E € &4} = {$:6(N}) = 1,§(N,) = 0}
= {$:0(N}) > 1/2 > $(N,)} .

It is clear from the last two formulations that Og is both open and closed
in M,. Note that OEY e ’OEn is a finite open cover of M, if and only if

ME>1

i=1
8.4. The (Jacobson) radical of a Banach algebra has a number of defini-
tions. One convenient to our purposes is
rad(A) = {A € A:AB is quasinilpotent for all B in 4}
= {A € A:A is quasinilpotent for all B in A} .
It is also described as
() {kerm:m is an algebraically irreducible representation of A} .

The equivalence of these notions may be found in any standard text on
Banach algebras (cf. Bonsall-Duncan (1], II.17 or Rickart [1] 2.3.2). An
algebra is called semi-simple if its radical is {0}.

If 7is a finite nest, T(¥) consists of block upper triangular n X n
matrices. If 7 in T(¥) has zero diagonal A(T), then AT is strictly upper
triangular for every A in 7(¥). Thus (AT)" = 0 and T belongs to the rad-
ical. Conversely, if A(T) # 0, then A(T)* belongs to T(7). Then since
A(TY*AT is positive,

Q@IS 2 || A(AT)T) |1
= [A@yA@) I = |AT)AT) >0 .
So rad T(¥) = {T € T(#):A(T) = 0}.
If Nis an arbitrary nest and 7is a finite subnest of A, then
rad T(7) c T(N) € T(7) .
Thus the previous argument implies that rad T(¥) C rad T(N).

6.5 Lemma. Let T belong to T(N) and let ¢ belong to M. Then there
is an operator A in the unit ball of T (N) such that

I[CAT) |l = IT|I§ for n >1 .

Proof. If ¢ is evaluation at an atom E, then let UP be the polar decom-
position of ®(T). Then U* belongs to T(N) and ® z(U*T) = P is positive.
So
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N T lls = 1P| = I PII" = IT]I3 -
If ¢ =(Ny0), ”T”‘t:j\l/'iglv”q)NoeN(T)”. We may suppose that
0

IT|lg > 0, and normalize so that ||T}}y = 1. Now P(N) is the strong
operator limit of P(N,) for N, < N. Thus if N < N,,

1 < |[(P(No)=P(N)T(P(No)-P(N))||
= Nli?;,oll(P(Na)—P(N))T(P(Na)—P(N))|l :

So one may extract a sequence of elements of N, N; < N, < ... so that
No= V N, and
k21

| (P(Ny1)=P(N)T(P(Ny 1) =P(N)) || > 1-1/k
for k > 1. Choose unit vectors z; and y; in Ny, © N so that
(Toyy) > 1-1/k .
By Lemma 2.8, the rgonk one operator ; & yi4; belongs to T(N) for each

k>1. Thus A= ),z & yiy; belongs to T(N) since it is the strong
k>l
operator limit of the finite partial sums. Also ||A|| = 1.

Notice that AT maps N;,; © N, into N for each k > 1, and
(P(Ng)—P(Ny1)ATzy 4y = (Tops1,Y541)%% -
Thus
(AT)Ywg10,21) = (P(N)LATATP(N y5)Tg 42,74)
= (ATP(Nlc+1)J_P(Nk+2)ATxk+2:$k)

= (Txk+27yk+2)(Aka+1:xk) = (Txk+27yk+2)(Txk+1;yk+1)

1 1

1-——)1——) .

> k+2 ( k—l—l)

By induction, one obtains
n
1
ATV xp ) 2> | [1———— .

(AT a1 2 T

If N < N, =4, belongs to Ny & N for all k sufficiently large. Hence
i 1
P ATY)|| > L 11— =1 .
I@xon(ATV)I 2 Jim TTi—

So
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L<|I(AT) s < [JAINTYE <TG < 1
as desired. When ¢ = (IV,,1), the proof is analogous. u

6.6 Corollary The algebras Dy are semi-simple.

Proof. If T+1I4 # 0, then with A as constructed in Lemma 6.5, AT+ Iy is
not quasinilpotent. |

6.7 Theorem. The following are equivalent for T in T (N).

1) T belongs to rad T (N).

2) T belongs to (M {I4:6 € M,}.

3) T belongs to the closure of \J{rad T(7): 7 finite subnest of N}.

4)  (Ringrose condition) For every € > 0, there is a finite subnest 7 of
N such that ||AAT)|| < e.

Proof. If ||[T||y > 0 for some ¢, Lemma 6.5 provides an A in T (N) such
that AT is not quasinilpotent. Thus 1) implies 2). Suppose 2) holds. For
each ¢ in My, [|T||y = 0. Hence given € > 0, there is a test interval E in
&g such that || E4TEy|| < e. The collection {Og,:¢ € M} is an open cover

of M. By compactness, there is a finite subcover OEl’ ce ’OEn' Thus
iE’i > I. Let 7 be the finite nest determined by the endpoints of these
}Zl. Then

|AAT)|| < max|| E;TE; || <e .

This proves 4). If T satisfies 4), then T—A4{T) belongs to rad T(¥). By
hypothesis, there is a sequence 7, such that lim“A;n(T)” =0, so
T = limT—Ay (T). This establishes 3). But rad T(X) is a closed ideal con-
taining each rad T(7), so 3) implies 1). u

6.8 Example. Let P= {F,,n > 0,)} be given by an increasing sequence
of subspaces whose union is dense in ¥. Then M) is isomorphic to
w = IN U {oo}, and ¢, is compression to the atom P, & P,_, for n > 1.
The other ideal is given by the seminorm

| Tlleo= inf || P(P,)LT| .

An operator T in 7(P) belongs to rad T(P) if and only if A(T) = 0 and
1 T]]e= O.
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6.9 Corollary. A compact operator K in T(N) belongs to the radical
if and only if A(K) = 0.

Proof. Lemma 3.5 and the hypothesis A(K) = 0 implies the Ringrose
condition. The other implication is trivial. u

Let D be the algebra of all bounded functions (Dg) on on My such
that Dy belongs to Dy, with norm

D = su D .
(D)l ¢evlr),,” sllg

Let ®(T) = (®4(T)) be the natural homomorphism of T (N) into D, and let
Dy be the image of ®.

8.10 Theorem. For T in T(N), the map ¢ — ||T||, is upper semicon-
tinuous. In particular, it is continuous at ¢o if ||T||s = 0. Further-

more,
max | T|ls = [|T+rad T(N)]] .
¢€M”|| lls =1l (M

Thus T(N)/rad T(N) is isometrically isomorphic to Dy,.

Proof. For each ¢ in My, and ¢ > 0, there is a test interval E4 in &
such that ||ETE|| <||T|l4+¢€. Thus ||T||, < ||T||g+€ for all % in O,

Hence ¢ — ||T||4 is upper semicontinuous. Consequently, if ”T”¢0 = 0,

this function is continuous at ¢o. It also follows that max]||T||s is attained
at some ¢;.

By Theorem 6.7, || R||; = 0 if R belongs to the radical. Thus
ITlls = inf{{|T+R||y:R €rad T(N)} < ||T+rad T(N)|| .

So the map of T(N)/rad T(N) into D is contractive. On the other hand,
the collection {Of ¢:¢ € My} constructed in the first paragraph is an open

cover of My. As in the proof of Theorem 6.7, a finite subcover yields a
finite nest ¥ such that

IAAT)|| < max||Tls+e .
Since T—A #(T') belongs to rad T (N),
IT+rad T(N)]| < |AAD| < max]|T|lg+e .
Hence the map of T(N)/rad T(N) into D is isometric. =
As mentioned in section 6.4, the kernel of every algebraically irredu-

cible representation contains the radical, and the intersection of these ker-
nels equals the radical. A representation of a Banach algebra A on X is a
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homomorphism 7 of A into B (X). This is automatically continuous. The
representation is topologically irreducible if the only closed invariant sub-
spaces of m(A) are {0} and X. Every algebraically irreducible representa-
tion of A is equivalent to a continuous representation of A. It is not
known, however, whether the kernel of every topologically irreducible
representation is equal to the kernel of an algebraically irreducible one, or
even that they contain the radical (cf. Bonsall-Duncan [1], III.25 or Rickart
[1], 2.2.3). In the case of nest algebras, the situation is better.

6.11 Theorem. Let 7 be a non-zero topologically irreducible representa-
tion of T(N) on a Banach space X. Then kerm contains ezxactly one
diagonal ideal Iy.

Proof. For N in N, let P = n(P(N)). Then P = F% and for all T in
T(N), one has

m(T)P = n(TP(N)) = n(P(N)TP(N)) = Pr(T)P .
Thus P is an idempotent such that PX is invariant for 7. Thus P equals 0
or I. Hence the restriction of 7 to {P(N):N € N} is an increasing function

of N into {0,/}; namely, an element ¢ of Hom(N,2). Hence n(E) = I for
every E' in &;. So

i =(D)I| = lI=(ETE)|| < ||~ || ETE ||

for E in &. Whence [|7(T)|| < ||7|[lIT|ls. In particular, kerw contains I,
and = factors through Dy.

If ¢ is another element of M, there is a test interval E in &y which
is not in &. Thus ||E|[y = 0. So for every T in T(N), ETE belong to I,
and T—ETE belongs to I;. Hence Iy+Iy = T(N). Therefore, since 7 is
not zero, kerm does not contain I for ¢ # ¢. ' |

6.12 Corollary. The kernel of every topologically irreducible represen-
tation of T(N) contains the radical.

6.13 Theorem. The centre of each diagonal algebra Dy consists of the
scalar multiples of the identity.

Proof. If ¢ is evaluation at an atom A, then Dy = B (A) which has trivial
centre. So consider ¢ = (INy,0) when (V) = Ny. The case ¢ = (Ng,1) is
handled similarly. The proof is a more sophisticated version of Lemma 6.5.

If T+14 is not scalar, then since X\ — ||[T—X\I|l; is continuous and
N 2||T)} is compact,

o = inf{||T-X||s: | < 2||T)} >0 .

Let {\;,5 > 1} be a dense subset of {\: A\ | < 2||T|[}. As in Lemma 6.5, if
N < Np and n is an integer, one can find an N' < N so that
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I®nonT=-N;D)|| >0/2 for 1< j<n
Hence one may choose unit vectors ;, y; in N' & N so that
P(N'© N)T-)\l)z; = a;y; and o; >0/ for 1 <5< n
Recursively choose Ny < Ny, < ... in N with Ny = V N, and unit
vectors :cj("), y}k) in Ny, © N; such that t=
P(Npy1 © N)T—\;Dz{ = aWy®) and o) >0 for 1 <7<k

Let z; be any unit vector in N, © Ny, and let A\ be a cluster point of
{(T2,2:),k > 1}. Drop to a subsequence k' so that X\ = Lm(T%,z).
Relabel the subsequences as N, a:J(" , y]("), and z; for k£ > 1. Choose a

sequence 7, < k so that )‘jk converges to A\. Define A = )}, :cj(:) X zhys-
E>1
This belongs to T(N) since each z; & z7,; belongs by Lemma 2.8. Then

A maps Niy © N, into Ny © Ni_;. Write E} for P(N;)—P(N;). One

computes
E(AT-TA)zpy, = (Tzk+1,zk+1)x}:)——Eka}:)

= [(Tzk+1:zk+1)">‘jk}xg(:)—ag(,’:)yjk .

Now the first term tends to zero, and a}:) >0/2 for all k. Thus for all &

sufficiently large, ||(AT—TA)z; 1]l > 0/2. Every test interval for ¢ con-
tains most of the z;. Hence ||AT—TA||; > 0/2, and T is not central. n

Let ® = ), 6 ®4 denote the homomorphism of T(N) onto Dy. Let
Z(Dy) denote its centre.

8.14 Theorem. For T in T{N), the following are equivalent,
1) T belongs to C*(N)+rad T (N).

2)  ®(T) belongs to Z(Dy).

2')  T+rad T(N) belongs to Z(T(N)/rad T(N)).

3)  ®4(T) is scalar for every ¢ in M.

4) D 4(T) is a continuous, scalar valued function of ¢.
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Proof. Let E' = P(N;)—P(N,) for Ny < N; in N. Then if E belongs to
&p PY(E) = ®4(I) = I. And if E does not belong to &, there is a test
mnterval in F' in &4 orthogonal to E; so ®4(E) = 0. Thus ®(E) is scalar
valued, and is the characteristic function of the closed and open set Og.
Hence ®4(E) is continuous. This extends to the closed linear span of these
intervals, namely C*(N). Since ® annihilates the radical, this proves 1)
implies 4).

Clearly, 4) implies 3) and 3) implies 2). Theorem 6.10 shows that 2)
and 2') are equivalent. For ®(7) to belong to the centre of Dy, it is neces-
sary and sufficient that ®4(T') belong to the centre of Dy for each ¢ in My,
Thus Theorem 6.13 shows that 2) implies 3). Suppose 3) holds, let &,
belong to My, and let Mg = ®4(T). Then [|T—XoI||g, = 0. By Theorem

6.10,
¢ — |T=Xollg = [@4(T)~24(T)]

is continuous at ¢,. Thus $(T) is a continuous function.

If 4) holds, t(#) = ®4(T) is a continuous function on M. Hence
there is an operator A in C*(N) such that ®4(A) = ®4(T) for all ¢ in M,
Hence T—A belongs to ker® = rad T(N). So 4) implies 1). L

Finally, we show that the algebras D4 can be represented isometri-
cally as operator algebras on Hilbert space.

8.15 Theorem. There is an isometric isomorphism of Dy into B (K)
for some Hilbert space K.

Proof. If ¢ is evaluation at an atom A, then Dy = B (A), and we are
done. Suppose that ¢ = (Ny,0) where Ny = (Ng)_. The case ¢ = (N,1)
with Ny = (Np); is analogous. Choose an increasing sequence

N <Ny <..in Nwith Ny = k\! Ni. Let E = P(Ny)—P(N,). Fix w to
>1
be any non-zero multiplicative linear functional on £ such that w annihi-
lates cg.
Let X be the set of all bounded sequences {z;} such that z; belongs
to Ny © N = ExN. Define a sesquilinear form on X by
(E)g)w = w({(zk:yk)}) .

Let Xy be the set of all ¥ in X such that (Z,z), = 0. Then X /X, is an
inner product space. Let K be its Hilbert space completion. For T in
T(N), define 7> on X by TNz} = {Tx;}. Then since w is a positive
linear functional,

ITZYE = w(|Tol) < TP (|2 D) = 1T 212

Thus 7{* maps X into itself, and hence determines an operator T on K
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with ||T|| < ||T||. Furthermore, for k > n,
| Tze ]| = | ExTEpi || < || BT, Il ]l -
Thus
1Tz, <IETE I,
for all n. It follows that ||T{<F |, < ITlI4l|Z ], Hence || T|| < T }g-

On the other hand, let 2, be a unit vector in Ny & N, such that
| T || > (1__)“EkTEk” Then

1T 12 > o (- PIETE ) = |71

So || T > |[T|lg- Consequently, the map taking T+I4 to T is isometric.
It is clearly a homomorphism. Thus the theorem is established. u

This construction never produces an irreducible representation
(except for an atom). Let z; be a unit vector in N, | & Ny, and let y, be
a unit vector in Ny,;. Then T = {z,} and ¥ = {y;} determine unit vec-
tors in K. Furthermore, (T;,y;) = O for all k. Hence (T:c,y) = 0 for all
Tin T(N). Thus M = {T:J: T € T(N)} is a proper invariant subspace for
this representation of T(N).

Notes and Remarks.

The characterization of the radical (Theorem 6.7) is due to Ringrose
[38]. He did not explicitly identify each ¢ as an element of Hom(N,2). This
is done in Hopenwasser [1] and Hopenwasser-Larson [1]. The connection
between Hom(N,2) and My was known to a number of people. It is first
used explicitly in Davidson [9] and Apostol-Davidson [1]. Ringrose also
proved Theorems 6.10, 6.11 and 6.12. Theorems 6.13, 6.14 and 6.15 are
due to Lance [1].

Exercises.

6.1 (Ringrose) Let ¢;,...,¢, be finitely many distinct points in M.
Given U; in Dy, 1 <4 <n, find T in T(N) such that ®,.(T) = U,
for1 << n.

6.2 (Lance) Let J be a right (left, or 2-sided) ideal of T (N) containing
the radical. Let J; = ®4(J) for each ¢ in M)y,

(i) Show that J = {T € T(N):®4(T) € J, for all ¢ in M}

(i) Deduce that T is invertible in T(N) if and only if ®4(T) is
invertible for all ¢ in M.

6.3 Let A be a positive invertible operator, and let N be the nest gen-
erated by the spectral subspaces E4[0,¢], ¢ > 0.
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6.4*

6.5

(b)

K.R. Davidson
(Deddens) Show that T(N) consists of all operators T' such
that
"TA™T" .
supll4 | < oo

(Erdos) Show that rad T(N) consists of all operators T such
that

lim [|[A"TA™ || = 0 .
n —+00

Is Dy primitive? That is, does Dy have a faithful irreducible represen-
tation?

(Hopenwasser, Larson) Let L be a complete lattice such that
{P(L):L € L} is commutative (a C.S.L.) and let C*L) be the C*
algebra generated by these projections.

(B)
(i)

(i)
1)
2)
3)

(iv)

Show that Hom/(L,2) is homeomorphic to the maximal ideal
space of C*(L).

For each ¢ in Hom(L,2), let &4 consist of all interval projec-
tions of L such that ¢(E) = 1. Define an ideal I4 in AlgL as
I, = {T EAlgL:inf%HEYE” =0} .

Show that for T"in AlgL the following are equivalent:

T belongs to (M {14:¢ € Hom(L,2)}.

T belongs to the closure of | J{rad T(¥): ¥ finite sublattice of
L}

For every € > 0, there is a finite sublattice ¥ of L such that
AAT)]| <e.

Show that for every non-zero irreducible representation 7 of
AlgL, there is exactly one ¢ such that I, C kerw. Hence

deduce that if T satisfies any of the conditions in (iii), then T°
belongs to rad(AlgL).

6.6* Is rad(AlgL) = (M {I4:¢ € Hom(L,2)} in question 6.5?



7. Unitary Invariants For Nests

7.1. We wish to distinguish nests by their spatial characteristics. Two
nests N and M are unitarily equivalent if there is a unitary operator U
such that UN = {UN:N € AN} equals M. The map ¢y taking N in N to
UN in M is clearly an order isomorphism of N onto M. Thus if N and M
are unitarily equivalent, they must have the same order type. Now con-
sider two order w nests (as in Example 2.3), P= {P,,n > 1)} with
dimP, = n and O = {Q,,n > 1,)} with dimQ, = 2n. These fail to be
unitarily equivalent because a unitary operator must preserve dimension.
A somewhat more subtle example are the two continuous nests N on
L%0,1) and M on LZ%(0,1)?) given in Examples 2.4 and 2.5. Any unitary
operator U taking N onto M must carry N’ onto M'. But N'= N" is
abelian and M’ is not abelian. Both these examples can be resolved by
developing a notion of multiplicity for the abelian von Neumann algebras.
This treatment is identical to the unitary invariants for self-adjoint opera-
tors. This is the content of Theorem 7.4.

7.2 Lemma. Let f be a continuous scalar valued function on N. Then

A = [ f(N)AN is well defined as a Riemann sum.

Proof. We may restrict our attention to real valued functions. By Pro-
position 2.13, N is compact. So for every € > 0, there is a finite partition
¥ consisting of {0} = Fy < F; < ... < F,, = X so that

[f(N)=F(N")| < e forall F, SNIN'<Fy, .
Thus if Ly and Uz denote the usual upper and lower Riemann sums,
n
Us—Ly=3(F(N) =5 (N7 )(F:—F;-y)
i=1
where F(N) = max{f(N):F;_; < N < F}} and
f(N;) = min{f(N):F;; <N < F;}. Clearly, ||[Us—Lj|| <e. Further-

more, as in scalar Reimann sums, if # contains 7, then
Ly<L;<Up<Us .

Hence, limzUz= limzL ;= A exists. u

77
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7.8. Lemma. Let N be a nest on a separable Hilbert space. Then there
is a self-adjoint operator A  such that {A}' = N" and
N={E40,t]:0 <t < 1} where E4 is the spectral measure of A.

Proof. By Proposition 2.13, there is an order preserving homeomorphism
® taking N into the unit interval such that $(0) = 0 and ®(}) = 1. Let

A = [ ,@(N)dN
where this is understood as a Reimann sum. By construction,
Ealot] = @7'(t)

belongs to N, and every element of the nest occurs in this way. Also
notice that E4[0,t) = ®7(¢)_ belongs to N also.

Since A belongs to C*(N), it belongs to N". On the other hand,
{A}" contains all the spectral projections of A. Thus {A}" = N". ]

7.4 Theorem. Let N and M be nests in separable Hilbert spaces. Let
@ be an order preserving homeomorphism of N into [0,1]. Suppose that 9
is an order tsomorphism of N onto M. Then there is a unitary operator
U implementing ¥ if and only 1 f

A= [ ®(N)AN is unitarily equivalent to B = [ ,®o ¢ }(M)dM .

Proof. If UN = ¢(N) for all N in N, then B! = UAU* is a self-adjoint
operation such that

Epi|0,t] = UE4[0,t] = US7!(t) = 9o ®7Y(t) = Eg[0,t]

for all t. Thus B'= B. Conversely, if B = UAU*, the same identity
reversed shows that UN = ¢(N) for all N in N. =

7.5. Now we turn to the multiplicity theory of abelian von Neumann
algebras. For convenience, we restrict our attention to separably acting
algebras. These algebras are always generated by a single self-adjoint
operator as in Lemma 7.3. To see this, note that since the unit ball of M
is compact and metrizable in the weak*topology, one can find a countable
dense subset of the self-adjoint part. Replace this by their spectral projec-

tions {E,,n > 1} corresponding to rational intervals. Let A = Y, 37'E,.
n>1
Since ), 3™ = 1/6 < 1/3, one obtains E; = E4[1/3,1/2]. Similarly, one
n>2
finds that C*(A) contains {F,,n > 1}. Thus, {A}" equals M.
Let X be the spectrum of A. Then C*(A) is isomorphic to C(X) by
the Gelfand theory. By the spectral theorem, there is a spectral measure
E () on Borel sets of X, which is a countably additive, projection valued



Unitary Invariants 79

measure such that

J(A) = [ F(t)dE(t)

is defined for all bounded, Borel functions Bor (X). This functional cal-
culus Is a continuous srepresentation of Bor (X) in that

fa(A) = f(A)g(A), f(A) = f(A)* and || F(A)|| < || flles In particular, we

obtain the following immediate corollary of Lemma 7.3

7.6 Corollary. Let ® be an order preserving homeomorphism of N
onto a subset w of [0,1]. Then there is a spectral measure E, on the
Borel subsets of w such that E[0,t] = P(®7Y(t)).

7.7 Lemma. If f, is a bounded sequence in Bor (X) converging point-
wise to f, then f,(A) converges weakly to f(A). Consequently, CHA) is
weakly dense in the image of Bor (X) which is contained in M.

Proof. Let z, y be vectors in ¥. Consider the scalar measure

:uz,y(') = (EA(')xﬁy) . ,

By the Lebesgue Dominated Convergence Theorem,

nli_x.noo(f,,(A)x,y) = lm[ f,(t)dp, ,(t) = lim[ f(¢)dp, ,(t) = (f(A)z,y) .

Hence f,(A) converges weakly to F(A). Since every bounded Borel func-
tion on X is the pointwise limit of a bounded sequence of continuous func-
tions, C*(A) is weakly dense in the image. But the weak operator closure
of C*A) is M, concluding the proof. n

In fact, Bor (X) is taken onto M. This will follow from Corollary 7.9.

An abelian von Neumann algebra is called multiplicity free if its
commutant is also abelian. The following theorem characterizes these
algebras.

7.8 Theorem. Let M be an abelian von Neumann algebra, and let A be
a self adjoint operator such that M = W¥A). The following are
equivalent:

1) M is multiplicity free.
2) M has a cyclic vector.
3) M is mazimal abelian.

4) M s unitarily equivalent to the algebra L™(p) acting by multiplica-
tion on L¥(u), where p is a regular Borel measure on X = o(A).
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Proof. 1) implies 2) follows from Proposition 2.13 applied to M'. Next,
we show that 2) implies 4). Let z be a unit cyclic vector and define the
state 7(M) = (Mz,z) for M in M. The restriction of 7 to C*A) is a posi-
tive linear functional of norm one. By the Riesz Representation Theorem,
there is a regular Borel measure g (with ||#|| = 1) such that

T(f(A) = [ fdu
for a f in C(X).
Define a linear map U:C(X) into X by Uf = f(A)z. Then
(Uf.Ug) = (f(A)z,g(A)x) = ((§f)(A)z,x)
=7(gf)= [fgdp .
Hence U extends to an isometry of L*u) onto the closure of
{f(A)z:f € C(X)}. This contains, in particular, Mz for all M in M since
C*(A) is strongly dense. But z is cyclic for M, and hence U is unitary.
Furthermore, for f and g in C(X),
(UMU)f(A)x = UM, f = Ugf = g(A)(f(A)x) .
Hence UM, U* = g(A) for all g in C(X).
Since conjugation by U carries C*(M,) onto C*A), it carries the
weak closure of C*(M,) onto M. It suffices to show that this algebra is
multiplication by L°{¢). By Lemma 7.7, M; belongs to C*(M,)" for every

bounded Borel function. Since z is a separating vector for M, U*z = 1 is
a separating vector for C*(M,)". If f = 0 a.e. (), then

IM L= (M, el 1) = [|f P"dp =0 .
So the map taking g in L°{g) to M, is well defined. On the other hand,
suppose that T commutes with M,. Let g = T'l. For every f in C(X),
Tf = TM;1 = M;T1 = fg = M,f .
But T is continuous, and C(X) is dense in L%(), so this extends to all of
L¥u). If r<|lgllo, let y be the characteristic function of
E ={z:|g(z)]| > r}. Then
ITIE 2 Ty IPAly I = [ lo Pdu/w(B) > % .

Thus g belongs to L*{g). So L°(g) € C(M,)" c CHM,)' € Lqu).

This also proves that 4) implies 3). Finally, 3) implies 1) is trivial. ™

7.9 Corollary. Let M be an abelian von Neumann algebra on a separ-
able Hilbert space. Then there is a regular Borel measure g on IR such
that M s *-isomorphic to L°{u).
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Proof. By Proposition 2.12, M has a separating vector z. Let M, be the
restriction of M to the invariant subspace X, which is the closed span of
{Mz:M € M}. The restriction map taking M to M |X, is a *-homomor-
phism. It is one to one since 2 is a separating vector, and thus it is a #*iso-
morphism. Clearly, = is a cyclic vector for My. Thus by Theorem 7.8,
there is a regular Borel measure p such that M, is unitarily equivalent to

L*u)- =

7.10. It follows from this corollary that given a spectral measure E on the
real line, one can find a scalar spectral measure mutually absolutely con-
tinuous to I, That is, if £ is a spectral measure for M and g is the meas-
ure constructed above, then u(A) = 0 if and only if E(A) = 0. The meas-
ure g is determined up to its measure class [p] = {v:v~pu} since if v~pu,
the L°{v) = L°{u). So given a nest N of order type X, one can talk about
the measure class of the spectral measure.

7.11. For any cardinal 1 < n < R, a collection {Uy;,0 < 4,5 < n} of par-
tial isometries are called (n X n) matriz units provided that
UijUre = 6 3 U for all 4,5,k,¢ and >, U; = I. An abelian von Neumann

i<n
algebra M has wuniform multiplicity n if M' contains a system
{U;;,0 £4,5 < n} of n X n matrix units such that Mg = M | HooH is multi-
plicity free. Thus, M is unitarily equivalent to

M= (AW = ADAD .. DAAEM
acting on )((S”), the direct sum of n copies of My = UgN. The unitary that

does this is Y, P U;,. This same unitary carries M((,")’ onto M’, and
, 0<i<n

M s My @ M, (T), the algebra of n X n matrices with coefficients in

Mg acting on ¥{). If n = R, replace M, (@) by B (X).

7.12 Lemma. If M has uniform multiplicity, then the multiplicity is
well de fined.

Proof. Suppose M has uniform multiplicity n and m with n < m and
n < R, By the remarks above, M’ is unitarily equivalent to M/y @ M, (@)
and M’y is abelian. Thus if ¢ is any multiplicative linear functional on
My, 0 @ id, yields a non-zero x-homomorphism of M’ onto M, (). Sup-
pose that M’ is also unitarily equivalent to M'; @ M,,{€'). The restriction
of o & id to the subalgebra unitarily equivalent to €I ® M,,(T) is a uni-
tal * homomorphism (thus not zero) of M, (@) (or B (¥) if m = Ry) onto
M,(@). This forces m = n (because M,, has no ideals and thus
dimM,, = m* = n% and B ()) has only one ideal, K, of infinite codimen-
sion). n
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Let M be an abelian von Neumann algebra. Say that a non-zero
projection P in M has multiplicity n if M |P) has uniform multiplicity n.

7.13 Lemma. If P is a projection of multiplicity n in an abelian von
Neumann algebra M, then so does every non-zero projection P' < P. If
P, are progections in M of multiplicity n, so is P = sup P,

Proof. First, M |P) is unitarily equivalent to L*(u)®). If P! < P, then
P! is unitarily equivalent to M )((") where x is the characteristic function of
a subset X of X. Let p' = pu |X,. Clearly, M |P') is unitarily equivalent
to Lp ')(”), and thus has multiplicity n.

Let P = sup P,. It is not difficult to write P as an orthogonal direct

o0
sum P = Y, P, where P, < P“’k for some o, (use separability). Each P,
k=1
has multiplicity n by the first paragraph. By Corollary 7.9, M is iso-
morphic to L°{g). So {P,} correspond to M x, Where x; are characteristic

[eo]
functions of pairwise disjoint sets X,. Let X = UXk and g = p | X, for

k=1
k > 0. Then M |P¥ is unitarily equivalent to L°{u;)® for all & > 1. By
taking the direct sum, M |PX is unitarily equivalent to L*{(s,)™), and thus
has multiplicity n. u

With this preparation, we can now state and prove the full classifica-
tion theorem of (separably acting) abelian von Neumann algebras.

7.14 Theorem. Let M be a separably acting, abelian von Neumann
algebra. Then there are pairwise orthogonal projections P, in M,

1< n < Rq such that P, is of multiplicity n in M, and Y, P, =I.
1<n <R,

Let A be a self-adjoint operator such that M = W*A). Then there are

mutually singular measures p, on X = o(A), 1 < n < o0, so that M is

unstarily equivalent to

Lo @ 3 ® Lw, )
n=1
acting on L (po)(* P zo.j s Lz(p,,)(").
n=1

Proof. For each cardinal n, 1 <n <R, Lemma 7.13 shows that the
supremum P, of all projections P, in M of multiplicity n is the largest
projection of multiplicity n. For n # m, P,P,, is a projection less than
both F, and F,,. By Lemma 7.13, it has multiplicity both n and m. By
Lemma 7.12, P,F, = 0. So {F,,1 <n < X} are pairwise orthogonal. It

must be shown that >, P, =1 Let@Q =1- Y, P,.
1<n <X, 1<n <,
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Set Mg = M |@QX. If Q # 0, it suffices to find a projection R in My
of uniform multiplicity. Recursively choose unit vectors z,, and projections
@, onto {Mz,:M € My} such that {@,,n > 1} are pairwise orthogonal

n
and x,,, is a separating vector for M I(EQ;)J-)(. The projections @,
i=1
belong to M';. Let 67,, denote the smallest projection in Mg such that
Q, > Q,. (This is known as the central cover of @,). Then
I=Q,>Q, > Qu41 for all n > 1. There are two cases: (i) there is an
integers ny such that C?,,o =I> §n0+17 and (ii) Q, =1Iforaln >1.

In case (i), let R=1I-Q, . Let Mgp= M|RN and let
Ar = A|RN. So My = VV*(AR) is isomorphic to L°{u) where p is a Borel
measure on Xp = 0(Agp) via the isomorphism <I>(f) f(Ag). Since

Rxn0+1 =0 and =z, oH is a separating vector for M, I(E Q:)1 X, it follows
=l

that B < ZQ,-. Let R; = RQ; and y; = Rz; for 1 <i <ng Then

M; =M IR,-—)( has a cyclic vector y;. By Theorem 7.8, there is a regular

Borel measure ; on Xp and a unitary U; of L%(p;) onto R; X such that

U;M,U; = f(Ag) |IR; )

for every bounded Borel function f. This implements a * isomorphism ®;
of L°{y;) onto M;. Now y; is a separating vector for Mp. Thus, as in
Corollary 7.9, the restriction map ¥;(M) = M |R; X is a * isomorphism of
Mg onto M;. Hence ®; o ¥,;0® is a * isomorphism of L*{x) onto L{y;)
which takes every Borel function f to itself. Hence g; and g are mutually
absolutely continuous, whence L°{u;)=L{p) for 1<i<ng So

U= 2 D U; carries L)) onto R} =), DRN and

UM}" U* = f(Ag) for every f in L°{¢). Evidently, Mz has uniform mul-
tiplicity n, contradicting the maximality of P,.

Case (ii) is dealt with in a similar manner. In this case, z, is a
separating vector for each n and {Q,:n > 1} are pairwise orthogonal.
Extend this to a maximal family {y,,n > 1} of separating vectors such
that the projections @', onto {My,:M € M}~ are pairwise orthogonal.

This family is countable since X is separable. Let @ = (Y] @,)+. Then

— n2>1

@ # I, for otherwise Proposition 2.12 applied to M |Q X would yield a
separating vector y = Qy, contradicting the maximality for {y,}. Let
R = I-Q. Proceeding as in the previous paragraph, one shows that R
has uniform infinite multiplicity. Again, a contradiction has been
obtained.



84 K.R. Davidson

For 1 <n <Ry, let M, = M |P,){. Then M, has uniform multipli-
city n. By Corollary 7.9 and Remark 7.11, M,, is unitarily equivalent to
L*(#,)®). Furthermore, M is * isomorphic to L*p) via ®(f) = f(A).
The projections P, = ®(x,) where X, are the characteristic functions

pairwise disjoint measurable sets E, such that »,u(E,) = 1. Since P, is

the identity of M,, the measure y, is supported on E, and may be taken
to be the restriction of 4 to E,. In particular, the {u,} are mutually
singular. Putting this all together yields a unitary equivalence between M
and

L™ @ 3% @ L) . .
n=1

Let A be a self-adjoint operator. The complete unitary invariants of
A can be read of from Theorem 7.14. First, there is the spectrom
X = 0(A). Then there is a spectral measure F(:). By 7.11, there is a
class [p] of scalar measures mutually absolutely continuous to E. Define a
multiplicity function m(z) by setting m(z) = n if = belongs to E, where
E, is the support of the multiplicity n part of W A). Then m is defined
4 almost everywhere.

7.15 Theorem. Two self-adjoint operators A and B are unitarily
equivalent if and only if they have the same spectrom, scalar spectral
measure, and multiplicity function.

Proof. If B = UAU?, the f(B) = Uf(A)U" for every bounded Borel func-
tion f. Thus, by Theorem 7.14, they have the same measure class and
multiplicity function. Conversely, if they have the same measure class and
multiplicity function, Theorem 7.14 provides a unitary U such that
f(B) = Uf(A)U* for every bounded Borel function f. In particular,
B = UAU". L

7.16 Corollary. Let N and M be two nests order isomorphic to a subset
w of [0,1]. Let ® and ¥ be order isomorphisms of N and M onto w.
Then ¢+ ® is implemented by a unitary ¢f and only if the two spectral
measures for [ @®(N)AN and [, V(M)dM have the same measure of

class and multiplicity function.
Proof. Apply Theorems 7.4 and 7.15. .

There is a certain difficulty with this Corollary. Namely, one must
specify the order isomorphisms ¢ and ¥. These may not be unique. Thus
to decide if N and M are unitarily equivalent, one must let ¥ run over all
order isomorphisms of M onto w (® may be fixed). The problem can be
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reduced to a measure theoretic problem. Consider the following special
cases.

7.17 Proposition. Let N and M be two continuous, multiplicity free
nests. Then N and M are unitarily equivalent.

Proof. It suffices to show that M (and N) is unitarily equivalent to the
Volterra nest Np given by N, = {f € L%0,1):supp(f) C [0,t]}. Let z be a
unit cyclic and separating vector for M". The map ®,(M) = (Mz,r) car-
ries M onto [0,1]. Let Ey (-) be the spectral measure of M, and define a
scalar measure by p(-) = (Ey (*)z,z). It is clear that g is mutually abso-
lutely continuous with E'. Furthermore

p(ab] = (27(b)~0;(a)z,2) = @,(2;7(6))—2,(®:(a)) = b—a

Hence p equals Lebesgue measure. By Corollary 7.16, there is a unitary U
of L%(0,1) onto X such that UN, = ®;(t) forall 0 < ¢ < 1. L

7.18 Example. It is implicit in 7.17 that M is parametrized by the spa-
tially related function ®,, not some more arbitrary indexing. Consider a
nonatomic measure # on (0,1) with supp(u) = [0,1]. Define M in L%(x) by
setting

M, = {f € L¥(p):supp(f) C [0,t]} .

Then by Corollary 7.16, there is a unitary map U of L%(i) onto L%0,1)
such that UM, = N, for 0 <t <1 if and only if g~m (Lebesgue meas-
ure). On the other hand, if one sets h(t) = p[0,t], then the proof of Pro-
position 7.17 shows that there is always a unitary U such that
UM, = Ny for 0 <t <1. More generally, if h is an order preserving
homeomorphism of [0,1] onto itself, then there is a unitary operator U such
that UN; = Ny, if and only if the Lebesgue-Stieltjes measure dh is mutu-
ally absolutely continuous with Lebesgue measure m.

7.19 Example. Let O be the nest of Example 2.6. This is a totally
atomic, multiplicity free nest. Let R be the nest defined on
L¥(p) & L¥(R) by R} = {f :supp(f) C (—o0,t]} and
Ry = {f:supp(f) € (—oo,t)}. So RE= QF @ N, where N, belongs to
the canonical continuous nest on L%(JR). The nest R is multiplicity free
also. To see this, note that R" contains projections A; = (Q;'—Q;) P 0
onto all the atoms, and hence contains I ¢ 0. From this, one obtains that
R = Lp) @ L°{m) = L°{p+m) which is multiplicity free. The map &
taking QF to R/ is an order isomorphism of Q onto R. However, no uni-
tary operator can take Q onto R because Q" and R" are not *-iso-
morphic.( Q" is atomic, isomorphic to £% and R" is isomorphic to
£°@ L°(IR).) Thus Proposition 7.17 does not even extend to the general
multiplicity free case.
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7.20 Example. Let C be the Cantor set, and let h be a order preserving
homeomorphism of [0,1] such that k(C) has positive measure. Let Oy be a
countable dense subset of C. Let y be counting measure on Cy, and let v
be counting measure on h(C;). Define nests L and M in L%(u+m) and
L%v+m) respectively by

L = {f € LA u+m):supp(f) < [0,t]}
L ={f €L¥p+m):supp(f) C [0,t]}
M = {f € L¥v+m):supp(f) c [0,¢]}
M; = {f € L*(v+m):supp(f) C [0,t)} .

Both L and M are multiplicity free nests, and h is an order isomorphism
of L onto M. Furthermore, L" = £°@ L (m) = M".

Suppose that there were a unitary operator U taking L onto M. Let
h'! be the order isomorphism induced by U. By Corollary 7.16, k' carries
the measure class of p+m onto that of v+m. Now h' must take Cy onto
h(Cy). Since h'is continuous, h'(C) = h(C). But E () |C is equivalent
to pu which is atomic, whereas Ey () |h(C) is equivalent to v4+m |h(O)
which has a non trivial non-atomic part. This is impossible, so L and M
are not unitarily equivalent.

7.21. Implicit in the proof of Proposition 7.17 is the fact that when z is a
unit separating vector for M", the map ®,(M) = (P(M)z,r) is an order
isomorphism of M which encodes the spectral measure E, via Lebesgue
measure in the sense that the measure p, on X = &, (M) given by
Bo(X N [0,t]) = t is mutually absolutely continuous with E,. In fact, let

[0,ANX = | J (£,4,r,) is the disjoint union of open intervals. Then
n>1

£(S) = m(S 1 X+ 3 (ramt) - (7.21.1)
r, €5
Let the hull class of M denote the set
h(M) = {$,(M):z is a unit separating vector for M"} .

Say that an order preserving homeomorphism is absolutely continuous if f
and f7! preserve sets of measure zero. Let the set of all such maps be
denoted by AbsHom [0,1].

7.22 Proposition. Let M be a multiplicity free nest, and let
X = ®,(M) for some unit separating vector x. Then h(X) consists of
{/(X):f € AbsHom [0,1]}.

Proof. By Theorems 7.8 and 7.4, M is unitarily equivalent to the nest on
L¥u,) given by the subspaces M, of functions supported in [0,¢] for ¢ in
[0,1]. Under this equivalence, « is taken to the constant function 1. We
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will assume that M is in this form.

If f and f™' preserve sets of measure zero, then there is a strictly
positive function h in L'(0,1) such that

7(6) = [ h(s)ds
Define a vector y in L%y, ) by

y(rs) = (f2h(s)ds)* , n >1

y(t) = h(t)lé » LEX\{rp,n 21} .
Then

@, (M) = [ xnpslu(s) Pduy(s) = [oh(s)ds = f(t) .

On the other hand, let y be a separating vector for M" and let
f(t) = (P(M;)y,y). Then J carries X onto ®,(M). Extend f to a
homeomorphism of [0,1] by making it linear on each [¢,,r,]. Let C be a
subset of [0,1] with measure zero, and let Cy = C N X\{r,,n > 1}. Then
#2(Co) = m(Cy N X) = 0. Thus M, , = 0in Lu,), so
0

m(7(Co) = 1y (F(Co) = (Myyy.9) = 0 .

As [ is piecewise linear on | J[¢,,r,], m(f(C\Cp)) = 0. So f preserves

sets of measure zero. Interchanging the roles of  and y shows that this
also holds for f71. n

7.23 Theorem. Let M and N be multiplicity free nests. Then the fol-
lowing are equivalent:

1) N is unitarily equivalent to M.

2)  h(N)= h(M).

3)  h(N) intersects h(M).

4) Given x, y unit separating vectors for N and M, there is a func-
tion f in Abs Hom[0,1] such that f(®,(N)) = ®,(M).

Proof. Clearly, 1) implies 2) implies 3). But the first paragraph of Propo-
sition 7.22 shows 3) implies that both N and M are unitarily equivalent to
the same nest. Proposition 7.22 also shows the equivalence of 2) and 4). =

This leads to a slight improvement on Corollary 7.16. Given a nest
N, let =z be a unit separating vector and define ®,(N) = (P(N)z,z). Let
X = ®,(N). Define a multiplicity function m,(t) on [0,1] defining it to be
the multiplicity function of A = [ ,®_(N)dN for t in X, and on each
interval (£,,r,) corresponding to an atom A, of N, set

mz(t) = —mx({rn}) = —rank‘(A,,).
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7.24 Theorem. Let N and M be two nests with separating vectors «
and y for N" and M" respectively. Then N and M are unitarily
equivalent if and only {f there is an absoluting continuous order
homeomorphism f of [0,1] such that m,(t) = m,(f(t)).

Proof. The point is simply that the measure class of N on ®,(N) and
®,(M) are given as in (7.21.1) from Lebesgue measure on [0,1]. The
homeomorphisms of [0,1] which preserve this measure class are precisely
AbsHom [0,1]. The condition m, = m, o f shows that multiplicity is also
preserved. Thus by Corollary 7.16, N and M are unitarily equivalent.
The reverse implication is easy. |

7.25. Why is this not the whole answer? Because given N, z, and m, and
likewise M, y and m,, how do you determine if an f is AbsHom [0,1] exists
such tat my, = m, o f? The reason it is an improvement on 7.16 is that it
replaces arbitrary measure classes by the more familiar Lebesgue measure.
The resulting problem remaining is strictly a measure theoretic one. Given
two partitions {A,,n € Z} and {B,,n € Z} of [0,1] into Borel sets, deter-
mine when there is an f in AbsHom [0,1] such that m(f(A,)AB,) = 0 for
all n.

Notes and Remarks.

The classification of self-adjoint operators is the classical theory of
Hahn and Hellinger. The treatment used here was greatly influenced by
Arveson’s book on C*algebras [8]. The corresponding theory for nests was
developed by Erdos [2]. As he wished to deal with the non-separable case,
he develops the theory from the beginning. Here, we have chosen to use
Theorem 7.4 instead. Proposition 7.17 is due to Kadison and Singer [1], as
is Theorem 7.23. Theorem 7.24 is new.

Exercises.

7.1 (Weyl-von Neumann) Show that every self-adjoint operator 7" on a
separable Hilbert space is the sum of a diagonal operator and a com-
pact one. Given ¢ > 0, one can choose the compact operator with
norm at most e.

Hint: Reduce to the case of a cyclic vector . Let E;, be the spec-
tral projections for the intervals [277,27"(541)) and let P, be the
projection onto span{E;.x,j € Z}. Show that rankP, < oo, P,

increases strongly to /, and lim ||P,7-7F, || = 0.
n —oo

72 (a) (Halmos) Use the arguments of section 7.2 to show that if
{Ni,k > 1} is a family of commuting normal operators, then
there is a single self-adjoint operator T such that C*T") con-
tains {N,,k > 1}.
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(b) (Berg) Deduce that if {N;,k > 1} is a family of commuting
normal operators, then there is an atomic, maximal abelian von
Neumann algebra D such that all N; belong to D+ K.

(¢) (Berg) In particular, if N is normal and € >0, show that
N = D+K where D is diagonal, K is compact, and || K || < .

(d) (Berg) Suppose N and M are normal operators such that
o(N)=o0,N)=0,M)=0(N). Given €¢>0, show that
there is a unitary U so that N—UMU" is compact of norm at
most €.

(e) Two operators S and T are approximately unitarily equivalent
(S ~T) if for every € >0, there is a unitary U such that
||S—UTU*|| < e. Show that two normal operators N and M
on a seperable ¥ have N ~ M if and only if o(N) = o(M) and
the multiplicity of isolated eigenvalues are equal.

7.3 (Type I von Neumann Algebras) A von Neumann algebra M is type
I if every central projection dominates a non-zero projection P in M
such that PMP is abelian (an “abelian projection”). M is of type
Lm, 1 < nym < Ry if there is a maximal abelian von Neumann alge-
bra My so that M is unitarily equivalent to My, ® M, (€) Q ©I,, on
HR@C" QT™. Show that if M is type I, then there are pairwise

orthogonal central projections E,, with Y E,, = I such that

M|E,, ) is type I,,,.
Outline:
i) Find a maximal abelian projection P. Show that the map
of M'to M'p is an isomorphism.

ii)  Use Theorem 7.14 to decompose M'p. If P,, are the pro-
jections obtained, let E,, be the minimal central projec-
tions dominating them. M Em’ = N, @ M, where N,, is
abelian.

iii) Apply Theorem 7.14 to each N,,.

7.4* When are two nests unitarily equivalent? Or, by remark 7.25, given
two partitions {A,,n € Z} and {B,,n € Z} of [0,1] into Borel sets,
determine when there is an order preserving homeomorphism f of
[0,1] with f and f~' absolutely continuous such that
m(f(A,)|AB,) =0foralln € Z.






8. Expectations

In this section, we consider the problem of projecting onto a von
Neumann algebra, and its connection with triangular truncation.

An ezxpectation of B (M) onto a von Neumann subalgebra A is a
norm one projection ® of B (¥) onto A.

8.1 Theorem. Let & be an expectation of B (M) onto a von Neumann
subalgebra A. Then

i) P is sel f-adjoint and order preserving.
i) @®(AXB)= A®(X)B for all A, B in A and X in B (X).
i)  S(X)P(X) < P(X*X) for all X in B (X).
Proof. Let X be a self-adjoint operator of norm one, and write
®(X) = A+iB where A and B are self-adjoint. Then
14n? = || X £ inl |2 > || (X £ inl)||?
= ||A+i(B = nl)||?>||B £ nI|? .

But the maximum of ||B £nI|is (||B||+[n])?>2|n]||B|[+n% Thus
|B|| <1/2|n]for all n, and so ®(x) is self-adjoint.

If 0 < X < I, then ®(X) is self-adjoint,
12 <1, and |[I-2(X)]| = [|®(/-X)]| <1 .
Hence 0 < ®(X) < I, and so ¢ is order preserving.

Let E be a projection in A, and X be a positive operator. Since
EXE < E,®(EXFE)< E. Thus

®(EXE) = E®(EXE)E .

By linearity, this holds for all operators X in B (X). Next, consider an
operator X = EXEl of norm one. It will be shown that
®(X) = E®(X)EL. Decompose ¥ as EX @ E-L). Then X has a matrix

0Y
form |, o| and ®(X) has the form (A;;). Then if X is any scalar
ot AY
(I+INBE =11y oIl = INE+X || > |2 (AE+X) |

2 [ESAE+X)E| = [[M+Ay]l = [|M+ReAy]|

91
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However, max||+ nl+ReA || = n+||ReAy || > (1+n?)* for large n unless
ReAy = 0. Likewise, one obtains ImA;; = 0 so Aj; = 0, and copsidera-
0 o

tion of INEL+X|| yields Ay = 0. Finally, A = EL®(X)E = A 0
21

belongs to A, so

0 Y
max{|| X ||,n]| Ay [} = || [nAm 0] | = ||nA+X]|

2 [[#(rA+X)|| = [InA+2(X)||
> || EHrA+@(X)E]| = (n+1)||A]l -
By letting n tend to infinity, one obtains Ay = 0.
It follows that
®(EX) = ®(EXE)+®(EXEL) = E®(EXE)+E®(EXEL) = E®(EX) .
Since one therefore has ®(E1X) = EL®(E-LX) also, one obtains
E®(X) = E®(EX)+E®(ELX) = E®(EX) = ®(EX) .

By the spectral theorem, every operator in A is the norm limit of a linear
combination of projections in A. Thus by the continuity of ®, one obtains
®(AX) = A®(X) for all A in A and X in B (X). Taking adjoints yields
$(XA) = ®(X)A as well. This proves (ii).

Let X belong to B (¥). By (i) and (ii),
0 < S((X—2(X))(X-2(X))
= (XX -X"®(X)-P(X)X+P(X)P (X))
B(X*X)—(XHD(X) . L

8.2. A von Neumann algebra is called approzimately finite (AF) if it is
the weak operator closure of the union of an increasing net of finite dimen-
sional C* subalgebras. For separately acting algebras, a sequence will suf-
fice.

Consider a finite dimensional von Neumann algebra A. We wish to
“average’ over the unitary group U(A). As this group is compact, it has a
Haar measure and integrating with respect to this measure will work
nicely. However, a somewhat more elementary approach will be used here.
By the Wedderburn Theorem for finite dimensional semi-simple rings, one
knows that A is isomorphic to a direct sum of full matrix algebras M, (C).
The unitary group U, of M, contains a finite subgroup §, such that
G'., =CI. For example, choose a basis {ej,...,e,}. Let V, denote the
group of diagonal symmetries with respect to this basis. (This is the group
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of diagonal matrices with diagonal entries equal to +1). And let S,
denote the group of permutation matrices given by Uye; = €o(;) for each
permutation ¢. Then U,V,U; = V,. Thus the group 9,, generated by
V, and §, is finite of order 2"n!. If T belongs to M, and commutes with
V,, then T is diagonal. So if T also commutes with S, it must be scalar.

Thus §', =CI.

Now if A is isomorphic to E b Mn , there is a finite subgroup § of
g=1
U(A) isomorphic to Gn X Gu, X .o X Gn, such that G'=U(A) =
One may average an operator T over 9 by setting
mg(T) = 3N vt
|9 | Feg

8.3 Theorem. Let A be a von Neumann algebra with AF commutant.
Then there is an expectation ® of B (N) onto A such that for every X in
B(X), @(X) belongs to the weak* closed convex hull of
{UXU*:.U e u(4"}.

Proof. First suppose A’ is finite dimensional, and let G be a finite unitary
group in A’ such that G' = A. Define ®(X) = my4(X). Then if V belongs
to G,

Ve(X) = T B WU
191 5¢s
-—1— 5 (XYY = $(x)V .
191y
Thus ®(X) belongs to G'= A. It is clearly in the convex hull of

{UXU*:U € A"}, and thus & is contractive. For any X in A, UXU*= X
for all U in §, and hence ®(X) = X. So @ is an expectation.

Now, let A’ be the weak closure of the union of an increasing
sequence A, of finite dimensional subalgebras. Let ®, be the expectation
onto A', constructed above. Think of ®, as elements of L (B (X)), the
space of bounded linear maps of B (X) into itself. Consider the point-weak
operator topology on this space. This is the topology obtained from think-
ing of L (B (X)) as a subset of

II (8 (¥),WOT)
TEB (X)
where the embedding is given by sending ® to {®(7),T € B (})}. The unit
ball of B (X) is compact in the weak operator topology (WOT). And thus
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the set [ {XeB():|IX||<|TI} is compact by Tychonoff’s
TEB (X)

Theorem. So the unit ball of L (B (X)) is compact in the point-weak

operator topology.

The sequence &, is bounded, so it has a cluster point ® in the
point-weak operator topology. For any X in B8 (¥}, ®,(X) belongs to A/,
for all n > k. Thus ®(X) belongs to A’y for all k, and hence belongs to
their intersection A. In particular, if X belongs to A, ®,(X) = X for all
n. So ¢ is an expectation onto A. Each &,(X) belongs to the convex hull
of {UXU*:U € U(#A")}. Thus ®(X) belongs to the weak operator closure. ™

8.4 Lemma. FEvery von Neumann algebra A such that A or A' is
abelian 1s AF.

Proof. Let A be abelian. Associate to each partition & = {E,,....E,} of
the identity into the sum of projections E; in A, the subalgebra span &.
This is a net of finite subalgebras, ordered by inclusion whose union is
dense in A. So A is AF. If A acts on a separable Hilbert space, choose a
countable sequence {E;,j > 1} of projections such that span{E;,5 > 1} is
weakly dense in A. Then A, = span{F,,...,E,} is an increasing sequence
with the desired properties.

If A" is abelian, then by Theorem 6.14, there are central projections
Ey Ei, E,, .. summing strongly to the identity such that A'|E, ¥ has
multiplicity n. Thus there is a maximal abelian algebra L°{, ) such that
A|E, X is isomorphic to M, ® Lu,) (or B(X) & LXqpy,) if n = o).
Since L°(n,) is AF by the first paragraph, M, ® L*(u,) is AF. And since
B (X) is also AF, this holds for n = oo as well. Putting it all together
shows that A is AF. (See Exercises.) =

8.6 Corollary. If Nis a nest, there are expectations onto N' and N".

One can ask when the expectation onto A is unique. An expectation
is called faith ful if $(X) > 0 when X > 0. The expectation is called nor-
mal if ® is weak* continuous. Even faithful, normal expectations need not
be unique. For example, let A be the algebra of all scalars in M, (€). An
expectation has the form ®(X) = 7(X)I where 7 is a norm one linear
functional on M, (@) such that 7(I)=1. Thus 7(X) = tr(XT) where
|[T|l; = 1 = trT. This implies that T is positive. The expectation ® is
faithful if and only if 7 has rank n. For example, T = I vyields
®(X) = tr(X)I which is “canonical”. But there are many others, all of
which are automatically normal. For example, on M, define

3 1
o(X) = (Zmn‘*‘zxm)f-
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8.8 Theorem. Let A be a von Neumann algebra with abelian commu-
tant. If A'is atomic, then there is a unique expectation onto A, and it is
faith ful and normal. If A' is not atomic, then there is no faithful or
normal exzpectation onto A, and the expectation is not unique.

Proof. If A'is atomic, it contains minimal projections {E,,n > 1} and

M, E, = I. Thus if X belongs to B (X), E, XE, belong to A for alln > 1.
n2>1
Hence if ¢ is any expectation onto A,

QJ(X) = ECP(X)En = EEn(D(X)En

n2>1 n>1

= Y, ®(E,XE,) = Y, E,XE, = AX) .
n2>1 n2>1
Thus the only expectation is the “compression to the diagonal’”, which is
easily shown to be faithful and normal. (See Proposition 4.4).

If A" is not atomic, then A’ contains a projection E such that A’ |EX
is isomorphic to L°{0,1). (This is a classical theorem of measure theory
that every finite nonatomic Borel measure is equivalent to Lebesgue meas-
ure (c.f. Royden [1], section 15.2). This fact is implicit in the proof of Pro-
position 7.17.) It follows as in Lemma 3.5 that if K is any compact opera-
tor in B (E'X), and € > 0 is given, then there are projections Ej,...,E, in A’

n

such that F' = Y E; and ||E;KE;|| < e. Hence for any expectation ®,

f=1

®(K)= D ®(K)E; = Y E;(K)E; = ®(3 E;KE;) .

Thus ||®(K)|| < € for all € >0, and so ®(K) = 0. Therefore ® is not
faithful. As the compact operators on E¥ are weak* dense in B (E¥), ® is
not normal either.

The non-uniqueness in general follows easily from the non-uniqueness
in the multiplicity one case. This will follow from Corollary 8.10 below. ®

An invariant mean for a semigroup G is a state m on the von Neu-
mann algebra £°{G) such that m(F) = m(gF) when gF(g') = F(gg') for
all g in G and F in £°{G). A semigroup which has an invariant mean is
called amenable.

8.7 Theorem. Let G be an abelian semigroup. Then there is an
invariant mean on G.
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Proof. Let M be the subspace spanned by {F—~gF:g € G, F €£%G)}. It
will be shown that dist(1,M)=1 where 1(g)=1 for all g. Let

H= EF —g;F; be an element of M. Average over the set S = {HgJ )
=1 j=1
0 < k'j < p} Let S; be the subset of S such that k; = 0,

FF;—gg+'F;
z—lp 9 ES;k=0
n
—_ _(F _ng)
i=1P lyES p
Hence
yES

However, g1 = 1 for all g, so

l1-HI =

Letting p tend to coyields ||1-H || > 1.

By the Hahn-Banach Theorem, there is a norm one linear functional
m on £°{G) such that m(1) = 1 and m annihilates M. Thus m is a posi-
tive linear functional, and

0 = m(F—gF) = m(F)—m(gF)

for all F in £°{@). So m is an invariant mean. n
This yields another proof of:

8.8 Corollary. If A is a von Neumann algebra with abelian commu-
tant, then there is an expectation ® of B (XN) onto A such that ®(X)
belongs to the weak* closed convex hull of {UXU*:U € U(A")}.

Proof. Let m be an invariant mean on U(A'). For X in B (¥) and T in
Cy, define Fy (U) = tr(UXU*T). Define a linear functional on C, by
#(T) = m(Fxr). Since Cf= B(¥) by Theorem 1.15, this determines a
unique operator ®(X) such that ¢(T) = tr(®(X)T). For Vin U(A"),

Fx m(U) = tr(UXU*TV) = tr(VUXUT)
= {(VU)X(VOYVT) = Fieya{VU) = P yalU)

Hence
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tr(VO(X)T)

tr(2(X)TV) = m(Fx,1v)

m(vFxyr) = m(Fxyr)

tr(®(XOVT) .

This holds for every T in C;. Hence V®(X)= ®(X)V. Thus ®(X)
belongs to U(A')! = A.

If &®(X) were mnot in the weak* closed convex hull of
{UXU*:U € U(A")}, then the Hahn-Banach Theorem provides a weak* con-
tinuous linear functional that separates them. Namely, there is a trace
class operator T so that

Re m(Fx 1) = Re tr(®(X)T) > sup Re tr(UXU'T) = ||Re Fx 7|loo -

This is absurd since m is norm one. L]

Let X be L¥T,m) where T is the unit circle and m is normalized
Lebesgue measure. The algebra L™= L°{T,m) acts on L? by multiplica-
tion: M h = fh. This is a maximal abelian von Neumann algebra. Let
€n(2) = 2" for n in Z be the standard orthonormal basis for . Let P, be
the projection onto span{ey:k >n}; and let P be the nest
{0}, X,P, M,n € Z}. H®™ is the subalgebra of L* consisting of those func-

tions h with analytic Fourier series h ~ Y, a,2".
n >0

8.9 Theorem. There is an expectation ® of B (L%T)) onto L* such
that ®(F,) = I for all n € Z, and ® takes T(P) onto {M,,:h € H*}.

Proof. Consider the semigroup of unitaries S = {Mzu,n > 0}. Let m be

an invariant mean on S, and repeat the proof of Corollary 8.8. Since
§"'= L, one obtains an expectation ® onto L>. Furthermore,

(®(Bn)erer) = tr(®(Pn)er @ e5)
= m(trM;"PmMz"Ck & ef) = m((Pmek+n:ek+n)) =1
since (Pppyn,€p4n) =1 for n sufficiently large. Hence &(P,,) = I.

Finally, if X belongs to T(7), then for k¥ < £ one has (Xez,e;) = 0. By a
similar computation to the one above,

(q)(X)ek:el) = m((X6k+nael+n)) =0.

Now ®(X) = M, and h = ®(X)e, belongs to span{e;,k > 0}. Hence h
belongs to H™. u
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8.10 Corollary. The expectation onto L°{T) is not unique.

Proof. In place of the semigroup S, use $*. This yields another expecta-
tion ¥. But a reworking of the previous proof yields ¥(P,) = 0 for all n.
So ¥ # &, n

Now we return to the problem considered in Chapter 4 of the con-
vergence of triangular integrals.

8.11 Theorem. Let N be a nest, and let {F} be the finite subnests of N
ordered by inclusion. Then limzDs(X) converges in norm if and only i f
X belongs to the closure of

D (N)+rad T(N)+rad T(N)* .

In this case, the limit Dy (X) agrees with ®(X) for every expectation
onto D (N).

Proof. Suppose X = D+R+4S* where D commutes with N and R and S
belong to the radical of T(N). For every ¢ > 0, there is by Theorem 6.7 a
finite subnest Fsuch that ||Az(R)||+]|A#(S)]| <e. So

A7 (X) = D+A0z(R)}+A5(S)
converges to D. If ® is any expectation, and E; are the intervals of 7,
®(R) = Y ®(R)E; = Y E;®(R)E; = ®(3, E;RE;) .

Thus ®(R) = 0 = (S5*). So ®(X) = Dy (X). As Dy and ® are continu-
ous, these statements extend to the norm closure.

On the other hand, if limzDy(X) exists, let D be this limit. For
every € > 0, there is a finite subnest ¥ such that || Az (X—D)|| < €. Then

X—Az(X—D) = D+Ly(X)+L5 (XY .

The operator Lz(X) belongs to rad T(N) and Lz(X*)* belongs to
rad T(N)*. So X belongs to the closure of D (N)+rad T(N)+rad T(N)*. m

8.12 Theorem. Let N be a nest. Then Uy (X) = limy Uz (X) exists if
and only if X belongs to T(N)+rad T(N)*. Likewise, Ly (X) exists if
and only ¢f X belongs to T(N)+rad T(N). Any two of Uy (X), L4 (X)
and Dy (X) exist if and only if all three exist if and only if X belongs
to D (N)+rad T(N)+rad T(N)*.

Proof. First we remark that the closures of these sets are not used
because truncation is not continuous. Let X = 74 R* where T belongs to
T(N) and R belongs to rad T(N). Then for € > 0, there is a finite nest ¥
so that || Az (R)|| < € by the Ringrose condition (Theorem 6.7). Hence
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Us (X) = T+Us (R") = T+A07 (R)
converges to T. On the other hand, if T = lim Al 7 (X), then
R = X-T = limX—~Uy(X) = limsL ,(X) .

Each L, (T) belongs to rad T(N)*, which is closed. So R belongs to
rad T(N)".

Now as Ly (X)=X-U, (X), the lower truncation result is
immediate. Also Dy (X) = Uz (X)—Lz(X), so if two limits exist, so does
the third. If X belongs to D (N)+rad T(N)+rad T(N)* all the limits exist
as above. Conversely, if all the integrals converge, then

X = Dy (X)+ Ly (X)+L,(X)
is written as a sum in D (N)+rad T(N)+rad T(N)* =

Let N be a nest. A partition is a possibly infinite collection & of
intervals E, = P(Ny)—P(M,) for M,< N, in N such that },E,=I.

Define a homomorphism of T(N) into itself by ALT)= Y,E.JTE,.

Larson’s R°{N) ideal is the set of operators T in T (N) such that for every
€ > 0, there is a partition € such that ||Ag (T)|] < €. This is a generalized
Ringrose condition. If N is atomic, one may take the maximal partition
{Au} of atoms of N. In this case, R°{N) is the strictly upper triangular
operators, which coincides with the kernel of the diagonal map.

8.13 Proposition. R°{N) is a closed, two sided ideal of T(N). The net
Dy (T) converges strongly to 0 for every T in R°{N), and ®(T) = 0 for
every ezpectation onto the diagonal. The set D (N)+R°{N) is a norm
closed subalgebra of T(N) on which Dy () exists, and agrees with every
expectation onto D (N).

Proof. Let R belong to R°{N) and let T belong to T(N). Then
Ag (RT) = Ag (R)A¢ (T) and Ay (TR) = Ag (T)Ag (R).  Thus it s
immediate that R°{N) is a 2-sided ideal. Since each A, is contractive, it is
easy to verify that R°{N) is closed. Let = be a vector, and let ¢ > 0 be
given. Choose & so that [|A{R)|| < €. There is a finite subset E,,...,F, of

€ such that |[(3 E;)lz|| < e. Let 7 be any finite subnest of N containing
i=1

the end points of E,....E,. Then
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105 (R)z || = |05 (3 B:RE,+(32 B AR(32 B) Dz |

< | ERE,| l|w||+||Df((ii]lE;)lR(_Zi]lEi)i)ll ||(§:1E,-)lm||

<e[[=z]I+I B -

Thus Dy (R) converges strongly to 0. (Note that Dy (R)*r tends to zero
also.)

Next, if ® is any expectation onto D (N), then
(I)(R) = E(I)(R)Ea: Ean)(R)Ea: ‘I)(ZEaREa) .

As the right hand side can be made arbitrarily small, ®(R) = 0. The last
sentence of the theorem is trivial except for the closure of D(N)+R{N).
If T, = D,+R, converges to T, then

”Dn—Dm“ = ”(I)(Tn—Tm)” < ”Tn_Tm ”

for any expectation ®. Thus D, converges to some D in D (N). Whence
R, converges to T—D. Since R* is closed, T—D belongs to R™ as
desired. n

Notes and Remarks.

Theorem 8.1 is due to Tomiyama [1]. Schwartz [1] introduced pro-
perty P for a von Neumann algebra. A von Neumann algebra A has this
property if the weak closed convex hull of {UXU*:U € U(A")} always inter-
sects A for each X in B (X). Theorem 8.3 is essentially due to Schwartz,
and shows that AF implies property P. This in turn implies that there is
an expectation of B (N) onto A. Such algebras are called injective since
they are precisely the von Neumann algebras such that every completely
positive map ¢ of a von Neumann algebra By C B into A extends to a com-
pletely positive map of B into A. This follows from a theorem of Arveson
[4] (see Theorem 20.10) which shows that B (¥) is injective followed by the
expectation onto A. The big theorem in this connection is a combination
of work due to Connes [1], Choi and Effros {1,2], and Effros and Lance [1].

Theorem. Let A be a von Neumann algebra. Then the following are
equivalent.

(i) A is AF.

(it) A has property P.
(i) A is ingective.
(iv) A is semidiscrete.

A von Neumann algebra is semidiscrete if there is a nest of finite rank,
completely positive, weak* continuous contractions of A into itself con-
verging pointwise to the identity map in the weak* topology. In
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particular, every type I von Neumann algebra is injective (see Exercises)
and A is AF if and only if A'is AF.

Theorem 8.6 is due to Arveson [2] and Theorem 8.9 and Corollary
8.10 are also due to Arveson [7]. Theorems 8.11 and 8.12 are due to Erdos
and Longstaff [1]. Proposition 8.13 is due to Larson [4].

Exercises.
8.1 (a) Show that the von Neumann algebra direct sum of AF algebras
is AF.
(b) If A and B are von Neumann algebras on ¥ and K respectively,
let A & B denote the weakly closed subalgebra of B (¥ Q K)
genergsgd by {A Q B:A € 4,B € B}. Show that if A and B
are AF, then sois A & B.

min
8.2 Use Exercise 7.3 to prove that type I von Neumann algebras are AF.
8.3  Generalize the Hahn-Banach Theorem to maps into L°{x) as follows:

(i)  Show that the real valued functions Lg{(u) is a complete lattice
under ess.sup and ess.inf.

(i) Let ® be a norm one linear map of a real Banach space X into
LE(#). Let X be a subspace of Y, and let y belong to Y. In
order to extend ® to a contraction of span{X,y} into L) it
suffices to find an f; in LZ(p) such that

Ssup— —®(z) < fo < ess.inf] ~®(z) .
ess.Sup lz+y||-®(z) < fo < ess.1n lz+y||-2 ()

(i) Show that this is always possible. Then use Zorn’s lemma.
(iv) Complexify.
(v) Obtain an expectation onto any abelian von Neumann algebra.
8.4 Let N be a nest, and {7} its net of finite subnests. Let
J(N) = {T € T(N):Dz(T) converges strongly to zero} .
(a) Show that J(N) is a closed two sided ideal of T (N) containing
RZ(N).
(b)* Characterize J (N).






9. Distance Formulae

In this section, two important estimates for the distance to von Neu-
mann algebras and nest algebras are obtained. These results are crucial to
later developments. A number of related estimates will be developed as
well.

9.1 Lemma. Let A, B, and C be operators in B (X;), B (Hg,);), and
B (M1,3;) respectively. Then there is an operator X, in B (M,) such that

oflt -

_laB A
Il = infll [0 X]H = max{||[A B]]|, ||

A
e x,
If A is compact, then X may be taken to be compact.

Proof. If A = 0, take X, = 0. Otherwise, scale the operators A, B, C so
that max{||[A B]||, || é« II} = 1. Then

A
C

So C*C < I-A*A. Hence for any vector z,
|Cz||* = (C*Cz 2) < (1~A*Az,z) = ||(1—A*A) %z || .

A

IZO

= A*A+C*C .

Thus one may define an operator L in B (X;,Xy) by
L(1-A*A)tz = Cx

for vectors in the range of (1—A*A)*, and Ly = 0 if y is orthogonal to this
range. The inequality shows that [|L|| < 1, and hence L extends by con-
tinuity to all of X;. So C = L(1—A*A)*%. Similarly, one obtains
BB* < 1—-AA?, and hence B* = K(1—-AA** where K is a contraction in
B (X ,Xy). So B = (1—-AAY*K™.

Let Xy = —LA*K*. One has
A B I0 A (1—AAY*||I 0
C Xo| = [0 L||1-4%A)* -A* ||o K*
The two terms L' (in B ({2, 4, ® Xy)) and K’ (in B (; @ Hp, X)) are
contractions. The middle term U is unitary since

} = L'UK' .

103
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) I A(1-AA)E—(1-A"A)*A"]
VU= |(1-A*A) A" A(1—A%A)* I |
Now A(A*A)* = (A*A)*A* for all k > 0, so Ap(A*A) = p(AA*)A for every
polynomial p. The identity UU* = 1® follows from approximately z* by
polynomials uniformly on [0,1]. Similarly, U*U = I¥. Therefore,

A B
I X, | <1
. A A B
It is clear that |[[A B]|| and || [C’] || are lower bounds for || [O' Xo] Il
and hence X, minimizes this quantity. If A is compact, so is A* and

hence X is compact. n

9.2 Corollary. Let A;; be operators in B (H;,);) for j < i. Let X;; be
operators in B (M;,);) for i < j. Then

Xy Xig Xin
Agy Xop Ay Agra
min|| (A3 Az | = max I Il
x5} 2<k<
i "l Ao
_A'nl Ann—l er_

Proof. Let 8 be the right hand side. Set Xy;,...,.X;,, and XonyerXnn all
equal to zero. Choose Xy, by Lemma 9.1 so that

Ay Xop
Az Asgp

<8 .
Ant Agg

Xos
With X, fixed, one can now use Lemma 9.1 again to choose [X ] so that
33

Agt Xog Xos
Az Agp Xgs
Ay Ae Aglll<8 .

_Anl Ang Ans_

In this way, all X;; are defined after (n—1) steps so that the norm is at
most 8. ]
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9.3 Corollary. Let Fbe a finite nest {0} = Ny < N; < ... < N, = .
Then for every A in B (X),

dist(A,T(#) = max [ PIN)LAPNI -

Proof. Decompose X as the direct sum of the n blocks N, © N,_,,
1 <k <n. Then A becomes an n X n matrix (A;;). The operator T in
T(7) have the form (T;;) where T;; = 0 for 5 < 4. Thus

inf{[| A~T||:T € T(#)} = inf]| (3,) ||
where X;; = A;; for y <i{. By Corollary 9.2, this is precisely the quantity

A
max || PN -AP(NG ) . .

9.4 Lemma. Let A be a net, and suppose that {Ay:\ € A} is a collec-
tion of weak*-closed linear subspaces of B (M) such that A, C Ay if
B 2 X\. Let A be the intersection of {A\}. Then for T in B (X),

dist(T,A) = sup, dist(T,4,) = limdist(T,4,) .

Proof. Since A, is decreasing in X, it is clear that
dist(T,A) > supdist(T,A,) = limpdist(T,A,) .
Let the supdist(T,A,) = L. For each X, let
Cr={AEA:|T-A|| <L}= AN {A:||T-A|| < L} .

Then C) is the intersection of a weak® closed and a weak* compact set,

thus is weak*-compact. Moreover, {C):\ € A} has the finite intersection

property. For if X\;,..,\, belong to A, there is some )\, in A such that
n

M2 forl<i<n. So (O contains C’xo. By a standard compact-

i=i
ness argument, there is an operator A in the intersection of all the Cj.
Clearly, A belongs to A and ||T-A|| < L. =

9.5 Theorem (Arveson’s Distance Formula). Let N be a nest. For
every A in B (X), dist(A,T(N)) = sup || P(N)LAP(N)|.

Proof. The set {T(¥)} as ¥ runs over finite subnests of N ordered by
inclusion is a net of weakly closed subspaces with intersection 7 (N). By
Lemma 9.5 and Corollary 9.3,

dist(A,T(N)) = supgdist(A,T(F)) = sup,|| P(N)LTP(N)|| . L
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Now, we turn our attention to von Neumann algebras. If A is a von
Neumann algebra, then A = A" = Alg Lat A where Lat A consists of the
ranges of projections in A'. So, for T in B (}), one might hope for a con-
nection between dist(T(A), and the quantities

sup{|| PLTP||:P € Proj(4")}
and
sup{||TA-AT||:A e A |A|| <1} .
Define the derivation operation 6 by § (A) = TA—AT. Note that
6 {AB) = TAB—ATB+ATB—ABT = § {A)B+AS§{(B) .
9.6 Theorem. Let A be a von Neumann algebra such that A' is AF.
Then for T in B (X),

1
1 =& ! . § " < Pl .
Psug)M”P TP| < 5 Nor|A'|| < dist(T,A) < |67 |4 4Psu££|| TP||

Proof. Let ¢ be an expectation onto A provided by Theorem 8.3. Then
since $(T) belongs to the weak™* closed convex hull of {UTU*:U € U(A")},

dist(T,A) < || T-2(T)|| < sup{| T-UTU*||:U € u(A")}
= sup{||6 HU)||:U e u(A")]| = |6 |4"]] .
On the other hand, if ||[T—A|| = dist(T,A) for some A in A, then
187 [A'|| = sup{||(T—A)B-B(T-A)||:B € 4'||B|| < 1}
< 2||T-Al|| = 2dist(T,A) .
When P is a projection in Lat A, 2P—I is a unitary in A'. So

1
max{|| PLPL ||| PATP||} = | TP-FT| = 5 1 T(2P-I)~(2P-I)T||

1
S;H%‘M'” .

On the other hand, the extreme points of the unit ball of the self-adjoint
operators in A' are precisely 2P—I for P in Lat A. Thus

1
sup | PLTP]| = L6714, || -

Every norm one element of A’ can be written X = A+4B when A, B are
self-adjoint contractions. So

§plA! 6 ! LTP|| . L
167 14| < 2167 14,01l <4 sup || PLTP]
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9.7 Example. Consider the 3 X 3 diagonal algebra D and the operator

111
T=(111]. As D=D' one finds LatD= Proj(D) consists of
111

{0,P;,P/-,1,1=1,2,3} where P; is the projection onto the ith basis vector.
So S2up DHPLTPH = ||(1,1)|| = V2. Suppose that D is diagonal and
at

IT—=D|| = dist(T,D). Now ||T-UDU*|| = ||T—D|| for every permutation
matrix U in S;. Averaging over this group leaves T fixed, but converts D
to a scalar. So

dist(T,D) = inf{|| T-\I||:X €T} .

Now T is self-adjoint with o(T) = {0,3}. So

NT-M|| = max{\|,[3—X[} > 3/2; and dist(T,D) = ||T—3/2I| = 3/2.
100

Thus ||[67|D]] < 3. Let W= [0w 0| Where w = —%+ \f-z Then W
60 &

is unitary, so
6712l > |TW-WT|| = W TW-T||
0 1-w 1—-w| [1 V3 3

>1—w o 1-w| |1V =||V3]|Il=3 .
- 1-w o0 | [1/V3 V3

So three of the four inequalities in Theorem 9.6 are strict in this example.®

With some more work, the constant 4 can be reduced to 2 if A or A’
is abelian.

9.8 Lemma. If A is a von Neumann algebra with abelian commutant,
then

dist(T,A) < 2sup{||PLTP||:P € Lat A}
for T in B (X).

Proof. Let P and @ belong to Lat A. Then P+Q—PQ is the projection
in Lat A onto the span of P¥ and @ {. So

(2P-I)(2Q~I) = I-2(P+Q-PQ) = 2(P+Q—-PR)—T .

Thus § = {2P—I:P € Lat A} is a subgroup of U(A'). The projections span
A', hence G' = A. The proof of Corollary 8.8 yields an expectation ® of
B ()) onto A such that ®(X) belongs to the weak* closed convex hull of
{UXU*:U € G}. Hence
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dist(T,A) < || T-2(T)|| < sup ||T~(2P-I)T(2P-I)||
PgLat A

= T(2P-1—(2P-DT|| = 2 PLTP| .
Pseggjll ( )—( 7| pZ‘é{é,” I

The last equality comes from the proof of Theorem 9.6. n

9.9 Lemma. If0 s in the convex hull of a subset A of T, then 0 is in
the convex hull of three points of A. In particular, if A = {\, ,n > 1}
o0

and Y)\, = 0, then 0 is in the convex hull of A.

n=1

Proof. The convex hull of any finite subset of € is a polygon with vertices
AgssAp In order around the boundary. It is the union of the triangles
with vertices {A\gX;A;44} for 1 < 7 <n—1. Thus the convex hull of A
coincides with the convex combinations of 3 point subsets of A. If 0 is not
in then convex hull of A, the there is a scalar ¢*’ such that Re(e”)\,,) >0

for all X, in A. But 0 = Re(e!! Y ),) = 37 Re(e??),) forces A, to be on
i n2>1 n>1 .
the line Re(e?z) = 0. So 3}, = 0 implies Im(e?’),) takes both signs,

n2>1
and so 0 is in the convex hull. n

9.10 Lemma. If K €C,, and tr(K) = 0, then there is a unit vector e
such that (Ke,e) = 0.

Proof. Choose an orthonormal basis {e,,n > 1} and let X\, = (Ke,,e,).

Then 0 = ¢rK = Y,\,. By the preceding lemma, it may be supposed that

0 is in the convex hull of A, Ay and A\;. Each \; belongs to the numerical
range W(K) = {(Kz,z):||z|| = 1}. So it suffices to prove that W(K) is
convex. To this end, consider (Kz,z,) and (Kzgz,). They belong to
W(K,) also, where K, is the compression of K to span{zx,}. Since
W(K,) is a subset of W(K), it suffices to show that W(K,) is convex. It is
clear that if a, b are scalars and U is unitary,

W(aUK U*+bI) = aW(Ko)+b

So put K in upper triangular form and scale it so that trK, = 0, and
o(Ky) = {0} or {—1,+1}, and (Kege;) > 0. This reduces our problem to

0-1
disc of radius 1/2, centre 0 and the latter is the set

01 12r
computing W [O 0] and W [ } where r > 0. The first is the closed
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{cos28 +re'*%in20 :0 < 0 ,a < 27}

9:2

2
which can be shown to be the ellipse {z+iy: 1 +_y_2_ < 1} {See Exercise
r

+r?
9.2). Both are convex as claimed. u

9.11 Lemma. Let A be an abelian von Neumann algebra. Then for T
in B (X),

dist(T,A) = supdist(T,M)

where the sup is taken over all maximal abelian von Neumann algebras
M containing A.

Proof. Since A is weak* closed, the Hahn-Banach Theorem provides a
weak™ continuous linear function ¢ of norm one which annihilates A and

$(T) = dist(T,4) .

By Theorem 1.15, ¢(X) = tr(XK) for some trace class operator K with
[K|| = 1. Using Zorn’s Lemma, one can find a maximal, abelian self-
adjoint algebra M in ker¢. It suffices to show that M is maximal abelian
in B (X).

If not, then by Theorem 7.14, M contains a projection P of uniform
multiplicity » > 2. If P dominates a minimal projection, we may assume
that P itself is minimal. In this case, My = M |PX consists of the scalars
in M, (or B(X)if n = Ry). Otherwise, My |PX is unitarily equivalent to
L°°(/L)(") acting on L2(p)(") for a non-atomic measure p. Let ¢, be the res-
triction of ¢ to B (P)) given by ¢¢(X) = tr(XKj), and note that it annihi-
lates M.

In the first case, trKy = 0. By Lemma 9.9, there is a rank one pro-
jection E < P such that trEK, = 0. It is easy to check that the von Neu-
mann algebra generated by M and E is just {A+ E:A € M\ €C}. So ¢
annihilates this larger algebra, contrary to hypothesis.

In the continuous case, consider the restriction of ¢, to the n X n
matrices with coefficients in L™, Let ¢;; be the restriction of ¢, to the
copy of L°{s) in the 45 component of the matrix. Since $;; is weak*-
continuous and L°{u) = L'(p)*, there is an L'(s) function f;; such that
¢:i(h) = [hfdu. Since ¢o[Mg=0, 3] fiy = 0. The atomic case can be

i>1
repeated “pointwise” provided care is taken to keep all the functions

Borel. First choose Borel representatives f;;{z). Then Y, fy(z) = 0, and
i>1

converges absolutely, except on a set of measure zero. By Lemma 9.9, for

each z, 0 is in the convex hull of some triple f"lil(m)’ f,-z,-z(:v), fis,-a(x).

The convex hull of a finite set is a Borel function of the set, so
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{z :0 belongs to conv{f,-l,-2(:c),f.-2,~2 fb'),fisis(-"’)}}

is Borel for each triple. Thus there is one triple for which this has positive
measure. It may be assumed to be 1,2,3 (or a pair 1,2 if n = 2.). By mak-
ing P smaller, it may be supposed that this holds for all «.

By Lemma 9.10, there are scalars oy(z), ay(z) and as(z) such that
Z lai(z)P=1 and sz,](a: J(:1:)—- 0. To make this choice

t=1j5=1 ;0
Borel, we insist that oy(z) >0 and maximal, ay(z)= 1‘2(1‘)61 o) where

0 < 05(x) is minimal and ryz) is maximal subject to earlier restraints, and
likewise for ay(x). (Note that if n = 2, then «; does not appear.) Let F
be the projection in M, & L*{p) given by E;; = Ma'a for 1<, <3
and E;; = O otherwise. This has been constructed so that if Pg({‘) is the
diagonal matrix in M, corresponding to the characteristic function of any
Borel set 2, then

$dPE) = tr(PEK,)
B f“éf%f"f(m)"f(“)mdu(x) ~0 .

Thus ¢, annihilates the von Neumann algebra generated by My and E
and hence ¢ annihilates W(M,E). This contradicts the maximality of M.

Thus M is maximal abelian, and since ¢ annihilates M,

dist(T,A) > dist(T,M) > ¢(T) = dist(T,A) . =

2

9.12 Theorem. Let A be an abelian von Neumann algebra. For T in

B (X),
dist(T,A) < 2sup{||PLTP||:P € Lat A} .

Proof. By Lemma 9.11 and Lemma 9.8, there is a m.a.s.a. M such that

dist(T,A) = dist(T,M) < 2 PLlTP|I < 2 PLTPl . =
ist(T,A) = dist(T,M) < nggull Il < Pgtg‘” I

We complete this chapter with a sharp formula for the distance to

the scalar operators. Define the mazimal numerical range of an operator
T to be

Wo(T)={\C:3x, €X)||z, ||=1Lim(Tx,,z,)=X and lim||T%, ||=||T||}.
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9.13 Lemma. Wy(T) is a closed convex subset of W(T).

Proof. One need only verify that Wy(T) is convex. Normalize so that
IIT|] = 1. Let X and z be points in W,(T) determined by sequences {z,}
and {y,} respectively, and let X\, = (T%,,z,) and p, = (Ty,,y,). If
v, = €%y, —z,,

uﬂ. = ("an"l"vu ?wn+Uil) = A"z"l‘-(jwmﬂ, ’U" )+(TU7| ’mﬂ+vﬂ) M
Hence |pu,—X, | < 2||v,]||. Choose ¢ so that

é

) 1 :
I((Ln ’yn) l = (zizrez yn) = I*Enxn—euﬁyn ”2

< 1"% l/“n"xn 12 S 0 <1

for n large. Let ¢, = max{1—||T%, ||>1=||7y, ||*}. Then
” (]"'T*T)mn H2 = “ Ln ”2—21:‘)‘6 (’I“Txn #n )+“an ”2
< 2(]'—'“]“7"" ”2) < 26,

Similarly, ||(I-=T*T)y, ||> < 2¢,. If w, is a unit vector in span{z,,y,},
write u, = a,%,+b,y,. Then

1= |lua|* = lay [+ b, *+2Re a,b,(2,,94)
2 la, [+ 1o, [*~21a, | 1o, |6
= (1=0)(lay [+ 1bs 19+0 (la, - lon )* -
Hence |a, >+ b, [* < (1=0)7". So by the Cauchy-Schwartz inequality,
NI=TT)un || < lau | NT=T" )y ||+ by | |(T=T"T)ya ||
< 2(1-0)7%
Hence
1 1P = o [P—~((I=T"T)up uy ) = 1-2(1=8) e
Now let n belong to the convex hull of X\ and p, and let #,, belong to
the convex hull of X\, and g, with # = lim ,. Let P, be the projection

onto span {z,,y,}, and set T, = P,T|P,}. Then \, and g, belong to
W(T,), which is convex (Lemma 9.10 and Exercise 9.2). So there is a unit
vector u, in span{z,.y,} such that (Tu,,u,) = (T,u,,u,) = 1,. By the
previous paragraph, ||Tu,|| tends to 1. So n belongs to Wy(T). Thus
Wy(T) is convex. u
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9.14 Lemma. If||T|

= dist(TCI), then 0 belongs to Wy(T).
Proof. Assume W(T) does not contain 0. As Wy(T) is convex and closed,
one can replace 7' by a scalar multiple so that ReWo(T) > 1. Let

S={z eX:|z]|=1 and Re(Tzr,2) <1/} ,

and let r = sup{||Tx||:z € S}. Then r < ||T|, s0
p = min{1/2(||T||—r)/2} is positive. Consider T—pJ. For z in S,

WT=pnl)e || < | Tx|l+p < r+(ITl=r)/2 <||T] .
For any unit vector z not in S, Re(T%,z) > 1/2, so
W(T=pD)z|[* = || T PP+ p*—2pRe(Tr 2) < || T|P—p(1—u) .
Hence ||[T—p/|] < ||T

. This contradiction establishes the lemma. ]

9.15 Theorem. For all T in B (M), dist(T,@I) = %||6 7]

Proof. By compactness, there is a scalar X so that ||T—X\I|| = dist(T,CI).
Without loss of generality, X = 0 and ||T]| = 1. So by Lemma 9.14, 0
belongs to W(T). Let {z,} be unit vectors such that lim(7%,,z,) = 0, and
Yn = T, have lim|ly, || = 1. Note that (T%y,,z,) = (yn,¥,) tends to 1.
Let A, = z, @ z,—y, @ y,. Clearly, ||A,]| < 1. Moreover
I(éT(-Aﬂ)mn ryn) l = l((yn ® :L‘: - jw:’/n. ® y; - Iy ® (Tmn)*
+ Ya @ (T )20 .80 |

2 Ny 1P=2 ewva) Hllwa 1

So
1ozl > suplis ()| > 2 = 2dist(T,0I) .
On the other hand, for all A
16 2(A)| S NTANHIIATY < 2T | Al = 2dist(TCI) ||A]| .

Thus ||64]] = 2dist(T.CT). n
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Notes and Remarks.

Lemma 9.1 was proved by Parrott [2] using a lifting theorem of Sz.
Nagy and Foias [1]. It was proved independently by Davis, Kahane, Wein-
burger [1] and it is their proof provided here. They explicitly give all solu-

A B
tions X satisfying || ¢ x|l =7 Theorem 9.5 is due to Arveson [7].

The proof given here is due to Power [1]. Another proof due to Lance [2]
will be given in Chapter 16. Theorem 9.6 is due to Christensen [4]. Exam-
ple 9.7 has been credited to Choi in Davidson [1]. Theorem 9.12 is due to
Rosenoer {1]. The essence of Lemma 9.10 is that the numerical range of
an operator is convex. This is due to Hadamard (c.f. Halmos [2]).
Theorem 9.15 is due to Stampfli [1].

Exercises.
9.1 (Arveson)

(i)  Let ¢ be a weak* continuous linear functional on B (¥). Show
that there are vectors z and y in M%) such that

$(A) = (A @z y) .

(i) If A is a weak* closed, unital subalgebra of B (X), show that
for all T in B (X),

dist(T,A) = sup{|| PLT{P||:P € Lat A(=} .

(iii) Let ¥ be a finite nest {0} = Fy < .. < F, = ¥ with atoms
Ay = F, © Fy_,. Let P belong to Lat(T(#)*). Show that
this belongs to #" @ B(X) and thus has the form
3 P(A;) ® P; where P; are projections. Show that P, > P,

=1

for 1<k <n-1.
n
iv) Rewrite P as ), P(F;) ® @, where @, are pairwise orthogonal.
J 3 J
J=1
Combine this with (ii) to prove Corollary 9.3.

9.2
0 -1

(z—c)*+y® = r(1—c?) has a solution ¢ in [~1,1]. Compute the
discriminant of this quadratic in ¢ and thereby deduce that the

1 2r
Show that z+iy Dbelongs to W[ ] if and only if

numerical range is the ellipse {x+4dy: 127 > +y_2 <1}
+r r
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9.3

9.4

9.5

9.6

K.R. Davidson

(Davidson-Power) Let N be a nest of order type IN U {oo},
{—o0} U—IN, or {~o0} U Z U {+o0}. Given K compact, find 7" in
T(N)N K such that dist(K,T(N)) = | K=T||. Hint: Reduce to
the finite nest case by finding N, <N, in N so that
IKP(N,)I| < #dist(FC, T(K)) and [|P(No)LEC|| € Hdist(E, T ().
(Davidson-Power)

(i) Let N be the Volterra nest on L%0,1) and let K =1 ® 1%
Show that % = dist(K,T(N)) < ||[K—T|| for every compact T
in  T)N). Hint: Let z=V2xuy Prove that if
|K~T|| = %, then TP(N,)z = %P(N,)x for all t in [%,1].

(i) dist(K,T(N)) = dist(V*, T(N)) where V is the Volterra opera-
tor of Chapter 5. Let D be the diagonal operator which is
multiplication by  f(x) = min{z,1—=}. Show  that
|[V*-D]| = %.

(Davidson-Power) Let N be given by an increasing sequence of finite
dimensional subspaces sense in ¥. Prove that for A in B (X),

dist(A, T(N) N K) = max{||A||,,dist(T, T(N))} .
(i)  Let A be a reflexive algebra. For T in B (¥), show that
dist(T,A) > sup{||PLTP||:P € Lat A} .
(i) Let Ay be the algebra of 2 X 2 matrices with ¢; = [(1) and
cost

sinf
Compare dist(E,4,) to max{||PLEP||:P € Lat 4,}.

€y =

as eigenvectors. Find Lat A;. Let E = (1) 8]

(o]
(iii) (Kraus-Larson) Let £ = Y] @ A, ,. Prove that A is reflex-
n=1
ive. Find operators E, such that
max{|| PLE, P||:P € Lat A}
" o dist(E, A =




10. Derivations of C-Algebras

A bimodule of a Banach algebra A is a Banach space £ which is a
2-sided  module over A  satisfying ||AE|| <||A| ||El| and
|EA|| < ||E|| ||A]| for all A in A and E in €. A derivation & of an alge-
bra A into an A-bimodule & is a linear map § satisfying
6(AB) = 6(A)B+Aé(B) for all A and B in A. The derivation is called
inner if there is an element £ in & such that 6(A) = 6 5(A) = AE—FA.
For our purposes, the bimodules of interest will be A, B (), and K.

10.1 Lemma. Let A and B belong to a C*-algebra A. If B is positive,
IBll <1, and AA* < B* then there is an element C in A such that
A =BC and ||C|| < 1.

Proof. If A has no unit, then let A; be the C*algebra with unit
adjointed. Define C; = (B+tI)™'A and note that this belongs to A, and
C,Cf = (B+tI)TAAYB+tI) ! < (B+tI)'BY{B+tI)' < B2 < T .
So |0 ]| £ 1. It will be shown that C = lirrt)C’t exists.
t—
Cy—Cy = (B+sI)(B+tI) Y (B+tI-B—sI)A
= (t—s)(B+sI)™(B+tI)'A .
Hence
1Ce=CelI* = (=5 A (B+s1) " (B+tI) " AAB+tI) H(B+sI) ™|
< (t=s)(B+sI)™(B+tI) ' BY{B+tI)(B+sI)™|
<(t—s) .
So C, is Cauchy, and C exists as claimed. Furthermore,

BC = linBB(B+tI)—1A = lin})A—tCt =A . n
t— t—

10.2 Lemma. Let A be an infinite dimensional C*-algebra. Then A
contains a sel f-adjoint element A with infinite spectrum.

Proof. It clearly does not hurt to adjoin a unit, so we assume that A con-
tains an identity /. Let M be a maximal abelian subalgebra. Then M is
isomorphic to C(X) for a compact Hausdorff space X. If X is infinite,

115
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then M contains an element A corresponding to a real function with infin-
ite range, and thus infinite spectrum. If X is finite, M contains a finite set

E,,..,E, of minimal projections with ZE'J- = I. Now, E;AE; is a O™
j=1

algebra in which CFE; is a maximal abelian subalgebra. Hence

E;AE; =CE;. If E;AE; is not zero, choose A = E;AE; of norm one.

Then A*A = E; and AA*=E;. Let B = E;BE;. Then there is a scalar X

so that BA* = NAA* Thus

B—-X\A = (B-MA)E; = (BA*-\AAY)A =0 .
So E; AE; is one dimensional, and hence A is at most n? dimensional. u

10.3 Theorem. Every derivation § of a C*-algebra into a bimodule &
18 conlinuous.

Proof. Let J be the set of elements J in A such that the map D, taking
T to §(JT) is continuous. Clearly Jis a right ideal. Also
6(AJT) = Aé(JT)+6(A)JT

is continuous in T for every A in A and J in J So Jis also a left ideal.
To show that Jis closed, consider J, in J converging to J. Then

Dy(T) = §(JT) = J&(T)+6(J)T

= lim J,8(T)+6(J)T
n —o0

= lim D, (T)=6(J,)T+6())T .
n-+00

So D; is the pointwise limit of continuous maps. Thus D is continuous by
the Uniform Boundedness Principle.

Next, we show that & is continuous on J. For otherwise, there are
Jo In J, n2>1, such that |[J,|?<2™ and ||§(J,)||>n. Thus
B = (3] J,J3)* is a positive element of J with ||B|| < 1. By Lemma 10.1,

n2>1
there are elements C, in Jwith ||C, || < 1 such that J, = BC,. Hence

1DB(Cu)ll = 16(BC)Il = ||6(S)I| = n
contradicting the continuity of Dp. Let M = |[|§ |g]|.

Suppose that A /J is infinite dimensional. Then by Lemma 10.2, it
contains a self-adjoint element A so that C*HA) is isomorphic to Cy(X)
where X is an infinite, compact subset of [—1,1]. There are countably
many positive functions f;, 7 > 1 in Cy(X) such that f,;f, =0if j# k
and f;A)# 0. Let A; be positive, norm one elements of A such that
A;+J is a scalar multiple of f;(A). Then AjA; belongs to Jfor j # k, but
Aj+JT = f{A)?# 0. Since A? is not in J DAJ_ is unbounded. Thus one
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can choose T; in A with || T;|| < 277 and [[§(AZT)]| > ||6(A)|l+7. Let
X = EAJ-TJ-. Then A X = AZTy+J, where J;, = EA,,AjTj belongs to
J, anéZ”lJ,,H <1. So o
N8O = 1A GOl = 116 (AxX)—6(A,)X ||
2 18(AZTYII=N18 (Il -l (Al 11X
2 [|8(A)ll+k—M—]|8 (Al = k—M .
But k is arbitrary, and so this is impossible.

Hence A /Jis finite dimensional. As § is continuous on J, it must be
continuous on all of A. |

Let A be a C*algebra acting on a Hilbert space X. An A-bimodule &
which is the dual of a Banach space &,, is a normal dual bimodule if the
maps A — AE and A — EA are continuous from the weak* topology on
A to the weak™ topology on €. It is easy to extend the module action of A
to all of A" by the weak* continuity. To study the weak* continuity of
derivations, we first need some basic facts about the double dual of a C*
algebra.

10.4 Theorem. Let A be a C*algebra. Then the second dual A*™ is
1sometrically isomorphic to a von Neumann algebra M, and this isomor-
phism is a homeomorphism of A™ with its weak* topology onto M with
its weak* topology.

Proof. For each state f on A, the GNS construction provides a represen-
tation (M;,m,) with a cyclic vector & such that (7 (A) &) = f(A) for

all A in A. The representation 7 = ), Dry on Ny = 3D H; is the

universal atomic representation. Let M denote the weak operator closure
of m(A). This is known as the universal enveloping von Neumann algebra
of A. Every positive linear functional on A is given by a vector state, and
thus extends to be a weak* continuous functional on M. Conversely, if ¢
is a weak* continuous functional on M, then ¢ is determined by its restric-
tion to A. Because the unit ball of A is weak* dense in the ball for M
(Kaplansky’s Density Theorem), ||¢]| = ||¢ |4]|. So A* is isometrically iso-
morphic to M,, the space of weak* continuous functionals on M. By a
standard theorem of functional analysis, the weak* closed subspace M of
the dual space B (X,) is the dual of M,. Thus M is isometrically iso-
morphic to A*, and the weak* topology on A*™ coincides with the weak*
topology on M. u
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10.6 Corollary. Let p be a representation of a C*-algebra A on a Hil-
bert space X. Then there is a unique normal representation p of A*
extending p, and this takes A* onto p(A)". Furthermore, there is a cen-
tral projection P in A™ such that the restriction of p to PA™ is a *-iso-
morphism onto p(A)".

Proof. Every representation p is the direct sum of cyclic representations
Po (easy application of Zorn’s lemma), and every cyclic representation
(P oy o) equivalent to Ty Where f, is the state f{A) = (p(A)rs2,). One

maps A™ onto 7 7(#)" by restriction to N, and this map is normal. Since
A* is weakly closed, it maps onto = ,a(ﬂ)". The direct sum of these maps

is a normal representation p of A*™ onto p(A)". But A is weak* dense in
A™, so this extension must be unique.

Let P be a maximal projection in J= ker(p). This is the identity
for J as this is a weak® closed C*algebra. Moreover, P is central in A™
since if A belongs to A, then PA and AP are in J. Thus
PA = PAP = AP. The restriction map of p to PLA* is thus a *-isomor-
phism. n

10.8 Theorem. Let p be a representation of a C*-algebra A on a Hil-
bert space N. Let § be a derivation of p(A) into a dual normal bimodule
€. Then & is weak™ continuous, and thus extends to a derivation of
p(A)" into € with the same norm.

Proof. Let p be the extension of p to a normal representation of A* onto
p(A)". By Corollary 10.5, there is a central projection P in A** such that
the restriction o of p to PA™ is a s-isomorphism. Make & into an A®
bimodule by

A-E=j(AE and E - A= Ej(A)

for A in A™ and E in €. Since § is normal, and € is a dual normal p(A)"
bimodule, it becomes a dual normal A* bimodule.

Let ¢ be a functional in £, By Theorem 10.3, § is continuous, so
f(A) = ¢(8(p(A)) is a continuous functional (in A*). Thus f is weak*
continuous on A*. Therefore, § o p is a normal map of A into £ Thus it
extends to a linear map & of A™ onto & which is weak*-weak* continuous.
Since the unit ball of a Banach space is dense in the ball of its double dual,
[[6]] = ||6]]. Furthermore, 6 is a derivation. To see this, let A and B be
elements of A™, and choose nets A, and Bg in A converging weak* to A
and B. Then
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8(AB) = limé o p(A,By)
= lim A5 (p(Bp))+8(p(A))Bs = AS(B)+6(A)B .
Also, §(P) = §(F?) = j(P)3(P)+6(P)3(P) = 25(P). Thus §(P) = o.

Define a map 6 of p(4)" into & by 8(X) = &(¢c™'(X)). This is a
weak*-weak* continuous map since both ¢! and & are normal, and it is
easily seen to be a derivation. Furthermore, if A belong to A,

8(p(A)) = 8(a7Y(p(A))) = §(PA)
= (P (A)+3(P)5 (4)
= §(p(4)) .

So § is an extension of & as desired. ]

10.7 Lemma. FEwvery derivation § of a finite dimensional C*-algebra
ts inner, and § = &g for E in E with ||E|| < ||6 ]|

Proof. Let § be a finite group of unitaries in the C*-algebra A as in sec-
tion 8.2 so that A is the span of §. Let

E=-—"YsUU .
16 | 7
Then if V belongs to G,

§5(V) = EV-VE = —— S 6(U)U*V—Vs (U)U*

|9 |U€g
= =3 (U= (U)VU)V+6(V) = 5(V) .
1514,
S0 6 = 8, and || B[] < max||sU)U*]| < [[5 . "

10.8 Theorem. Let A be an AF von Neumann algebra. Then every
derivation § of A into a dual normal bimodule is inner, and 6§ = 6
with ||E]| < |8 ]]-

Proof. Let A, be an increasing net of finite dimensional subalgebras of A
whose union is weak* dense. By Theorem 10.3, § is bounded. By Lemma
10.7, for each « there is an element F, in £ so that § |4, = 6p, and
[[E4ll < 1|8]|- By the Banach-Alaoglu Theorem, the ball of radius ||6]| in
€ is weak* compact. Hence there is a cofinal subnet A such that
E = w*— limyF, exists. For every o, there is a A\ in A so that o <.
Thus if g > X, 6E” |A,= 6 |A, Hence g |A, =6 |A, for every a. By
Theorem 10.6, § is weak™ continuous (as is § , clearly) so § = 6. n
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Now, we turn to the consideration of derivations into the compact
operators. The main result will be very important for its applications to
nest algebras. We begin with the abelian case.

10.9 Theorem. Let M be an abelian von Neumann algebra. Every
derivation § of M into the compact operator K is inner, and § = &, for
some K in K with [|[K|| < [|6]].

Proof. By considering § as a derivation into B (X ) which is a dual nor-
mal M-module, one has by Theorem 10.8 that § = 6, for some 7T in
B (X). Let ® be an expectation onto M’ given by Theorem 8.3. Set
K = T—®(T). Clearly, 6, = 6. It suffices to prove that K is compact.

Suppose that ||K||, = v # 0. Let P be a maximal chain of projec-
tions in M such that ||PKP||, = 4 for all P in P. If P belongs to P and
P = P+P,, then

v = ||PKP||, = | PyK P+ PK Pyt PLK Pyt P,KP ||,
= || P\KP+P;KPyt P16 (Py)+Pys (Pl  (10.9.1)
= ||PLKP\+P,KP,||, = max {|| PP, ||,|| P.KP, |}

Let Py = inf{P:P € P}. If P, belongs to P, then the computation (10.9.1)
along shows that P must be minimal in P (for otherwise some smaller pro-

jection also belongs to P). But if P, is minimal, then since
PO(I)(T)=P0TP0,

PoKP()-'—-PoTPO—POq)(T)Po:O .

Thus, P, does not belong to P By equation (10.9.1),
| (P—Py)K(P—Py)|| = ~ for every Pin P.

Let P= {P,} ordered by itself in decreasing order. Since the norm is
lower semi-continuous in the weak* topology,

7 = [[(P=Fo)K(P=Fy)|| = lim||(P-Po)K(P-Py)|| .
Hence one may choose a sequence a; > ay > ... such that Q, = Pak—Pak+l
satisfies || Q@ KQ.|| > v /2. By Theorem 8.3,
QiKQy = QuK—2(K))Q
belongs to the weak™® closed convex hull of
{Qu(K~UKU"Q4:U € U (M)} = {Qu6(U)U*Qy:U €U (M)} .
Choose a unitary Uy in M such that [|Q.6(U,)Qk|| > 7/2. Now
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Qié (QU)Qs = Q6 (QLULQ6H)Qs
= Q8 (U Q)+ Q10 (Q U Q@ = 0 .

o0
So 7/2 < ||Qr6(QUi)Q%||. Let A = 3, Q,U,. This belongs to M, but
k=1

| Qk6(A)Q% | = || Qx6(QuUi) Q4 +Q1 8 (Qe-AQ)Q: ||
= || Qs (QLUL)Qk |l > 7/2 .

This contradicts the compactness of §(A). Thus K is compact.

Since K = K—®(K), it belongs to the weak* closed convex hull of
K—UKU* = §(U)U* and hence || K[| < ||5]|. n

10.10 Lemma. Let A be the algebra of all n X n matrices with coeffi-
cients in an abelian von Neumann algebra M. (A= M, @ M). Then
every derivation § of A into the compact operators is inner, and § = &
with K in K and || K|| < ||6]]-

Proof. Again by Theorem 10.8, it suffices to consider § = 64 for T in
B (X). By Lemma 10.7, the restriction of § to the n X n matrices with
scalar entries is inner, so equals 6, for some compact operator C. Let
6'= 61 . Let E;; be the standard matrix units of M,. Then for M in
M,

§(Ei;M) = $(Eyy(E\ME\)E,;) = E;y8 (E\ME\)E,; .

The derivation 6" obtained by restricting §' to the 1—1 entry is then a
derivation into EyKE;. By Theorem 10.8, §" = §; where L is compact.
Let K = L™ be the direct sum of n copies of L. One has

So §'= 6k and thus § = §o,x. Replace C+K by K' = C+K—-®(C+K)
where ® is any expectation onto A’ (Theorem 8.3). Then by the remark
following Theorem 8.6, ®(C+K) is compact. Furthermore, XK' belongs to
the convex hull of {O+K-U(C+K)U*:U €U (A)} which equals
{6(UYU*: U €U (A )}. Hence ||[K'|| < ||6]I- |

10.11 Lemma. Let A =B ()@ M be the algebra of all infinite
matrices (A;}); jez with coefficients in a von Neumann algebra M which

are bounded operators. Every derivation of A into the compacts is inner,
and § = 6 for K in K with |K|| < ||§]|.

Proof. First note that
A=BU)QMEBURQHNQM=BN)Q(B(X)R M)



122 K.R. Davidson

so A can be thought of as infinite matrices with coefficients in A. Let U
be the bilateral shift of infinite multiplicity given by the matrix (& is+l)-
Then U = {U}" is an abelian von Neumann algebra. By Theorem 10.9,
6 |U =6g with K compact. Let §'= 6—6,. For any operator A in
U'n A = {{A;):Aij = Aiyrj1 € A},

§ (AU = §'(AU)-AS'(U) = §'(UA) = Us'(A) .
So §'(A) belongs to U' N K = {0}. Hence § [U'NA = 6.

Now considering U as a subalgebra of A, the algebra D of diagonal
matrices with entries in U is an abelian von Neumann subalgebra of A
such that D' contains no non-zero compact operators. Again use Theorem
10.9 to obtain a compact operator C so that 6'|D = 6,. Write C = (C,;)
and note that each C;; is compact. The constant diagonal matrix U(]°°i
belongs to D N U’, so

= 6(U'®) = § (U = (C,U-UCy,) .
Hence each C;; belongs to U’ N K = {0}, whence C = 0.
This shows that 6 = §x on the algebras U’ and D. But these gen-

erate A as a weak™® closed algebra. So by Theorem 10.6, 6 = 6§ on all of
A. As K was obtained from 6 |U, one has [[K|| < ||6 |u]| < || . u

10.12 Johnson-Parrot Theorem. If A is a type I von Neumann alge-

bra, then every derivation & into K is inner, and 6§ = 6, for K in K
with [|[K|| <8 ].

Proof. We prove this theorem when A’ is abelian. The general case is

the same, but relies on the extension of Theorem 7.14 given in Exercise 7.3

to classify all type I von Neumann algebras. By that theorem, A is uni-
o

tarily equivalent to a direct sum Y P (M, @ R,) D (B (X) @ R
n=1

where R, are abelian von Neumann algebras. By theorem 10.9, the res-

triction of § to the centre A NA' has the form 6§, where K is compact.

Let §' = §—6. Then §'(E,A) = E,6'(A)E, for every central projection

E,, and in particular, ' can be restricted to each summand M, ® R,,.

x>
By Lemmas 9.10 and 9.11, §' = Y, B 6k, D 6k where each K, is com-

n=l1
pact, and ||K,|| <||6'|M,®R,]|. Choose U, unitary in M, Q R,,
1<n <o, such that [6'k (U,)|l > %||K,ll. Then U=} DU,

belongs to A, and §'(U) = 3, @ 6 (U,) is compact. Thus
0 = lim 2|6 (U,)]] > lim |15, |
n —>00 » n —00

o0
and hence K' = Y, @ K, @ K is compact. So § = O arcr-

n=1
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Let @ be the expectation of B (X ) onto A given in Theorem 8.3.
Then § = 6K+K:_@(K+K = 6;. As in the proof of Lemma 10.10, L is
compact and ||L|| < ||8]]. u

Notes and Remarks.

Sakai [1] proved that derivations of C*-algebras into themselves are
norm continuous. Kadison [1] showed that derivations of C*algebras into
themselves are weak* continuous and hence extend to their weak* clo-
sures. Kadison (1] and Sakai [2] independently proved that every deriva-
tion of a von Neumann algebra into itself is inner. The generalizations
Theorems 10.3 and 10.4 for modules are due to Ringrose [6] and the proofs
given here are his. Theorem 10.4 is due to Grothiendieck [1], Sherman [1]
and Takeda [1]. Theorem 10.8 is considerably easier than the Kadison-
Sakai Theorem. Note that one needs some condition such as weak closure,
for 67 is a derivation of the compact operators K into itself for every
bounded operator T. Theorems 10.9 - 10.12 are due to Johnson and Par-
rott [1]. They prove Theorem 10.12 for purely infinite von Neumann alge-
bras as well. This was extended to all von Neumann algebras by Popa [1].

Exercises.

10.1 Show that there are no non-zero derivations of C(X) into itself.
Hint. Show 6(1)=0. Then if 6(f)= f' and z €X, write
f—f(z)= fi—f2 with f;(2) = 0. Compute ().

10.2 (i) Let 6 be a derivation of a C*algebra A onto itself. Let
o, = exp(t8). Show that o, is a one parameter group of auto-
morphisms such that ¢ — a, is norm continuous for all ¢.

(i) If o is an automorphism of A such that ||a—id|| < 1, show
that § = logo is a derivation.

(ii) Let t — o be a norm continuous, one parameter group of
automorphisms, and let § be its infinitesimal generator. So
o, = exp(td) for some bounded map 6 of A into itself. Show
that § is a derivation.

10.3 Let A be a C*algebra containing the compact operators K, and let o
be an *automorphism of A.

(i)  Show that « maps K onto itself.

(i) Show that there is a unitiary U such that oK) = UKU* for all
Kin K.

(i) Prove that a(A) = UAU* for all A in A.

10.4 (Johnson-Parrot) Let A be an AF von Neumann algebra, and let §
be a derivation of A+ K into itself. Let ® be an expectation of
B () onto A.
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(i)  Show that ®§ |4 is a derivation of A onto itself.
(i) Show that 6—®5 |4 is a derivation of A onto K.
(iii) Prove that 6 = & for some operator T in A+ A'+ K.



11. M-Ideals

In this section, a method is developed for computing the distance to
certain ideals. The important applications to nest algebra will be given in
the next chapter. The key idea is a Banach space notion introduced by
Alfson and Effros. A closed subspace M of a Banach space X is an
M-ideal if there is a linear projection

n: X — ML
of the dual space X* onto the annihilator ML of M in X* such that for all
¢ in X1
|2l = lln®@|l+]|2—n®| .
In this case, ML is an L-summand of X*. The range N of (1—n) is a com-
plementary subspace of M1, and X* = ML @ll}/, meaning that the norm
on X*is the £, sum of the norms on the two subspaces.

11.1 Lemma. Let M be an M-ideal in X. Then every ¢ in M* has a
unique Hahn-Banach extension ¢ in X*. When M* is identifies as a sub-
space of X* in this way, one obtains a decomposition X* = M* @thJ-

with ||<;5+¢|| = [|¢||+l|¥]] for ¢ in M* and ¥ in ML,

Proof. Let & be any Hahn-Banach extension of ¢ to X*. Then n®
annihilates M, so ®—5® is an extension of ¢. Furthermore

el <N 2—n@ || < ||[2—n2|+]In®]| = |[2]| = ||¢]| .

Thus 7® = 0. The most general extension of ¢ is ®+1 where ¢ belongs to
M-L. However, since 1(P+9) = ¢,

e+¥ll = @ ll+4]l = e N+l -

So the only Hahn-Banach extension of ¢ is ®, which we denote by J)
Identify M* with {¢:¢ € M*}.

Let n be the projection onto M-L. Suppose that n® = 0. Then
¢ = ® |M belongs to M* and the above argument shows that ® = ¢.
Thus M* = kern. For any ® in X*, one has ® = ($—n®)+7® is a sum of
an element of M* and an element of ML such that

@]l = [[@=—n®{l+]In2] .
Furthermore, M* N M-+ = {0}. So this is a direct sum. L]

125
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A basic and elementary property of M-ideals is that they are prowzi-
minal, meaning that for every = in X, there is an m in M such that
[lz—m|| = dist(z,M).

11.2 Lemma. Let M be an M-ideal in X. Let y be a vector in X such
that dist(y,M) =1 and ||y|| = 14r, and let € > 0. Then there is an m
in M with |m|| <r and |ly-m|| < 1+e.

Proof. Suppose, to the contrary, the set § = {y—m:||m|| < r,m € M} is
disjoint from the set (1+¢)D where D is the open unit ball of X. By the
Hahn-Banach Theorem, there is a non-zero linear functional ® in X* so
that

sup{Re®(z):z € (1+€)D} < inf{Re®(y—m):||m|| < r,m € M} .

Evaluating these expressions yields

(1+e)l|@[| < Re®(y)—r||® [M]| .
Write ® = ¢+, where ¢ = & |M and ¢ = n®. Then

Re®(y) = Re($(y)+¥(y)) < 1] ly ll+||p|ldist(y, M) .
Hence
(el < N16lla+r)+wll-rll 6]l = ||l -

This contradiction establishes the claim. =

11.83 Theorem. Let M be an M-ideal in X. Then M is proxziminal in
X.

Proof. Let z, belong to X, normalized so that dist(zq,M)= 1. Fix
€ > 0. Choose mg in M with [|m| < [|zo]|—1 so that [|zo—myg|| < 1+€/2.
Recursively, choose m; in M, j>1 so that |m;||<e/2° and

n
lzo—Y m;|| < 14+¢/2" . Then
J=0

o (o] €
o llmgll < Jleoll—1+ 2‘2—-' = [[@oll-1+¢ .
7=0 —1
o
Thus m = Em_,,- belongs to M. Furthermore,
§=0
llzo=m || = lim sup||zo— Zmall <1.
=0

Hence [|zo—m || = 1. (Plus, |zg=m |l+]|m || < [|zo]l+. .
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The important examples of M-ideals are ideals of C*algebras. To
prove this, we need the material on the double dual of A from section 10.4.

11.4 Theorem. FEuvery (closed, two sided) ideal of a C*-algebra is an
M-ideal.

Proof. Let Jbe an ideal in C*-algebra A. By Theorem 10.4, A* is a von
Neumann algebra. The weak* closure of Jin A* in J*, and this is an
ideal in A™. Let P be the largest projection in J*. For any A in A*, PA
and AP belong to J*. So PA = (PA)P = P(AP) = AP. Thus P is a cen-
tral projection in A®.

Define a mapping # on A* by
(n®)(A) = ®(PLA) .

Then since PLJ™ = {0}, y® belongs to JL. Conversely, if ¢ belongs to
JL, then ® annihilates J*. Thus

®(A) = ®(A—PA) = n®(A) .

Thus 7 is a projection onto J-. Furthermore, since P is central, A* is the
direct sum of J* and PLA* The functional n® attains its norm on
PLa*, and (#—n®)(A) = ®(PA) attains its norm on J*. So if ® belongs
to A* choose J in J* and A in P-A* with || J|| = ||A|| = 1 such that

n®(A) = [|n®|| and ®—n®(J) = |[2—n2]|| .
Then || J+A|| = 1, and
|81l = ®(J+A) = n®(A)+(2—n®)(J)
= l[n®|l+l[e—n | > [|®]] .
Hence J*is an L-summand of A% and Jis an M-ideal. L]

Although no use will be made of the converse to Theorem 11.4, we
include a proof for completeness.

11.5 Theorem. Fvery M-ideal of a C*-algebra is a two sided ideal.

Proof. Let M be an M-ideal in a C*algebra A. Then A*= M* G}thJ-
and A” = M™ @, ML, where M* is identified with M--L. By Theorem
10.4, A* can be represented as a von Neumann algebra containing A

which is the weak* closure of A. Moreover, every state on A is a vector
state in this universal representation. Let the identity I of A** decompose

asa PP Q.
Let f be any state on A, decomposed as f = f; @ fo. Then
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Fll=1=f(I)= fuD+7AD) < Foll+N Pl = 1A -
So h; = || f: |71 f; are states, i = 1,2. Moreover,
1= hy(I) = hy(P)+hy(Q) = hy(P)
and

1 = hy(I) = ho(P)+ho(Q) = hy(Q) .

Hence f(P) = || f,|| belongs to [0,1] for every state, and thus 0 < P < I.
This also shows that every state is a convex combination of a state in M*
and a state in M-L; thus, together they span all of A*.

Now suppose the state f is given by f(A) = (Az,z). For f in M*
1= f(P)=(Pz,z) = || Pz .

Hence z is an eigenvector for P, and Pr = z. Thus if A belongs to A™,
one has

f(A) = (Az,z) = (APr,z) = (PAz,z)
= f(AP) = f(PA) .
Likewise, if f belongs to M., then Qz = z, whence Pxr = 0. So
0 = (APr,z) = (PAz,x) = f(AP) = f(PA) .

Consequently, g(AP) = g(PA) for every functional g in A*. So P is cen-
tral. Moreover, if A belongs to M* and f belongs to ML,

f(A)=0= f(AP) .
So g(A) = g(AP) for all g in A* and thus P is the identity for M*. In par-
ticular, P is a projection.

Hence M* = PA*™ and M*L = PLA* are ideals of A*. Therefore
M= M*N Ais an ideal in A. |

Let M be a M-ideal in a Banach space X. The M* topology on X is
the weakest topology such that for every for ¢ in M* ¢ is continuous on
X. In particular, a net m, of elements of M converges M* to = in X if and
only if

limgp(m,) = ¢(x)

for every ¢ in M*. This topology is not in general Hausdorff. In the case
of an ideal J of a C*algebra A, the J* topology is Hausdorff exactly when
Jis essential, meaning that AJ = 0 implies A = 0.

An important special case is the ideal of compact operators K, which
is an M-ideal in B (¥ ). In this case, K* is identified with C, by Theorem
1.13. So the K* topology is precisely the weak* topology by Theorem 1.15.
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The main result of this chapter is the following:

11.6 Theorem. Let M be an M-ideal in a Banach space X. Suppose
that S is a subspace of X such that SN M is M* dense in S. Then

i) $N M is an M-ideal in S. Furthermore, S+ M is closed and the
quotient maps

o:5/SN M— S+ M/M
and

TM/SOAM— S+M/S
are isometric.

ii) S+M/Sis an M-ideal in X/S. Thus if S is proximinal in X, so is
S+ M.

Proof. Let n be the L-projection of X* onto M-L. First, we show that
nSL is contained in SL. Let & belong to S+, and let s belong to S. Let
m, be a net in $ N M converging M* to s. Then since ®—»® belongs to

M
n1®(s) = ¥(s)—(P—n®)(s) = —limy(®—nP)(m,) = ~lim P(m,) = 0 .
Thus n® belongs to S1. Therefore, SL splits as the £ direct sum
SL =St @, (1-9)$L
in X*= MLl @, M*. Thus, $*splits as an £! direct sum
st x/st= ML /st @, M /(1-n)$L .
It also follows that
St ML = ML @, (1-n)st .
So S1+ M- is closed. It is obviously contained in (SN M)L. Conversely,
suppose ¢ belongs to (§N M)-L. Then 7¢ belongs to ML, and ¢—n¢
belongs to M*N (SN M)+, As SN M is M* dense in S, it follows that

¢—n¢ annihilates S. So (SN M)L = S14+ ML, Thus, thinking of SN M
as a subspace of S, its annihilator in $*is

(sn M) /st=mt/msl @0 .
This is an L-summand of §*. Hence $ N M is an M-ideal in S.

Next, to compute the quotient norms, let s belong to § and v belong
to (SN M)L. Sov=nyv P (1—n)¥, and (1—n)¢ annihilates S. Also, n¢
is an arbitrary element of M-1. Hence
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i

dist(s,§ N M) = sup{d(s):9 € (SN M)L ]yl < 1}
sup {ny(s):ny € ML ||n¢|| < 1} = dist(s,M) .

Therefore, the natural map o of /N M onto S+ M /M is isometric.
Consequently, S+ M is complete and hence closed in X.

]

Similarly, if m belongs to M,

dist(m,S 0 M) = sup{(m): 0 € (S N1 M)LJ|8]| < 1)
sup{(¥—ny)(m):¢ € (SN M)L|j¥] < 1}
sup{(y—ny)(m):¢ € $L[|9]| < 1}
sup{g(m):9 € SL||¥|| < 1} = dist(m,S) .
So, the map of M /SN M onto $+M /S also isometric.

For part ii),

I

I

i

(S+ ML = ML st=psLlp,0 .
1

But (X/$)* is isomorphic to S$1 =7nSt @, (1-9)SLt.  Thus
(S+M/S)+ = (S+ M) as a subset of L is an L-summand. So S+M/S
is an M-ideal in X /S. Now, suppose $ is proximinal in X. For  in X,
apply Lemma 11.3 to S+ M /S and choose m in M so that

dist(z—m,S) = dist(z,S+ M) .
Since § is proximinal, there is an s in S so that
[e—m—s|| = dist(x—m,S) = dist(x,5+ M) .

Hence $+ M is proximinal. L

11.7 Corollary. Let S be a weak* closed subspace of B (X)) such that
SN K is weak* dense in S. Then S+K is closed and the map o of
S/SN Konto S+K/K is isometric. Furthermore, $ N K is proziminal
in § and S+K is proziminal in B (X).

Proof. It was observed that the K* topology is the weak* topology.
Every weak* closed subspace of B (¥) is proximinal. For if « belongs to
B (X), let ¢, belong to $ such that ||z—s, || converges to dist(z,S). Let s
be any weak™ cluster point of the sequence s,. Then by the lower semicon-
tinuity of the norm, -

[fe—s|| < limsupllz—s, || = dist(z,S) .
Now, apply Theorem 11.6. n
In many cases of interest, the M* density of S M can be assured

by the use of approximate identities. A left approzimate identity for an
algebra B is a net {ey:\ € A} such that b = limyeyb for every b in B.
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11.8 Lemma. Let Jbe an ideal in a C*-algebra A. Suppose that Sis a
(possibly non self-adjoint) subalgebra of A and that SN J contains a
bounded approzimate identity for J. Then SN Jis J* dense in S.

Proof. Let {ey:\ € A} be the bounded approximate identity. Let P be
any weak* limit point of this net in A*., Then
Pj = w'~limpeyj = 5

for all y in J. Thus P is the identity on J*, and hence it is the central
support projection of J*. Since P is the unique limit point, e, converges
weak* to P. Let n be the L-projection of A* onto JL. If s belongs to §
and ¥ belongs to M?

limyt(ers) = ¥(Ps) = ¥(s)—ny(s) = ¥(s) .

Thus eys converges J* to s. But S is an algebra and Jis an ideal, so eys
belongs to JN S. Thus JN Sis J* dense in S. =

We conclude this section with a useful method for improving approx-
imate identities in a given subspace of a C*algebra. First, we include a
standard C*-algebra fact.

11.9 Lemma. Let A be a C*algebra. Then A contains a two-sided
approximate identity {ex:\ € A} such that 0 < ey < 1. If A is separable,
{ex} may be taken to be a sequence.

Proof. Let A be the net of finite subsets of A,, ordered by inclusion.
For A = {a;,,...,a, }, let

ex = falai+..+al}

where f, is the continuous function

0 2L0
falz) = inz 0<a <1/n% .
1 z>1/n

Since f,(0) = 0, ey belongs to A, and 0 < ey, < 1. Furthermore, if one
represents A on a Hilbert space X, one sees that ¢) dominates the spectral
projection E, {t: [t| > 1/n}. Hence

1 1 1
lai—eraill < ll1—exl} 1Bl 2ai |l < =

Thus eja converges to a for all self-adjoint elements of A, and thus for all
of A. Taking adjoints yields that it is a right approximate identity as well.
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If A is separable, let {a,,n > 1} be a dense subset of A,,. Let
A, = {ay,...,a,} and e, = ey, constructed above. Then if a belongs to
A,, and € >0, choose ¢ so that ||[a—a;|| <€ and an n >4¢ so that
ne > 1. Then
lla—enall < |1—en || lla—a; ||+l (1—e,)a; || < 2¢ .

So, as above, e, is a two sided approximate identity for A. u

11.10 Lemma. Let A be a separable C*-algebra. Suppose that {b;} is a
bounded left approzimate identity for A. Then there exist convex combi-
nations e, of {b,} such that

lim [le, || = lim||1—e, || = 1
n —oo n —+o0
and e, is a two sided approzimate identity for A.

Proof. Let f;, 7 > 1, be a fixed two sided approximate identity for A
such that 0 < f; <1 for all . Let C = sup||lb;||, and let N be an
integer. Choose an integer M > C2N2 Let j; = N, and recursively
choose j; and k;, 1 < ¢ < M such that

D =S5l <1/N.
2)  bg=by Sy, Il <1/N.
) W fs—Tifil <1/M.

This is possible because k; is chosen to satisfy 1) since {b;} is an approxi-
mate identity. Then j;,, is chosen to satisfy 2) and 3) since {f;} is an
approximate identity. Define

1 M 1M
_Zbk', and h’N= _M_Ef]' .

EN =
M:'==1 fa=l

It is routine to verify that hy is a two sided approximate identity with
0 < hy <1. Now compute

1 M
llen—bn|l = ”‘M‘Elbk“‘fji”
1 M
=l -K/fz'l(b"i—b"i PR LN C P PN US PR PO
2 1M
T A.
where A; = fJ'.'+1_fJ'." When [i—5|>2, one has by 3) that

|A;4,]] <4/M. Split the sum into two sums over the even and odd
terms respectively.
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1L 53 bl = 12350 At
M?

tevcn i=1 j=1
M . 4
<L [i eyl A m L
1 (M 3C? 3
S — |5 O MO | = 2 < =
= [ 2~ " ] 2N?

The sum over the odd terms is treated in the same way. Thus

HT/I-EIJ,,A ||<2{ } /N <3/N .

=1

Hence |[ey—hx]|| < 5/N, from which it follows that ey is also a two sided
approximate identity with

lim [ley|| = lim ||1—ey]|=1 .
n —»00 N—xo
By construction, ey is in the convex hull of {b;}. n

11.11 Proposition. Let A be a C*-algebra with an ideal J. Let S be a
subalgebra of A such that SN J contains an approzimate identity e,
satis fying

lim [|e, || = lim |[1—e, || =1 .
i =00 n —0oo

Then for any a in A,
dist(a,S+J) = lim dist(a—ae,,S) = lim dist(a—e,a,S) .
n —+00 n =0

Proof. Since ae, belongs to J, dist(a—ae,,S) > dist(a,S5+J). So
dist(a,$+J) < hrn dzst(a —ae,,S). Conversely, if J belongs to J and s is

in S, then
(a—s—j)(1—e,) = (a—ae, )+(s—se, )+(7—7e,) -
Since || j—je, || tends to zero and (s—se, ) belongs to s,

lim dist(a—ae,,S) < hm ||a—s—_7“ ll1—e, || = ||la—s—7]| .

n —o0
Taking the infimum over all s and j yields the desired equality.

The “left” version is proved in the same manner. u

Notes and Remarks.

M-ideals were introduced by Alfsen and Effros [1]. They say that a
subspace M of a Banach space X has the n-ball property if given n open

balls B,,...,B, such that M B: # & and B; N M # (J for 1 < ¢ < n, then
i=1
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n
M N M B; # . Their main result is

i=1

Theorem. Let M be a subspace of a Banach space X. The following are
equivalent
(1) M isan M-ideal.
(2) M has the n-ball property for all n.
(3) M has the 3-ball property.
Theorem 11.3 is due to them, but the simple proof given here is taken
from Gamelin, Marshall, Younis and Zame [1]. Theorems 11.4 and 11.5
are due to Alfson and Effros in the real case, and to Smith and Ward [1] in
the complex case.

The remainder of this chapter is taken from Davidson and Power [2]
except for the standard result Lemma 11.9 on approximate identities in

C*-algebras. This paper also contains a constructive approach generalizing
a method due to Axler,Berg,Jewell and Shields [1].

Exercises.
11.1 A subspace M of a Banach space has the strong n-ball property if
n ——
given n open balls B,,....,B, such that M B: # (J and B; N M # 5,
i=1
1<1<n,then M N ﬂg,—;é@
i=1
(i) Show that the strong n ball property implies the n ball pro-
perty, which in turn implies the strong (n—1) ball property.
(i) Show that the 2 ball property implies that M is proximinal.
(iii) (Holmes, Scranton, Ward) Suppose that M has the strong two

ball property. Show that for each z € M, the set of closest
approximants in M spans all of M.

Hint: Say dist(z,M) = 1. For each unit vector m in M, con-
sider By(z) and By(z+m /2).

11.2 (i)  Use approximate identities to show that if A is a (two sided)
ideal in a C™algebra B, and B is an ideal in a C*algebra C,
then A is an ideal in C.

(i) Show that if M is an M-ideal in X, and X is an M-ideal in VY,
then M is an M-ideal in Y.

11.3 (Davidson-Power) Let J be an ideal in a C*algebra A. The Jweak
topology is the weakest topology in A such that ¢(AJ) is continuous
for every J in Jand ¢ in J*. Similarly, the Jstrong (and Jstrong*)
are the weakest topologies such that A — AJ (and also A — JA)
are continuous for all J in J.
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(i)

(i)
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Think of A acting on J by left multiplication, and is thus a
subalgebra of B(J). Show that the J-weak, strong, strong*
topologies are induced by the corresponding operator topolo-
gies. Hence deduce that the Jweak, Jstrong and Jstrong*
topologies have the same closed convex sets.

Show that the Jweak topology coincides with the J* topology.

Hint: Use the Cohen factorization theorem to show that every
¥ in J* has the form ¢(X) = ¢(XJ) for some J in J, ¢ in J*

(Davidson-Power) Let M, X and S be as in theorem 11.5. Define a
map 7 of §into M™ by 7(S)(¢) = ¢(S).

(i)
(i)

(iif)

Show that 7(5) N M is weak* dense in 7(S), and hence show
that 7(S) is contained in (7(S) N M)*.
Deduce that the unit ball of 7(S) N M is weak* dense in the

ball of 7(S), and hence that the ball of SN M is M* dense in
ball of §.

If X is a C*algebra and M is an ideal show that the ball of
SN Mis M-strong* dense in the ball of S.

(Axler-Berg-Jewell-Shields)

(i)

(i)

(i)

(iv)

Let K be compact, and let B, be a sequence of operators con-
verging strong* to 0. Show that for ¢ > 0, there is an integer
ng so that n > ng implies || K+ B, || < max{||K||,|| B, ||}+e¢.

Let B, be as above, and let A be an operator. Given ¢ > 0,
find nq so that n > ng implies

|A+B, || < max{|| AL All.+|BxI}+€

Hint: Write A=AnK where [1Aoll = |Al.,
LT = 1Al A]l,, and K is compact.

Let A be the weak* limit of a sequence K, of compact opera-

tors. Le¢ B, =A-K, and C =supl|B,]- Let
€, = C"71 /] C+1), Note that
oo
Y e = 5-_-0;—1— = (C+1)exy,. Show that one may choose
n=K+1

m

integers ny by induction so that ||dj€B, || <||A|l, for all
k=1

m > 1.

(Hint: Apply (ii) to the partial sum and appropriate ¢).

With A, K, as above, find a convex combination K of
{Ky,n 2 1} so that [|A—K|| = ||A]l,.






12. Quasitriangular Algebras

An operator T in B (X) is quasitriangular if there is an increasing
sequence P, of finite rank projections such that lim ||P; 7P, || = 0. This
7 ~—~+00

notion was used in Theorem 3.1 to obtain invariant subspaces for compact
operators. It is easy to find a compact perturbation of T which is upper
triangular with respect to some basis. In fact, it follows from Theorem
12.2 below that T" belongs to T(P)+K where Pis the nest {P,#,n > 1}. Tt
is convenient to consider the more general family of algebras
Q T(N) = T(N)+K for an arbitrary nest. This will be called the quasitri-
angular algebra of N. However, @ T(N) NEED NOT consist of quasitri-
angular operators. Precisely which kinds of operators oceur in @ T{N) will
be surveyed in chapter 21.

12.1 Theorem. Q T(N) is norm closed. For each T in T (N), there is
a compact operator K in T(N)N K such that | T—K|| = ||T||,. Hence
the quotient map 7 of T(N)/T(N)N K onto Q T(N)/K is isometric.
Also,

dist(K,T(N) N K) = dist(K,T(N))
for all K compact.

Proof. By the Erdos Density Theorem 3.11, T(N) N K is weak® dense in
T(N). Thus by Theorem 11.5 and Corollary 11.6, T(N)N K is an
M-ideal in T(N) and the quotient maps = defined above and ¢ taking
K/T(N)NK onto QT (N)/T(N) are isometric. By Theorem 11.3,
T(N) N Kis proximinal in 7 (N). Thus there is a K in K such that

IT-K || = dist(T,T(N) 0 K) = dist(T,K) = ||T]

The other estimate is a restatement of the fact that o is isometric. |

12.2 Theorem. Let Pbe a nest {P,¥,n > 1} where P, is an increasing
sequence of finite rank progections. Then for A in B (X),

dist(A,Q T(P)) = lim sup||P;-AP, || .

Consequently, Q T (P) consists of all operators which are quasitriangular
with respect to the sequence {P,,n > 1}.

Proof. T(P)N K contains the sequence {F,} which is a two sided
approximate identity for K satisfying ||P,|| = ||Pi]l = 1. Hence by

137
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Proposition 11.10,
dist(A,Q T (P)) = Lim supdist(PiA,T(P)) .

But by Arveson’s distance formula (Theorem 9.5),
st (PEA,T (1) = supll P BLAP, | = supll PR-AP |

This is decreasing in n, thus

dist(A,Q T(P)) = lim sup||PAR,|| .
n —+o0

If this limit is zero, then A belongs to @ T (P) by Theorem 12.1. n

This can be generalized in a certain sense, but Proposition 12.3 below
is not particularly satisfying. A better result is Theorem 12.6.

12.3 Proposition. Let N be a nest on a separable space. There is an
approxzimate identity E, for K in T(N)N K such that for all A in
B(¥),

dist(A4,Q T (X)) = lim_sup|| P(N}-A(I-E,)P(N)]| -

Proof. By the Erdos Density Theorem 3.11, T(N)N K contains a
bounded approximate identity for K. Thus by Lemma 11.9, it contains an
approximate identity I, such that

lim ||, || = lim ||[-B, | =1 .
n —o0 n —+0o0

So by Proposition 11.10 and the distance formula Theorem 9.5,
dist(A,Q T(N)) = lim dist(A(I-E,),T (N))
n~—0

= | LA(I-E,)P(N)|| . n
nhgloozsvue%np(N) A(I-E,)P(N)||

12.4 Let N be a nest. For A in B (¥), define a function ®, on N by
& 4(N) = P(N)LAP(N). This map is continuous in a certain sense. For if
N, converges to /N in the order topology, then P(IN,) converges to P(NN)
in the strong operator topology by Proposition 2.13. Thus & ,(NV,) con-
verges to ® 4(/N) in the strong operator topology. Likewise, ® 4(IN,)* con-
verges strongly to ® 4(N)*. So @, is a strong* continuous, bounded func-
tion. The set C JN,B (X)) is the space of all bounded, strong* continuous

functions of N into B (¥) endowed with the norm [|®|| = sup||®(NV)||.
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This is a C*-algebra under point-wise multiplication because multiplication
is jointly continuous in the strong* topology on bounded sets. In this for-
mulation, Arveson’s distance formula becomes

dist(4,T () = | @] -
Let C,{N,K) denote the subalgebra of norm continuous functions into the

compact operators. This is in fact a two sided ideal in C {(N,B (¥)).

Clearly, the product of a compact valued function with a bounded one is
compact valued. So it suffices to show that if a bounded net A, converges
to A strong* and K, converges to K in norm, then A K, converges to
AK and KA, converges to KA. But

| AaK o~ AK || < [|Aa]l [ KoK |[+[(Aa—A)K]|

By Proposition 1.18, the second term tends to zero, and the first clearly
does. The multiplication on the right is dealt with by taking adjoints.

12.5 Theorem. A belongs to Q T(N) if and only if ®, belongs to
C(N,K).

Proof. If A = T+4K where T belongs to T(N) and K is compact, then
®4(N) = ®x(N) = P(N}LKP(N). The constant map ®(N)= K is in
Co(X,K), and TI(N) = P(N) belongs to C,:(N,K). Since C,(N,K) is an
ideal in C{N,K), &4 = IIL®II also belongs to C,(N,K). On the other
hand, suppose ®4 belongs to C,(N,K). let ¢ > 0, and use the continuity of
® , to select a finite subnest 7:{0} = Ny < N; < ... < N, = ¥ such that

[@4(N)-PalN))|| <€ for Njy <NSN;1<j<n

4

Let P; = P(IN;) and define the compact operator K(= L (A)) by

n—l1 n—1
K = EPJ'LA(PJ'_PJ'—l) = Z q’A(Nj)PJ'J:—l

g=1 =1

Thus

A-K = Uj{A) = Y PA(P—Pyy) .

i=1

So if N;.; < N<N; and P= P(N), then PLP, =0 for i <j and
(P;—F;_))P =0for i > j. Hence

P 4_x(N) = PLP;A(P;j—P;_;)P = (P;—P;_1)® 4(N)(P;~P;_) .
But (P;—P;_;)® 4(N;) = 0, hence
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12 a-rc(M)| = [[(P=P;1)(® a(N)=2 4 (N)P=Fip)ll <e .

By the distance formula, dist(A—K,T (N)) <e. But € > 0 is arbitrary,
and thus A belongs to the closure of 7 (N)+K. By Theorem 12.1, A
belongs to @ T (N). |

Now this result is combined with the results of Chapter 11 to obtain
a distance formula. For @ in C_(N,K), let

[| @]l = dist(®,C,(N,K)) .

12.8 Theorem. Let N be a nest, and let A belong to B ({ ). Then
dist(A,Q T(N)) = [ @4l -

Proof. Let S consist of {$,:A4 € B (X)}. From the distance formula, one
has that § is isometrically isomorphic to B (¥)/T (N) and thus it is
closed. The subset {®,4:4 €Q T (N)} is the intersection S N C,(N,K) by
Theorem 12.5. So

dist(A,Q T (N)) = inf{]| @ 4_g ||:K € K} = dist(® 4,5 N Co(N,K)) .

We wish to show that SN C,(N,K) is C,(N,K)* dense in S. By the
Erdos Density Theorem 3.11, there is a bounded approximate identity FE,,
for Kin T(N) N K. Let ¥, be the function on N with constant value E,.
If ® belongs to C,(N,K), then the range of ® is the continuous image of a
compact set, and thus is compact. Hence ®(NN)E, converges to ® (V) uni-
formly on N. So ¥, is a bounded approximate identity for Co(N,K).
From the proof of Lemma 11.7, it follows that ® ¥, converges to ® in the
C,(N,K)* topology for every @ in C {N,K). Now let II be the projection
in CJ(N,K) given by TI(N) = P(N). For each ¢ in C,(N,K)*, define
another functional ¢($) = ¢($II). Then

Limg(®W,I1) = Emg(®¥,) = ¢n(®) = (1) .
Hence ¢V, II converges C,(N,K)* to ®II. For ®,in S, ®, = ® 41T and
® Y II(N) = P(N)AP(N)E,P(N) = P(NJLAEP(N) = ® 45 (N) .

Thus, SN C,(N,K) is C,(N,K)* dense in .
By Theorem 11.5, one now has



Quasitriangular Algebras 141

dist(A,Q T (N)) = dist(® 4,5 N T, (N,K))
= dist(® 4,C, (N,K)) = [|Dall, - .

Note that ||®,]|, is NOT just sup||P(N)LAP(N)]||,. For example,
in the special case of Theorem 12.2, ® , is always compact valued. It may
however fail to be continuous at the end point X. That is precisely what is
measured by lim sup|| P;LAP, ||.

n —+00

12.7. Now we turn to the major problem solved in this section: When are
Q T(N)and @ T (M) equal? One simple way this can occur is to take a
finite dimensional subspace R such that P(R) belongs to N'. The nest
NE = {{0},RVN:N ¢ N} is another nest; and such a nest will be called a
finite perturbation of N. For any operator T in either T (N) or T(NF),
the compact perturbation P(R)LTP(R)L belongs to both T (N) and
T(N®). Thus Q@ T(M) =@ T(N). An order isomorphism 8 of N onto
M preserves dimension if dim 0(N')/0(N) = dim N'/N for all N < N'
in N. Two nests N and M will be called compactly perturbed if there are
finite perturbations AV and MM and a dimension preserving order isomor-
phism 0 of NV onto M such that 6 —id(N) = P(6(M))—P(N) is continu-
ous and compact valued (i.e. belongs to C,(N,K)).

Two nests N and M are similar if there is an invertible operator S
such that SN = {SN:N € N} equals M. A similarity induces an order iso-
morphism 0 g of N onto M. One has the identity

T(SN)=S8 T(N)S .
For if T belongs to T (N), and N belongs to X,
STS™(SN) = ST(N) C SN .

So STS™ belongs to T (M). And the reverse inclusion follows by revers-
ing the roles of N and M. If S has the form [+ K with K compact, then
clearly Q@ T(SN)=Q T (N).

Two nests N and M approzimately unitarily equivalent if there is a
sequence U, of unitaries and an order isomorphism # of N onto M such
that ®,(N) = P(U,N)—P(0(N)) is compact valued and converges uni-
formly to 0. If all the U, are compact perturbations of the identity, it will
be shown that @ T (N)=Q T (M).

The main theorem can now be stated.
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12.8 Theorem. Let N and M be nests on a separable Hilbert space.
The following are equivalent:

1) QT(N)=@Q T(M)

2) N and M are compactly perturbed nests.

3) N and M have finite perturbations which are approximately uni-
tarily equivalent by compact perturbations of the identity.

4) N and M have finite perturbations which are similar by a compact
perturbation of the identity.

The proof of 1) implies 2) follows from Lemmas 12.9-12.14 and
Theorem 12.15. Theorem 12.16 shows 2) implies 3). And 3) implies 4) is a
consequence of Lemma 12.17 and Theorem 12.18. The implication 4)
implies 1) has already been done.

12.9 Lemma. Let N and M be nests with Q T(N)=Q T (M). Let
® be an expectation of B (H) onto M". Then the map
N — P(N)—®(P(N)) is norm continuous and compact valued.

Proof. First, we show that § = & () is a derivation of M’ into K. For
M belongs to @ T(N)N @ T (N)*, and thus any M in M’ can be writ-
ten as M = A+K = B*+L where A and B belong to 7 (N), and K and
L are compact. Thus
§(M) = P(N)(B*+L)P(N)L-P(N)L(A+K)P(N)

= P(N)LP(N)L-P(N)LKP(N) . (12.9.1)
This is compact valued. Hence by the Johnson-Parrott Theorem 10.12,
8 = & where K = P(N)—®(P(N)) is compact, and [|K|| < [|6 pm |-

Let N be a sequence in N converging to N. Then P, = P(N,.) con-
verges to P = P(N) in the strong operator topology by Proposition 2.13.
Let 6], = 6‘Pk' By (12.9.1),

(6—64)(M) = (PLPL—PLKP)—(P,LP{~P{KP})
= (P-P,)LPL-P,L(P-P,)
+(P-P,)KP-P,K(P-F,) .

By Proposition 1.18, (§—8;)(M) converges to 0 in norm as k tends to oo
Now consider 52 ®P-p, = D) D §—5, which is derivation of (M')(* into
the compacts because of the previous computation. By the Johnson-
Parrott Theorem 10.12, there is a compact operator K' = Y @ K, such
that 6—6,: = 5Klk. NOW Kk = P(Nk)—q)(P(Nk)) satisfies 6_5/: = 5K__,Kk
and ||K—K|| <||6—6,]| <2||K"|. This tends to zero as k tends to
infinity. Thus the map taking N to P(IN)—®(P(NN)) is norm continuous. ®
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12.10 Lemma. Let P be a projection such that PLTP is compact for
every T in T (M ). Then there is an M on M such that P—P(M) is com-
pact.

Proof. In particular, P is in the essential commutant of M’, since
PM—MP = (PLM*P)*—PLMP is compact for every M in M". So by the
Johnson-Parrott Theorem 10.12, P = A4+ K where K is compact and A
belongs to M". Now, P = P*= ReA+ReK, so we may suppose that
A = A* Also, A~A? is compact, and thus ¢,(A) is contained in {0,1}. So
using the functional calculus of A, one obtains a projection @ in M" such
that P—@Q is compact. Define

M, = sup{M € M:P(M)Q-L is compact}
and
M, = inf{M € M:P(M_)1Q is compact} .

For each M in M, either P(M)Q< or P(M,)1Q is compact; for otherwise,
there is an infinite rank partial isometry

U = P(M)QLlUuQP(M_)L .

This belongs to T (M) by Lemma 2.8. But QLlUQ = U is not compact,
contradicting the essential invariance of @ (and P). It follows that
M, < M,.

If there is an M in M with M; < M < M,, then P(M)Q'l and
P(M_)1Q are both compact. Hence

P(M)-Q = P(M)Q1-P(M)LQ

is compact. Likewise, if M, = (My)_< M, then P(M;)Ql and
P(M)+Q = P(My)_)1Q are both compact. So as above, P(M)—-Q is

compact.

In the remaining case, My = M, and one of P(My)Q- or P(My)1Q
is compact. It must be shown that both are compact, implying that
Q@—P(M,) is compact. Suppose that P(Mg)Q-L is compact but P(My)1Q
is not. For every M > M,, P(M_)1Q is a compact projection. Thus it is
finite rank and is therefore the sum of minimal projections in M”. These
minimal projections are precisely the atoms of M. Let M, be a decreasing
net with limit M,. Then P(M,)1Q converges strongly to P(Mo)1Q, and
thus P(Mg)}+Q = 3] A, where A, are finite rank atoms of M. Also, if

n>1
M > M, then (P(M)—P(M,y))Q-' is not compact. This projection is the
strong limit of (P(M)—P(M,))Q-' and thus this net is eventually non-zero.
Hence one may construct a decreasing sequence M;, 5 2>2 so that
P(M;)A; =0 and R;=(P(M;)—P(M;,,))Q1 # 0. Define a partial
isometry
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U; = RjU;A; = P(M)R;U;A;P(M)+

for j > 2. This belongs to 7 (M} by Lemma 2,8, and so the infinite rank

partial isometry U = 3, U; belongs toT (M ). But U = QLUQ contrad-
jz2

icts the essential invariance of Q. So P(M)1+Q must have been compact

as claimed.

One can repeat the proof in the case P(My)L@Q is compact but
P(MO)QJ« 1s not by reversing the order considerations. A contradiction is
obtained as above. In all these cases, one has found an M in M so that
P(M)—-Q and thus P(M)—P is compact. =

12.11 Corollary. Let © be a map of intervals E = P(N,)—P(N,) onto
M" defined by © (E) = x(P(E)) when x is the characteristic function of
[%,1]. Then © (E) belongs to CY(M), © (E)—E is compact for every E,
and when E, converges strongly to zero, © (E,)—E, converges to zero in
norm.

Proof. By Lemmas 12.9 and 12.10, ®(P(NN;)) differs from some P(M;) by
a compact operator. Thus ®(£) differs from an interval of M by a com-
pact operator in M". Every compact operator in M" is normal, and thus
is a norm convergent sum Zk”An where A, are minimal, {inite rank pro-
N,
jections in M" and thus arél atoms of M. Thus M" N K is contained in
C*(M). Furthermore, X is a continuous function of o(®(E)) which is a
countable subset of [0,1] with {0,1} as its only possible limit points. So
© (E) belongs to C(M) and ®(E)~© (E) is compact. By Lemma 12.9, the
map taking E to £—®(F) is continuous from the strong operator topology
on E (induced from the order topology on N) to the norm topology on K.
The map of £ to ®(£)—x(®(E)) is continuous at E provided that o(®(E))
does not contain %. In particular, this is the case if [|[E~®(E)|| < %.
This holds eventually for £, if E, converges strongly to zero. So G(E)—E
is continuous at zero.

Lemma 12.10 shows that N and M are equal modulo the compact
operators. It must now be shown that the atoms of N and M essentially
match up, and fit into the nests in the “same places”. To locate the
atoms, we _ introduce the maximal ideal space M%  of
C’*(ﬂ) O*{P( J:N € N} = CY(N)+K/K. This is an invariant of
Q@ T (M) since Lemma 12.10 shows that N is determined as the essentially
invariant projections of @ T {M). The set M% sits naturally as a closed
subset of My, for if ¢ belongs to MY, then ¢o belongs to M. (Recall
sections 6.1-6.2 about M y.)
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12.12 Proposition. The complement M\ M’ consists of the evalua-
tions 0 4 at finite rank atoms of N.

Proof. Every compact operator in C*{N) is normal, and thus is a sum
E)\HA,I where A, are minimal, finite rank projections (i.e. atoms) in
n>1

OT(N). The maximal ideals in MY correspond in a bijective way with the
maximal ideals of C*(N) which contain all of K N C¥N). Clearly keré ,
does not contain A, so evaluation at finite rank atoms are not in M¢. On
the other hand, if ¢ in M, is not evaluation at a finite rank atom, then
¢(A) = 0 for every finite atom A and hence ker¢ contains all K N CHN).
So, ¢ belongs to M. L

Put a partial order « on the intervals of N by setting £ <« F if and
only if ET(N)F=EB (X)F. In particular, if
F={0=Fy<F,<..<F,= X} is a finite subnest of N, then
E; = P(Fy)~P(F;_;) for 1 < j < n is a partition of N into intervals such
that B, €, <..<E, .

The space My is linearly ordered (Chapter 6), and M y\M¢% consists
of the disjoint union of countably many maximal open intervals of finite
rank atoms. The end points of these intervals belong to M¢, and serve to
mark the place of a finite rank atom in MS$. So define the markers
M(6 4) to be the end points of the maximal interval of finite rank atoms
containing 6 4. It may occur that one open interval in M y\M¢ is an ini-
tial or terminal segment. So in this case one end point may be missing.
The typical example is a nest P= {F,,n > 1} of finite projections. In this
case Mp= {6,,n > 1,65} where §, is evaluation at the atom P,—P,_,,
and ¢o(P) = 0 if P # I. M% = {¢¢}, so the left end point of Mp\ M5 is
not defined in A%.

Suppose that A and B are atoms of N with M(A) < M(B). That is,
M(A) = {$o,$,} and M(B) = {4}, and ¢y < ¢ or equivalently ¢; < ¥,
since ¢, is the immediate successor of ¢4 in M. Let N be the least ele-
ment of N containing A, and let M be the greatest element of N orthogo-
nal to B. It follows that ¢,(N) = 0 and ¢,(M) = 1. So E = P(M)—P(N)
is a test interval in & (i.e. ¢,(£) = 1) with A « E < B. Since ¢, annihi-
lates the compact operators, E has infinite rank.
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12.183 Lemma. Suppose that @ T(N) = Q T (M), and let A and B be
the sets of atoms of N and M respectively. There are finite subsets A,
and By of A and B such that for every A, A' in A\ Ay:

i) ©(A) is an atom in B\ B,.

i) [|8(A)-A|l <% and rank ©(A) = rank A.

i) M(©(A)) = M(A).

iv) A< A'implies 8(A) < 6(A).

Furthermore, © is a bijection between A\ Ay and B\ By,

Proof. Let A = {A,,n > 1}. By Corollary 12.11, ||4,—©(A4,)|| < % for
all  except finitely many  atoms. After  deleting  these,
rank A, = rank ©(A,). Also, ©(A,,) = 6(A,) implies ||A,—A4, | <1,
and so A, = A,, and © is one to one. If ©(A,) is not an atom, then there
is a partial isometry U, = ©(A,)U, ©(A,) such that dist(U,, T (M)) = 1.
Suppose this occurs for infinitely many atoms A,. Chose an infinite subse-
quence A so that

2 114,—6(A4,)]| < oo .
nEA

The operator U = ), U, is not in @ T (M ). However,
n€EA

U=3 AU 4y = 3 (O(An)—A, Uy +A4,U, (O (A,)-A4,) .
neA n €A
The right hand side is a norm convergent sum of compact operators, and
thus U is a compact perturbation of ), A,U, A, which belongs to T (N).

nEA
This contradicts the equality @ T (N) = Q T (M ). So i) and ii) hold.

Suppose that (A,,A’,) are disjoint pairs in A with A, << A’, and
©(A,) >> ©(A',). Then there is a partial isometry of the form
U, = ©(A,)U,0(A",), and it follows that ||U, || = dist(U,,T (M)) = 1.
As above, one obtains a contradiction if the set of pairs is infinite. Thus
after deleting finitely many more atoms, iv) holds.

Similarly, suppose that M(©(A,)) # M(4,) infinitely often. For
definiteness, suppose M(A,) < M(©(A,)) infinitely often. This means
that there is a ¢, in My = M and intervals E, of N and F, of M such
that ¢,(E,) = ¢(F,) =1, and A, < E, and F, < B,. Since ¢, annihi-
lates the compact operators, ¢,(9(E,)) = 1 and hence P, = ©(FE,)F, is
an infinite rank projection, Repeating once more the argument of the first

paragraph, drop to a subsequence A so that Y, ||A,—©(4,)]| < oo and
n2>1
construct rank one partial isometrices U, = B,U,F,. Then U = ), U, is
n €A
not in @ T (M ), but does belong to @ T (N). So iii) holds.
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Let Aj be the finite collection of atoms deleted from A in order to
satisfy i)}-iv). Let By = B\©(A\Ag). It must be shown that By is finite.
By reversing the role of M and N, one obtains a one to one map ©* of B
into C*N) such that ©%B) is an atom except finitely often and
lim ||©%B,)—B, || = 0. So for n sufficiently large,

|B.—6(8"B,))ll < 1
and hence ©(©*B,)) = B,. Hence © maps onto all but finitely many
atoms of B. So By is finite. L
12.14 Lemma. Let E; and F;, 1 < j < n, be two families of pairwise
orthogonal projections such that E;—F; is compact and ||E;—F;|| < 1,
1< j57<n. Then codimEEj = codiszj.

J=1 J=1
Proof. Since |[|E(E;—F;)E;|| <1, E;F;E;>¢E; for some €>0,
n

1< j<n. Similarly, F;E;F; > ¢F;. Let T = EE_,,-FJ-. Notice that

J=1
n n n
J= J== J=

and

n n n
D E; 2 TT = 3 E;FiE; > €3 F;
g=1 J=1 j=1
So T is bounded below on its domain (EF]-))( which is mapped onto its
j=1

n n
range (EEJ-))(. Now T is a compact perturbation of )} F; which is self-
F=1 J=1
adjoint, and thus T is Fredholm of index zero, or is not semi Fredholm. So
n

if Y} F; has finite codimension, then
J=1
n n
0 = ind T = codim) F;—codim E; .
7=1 =1

n
Likewise for > E;. In the remaining case, both have infinite codimension..
J=1

12.15 Theorem. IfQ T (N)=Q T (M), then N and M are compactly
perturbed nests.

Proof. Let © be the map given by Corollary 12.11. The first paragraph
of this proof modifies N and M so that ||©(A)—A|| < 1 for every infinite
rank atom of N. Consider any infinite rank atom A in A,, the finite set of
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atoms provided by Lemma 12.13. Now Aisa minimal projection in C (N ).
This C*algebra equals C (M ) by Lemma 12.10, so A is a minimal projec-
tion in C*(M). Thus there is an infinite atom B of M so that A—B is
compact. Choose projections A’ and B’ of finite codimension in A and B
respectively so that ||A'—B'|| < %. Let R be the sum of the finite atoms
in Ay and of (A—A') for the infinite atoms. Likewise, define S to be the
corresponding sum for B,. Extend the definition of © to intervals of NF
onto M by setting ©(A’) = B’ and © (R) =

For each ¢ in M (except §g), there is a test interval E4 such that
for every interval £ < E, one has ||[E—O(FE)|| < %. This follows since it
is true for atoms by Lemma 12.13 ii), and holds at other points by the con-
tinuity at zero guaranteed by corollary 12.11. Thus there is a partition of
N into intervals R = E; < Ey < ... € E, so that ||6(E)—E|| < % for
all intervals E<E; 1<j<n. Let F—G(E) 0<j5<n. For
1<i <5< n,

NEFSl| < WEEDE; I+ EAE,~F)ll <1 .

Since F; and F; commute, F;F; = 0 for 1 <¢ < j < n. By Lemma 12.14,
rank R = rank S.

Define a map 8 of N® into M® as follows. If EEJ- <N YME
<k J<k
set
PO(N)) = Y F+O(P(N)E}) .
J<k

Now E = P(N)E} is an interval and thus © (E) = F < F}, differs from an
interval by a finite linear combination of finite atoms. However by Lemma
12.13 (iii) and (iv), F must be an interval. In fact, F must be an initial
segment of F}, for the same reasons. So 6(NN) belongs to M°. By Lemma
12.13 (ii), and the previous paragraph, § preserves the dimension of atoms.
Thus, § is a dimension preserving order isomorphism of M into M® such
that G(NR) and M® have the same atoms. Both are complete nests, and
hence @ is surjective.

With N, E and F as above, P(N)—P(§(N)) = Y E;~F; + E—F is

<k
compact for all N in N. Suppose that Y, E; < P(i\;a) < ) E;, and N,
i<k <k
converges to N. Set £, = P(N,)E}. Then
(P(N)=P(0 (N)))~(P(No)—P(0 (No))) = (E—©(E))—(Ea—~6(E,)) .

Since E, converges strongly to E, this term converges to zero in norm by
Corollary 12.11. Hence it follows easily that the map of N to
P(N)—P(6(N)) is norm continuous on N (with the order topology). So N
and M are compactly perturbed nests.
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12.186 Theorem. Let N and M be nests, and let 0 be a dimension
preserving order isomorphism of N and M such that 0 —id belongs to
Co(N,K). Then one can finite rank projections E in N' and F in M’
dominated by the infinite dimensional atoms such that N and ME are
approximately unitarily equivalent by a sequence U, of unitaries such
that U,—I is compact.

Proof. Extend 6 to a map © of intervals E = P(N,)—P(N,) by
©(E) = P(O(N,))—P(0(N,)). We first show how to modify N so that
[|[©(A)—A|l <1 for all infinite rank atoms. The continuity of 6—id
implies that ©—id is continuous from the strong operator topology on the
intervals to the norm topology on K. Since N is compact, this continuity
implies there is a partition F; < E; < ... < E, of N so that E; is either an
atom or ||©(E)-F| <1 for every 1nterval E < E;. Let F = ©(E;).
Consider the infinite rank atoms E; such that ||E; ~-—F =1 and choose
finite rank  projections A, < E; and B;< F such  that
|(E;—A;)—(F;—B;)|| < 1. Let E’ E A, Fly = Fj—-Bj, and let E, be
the sum of the A and let Fy be the sum of the B;. One can use Lemma
12.14 to show that rank By = rank Fy, provided one notes that if E; is a
finite rank atom and ||E;—Fjy|| = 1, then rankFE; = rankF because 0
preserves dimension. So, replace N by N °and M by M and modify  to
#' in the obvious way. It is easy to verify that 6’ is now a dimension
preserving order isomorphism of X ° onto M™ such that 6'—id’ belongs to
C’,,(NE %,K). Moreover, the extended map ©' has the property that
||©'(A)—A||l <1 for every infinite rank atom. For convenience of nota-
tion, we will assume that our original nests have this property, so that the
“”s can be dropped.

Let 0 < e <1 be given. Since N is compact and ©—id is continuous
onto K, one can obtain as before a partition £y K F, < ... < E, of N
such that either ||E—©(E)|| < ¢ for every interval £ < E' or E; is an
atom. Let F; = ©(E;). If ||E;—F;|| <1, let U; be the part1al mometry in
the polar decomposmon of Fj E Smce F —E; is compact and
E;F;|| <1, U; takes E;X onto F;) and U——E is compact. If
”E —F;|| = 1, then E; is a finite rank atom and rankE' = rank F;. So

one can define a partial isometry U; of E;X onto Fi). Let U= EU .
7=1
This is a unitary operator, and U—1I = EUj—EJ- is compact. Moreover,
j=1
UE;U*= F;for1 < j<n.
Let N belong to N, and choose k so that
EEJ- <P(N)X M E;

i<k J<k
Let E = P(N)E',c and F = O(E) Then P(t9 (N)) = EF]-+F and
i<k
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UP(NYU* = EF]-+UkEU,:‘ .
<k
So
| P(0(N)-UP(N)U*|| = ||[F-UEU{|| = ||FU,—U,E|| .

If Ey is an atom, then E = E, and so this term is zero. Otherwise
|Ex—Fi |l < e and hence EyFyE; > (1—€)E}. Let R = (Eft+E F E,)™.
Then U, = F,E,R and ||R|| < (1—€)™%. So
| FU—ULE|| < |FRE~FEE| || R
= |FEEL-FLF.E| ||R|
< (- *max{| F(F—-E)E,EL || PLF(F-E)E )}
< e(1—e)™* .

Hence ||§ —AdU|| < e(1—e¢)™*.

It remains to choose a sequence U, with ¢, tending to 0. u

12.17 Lemma. Let N and M be approzimately unitarily equivalent via
unitaries U,, and let 0 be the induced order isomorphism. Let
6 = ||[0—id||. Given € >0, there is an invertible operator T such that
|T—I|| <106, and the map 0{N)= TN satisfies ||07—0| <e. If
U,—1 is compact for all n > 1, then T—I is compact also.

Proof. As in the previous lemma, extend § to a map © of intervals.
Then |[©—id|| <2||§—id|| <26. Let U=U, for n so large that
0y —0]l <e<§. If § >1/5, take T = U. Otherwise, we can assume

that § <1/5. Compute dist(U,T (N)):
| P(INJLUP(N) || = || A(NY-P(UN)UP(NV) ||

< I PUN)=P(6 (N))||+]| P(6 (N))=P(N) ||
S0y—0||+||0—id]|| < e+6 < 26

By Arveson’s distance formula, dist(U,T (N)) < 286. So, choose A in

T (N) such that [|[U—A|| < 26. If U = I+K and K is compact, then by

Theorem 12.1

dist(U, T (N)) = dist(K,T (N)) = dist(K,T(N)n K) .
So one may take A—I to be compact in this case.
Since ||U—-A|l <2/5, A is invertible in B (X ), and ||A™!|| < 5 /3.
It must be shown that A™! belongs to T(N), or equivalently, that
AN = N for every N in N. If it were otherwise, then since AN is a

proper subspace of /N, there would be a unit vector  in N orthogonal to
AN. Now
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[P(N)-PUN)|| < [lid—0 Ji+]|6 -0yl <2/5 ,
and y = P(UN)z = Uz for some vector z in N with [|z]] < 1. So
le—Az|| < lz—y|I+[|(U-A)z|| <4/5 <1 .
This contradicts the assumption that AN # N. So A~ belongs to T (N).
Let 7= UA™!. Then

|1T-I]| = ||(U-A)AY| < 26(5/3) < 46

And if N belongs to N, TN = U(A™'N)=UN so 6r= 6. Hence
10r—0] <e. =

12.18 Theorem. Let N and M be approzimately unitarily equivalent
via unitaries U,, and let 6 be the induced order isomorphism. Then N
and M are similar via an invertible operator S such that 05 = 0. Given
€ >0, S may be taken to be U+L where U 18 unitary and ||L|| <e. If
furthermore, U,—I is compact for all n > 1, S—I may be taken to be
compact, and also of the form U+K where U is unitary in I+K, K is
compact, and [|K || < e.

Proof. Let ¢ > 0 be given, and choose a decreasing sequence ¢,, n > 1

such that ]](1+10e,) < 1+e. Choose a unitary U = U,, so that
n2>1

[0y—0 || <e;. Recursively apply Lemma 12.17 to obtain operators T

with ||T,—I|| < 10¢, so that Norz . rv—fll <€y If each U,—I is

compact, then make 7T,—I compact also. The infinite product

T = lmT,T,_,..TyU converges in norm, and
n -0

IT-Ull < IINT.—T]l~1 =€
n2>1
(see Exercise 12.4). If furthermore, each T,—I is compact, then T-U is
compact.
For any operator X, ||P(XN)—P(N)|| < 2||X~I||; for if y is any
unit vector in N,
Xy
y—
bl

and conversely, every unit vector in XN has the form Xy /|| Xy|| for some
unit vector y in V. Thus

N0r—01l <001, rull+llfr,. o0l <2l T-T, . . T\U|+eps1 -

| < ly=Xyll+11X1]I-1 < 2| X 1|

This tends to zero as N increases, so 0 7 = § as desired. u
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12.19 Example. It is possible that Q@ T(N)= @ T (M), and that N is
unitarily equivalent to M, but no unitary of the form I+K with K com-
pact will work. In our example, it will also be seen that the isomorphism ¢
of N onto M may be arbitrarily small, and the unitary implementing it is
always far from the identity.

Let {e,,n > 1} be an orthonormal basis for X, and let P, be the
span{e;,l <k <n}. Let P={{0},F,,n >1,%}. Any other nest
Q = {{0},@Q,,n > 1,)}} with dimQ, = n for all n is unitarily equivalent to
P. It follows from Theorem 12.2, @ T(Q)=Q T(P) provided
lim [|FP,—@, || = 0. The converse follows from Theorem 12.8 or directly

by more elementary means (see Exercise 12.2).

Recall Example 4.1. Let t;; = 0 if ¢ > 5, and ;= L if j>1.

J—1
Let 7;, be the matrix
1 1 1
01 — —
2 3 n—1
1 1
001 —
2 n—2
000 1 !
n—3
000 O
T, =ltyl =
1
01 —
2
00 1
o 00 o0
Then || T, || > 4/5logn but ||T,—Tx|| < 7. Let
T+T, T,

n =T and S, = ——o
1T +T3 T +T3 ||
Since ||T,|[-7 < ||To+T; || < || T, ||+7, ome has liml]|S,| =1, and
lim ||R,—S, || = 0. Let N} be the span of the first k basis vectors, and
n —00
let T, be the n X n matrices which are upper triangular with respect to
{NE,1 <k <n}. Since S, belongs to 7,, limdist(R,,T,)=0. Let
R n —o0

U, = "™ and let V, = ¢”". Then U, is unitary, V, belongs to T,, and
the diagonal A(V,) = I,
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(iRa)*—(iS,)" 1
1U=Vall = | 5 2| < 53 || RE-SE]
k>0 E>1 %

1 k—1 5
< Y QNS IR —S, |
k217" j=0

720

; 1
= ISP (X I Ra=5all
k2
1S,
< (6—1)6 ”Rn—'sn” :
k=1 )
The estimate ||Ri—S;|| < |IS, [1Yl|R,—S, |l is easily established by
J=
induction. So lim |U,-V, || = 0.
n —>00

Let Mg = U, Ng. Then M} = U,V IN?, and since
lim ||U, V;'~I|| = 0, it follows that

lim  sup [|P(MF)-P(Ng)|| =0 .

n—ocol

Let W, be another unitary carrying each N} onto M?, 1 <k < n. Then
U,W, takes each N onto itself, as does W;U,. So U;W, belongs to
T, N T; = D,, the diagonal algebra (i.e. W, = UD where D is a diagonal
unitary). So

IWa=Il = |U,—D*|| 2 || A(U,)-D*}|
2 [[AV2)=D|=Up=V, | = II=D*||~[| U=V, ||

But since ||R, || = 1, the spectrum of U, contains one of the e*', and so
[U=I|| = |e*—1]= 2sin%. So

[Un=D*|| 2 || Up~I||-|| D*~I|| = 2sin%—|| D*~I|| .

Combining these two inequalities yields

1
W1 2 sin(Z)=1Ua=Vall

Identify ¥ with Y, @ C". Let P be identified with the nest

n2>ng
obtained by concatenating the nests {INg,1 <k < n} for n >n, Let
U= )Y, ®©U,,and Q =UP. By construction, Q is asymptotic to P and

n2>ng,
P(Q,)-P(P)]| < 2|U, Vil=1|} .
igl‘;” ( Ic) ( k)“ _.nsggo ” nV¥n ”

So for ng large, O and P are both close and compactly perturbed. Suppose
that W is a unitary carrying Ponto Q. Then W carries each block ©* onto
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itself. So W= ), @W,, and W, carries {N},1<k <n} onto

n>ng

{M;,1 <k <n} Aswehave just seen,

lim || W, —I|| = sin(-;—) >0 .
n —o0

Notes and Remarks.

The notion of quasitriangularity was introduced by Halmos [3]. It is
a key idea in the proof of a number of invariant subspace theorems. An
important theorem of Apostol, Foias, and Voiculescu [1] characterizes
quasitriangular operators as those operators T such that ind(T—X\I) >0
whenever T—\I is semi Fredholm. Most of Theorem 12.1 is due to Fall,
Arveson and Muhly [1] with the exception that the quotient map 7 is
isometric. The proof given here is from Davidson and Power [2]. Theorem
12.2 is due to Arveson [7]. Theorem 12.5 is in Fall, Arveson and Muhly.
Theorem 12.6 is in Davidson and Power. Another proof that @ T (N) is
proximinal in B () ) is given by Feeman [1,2].

Theorem 12.8 is due to Andersen [1] and Davidson [6]. Andersen
proved the equivalence of 1), 2) and 3). Davidson added 4). The approach
given here is new in several ways. In particular, the use of M% to locate
the atoms is taken from Apostol and Davidson [1]. Lemma 12.10 is a spe-
cial case of a theorem in Davidson [1].

Exercises.

12.1 Let T be a quasitriangular operator and let ¢ > 0 be given. Show
that there is a compact operator K with ||K|| < ¢ and an orthonor-
mal basis {e,,n > 1} so that T—K is triangular with respect to this
basis.

12.2 Use Theorem 12.2 to prove that if P= {P,,n >1} and

Q={Q,n >1} are nests of finite rank projections with
supF, = I = sup@, and lim||P,—Q, || = 0, then Q T(P) = Q T(Q).

12.3 (i) Let X be a compact Hausdorff space. Use the Riesz Represen-
tation Theorem to show that the dual of C,(X,K) is M (X,C,),
the space of bounded regular Borel measures on X with values
in C;.

(ii) Show that a bounded net @, in C,{X,B (X)) converges to &
in the C,(X,K)* topology if and only if ®,(z) converges weak*
to ®(z) pointwise.

12.4 This example is designed to show that Lemma 12.14 fails if E;—F' s
not compact. Let n >4 be a positive integer, and let
H=H, D ..DN,, where N; are isomorphic Hilbert spaces. Let E;
be the projection onto X;. Let Q(z,...,) = (Z,z,...,T) where
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12.6
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n
T = —1-2 z;. Then @ is the orthogonal projection onto
i=l1
= {(z,..,z):xz €};}. Let S be the unilateral shift acting on 0,
n
and let V= Q-L14+0Q. Define F; = VE;V*. Then Y, F;= VV* has
J=1
n
codimension 1 while }}E; = I. Prove that ||E~F;|| < (i)x,a for
i=1 n

(e

1<5<n.
o]
Let ¢, be positive numbers such that [ [(1+€,) = 14¢ exists. Let

n=1
A, be operators with |[|A,||<e€,. Define Ty=1 and
T, = (1+A,)T,—;. Prove that ||T,—I|| < J[(1+€,)—1. Hence

k==1
establish that 7}, is Cauchy with a limit 7" such that ||T—I|| < e.

Let N be a nest and let A be an operator such that the range of
®4(N) = P(N)LAP(N) is a norm compact subset of K. Prove that
A belongs to @ T (N). Hint: Compare the norm and strong* topo-
logies on Ran® 4.

Let N and M be nests. Suppose that « is an algebra isomorphism of
@ T(N)onto Q T(M).

(i)  Prove that « carries the set of finite rank operators onto itself.

(i) Show that there is an invertible operator S so that
o(F) = SFS™ for all finite rank operators.

(iii) Deduce that o(T) = STS™ for all T. Hence a is continuous.
(iv) Show that N ad M have finite perturbations which are similar.

(v) (Plastiras) If N = {Ni,k > 1,%} and M = {M;,k > 1,4} con-
sist of finite dimensional subspaces with dense union and

Q@ T(N) and Q T (M) are isomorphic, show that there are
integers ng and ky so that

dimN, = dimM, y;

for all n > n,.






13. Similarity and
Approximate Unitary Equivalence

The main result of this chapter is the Similarity Theorem 13.20
which shows that two nests are similar if and only if there is a dimension
preserving order isomorphism of one nest onto the other. This is quite dif-
ferent from the unitary invariants of chapter 7; for neither multiplicity nor
the measure class need be preserved in general. Several examples will be
given at the end to demonstrate some of the unusual phenomana. In this
chapter, all Hilbert spaces will be separable.

13.1. The first big step is to show that all continuous nests are approxi-
mately unitarily equivalent (Anderson’s Theorem 13.9). Let N be a con-
tinuous nest {IV;,0 <t < 1} parametrized by {0,1]. Let § be an order iso-
morphism of A onto another nest M. Then M may be parametrized as
{M;,0 <t <1} so that §(N,) = M,. Say that N and M are e-unitarily
equivalent if there is a unitary U such that P(M,)U-UP(N,) is compact
forall 0 <t <1, and

P(M\U—~UP
02‘,‘21“ (M) (NIl < e

Now consider a method for decomposing a nest N. Let P be a pro-
jection in N'. Let N; and N, be the nests

M={NM=NnPHOo<t<1)
and
Ny= (NP =N, nPLIO<t <1} .

It is quite possible that the parametrization of Ny or N, may be redundant.
Indeed, NV = NV precisely if N, €& N, is orthogonal to P. We will
write N = N; @ M. More generally, if N, are nests parametrized in [0,1],
the direct sum E ¢ N, will mean the nest N with. elements

E>1

NEN D N,(k). The nests N, are called summands of A.

k21

Let E'y denote the spectral measure of N introduced in Corollary 7.6.
Given a vector z in X, define the support of z ( supp(z)) to be the smal-
lest closed subset C' of [0,1] such that E(C)x = x. If N, is a summand of
N, then supp(N,) is the smallest closed set C such that E,(C)az = z for all
¢ in N{Y. In particular, if A, has a cyclic vector #; (meaning that

Osgtaézlp(]\/}(l)):cl = N{), then supp(N,) = supp(z,).

157
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18.2 Lemma. Let N be a continuous nest, and let J; be open subset of
Jo=1(0,1) for ¢ >0. Then N has pairwise orthogonal summands N;

. =]
with support J; such that N= Y, @ N;. If N is cyclic, so is each N;.
i=0

Proof. Let p be a finite regular Borel measure on [0,1] mutually abso-
lutely continuous to the spectral measure E. (For example,
#(A) = (Ey(A)z,z) where z is a separating vector for N".) Since N is
continuous, 4 is non-atomic. It is an exercise in measure theory to produce

disjoint Borel sets A; contained in J; such that J;= JA: and
i>0
u(A; N I) >0 for every open set I of J; (see Exercise_13.2). Set
Ny = N|EA)N. Tt follows that the support of N; is A; = J;, and
N2 Y] P N;. If z is cyclic for N, then z; = E(A;)z is cyclic for N;.
i>0

The next lemma shows that every continuous nest has “approximate
infinite multiplicity” in a certain sense.

o0
13.3 Lemma. Let N be a continuous nest. Then N= 3 @ N; where
i=1

each N; is cyclic with support[0,1].

Proof. For each non-zero vector z, let X, denote the closed span of
{P(N)z:N € N}. The projection onto M, commutes with N, and
N, = N|X, has z as a cyclic vector. By Proposition 2.12, there is a
separating vector o for N". Clearly, supp(zo) = [0,1]. Extend {zo} to a
maximal (countable or finite) family {z,,0 < n < a} of non-zero vectors
such that )(,,n are pairwise orthogonal. The maximality guarantees that ¥

is the direct sum Y, @ A, . Let C, = supp(z,).

Let J, = (0,1)\C, for 1 < n < a. Since Cy = [0,1], one may apply
Lemma 13.2 to N, to obtain a decomposition

LY aMeOY oL,
J=1

1<n<a
where supp(M,) = J, and supp(L;) = [0,1] for § > 1. Since N, has a

cyclic vector zy, each summand is cyclic. Let y, be a cyclic vector for M,,,
1 < n < and z; be a cyclic vector for L, 7 > 1.

Notice that if # and y have supports S; and S, satisfying
Ey(S1N Sz) =0, then N,,, = X, P N, and supp(z+y) = S; U S,. Let
w, = z,+y, for 1 <n <eao. By construction, an = N,” P M, and
supp(w,) = [0,1]. So



Similarity 159
o
NEN, 3 B N,
n=1

=1

M BN DS DL,
n =]

=V DM, DY DN,

n=1 J=1

Consequently, N is the direct sum of countably many cyclic nests with
support [0,1]. u

Next, we wish to construct a sequence F, of positive finite rank con-
tractions converging strongly to the identity operator such that
sup{|| F, P(N)—P(N)F,||:N € N} tends to zero as n increases. This will
be called a quasi-central approzimate identity.

13.4 Lemma. Let y;, 2;, 1 < j <L be vectors suLch that ||y;]| <1,

ll 251l < 1, and max{ [(y:,9,) | [(z:)25) [} <1/L% Then || Yy; @ 7|l < 2.
i i=1

L
Proof. Let €y,..,¢; be an orthnormal set. Let A = Eyj®e; and
i=1

L L
B=Ye® zj. Then AB = Eyj & z;. Then
=1

J=1

L L
AP = lA*All = 12 X (59)e @ &

f=] §=1
< max [(yy) |+ D00 wpm) | < 14L2 /L2 = 2 .
1<5<L i#g

L
Similarly, | BJ|” < 2. So | y; ® 21l < |l 4|l I1B]l < 2 .
j=1

13.6 Lemma. Let N be a continuous nest with cyclic vector x. Let E

k-1 k
o g for
1<k <2 Let a4, = ||Eyuz||'Ey,z, and let P, be the projection
onto span{zy,:1 <k <2"}. Given n >1 and € > 0, there is a finite
rank positive contraction F' > P, which is a convex combination of
{Pn,m > n} such that ) | P(N)F—FP(N,)|| < e.

<t<l1

be the spectral measure for N, and set E,,=Ey
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Proof. Let f(t) = ||P(N;)z||% and note that this is a strictly increasing
continuous function of [0,1] onto itself. From the uniform continuity of f,
one obtains

lim max ||E;,z|?< hm sup_|f(s)—f(t)|=0 .
n—00 1 <k <o =0 s [<o™"

For m = n+p, one has

2Pk
wk,n = E ajmj,m
7=2P(k=1)+1

where

a; = (xk,n;xj,m) = ”Ek,nx ”-—IHE',mx ”-IHE',mx ”2 = ”Ek,nm ”_IHE;;,m-T “ .
Let

§(n,m) = max a; < max ||Es,z|™ max ||E;,z]| .
1<5<2™ 1<k <" 1< <™

Then lim é§(n,m) = 0 for any fixed n.

m —o0

Let L = 2[¢741], and choose integers n = m, < my < ... < myp so
that 6(mj,m;y,) <1/L%for 1 < < L. Set F = L_lzP Fix t in [0,1]

and compute [P(IV,),F] = P(N,)F-FP(N,). For each ], there is an integer
k; such that k;—1 < 2”9t < k;. Now
g"d
Pm = ka,mj ® xl:,mj .
k=1
If k # kj;, then P(IV;) commutes with Thym; ® a::,,, . So
[P(Nt)IPm]] = [P(Nt)’x":,,m] ® J’m ] y] ® ZJ'—Z ® y]
where y; = P(Nt)mk,-,mi and z; = P(Nt)J-a:kj’,,,j. So
&
[P(Nt))F] = L— Ey] ® Z_;"'_zj ® y_; .
5=l
If ¢ <y, then
I(yi;yj) I+ |(Z,-,Zj)| = (xk'-,m'-:xkj,mj) < 6(mi7mj) < 1/L2 .
Hence by Lemma 13.4,

L L
PN FIl| = L7 max{]| Y y; @ 2|1V e; @yl <2l <e . m
j=1

J=1



Similarity 161

Now, this quasi-central approximate unit will be used to approxi-
mately embed N as a summand of another continuous nest M.

13.6 Lemma. Let N and P, be as in Lemma 13.5. Let M be another
conlinuous nest with cyclic vector y. Given an integer ng, and an € > 0,
there 18 a unitary operator U such that

oSp N (P(M)U-UP(N)F, || <e .

Proof. Let z;, be defined as in Lemma 13.5. Similarly, define unit vec-
tors y, for M. Choose n > ng sufficiently large so that §(ngn) < e/2.
Define U by setting Uz, = y;,, for 1 < k < 2" and extending it in such
a way that

k-1 k k-1 k
UEy|——— E —1l, 1LkEL2?
”[ 271 2n ] M [ 2n 2n ] hmad -

Fix ¢ in [0,1], and choose integers k and ¢ so that
k—1<2"% <k and i—1< 2"t <3

Then P(M,)Uz;, = UP(N;)z;, for js#i. So in particular,
P(Mt)U—-UP(Nt):L'k:,nO = 0 for k' # k. Write Thp, = Ya;z;,. Then

[(P(M)U-UP(N )P, || = |(P(M)U~UP(N,))z,p, |
la; [ |(P(M)U—UP(N, )}z 0 ||
< 26(ngn) <e . u

13.7 Lemma. Let E be a positive operator, and let T be an operator

with ||T|| < 1. Then ||[[E*/T]]| < V2||[E,T]]*.
Proof. Note that for any operators A and B that
n—l1
1A B]ll = || X A*A,BlA™* || < n|| A" Y| [A,B]]]
k=0
Now consider the power series
ft)=1-(1-t) = Y] a,t", Jt|<1
n>1

_1yn—ln~1
where a, = -(—IL-H( ) > 0 for all n > 1. Differentiating yields

f()—-2"11t = Y, na,t"! .

n>1

Normalize E so that |E'|| = 1. (This doesn’t affect the relationship in the
lemma.) For 0 <6 <1,set A = (1-6)[—E = I—(E+6I). Then
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(E+61)* = I—f(A), whence
I(E+8 )% 1Y) = I|[E> a, A" TI|| < 33 ann|| A" [AT]]|
n>1 n>1
= flADIETI < F(=8)|[E,1]|
_ e
25% 7
On the other hand,
0 < (E+6I)A~E*% = §((E+8 ) +E%) < 6%] .
So
HE*TI < | (E+6 DA TN+ (E+6 1) —E*~%6*1,1]||
< BT /26 %+ 2| (E+8 I —E*—%&*I|| || T||
<\ /28%+8 % T}
Set & so that (26)* = ||[E,T]||*]|T|| ™. Then
I1E* T < Vel BT |* T "

13.8 Lemma. Let M be a continuous nest, and let N be a continuous
nest with cyclic vector. Given € > 0, there is an isometry U such that
f(t) = P(M,)U-UP(N,) is norm continuous, and compact of norm at
most € for all0 <t <1 (ie. f EC(NK)and || f] <€)

o0
Proof. By Lemma 13.3, M can be decomposed as M = )] M; on
J=1
o0
M =Y, @ H; where each M; has a cyclic vector y; with support [0,1].
J=1
Let P, be defined as in Lemma 13.5 for N. Recursively choose
integers ny, positive finite rank contractions F}, and unitaries Uy of X into
Hp so that ng=0,n; =1, Fy= 0 and
1) PnkSFkSPnk_H
i) sup |PINDF—FLP(N))| < (e/2°¥1)/10.

iii) 0%‘:21”(P(Mt)Uk“UkP(Nt))Pn | <27 e

k41
This is done as follows: given ny, Fi_; and U,_;, use Lemma 13.5 to obtain
F, satisfying F} ZPnk and ii). Then ngy, is chosen to satisfy i). Now
Lemma 13.6 is used to obtain U, satisfying iii).
(2]
Define B} = (Fy—Fy_;)* for k > 1, and U = Y U,E,. Since the U,

k=1
have orthogonal ranges,



Similarity 163

o0
UU =N E=1
k=1

and thus U is an isometry. Also, by Lemma 13.7
| ExP(N)~P(N)E || < V2| [Fi—Fey, P(IV,) |
< V(e /24 /10+(e /24+1)2 /10

= ¢/2F*1
Thus
| P(M)U-UP(N,)|| = “gI(P(Mt)Uk_UkP(Nt))Ek
+Up[P(V:) Bl |l

< kﬁln(P(Mt)vk—UkP(N,))PNMu

+P(N),E] |

o0
<Y o FlepoFle = |
k=1
Furthermore, this is a convergent sum of finite rank operators, and thus is
compact. The strong continuity of ¢ — P(M;) and t — P(N,) guarantees
that each term is norm continuous. The limit is uniform in ¢, and hence is
also norm continuous. u

13.9 Andersen’s Theorem. Let N and M be continuous nests on a
separable Hilbert space, and let 6 be an order isomorphism of N onto M.
Given €>0, there 4s a wunitary operator U such that
F(N) = P(6(N))-WP(N)W* is continuous, compact valued and of norm
at most € for all N in N.

Proof. Parametrize N as {IV;,0<t <1} and M as {M,,0<t <1} so

that §(N;) = M,. Apply Lemma 13.3 to decompose M), the direct sum

of countably many copies of N, as M = 3 P N; on WP = N Dy
= i=1

g=1
where each N; is cyclic with support[0,1]. Likewise, decompose
(o] o0
M=, O M on ¥=Y @X¥,;, ByLemma 138, there are isometries

i=1 J=1

U; of M; into X'; so that f;(t) = P(M,)U;—U; P(N{)) belongs to Co(N,K)
. o0
and || f;|| <27 Thus U =) @ U; is an isometry of ¥ into X' such

=1

that  f(t) = P(M)U-UP(N{¥)  belongs to C,(N,K) and
A< lnl<e

i>1
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Let P be the projection P = UU* and compute:
P(M,)P—PP(M,) = (P(M,)U~UP(N{*))U*~U(P(M,)U-UP(N{*)) .

Thus t — [P(M,),P] is continuous, and compact of norm at most 2¢ for all
0< ¢ <1 This produces an ‘“approximate summand” of M unitarily
equivalent to M%), If one proceeds formally, one obtains a “complement”
L of M in M. A formal computation yields

M LPMIZ(ULPMI)PN~MDN .
To make this precise, let S be the shift on ¥{( given by
S(ml,xz,...) = (0,$1,$2,...)

and let J be the isometry of X into X¥(°¥ given by Ja = (2,0,0,...). Define
a unitary W of X' @ ¥ onto H' by [PL4+USU* UJ]. Use the facts that S
commutes with P(N{®) and P(N{®J = JP(N,) to compute
P(M)W-W(P(M,) @ P(N;)). The first matrix entry is

P(M,)PL+ P(M,)USU*~PL-P(M,)~USU*P(M,) =
= [P(M,),P41+(P(M,)U~UP(N{*)))SU*
+US(UP(N{=)P(M,)UY

which is continuous in ¢, compact, and has norm at most 4¢. The second
matrix entry is

P(M,)UJ-UJP(N,) = (P(M,)U~UP(N{*¥)J

which is continuous and compact with norm at most ¢. Hence
P(M,)W-W(P(M,) & P(N,)) is continuous and compact with norm at
most 5e.

Reversing the roles of N and M yields another unitary W’ such that
(P(M;) @ P(N,))W'-W'P(N,) is continuous and compact valued and has
norm at most 5¢. So t — P(M)WW'-WW'P(N,) is continuous, compact
and of norm at most 10e. u

Combining this result with Theorem 12.8 yields:

13.10 Theorem. Let N and M be continuous nests on a separable Hil-
bert space. Let 0 be any order isomorphism of N onto M, and let € > 0
be given. Then there is an invertible operator S = U+K where U {s uni-
tary, K is compact, and || K || < € such that SN= Mand g = 0.

Proof. By Theorem 13.9, there is a unitary U such that UN and M are
compactly perturbed nests via the isomorphism 6 0 0;'. So by Theorem
12.8 and the norm estimate of Theorem 12.18, the invertible operator S
exists as required. [
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13.11 Example. It is an immediate consequence of this theorem that
neither multiplicity nor measure class is preserved by similarity. For
example, let N be the Volterra nest {/V;:0 <t < 1} of functions in L%0,1)
supported on [0,t], 0 <t <1. Let M be the nest of Example 1.6 on
L%0,1)? given by M,, the subspace of functions supported on [0,t] X [0,1]
for 0 <t <1. Then M has infinite multiplicity since M’ has uniform
infinite multiplicity, whereas N” is maximal abelian and so A has multipli-
city one. By Theorem 13.10, these two nests are similar.

13.12 Example. Now let & be an order preserving homeomorphism of
[0,1] onto itself, and consider the automorphism of N given by
0(IN;) = Nj()- The scalar spectral measure for §(N) is equivalent to the
Lebesgue-Stieltjs measure dh. By Theorem 7.16, there is a unitary opera-
tor U such that UN; = N, for every t in [0,1] precisely when dh is
mutually absolutely continuous with Lebesgue measure. However, even if

dh is singular to Lebesgue measure, there is an invertible operator S so
that SNt = Nh(t)'

13.13 Example. Let V be the Volterra operator. By Theorem 5.5,
Lat (V) equals N. Let S be the invertible operator guaranteed in Example
13.11 such that § N = M. Then SVS™ is a compact operator such that
Lat (S'VS—I) = M. So, although SVS~! has a maximal nest of invariant sub-
spaces, it does not have a multiplicity free nest of invariant subspaces.

An operator with a multiplicity free nest of invariant subspaces has
been called hyperintrasitive. The example above shows that not every
compact operator has this property. However:

13.14 Corollary. FEvery compact operator K is similar to an operator
with a multiplicity free nest of invariant subspaces.

Proof. By Corollary 3.2, K has a maximal nest N of invariant subspaces.
Thus all the atoms of N are one dimensional. Let P be the projection onto
the span of all atoms of N. Then N|PLl) is a continuous nest. By
Theorem 13.10, there is an invertible operator S of PL1} onto L2(0,1) such
that S(N|PLX) is the Volterra nest. Hence T = P+SP- is an invertible
operator of ¥ onto P} @ L*0,1) such that T'N is multiplicity free. So
TKT™! is hyperintransitive.

A refinement of this is to take any ¢ > 0 and choose § = U+L
where U is unitary, L is compact, and ||L|| < e. Then T, = P+U*SPL
satisfies ||T.—I|] < € and T.KT;? is hyperintransitive. So K is the limit of
hyperintransitive operators similar to K. n
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13.15. Now we turn to arbitrary nests. A typical nest to keep in mind is
Example 2.6 of the canonical atomic nest @ on £%®). This nest is order
isomorphic to the Cantor set (section 2.14). Let N be the usual continuous
nest on LQ(R) given by the subspaces N, of functions supported on
(—oo,t]. The nest R given by QF €@ N, for t € IR is also order isomorphic
to the Cantor set. The map 6 of Q onto R sending QF to QF P N, is a
dimension preserving, order isomorphism. But Q and R are not unitarily
equivalent since Q is atomic and R has a continuous part.

An invertible operator T is said to act absolutely continuously on a
nest N if the spectral measure of Ery is absolutely continuous with respect
Ey (where the order isomorphism between N and T'N is taken to be 8 7).
Otherwise, it is said to act discontinuously, or even singularly in the
event that Epy is singular to E'y. Recall from section 8.13 that a partition
of N is a possibly infinite collection of intervals {E,} of N and that

B, = I.

13.16 Lemma. Let N be a nest, and let T' be an invertible operator. If
E = P(N)—P(N') is an interval of N, let E = P(TN)—P(TN'). Then T
acts absolutely continuously on N if and only if for every partition {E .},
the corresponding intervals {Ea} forms a partition of TN.

Proof. Suppose that T acts absolutely continuously. Fix a homomor-
phism of N onto a subset w of [0,1], and let E') be the associated spectral
measure on [0,1]. For each a, there are N', < N, in N and a, < b, in
[0,1] such that

Ea = P(Na)-P(N'O,) = E}I(amba} .
Also,
EA,O: = P(TNo)—P(N'y) = Ey(aeb.]

Let § = [0,1]\| J(anb,). Since {E,} is a partition, 3,E, = I and thus

Il

[+
E y(6) = 0. By absolute continuity, Ep4(6) = 0. So
N Eo=Ery(01\6)=1T .

Conversely, suppose that T preserves partitions. Let § be a closed
set such that Ey(6) = 0. The complement [0,1]\§ is a countable union of
intervals (a,,,b ). Each E, = Ey(a,,b,) is an interval of N. Also, {E,} is
a partition since Y, F, = I—E (6) = I. Since T preserves partitions,

ET)I( = I—EET)I(anibn) = I_EEn =0 .

The spectral measures Ey and Epy are regular Borel measures, thus
E y(6) = 0 implies Ery(6) = 0 for every Borel set §. Thus T acts abso-
lutely continuously. -
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13.17 Lemma. Let N be an uncountable nest order equivalent to a sub-
set w of [0,1]. Then N has a partition E|,E,,... into infinite dimensional
[oe]

intervals E, = E y(a,,b,) such that w\ |_J(a,,b,) is uncountable.
n=l1

Proof. First, it will be shown that any subset of K of [0,1] homeomorphic
to the Cantor set contains a Cantor set C such that every component of
[0,1]\C has uncountable intersection with K. There is no loss of general-
ity in letting K be the usual Cantor set. Let f be the Cantor function - a
continuous non-decreasing function of K onto [0,1] which is one to one
except on a countable set. Let K' be a Cantor subset of [1/3,2/3] which
does not meet any of the countable many multiple image points. Then
C = f7YK") is a Cantor subset of K. The complement [0,1]\K" is a dis-
o0

joint union | J J,, of open intervals. The complement of C in [0,1] is the
n=1
disjoint union of intervals I, such that I, N K = f7!(J,) is uncountable.
Let g be a scalar spectral measure for N on w. Since w is uncount-
able, it contains a Cantor set K such that u(K) = 0. (For example, let L
be any Cantor subset of w disjoint from the (countable) set of atoms of .
If u(L) # 0, then p |L is a continuous measure. The usual “middle thirds”
argument using the function g(z) = p([0,2]NL)/k(L) yields a Cantor sub-
set of L of p-measure zero.) Inside K, choose a Cantor set C' as in the
first paragraph. Let [0,1]\C be | J I, where I, are the components of the

n=1
complement. Then E, = E y(I,) forms a partition of N since E(C) = 0,
and since [, N w is uncountable, each E, is infinite dimensional. u

13.18 Lemma. Let N be an uncountable nest. Given € > 0, there is a
positive, invertible operator T such that T—I is compact, ||T—I|| < ¢, and
T acts discontinuously on N.

Proof. Let FE, be the partition given by Lemma 13.17, where
E, = Ey(ay,b,) and C = w\ | J(a,,b,) is uncountable. By Lemma 13.16

n =1
it suffices to obtain an invertible operator 7" which does not preserve the
partition E,. We construct a continuous nest M which also has E, as a

partition. To this end, let m be Lebesgue measure on | j(a,,b,). Let M/
n=1

be the continuous nest in L%m) given by subspaces M', of functions sup-

ported on [0,t]. Let U be a unitary of L%m) onto X which takes

M',,” =) M,“n = L%a,,b,) onto E, X. Then M = UM’ is a continuous nest,

and F, is a partition of M.

Since C is uncountable, it supports a non-zero non-atomic measure
v. Let Q be the continuous nest on ¥ @ L%(v) given by
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Q= M, @ {f € L¥v):supp(f) C [0,¢]} .

The map taking M, to @, is an order isomorphism. By Theorem 13.10,
there is an invertible operator S = U+K where U is unitary, K is com-
pact and ||K|| <e¢/8 such that SM, = @, for all ¢t in w. Since
Eo(C) = L*(u), S does not preserve the partition {E,}. Thus the same
applies to U*S = I4+U*K. Let

T = |[+U'K | = (I+U*K){I+U*K))* .

Since T = W(I+U*K) where I+U*K = W*T is the polar decomposition, T
also acts discontinuously. Clearly, T is positive and T—I is compact.
Furthermore

|T%~I|| = | K'U+UK+K*K|| < e .
So ||T—I|| < €||T+I||™' <. u

Say that an interval E of N has a non-atomic part if E is greater
than the sum of the atoms it dominates. The interval E will be called
countable or uncountable depending on the cardinality of the restriction
N|EN. Lemma 13.18 will be used repeatedly to ensure that a nest similar
to N has a maximal non-atomic part.

13.19 Lemma. Let N be a nest, and let € > 0 be given. There is a posi-
tive operator such that T—I is compact and ||T—I|| < € such that TN has
non-atomic part on every uncountable interval.

o
Proof. Choose €, > 0 such that []J(1+¢;) < 14+€. Fix a subset w of [0,1]
k=1
order isomorphic to N, and let E be the spectral measure on w. Positive
operators S, will be constructed so that S,—I is compact and
[[Sa—I|| <e€,. Define T, = S,8,;..5;, and let N, = T, N. If T,_, has
been defined, divide w into 2" diadic intervals (k27" ,(k+1)27"]. Let E} be
the corresponding intervals of N,_;. If E} is countable, or if F}; has a
non-atomic part, define S, |E}y = I |E;. If E, is uncountable and atomic,
use Lemma 13.18 define S, |E, = E,.S, E; so that E,S, E} acts discontinu-
ously on N,,_;l |ExX. Thus S, N,_; |E;¥ must have a non-atomic part.
2

Thus S, = ), S,E} is defined. The nest N, = T, N = S, N,_; has the
k=1

property that every diadic interval of length 27" is countable, or has non-

atomic part.

Write S, = I+K,. One readily verifies by induction that
III+E)-IN < (IT1+€;)~1 <€
=1 j=1

and
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ITT7+iG-TT+EG | < (1ra)(( TT 14¢5)-1)

i=1 j=1 je=n+1

So T'= limT, converges on norm, and T—/ is compact with ||T—|| < e.
t —00

Let E be an interval of TN. If E is uncountable, then E contains an
uncountable diadic interval F, corresponding to (k27" ,(k+1)2™"]. This
interval has a non-atomic part in N,. Each operator S for k¥ > n has
been constructed so that it is the identity on the non-atomic part of N;_;.
So E) still has a non-atomic part in the limit nest TN. n

Let P be the sum of all atoms of TN. Then TN |PLX is a non-
atomic (i.e. continuous) nest. The supportw, of this subnest intersects
every uncountable interval. Since w, is closed, its complement consists of
countably many open intervals, each of which must be countable. Indeed,
wgq is the set of points # in w such that every neighbourhod of z meets w
in an uncountable set. Let w’' denote the set of all limit points of w. For
each ordinal o, define w(® = w®@' if @ = f+1 and w® = N wB if ais a

A<
limit ordinal. Then wq = ﬂw(“) is the maximal perfect subset of w.

13.20 Similarity Theorem. Let N and M be nests on a separable Hil-
bert space. Then N and M are similar if and only i f there is an dimen-
sion preserving order isomorphism of N onto M. Given € > 0 and any
dimension preserving order isomorphism 0, there is a invertible operator
S = U+K with U unitary, K compact, and || K || < € such that SN = M
and g =0,

Proof. Consider the non-trivial direction. Let € > 0 and # be given. Let
w be a subset of [0,1] order isomorphic to N, and to M also via §. Using
Lemma 13.19, one obtains operators X and Y such that X—J and Y~I are
compact, and have norms at most €¢/4, and such that N'= XN and
M!'=YM both have non-atomic parts with supportw,, the maximal per-
fect subset of w. The map ' = 0,00 %" is an order preserving isomorphism
of N' onto M'. Let P and @ be the projections onto the atomic parts of
N and M'. Since ' preserves dimension, there is a unitary operator U,
from P)} onto @ X which carries each atom A of N onto 8(A). The res-
triction of 6! to N'|PL) is an order isomorphism onto M'|QL). By
Theorem 13.10, there is an invertible operator Sy = U,+K, where U, is
unitary, K, is compact, and || K, || < ¢/4 such that S, takes N’ |PL) onto
M'|Q-X and implements 8. Let S'=U, @ S, = (U, @ U,)+(0 @ K,).
It is clear that S’ takes N’ onto M’ and implements §’. Thus § = Y1§'X
is the required similarity of M onto M with ¢ = 6. Clearly, S—I is com-
pact of norm at most
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(1+e/4)(1—e/4) -1 < ¢
provided € < .05. L

13.21 Corollary. For two nests N and M on separable Hilbert spaces,
the following are equivalent.

1) There is an order isomorphism of N onto M which preserves
dimension.

2)  Nand M are similar.

3) N and M are approzimately unitarily equivalent.

4) Q@ T(N)and @ T (M) are unitarily equivalent.

2)  There is a unitary operator U and a compact operator K such that
(U+K)N = M.

3')  There is an approzimate unitary equivalent {U,} of Nonto M such
that U, U, is compact for all n > 1.

Proof. 1) implies 2') by Theorem 13.20. 2) easily implies 4). By
Theorem 12.8, 4) implies 3') which in turn implies 3). Theorem 12.18
shows 3) implies 2) which readily implies 1). ]

13.22 Example. Consider the nests Q and R mentioned in section
13.15. The natural isomorphism § of Q onto R preserves dimension since
all atoms are one dimensional. Thus, by Theorem 13.20, Q and R are
similar. This is in spite of the fact that Q is atomic and R has a maximal
continuous part. This is what Lemma 13.19 does to Q in a much less pre-
cise way.

Recall from section 8.13 the ideal R°(N). It consists of those opera-
tors T in T (N) such that for every € > 0, there is a countable partition &
of N such that ||[Ag(T)|| <e. It has a striking connection with absolute
continuity.

13.28 Theorem. Let N be a nest on a separable space, and let T be an
tnvertible operator. The following are equivalent:

1) T acts absolutely continuously on N.
2)  R%(TN) contains TR®(N)T.

3)  R™(N) does not contain a non-zero indempotent P such that TPT!
s sel f-adjoint.

Proof. 1) = 2). Let A belong to R(N). Let ¢ > 0 be given, and let &
be a partition such that ||Ag(A)]| <e. If T acts absolutely continuously,
then by Lemma 13.16 the image ¢ is a partition of TN. Let E be an inter-
val of & and let E be the corresponding interval in TN. Write
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E = P(N,)-P(N,). Then T7'E = P(N)T'E and ET = ETP(Ny)+. So
ETAT'E = ETP(NJLAP(N)T"'E = ETEAET'E .
Thus || ETATE || < ||T|| ||T""|le, and hence TAT™ belongs to R*(TX).

2) = 3). By Proposition 8.13, R<(TN) N D(TN) = {0}. So R(TN)
contains no non-zero self-adjoint operator, and in particular cannot con-
tain TPT ! if this is a projection.

3) = 1). If T does not act absolutely continuously, then Lemma
13.16 provides a partition & so that the corresponding intervals & do not
partition TN. Let @ = (Y E:E Eé\)—L and let P=T"1QT. For each
E = P(N,)—P(N,) in &,

EPE = ET'P(TN))LQP(TN)TE = ET'EQETE = 0 .
Thus P belongs to R(N) and TPT! = Q is self-adjoint. n

13.24 Corollary. Let N be a nest on a separable space. The following
are equivalent:

1) N is uncountable.
2)  There is an invertible operator T which acts discontinuously on N.

3)  R*™(N) contains a non-zero idempotent.

Proof. 1) implies 2) is Lemma 13.18. 2) implies 3) follows from Theorem
13.23. If P is a non-zero indempotent, then T = [P*P+(I—-P*)(I—P)* is
invertible and TPT™" is self-adjoint. So 3) implies 2), again by Theorem
13.23. Finally, if N is countable and T is invertible, then T'N is countable.
So both nests are atomic and 6, implements a bijective correspondence
between the atoms of N and the atoms of TN. So the spectral measures
are atomic with masses corresponding exactly, and thus T acts absolutely
continuously on N. So 2) implies 1). u

Notes and Remarks.

The main results of this chapter are due to Andersen, Larson, and
Davidson. Theorem 13.9 is from Andersen [1]. The proof given here is
due to Davidson [8]. A third proof was given by Arveson [10] generalizing
his approach [9] to Voiculescu’s Theorem [2]. The proof of Lemma 13.7
was provided by G. Pedersen. Larson [4] proved that any two continuous
nests are similar. The generalization, Theorem 13.10, is due to Davidson
[6]. The examples and Corollary 13.14 are due to Larson. Larson [6] also
proved Lemmas 13.16 and 13.18. The proofs given here are from Davidson
[6], where Theorem 13.20 is proven. Larson’s Theorem solved an old prob-
lem due to Ringrose by showing that neither multiplicity nor measure class
is preserved by similarity of nests. Andersen [2] showed that a weaker ver-
sion follows immediately from his results and those of Lance [2]. Theorem
13.23 is also due to Larson.
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Exercises.

13.1

13.2

13.3

Let A and B be self-adjoint operators on a separable Hilbert space.
Theorem 7.15 shows that A and B are unitarily equivalent if and
only if (A) = ¢(B) and they have the same measure class and mul-
tiplicity function.

(i) Show that if A and B are similar, then they are unitarily
equivalent. Hint. If AS =SB and S = UP is the polar
decomposition, then (U*AU)P* = P*B for all k > 1.

(i) Use the Weyl-von Neumann Theorem (Exercise 7.1) to show
that A and B are approximately unitarily equivalent (i.e. there
are a U, unitary such that ||A—U;BU, || tends to zero) if and
only if ¢(A) = o(B) and the multiplicities of isolated eigen-
values are equal.

(i) Note the parallels and differences between the three
equivalences (unitary, similarity, and approximate unitary) for
self-adjoint operators and nests.

Prove the measure theoretic fact needed in Lemma 13.2.
Hint: Let vg,vy,... be mutually singular, non-atomic probability meas-

ures on [0,1]. Let v =32, . Let h,(z)=v[0,z] and
n=0
hu(z) = p[0,2]. Let E, be disjoint Borel sets with union [0,1] such
that v,(E,) = 1. Define F, = h; o h,(E;). Let A, = F, 1 J, for
o0

n > 1and Ag = Jo\| JA,. Prove that A, satisfy the criterion.

n=1

(i)  Let G be a finite group of operators under multiplication. Let

T = (Y G*G)%. Show that T?°G = (G™1)*T? for all G in §.
Geg

Hence deduce that TGT ! is unitary for all G in §.

(i) Let A be a unital, norm closed algebra of operators. Suppose
that P, A, B belong to A such that P° = P, A = PA(I-P),
B = (I-P)AP, and (A+B)?>-I is compact. Show that there
are A' = PA'(1—P) and B' = (1~P)B'P in A so that A'B' = P
and B'A' = Q' are idempotent, and P—P' and I—P—Q' are
finite rank.

(i) Let A be as in (ii). Suppose that A/4 N K contains elements
@, B generating a group isomorphic to Ss by satisfying o® = 1,
B®=1, and of = f%a. Use the Riesz functional calculus to
obtain a preimage B of 8 in A of the form B = Py+w P+ w?P,
where w = 2™/ and Py,P,,P, are commuting idempotents
summing to I. Then obtain a preimage A' of a in A of the
form A'= P A'Py+P,A'Py+P,A'P,. Use (ii) to modify A’ so
that P)A'P,A'P, = P, and P,A'P,A'P, = P, are idempotents
differing from P; and P, by a finite rank. Finally, adjust A’ to
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13.6

13.7*
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A by another compact in AN K so that A?= T = B% and

AB = B%4A.
(Larson) Let N be the Volterra nest and let M be a continuous nest
of uniform multiplicity 3. Then M contains a finite unitary group
isomorphic to S3. Use Andersen’s Theorem to obtain a copy of S; in
QT (N)/K. Then using Exercise 13.3, obtain a copy of S in
T (N). Use Exercise 13.3 (i) to obtain a positive operator T that
unitarizes this group. Show that the nest TN is not multiplicity free.

(Larson) If M is a continuous nest of multiplicity 2, then M’ contains
a partial isometry U so that UU*~U*U is invertible. Use Andersen’s
Theorem to show that if N is any continuous nest, then
T(N)/T(N)N K contains elements o and 8 so that af—fa = 1.
Use the fact that T (N) N K belongs to the radical to lift this to
T (N). Conclude that the commutator ideal of T (N) (i.e. the ideal
generated by all operators AB—BA) is all of T (N). Deduce this
directly from the first sentence and theorem 13.10.

(Larson)

(a) Show that R*(N) is contained in the strong operator closure of
the radical of T (N).

(b) If N and M are nests and N is contained in M, show that
R(N) is contained in R*(M).
(i) Let N be the Volterra net. Find an ezplicit operator T so that
TN is not multiplicity free.

(ii) Let Q be the Cantor nest. Find an ezplicit operator T so that
TQ is not purely atomic.
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14. Factorization

In this chapter, we consider the following factorization questions and
a number of variations.

Q1. Given a positive invertible operator @ and a nest AN, when is there
an invertible element A of T (N) so that Q@ = A*A?

Q2. Given an invertible operator T in T (X), when can T be factored as
T = UA where U is a unitary in 7 (N) and A is invertible in T (N)?

14.1 Lemma. Let T be an invertible operator, and let N be a nest. The

following are equivalent:

1)  thereis an A in T (N)™! such that A*A = T'T,

2)  there is an A in T(N)™ and a unitary operator U such that
T=UA,

3)  there is a unitary operator U so that TN = UN for all N in X,

4) T preserves the multiplicity and measure class of N.

Proof. Suppose 1) holds. Then |T'|= |A| and hence by the polar
decompositions T = V|T'| and A = W|T|, one has T = UA where
U = VW*. Given 2), one has AN contained in N and A7!N contained in
N, whence AN = N for all N in N. Hence TN = U(AN) = UN for all N
in N. Given 3), A = U'T carries N onto N for every N in N. Hence A
and A™' belong to T(N). Clearly A*A = T°T so 1) holds. The
equivalence of 3) and 4) is Corollary 7.16. =

14.2 Theorem. Let N be a nest on a separable Hilbert space.
1)  If N is countable, then every positive invertible operator Q factors
as @ = A*A for some A in T (N)7L.

2) If N is countable and ¢ >0, then there is a positive operator
Q@ = I+K where K is compact and || K || < € such that Q does not
factor as A*A for any A in T (N)™L.

Proof. Let N be countable, and consider the nest Q* A and the order iso-
morphism 8 = § o% Countable nests are atomic, and 6 preserves dimen-

sion. So § preserves multiplicity and measure class. By Lemma 14.1, Q
has the desired factorization.

If N is uncountable, then by Lemma 13.18, there is a positive opera-
tor T= I+K with K compact and ||K|| < ¢/3 so that T fails to act
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absolutely continuously on N. By Lemma 14.1, Q = T*T fails to have the
desired factorization. n

14.3 Corollary. Let N be a countable nest and suppose that T is an
invertible operator in T (N). Then T factors as T = UA where U is a
unitary in T (N) and A belongs to T (N)™L.

Proof. By Theorem 14.2, there is an A in T (V)™ such that T*T = A*A.
Let U = TA™!. Then for each N in X,

UN=TA7'N)=TNCN .
So U is a unitary in T (N) as desired. u

However, one can always get a “weak factorization’’.

14.4 Lemma. Let N be a nest on a separable space X, and let T be an
invertible operator in B (X). Then T factors as T = US where U is uni-
tary and S belongs to T (N).

Note: S is invertible, but in general, S does not belong to 7 ().

Proof. The countable case follows from Theorem 14.2 and the
equivalence of 1) and 2) in Lemma 14.1. Assume that N is uncountable,
and define

N_oo= V{N € N:N A N is countable}
Niw= /N\{N € N:NV N is countable} .

The {N € \:N < N_,} and {N € N\:N > N, .} are countable and the
intervals [N_,N] and [N,N,,] are uncountable whenever
N_ <N < N,s. Hence one may choose a sequence N, in N, n € Z
such that N, < N, ,, and N,,; & N, is infinite dimensional for all n in

Z, and AN, = N_,, and VN, = N,,. Let N, be the countable nest
n n

given by {N € N < N_JU {N,,n €Z}U {N € N:N > N,.}.

Let T be a given invertible operator. By the countable case, there is
a unitary W such that W*T belongs to T(Ap)™. Let V be a unitary opera-
tor which is the identity on N_, P N_—,_Loo and carries IN,,; & N, onto
N, © Ny for all n in Z. Then A = VW'T takes N, into N, for
every N in Z. It also takes N onto itself if N < N_,or N > N_,. So
A belongs to T (N). Thus T = (WV*)A is the desired factorization. u
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The corresponding version for positive operators is immediate, and
leads to a complement of Corollary 14.3.

14.5 Corollary. Let N be a nest on a separable space. For every posi-
tive invertible operator Q, there is an operator T in T (N) so that

Q = T'T.

Proof. By Lemma 14.4, factor Q* = UT where T belongs to T () and U
is unitary. [

14.6 Corollary. Let N be an uncountable nest on a separable Hilbert
space. Then there is an invertible operator T in T (N) which does not
factor as T = UA for any A in T (N)™" and U unitary.

Proof. Let Q@ be a positive, invertible operator provided by Theorem 14.2
which does not factor as A*A for any A in T (N)™ . Let T be an operator
in T(N) such that T"T'= @ as provided by Corollary 14.5. The
equivalence of 1) and 2) of Lemma 14.1 shows that T fails to have the
desired factorization. u

Now we consider the class of invertible, positive operators of the
form I+A where A belongs to the Macaev ideal C,,. It will be shown that
these operators have a good factorization with respect to any nest. The
key is the boundedness of triangular truncation.

14.7 Lemma. Let N be a nest, and let A belong to C,, with ||A|l, < 1.
Then I+ A has a unique factorization of the form

I+A = (I+K_)I+D)(I+K,)

where K belongs to K N rad T(N), K_ belongs to K N rad T(NL), and
D belongs to KN D(N). If A is self-adjoint, then K_= K} and
D = D*

Proof. First we prove uniqueness without any condition on ||A|],. Sup-
pose (I+L)I+E)I+L,) is  another  factorization. Then
(I+L_)7'=I = Y L™ belongs to rad T(N+) and (I+K,)™'—I belongs to

rad T (N). Hen'::z1
(I+L)(I+K ) = (I+E)I+L)(I+K ) (I+D)™ .

The left hand side belongs to I+rad T(AN-L) whereas the right hand side
belongs to T (N). Hence both are equal to I. So L_ = K_, and likewise
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L, = K,. Hence E = D and uniqueness is obtained. If A = A*, then
I+A = (I+K3)I+DYI+K?)
and uniqueness implies that K_ = K} and D = D*

So now consider existence. It is enough to obtain a factorization
I+A = (I+B_)(I+B,) where B_ belongs to KN rad T(AL) and B,
belongs to KN T(N). Then if D =A(B,), one sets
I+K, = (I+D)™(I+B,). Since A is a homomorphism on T (X), one
obtains A(K,) =0 and hence by Corollary 6.8, K, belongs to
KN rad T(N). Recall Theorem 4.16 which shows that the triangular pro-
jection P= U, maps C, onto KN T(N) and has norm one. Likewise,
PL=1I-P= L, maps C, into K N rad T(AL) and has norm one.

Suppose that the factorization [+A = (I4+B_)(I+B,) exists and
define C, by I+C, = (I+B,)™ and I+C_ = (I+B_)"! and note that C,,
belongs to K N 7 (N) and O_ belongs to K N rad T(NL). One obtains

I+B, = (I+C_)I+A) = I+C_+A+C_A .
Cancelling and applying 2L to both sides yields
0= C_+rPLA4PLHC_A) .

Let R4 denote the operator taking B (X) into C, by R,4(X) = XA. This
has norm ||R 4 || = ||A]]l, < 1. One obtains

(I+PLR)C) = —PHA) .

Since PLR, maps B (¥) into itself (in fact into KN rad T(NL)) and
IPLR 4|l < |4y 1l < 1, T4+ PLR, is invertible. Hence

C_= —(I+PLR )PLA) .
Similarly, if L 4(X) = AX is left multiplication, one obtains
C, = —(I+PL4)PA) .
So, given A, define C, and C_ by these formulae and let
B, = AA+C_A) and B_ = PL{A+AC,). Now,
([+C)I+A) = I+C_+A+C_A
= [+(C_+PHA)+PLC_A)+P(A+C_A)
= I+P(A+C_A) = I+B, ,
and B belongs to K N 7 (N). Likewise, one obtains
(I+A)I+C,) = I+ PHA+AC,) = I+B_
and B_ belongs to K N rad T(NL1). So
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(I+C)I+B_) = (I+C)I+A)I+C,) = (I+B)I+C,) .

This product belongs to {I+rad T(NL)} N {I+K N T(N)} = {I}. Thus,
I+B_= (I+C_)" and I+B,= (I+C,)™. (These operators are
Fredholm of index zero, so one sided inverses imply invertibility.) Hence

(I+B_)I+B4) = (I+B)I+C_JI+AYI+C)|I+B,) = I+A . ™

14.8 Lemma. Let N be a nest, and let F be a finite rank operator such
that I+F is positive and invertible. Then I+F factors as
(I+K)Y(I+D)(I+K) where K belongs to K N rad T (N) and D belongs to
Kn D (W)

Proof. This will be proven by induction on k = rank F. Consider k = 1.
If rankF =1 and [|F|| <1, then ||F|], = [|F|| so the previous lemma
provides the desired factorization. If ||F'|| > 1, then F must be positive of
the form  ar @ z* where |lz|]|=1 and o>1. So

(I+F) 1 =1- lfa ¢ @ z*. Since |a(l+a)™'| < 1, apply Lemma 14.7 to
(I+F)™" and AL, So
(I+F)™ = (I+L*(I+E)I+L)
where E belongs to D (N) N K and L belongs to K N rad T(NL). Thus
I+F = (I+LY YI+E) Y (I-L*)™ = (I+K*)(I+D)(I+K)

where K = (I+L*)™'—I belongs to K N rad T(NL)* = KN rad T(X), and
D = (I+E)™~I belongs to D (N) n K.

Now suppose that the lemma holds for all eligible F' of rank less than
k, for k > 2. For F of rank k, write F' = F|+F, where F| is rank one and
Fy has rank k—1. Then I+F) is positive and invertible, so factors as
(I+K7)I+D)I+K,) = (I+L*(I+L) where I+L = (I+D,)*(I+K,) and
L belongs to T(N) N K. Then

(I+LY T (I+F)I+L)7? = I+(I+ L) FI+L)™ = I+G .

Furthermore, rank G = k—1. So I+@ factors as (I4+M*)(I+M) for some
Min KN T(N). Hence

I+F = (I+ LI+ M) I+ M)(I+L) = (I+5*(I+5)
where S = L+ M+ ML belongs to T(N) N K. Let
I+D = (I+A(SH)I+A(S))

and
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I+K = (I+A(S))HI+8) .

Then I4+F = (I+K*)(I+D)(I+K). Clearly, D belongs to D (N) N K, and
K belongs to KN T(N) and satisfies A(K) = 0. By Corollary 6.8, K
belongs to rad T {N). =

14.9 Theorem. Let N be any nest, and let A belong to C,, be such that
I+ A is positive and tnvertible. Then I+A factors uniquely as

I+A = (I+K){I+D)I+K) = (I+C)(I+C)

where D belongs to D (N) N K and K belongs to K N rad T(N), and C
belongs to K N T (N).

Proof. Let E be a finite rank spectral projection of A such that
[ELA|l, < 1. By Lemma 14.7, I+E-LA factors as (I+C})(I+C,) for O,
in KN T(N). So

(I+CH) W I+A)I+C) ™ = I+(I+CHEA(I+C,) = I+F .

This operator satisfies the hypotheses of Lemma 14.8 and hence factors as
(I+C3)(I+C3). Thus

I+ A = (I+Cr)I+C)(I+C)(I+Cy) = (I+C)(I+C)

where C = C1+Cy+CyC,. As in the previous lemma, one can factor out
the diagonal part to obtain I+A = (I+K)I+D)(I+K). The uniqueness
follows as in Lemma 14.7. u

14.10 Corollary. Let N be a nest and let A belong to C,, and let U be a
unitary operator such that U4+ A is invertible. Then the order isomor- -
phism 0y 4 of Nonto (U+A)N is implemented by a unitary operator.

Proof. By Lemma 14.1, this reduces to showing that
(U+A)(U+A) = I+B factors as T*T for some T in T (N)™. But I+B is
positive and invertible, and B belongs to C,. So this is a consequence of
Theorem 14.9. u

14.11. Next, we wish to consider factorizations of operators which are not
invertible. A replacement is needed for the elements of T (X)), As these
operators are characterized as those operators A such that AN = N for
all N in N, the following definition is an appropriate generalization. An
operator A in T (N) is called outer if the range projection P(R,) com-
mutes with N and AN is dense in N N R, for every IN in N. A partial
isometry U in T (N) is called tnner if U*U commutes with N. One can
now ask if a positive operator P factors as A*A for A outer, and if every T
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in T (N) factors as T' = UA with A outer and U inner. These definitions
parallel well known factorizations of L™ functions with respect to the
subalgebra H® on the unit circle. This connection is made explicit in
Exercise 14.2.

Recall that a set is well ordered if every subset has a least element.
Such sets are order isomorphic to some ordinal, and are characterized by
the fact that every element has an immediate successor. So N is well
ordered if and only if N # N, for every N in N (except N = ¥).

14.12 Proposition. Let N be a nest which is not well ordered. Then
there is a positive operator QQ which cannot be factored as A*A for any
outer operator A in T (N).

Proof. Pick Nj in N such that Ny = (Np),. Let « be a unit vector in
Ng- which is not in N1 for any N > Ng. Set @ =z & z*. Suppose
@ = A%A and A is in T(N). Then A is rank one, so A =y ® z* for
some y in X. By Lemma 3.7, y must belong to N;. Then y belongs to R,
so ANy = {0} is not dense in R4 N N,. Thus A is not outer. ]

We wish to prove that such factorizations always exist in the well
ordered case. this takes some preparation.

A B
B* D
Then there s a bounded operator X so that B = A*X and Rr 18 con-

14.13 Lemma. Let represent a positive operator on X; P M.

B
D

tained in }a On the other hand, if B has this form, then is

positive i f and only if D > X*X.

Proof. Let § > ||D||. Since
A B A B
°<|p* p|S |B* 51

one has

B* 61} |-B*

For § > 0, one obtains BB*< § A. So if D = 0, then B = 0. Otherwise,
one has |B*| < §%A*%. So there is an operator X in B (Hg,H1) with
|X]| < 6* so that B* = X*A* and B = A*X. This X is unique provided
that it is stipulated that X* is zero on Rz. Thus Ry is contained in R,.

0< [51 ——B] [A B] {“} = 6(5A-BB") .
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A
B* D >0. For t >0, let E,
denote the spectral projection E,[t,00). From the normal functional cal-
culus, there is a positive operator 7, in W*A) such that
T,A* = AT, = E,. So

Now suppose that B = A%X and

4% D ; |=D-XEX .

So X*EyX < D. Letting ¢t tend to zero yields X*X < D since Ry is con-
tained in Ry. Conversely, if D > X*X,

A A*Xx| |-TiX
0< [X*:n 1]

A B A A%*X 0 0
B* D| T [x*a* x*x| 7T o D—x*x
A¥ o] |A® X 0 0
=lx*ol]o o|*|o D-x*x|20 - "

B
14.14 Corollary. If Q = [ . D] ts positive, then there is an upper
A* X
0 (D-X*X)*

@ = T'T and (i) for any operator U, UQ 1s upper triangular if and only
if UT" is upper triangular.

triangular operator T =

] with the properties that (i)

Proof. That T*T' = @ is immediate from the previous proof. Write
U = [Ujli<i,j<e- Then UT* is upper triangular exactly when
Uy A% +UxnX* = 0. Also UQ is upper triangular exactly when

0 = Uy A+UpB* = (Uy A¥+U»nX*A% .

Since X* is zero on R4, these two conditions are equivalent. n
]é
14.15. When D = X*X, T = ¥ ol So if UT* is upper triangular, it

* 0
0 ol Thus, the 2-2 entry of UQ is (UpA*+UgpnX*)X = 0.

has the form [

%k
So U@ has the form 0 0l The separate matrix entries of @ belong to

the C*-algebra generated by @ and C*(N). So as in the proof of the polar
decomposition, one obtains that X belongs to the von Neumann algebra
generated by @ and the nest. Hence T belongs to this von Neumann
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algebra as well.

N of N, decompose Q on N @ N1 as

Let N be a nest and let @ be a positive operator. For each element
j Let X be the operator

A B

B* DI
. d A B . . . .,

provided by Lemma 14.9 so that B* x*x| 8 the minimal positive opera-

A B

tor with entries B .| Define Q[0,N) to be this operator. If N and M

belong to N with N < M, set

With respect to the decomposition N €5 (M © N) @ ML, Q[N,M) has

the form

0

A

B*

S © o
< o

A B

14.16 Lemma. { . D} s positive 1f and only if D > X.

Proof. First write @ with respect to the given decomposition as
[@isl1<i,j<s- Then

Qu Qi Qis Qu @iz Q3
QM) = [Qy Qo Q| and QO,N)= [Qg Dg Dy
@3 Q3 Y &3 Dsy Dy

Furthermore [D;/]s<; i<s and Y are the minimal operators making Q [0,M)
and @Q[0,N) positive. In particular, it follows that

[sz st} . [1322 Dzs]

2 Y |~ |Dx D

and hence Q[0,M) > Q[0,N). Thus Q[N,M) is positive. A fortiori, if
D > X, then

A B A B Qo Qo Dyy Dy
B D|Z B X| T Qe Y|~ |Dy Dyl =0 -

On the other hand, if D is such that this matrix is positive, then
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0 0O Qu Q12 Qi3
0<QON)+[0 A Bl= Qs Qo Qo
0 B* D @31 Q3o Dast+D

The minimality of Y yields Dgg+D >Y or D > Y—Dg = X. u

14.17 Lemma. If N = N_, then Q[0,N) = S—EITI}VQ [0,M).

A B
Proof. With respect to N @ N1, Q[0,N) has the form B Dl And
(M)AP(M) P(M)B
B*P(M) Dy
The net @Q[0,M) is an increasing net of positive operators bounded above

by @Q[0,N). Hence it converges in the strong operator topology to a limit
@'. From the matrix form, it is clear that Q' has a decomposition with

P
with respect to M @ M-, Q[0,M) has the form [

A B
respect to N @ N1 as B p'l As 0 < Q' < Q[0,N), then minimality of
D yields @' = Q[0,N). L]

14.18 Lemma. Let N be a well ordered nest, and let Q be a positive
operator. For each N in N (except ), let Qu = Q[N,N_,_).1 For each fin-

al

ite subnest F= {0:Fy < F; <..< F, = )}, set Qz= EQF],. Then Q5
J=0

converges to Q) in the strong operator topology.

Proof. Let the order type of N be a+1, and write N = {Ng,B < a}.
Consider the set S of ordinals v such that s——}liclg Q7= Q[0,N,) where

N, = {Ng:8 <7} This set clearly contains all f;nite 7. Furthermore, if
S contains 7o, then since Q[O,N, 1) = QN )+Q[N,,N, 11), then S
contains 7g+1. Suppose 7 is a limit ordinal, ¥ = limvy, and 7, belong to
S. Then for every ¥ C N, one has (setting F,, = NV,)

n—l1 n~1
Q7= ZQ[Fj:FJ'+) S EQ[FJ')FJ'+1) = Q[OJN"/) .
J=1 J=0
On the other hand
—1li >s—1 — h =s—1 O,N, )= QJ[0,N.
s—lim Q5> s— lim (s fcllﬁQf) s=lim Q[O,N, ) = Q[0,N,)

o0
7 n

by Lemma 14.17. So equality holds and ~ belongs to 5. By transfinite

induction, « belongs to S. So s—limQs= Q. -
7
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14.19 Theorem. Let N be a well ordered nest. Then every positive
operator Q) factors as A*A for some outer operator A in T (N). Further-
more, A can be chosen in {Q,N}" so that for every operator U, UQ
belongs to T (N) precisely when UA* does.

Proof. For each N in N, let @y = Q[N,N,) and let Ey be the orthogo-
nal projection onto N, © N. By Lemma 14.16 and Corollary 14.14, the
positive operator @), factors as Ay Ay where Ay has the form

000

000
w1th respect to the decomposition N @ ExN P Ni. Since

ENéMP(N) , it belongs to T (N). By Lemma 14.13, Ry is con-
tamed in B4. So RA = RANEN

For each finite subnest F= {0 = Fy < F; < ... < F, = N} of N, let
Ay= ZAF Then

J=0
n—1
A;A7= ZA;'JAF]- = Q?S Q
J=0

Thus {Az} is a uniformly bounded family. If z is a vector in the span of a
finite set of atoms {N,; © N;,1 < j < n}, then every finite nest ¥ con-
taining 5 = {IN;,1 < j < n} satisfies Ay = Azz. Thus li;n.A;a: exists for

a dense set of vectors. The boundedness implies that s—limA% = A*
exists. So A = w-—limAj exists, and belongs to T (N). Moreover, by
Lemma 14.18,

Q = s—li;nQ;: w—li;an;A;= A*A <L Q

So@Q = A%A.

_To show that A is outer, it must be shown that !RA belongs to N’
and Ry N N = AN for all N in N. Since RA = AyN, is a subspace of
En A, it will suffice to show that RA NnN= AN M o RA For then

L<N
it is clear that P(RA) commutes with each Fy and hence is in N’. Let S

be the set of NV in N such that this holds. Then S contains 0 trivially. If
it contains /N, then

(RA n N+)/RA nN= p(NJ_)A NN,
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whereas

AN,/(Ry N N)= P(N)LAN, = EyAN, = AyN, .
These are equal, and hence

RyN N,=AN,= (R, n N)@ Ry, = 3] @R—A;-
L<N,

So N, belongs to S. Also, if N is the sup of N in S, then,
Ry N N CEpwia = By o4, C > @f{q:
L<N L<N

whereas

AN=JAN;=U X ®Rsy =Y, DRy, .
k L<N; L<N

So N belongs to S. Since N is well ordered, S = N and thus A is outer.

Suppose that U is an operator and consider UQ. This belongs to
T (N) if and only if for every N in N

0 = (P(N)JLUQ)(N) = (P(N}LUA*A)(N)
= (P(NYLUA*P(N))AN = (P(N)LUA*P(N))(E; N N) .

Clearly, if UA* belongs to T (N), then UQ does also. On the other hand,
if UQ belongs to T (N), then since A*P(NN) annihilates N © (R4 N N) it
follows that P(N)LUA*P(N) = 0. So UA* belongs to T (N).

Finally, it follows from the construction of @[N,M) that it belongs
to {Q,N}". So by Remark 14.15, each Ay and hence A belongs to this
von Neumann algebra as well. n

It is curious that unlike results 14.2, 14.3 and 14.6, the nests for
which every T in T (N) factors as T = UA where U is inner and A is
outer is not the same as for factorization of positive operators. The condi-
tion turns out to be that every element N of N\{X} except 0 has an
immediate successor.

14.20 Theorem. Let N be a nest on a separable Hilbert space.

i) If N in M\{0,X} and N = N_, then there is an operator T in
T (N) such that T does not factor as T = UA where U and A
belongs to T(N), A is outer and U is a partial isometry with
U'U = P(R,).

ii) If every N in N\{0,X} has an immediate successor, then every T
in T(N) has an inner-outer factorization T = UA. Furthermore,
the operators U and A may be taken from the von Neumann alge-

bra W¥(T,N).
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Proof. (i) Let z be a unit vector in N such that P(N")z # 0 for every
N'> N. Let y be any unit vetor in N. Then T =y ® z* belongs to
T (N) by Lemma 3.7. If T factors as UA, then T"T = z ® z* factors as
A*A with A outer. This was showsn to be impossible in Proposition 14.12.

(ii) If N is well ordered and T belongs to T (N), then by Theorem
14.19 there is a factorization of T°T as A*A where A is outer. Now sup-
pose that 0 has no immediate successor in N, but every N in M\{0,X} does
have one. Let @ = T'T and define @y and Ay as in the proof of
Theorem 14.19. For each N > 0, one has an outer operator By = E An

L>N
in T (N) which converges in the strong operator topology such that

ByBy = QNJ) <@ .

One has P(N)By; = By for M < N in N, and the uniform boundedness
ensures that

B = w—limB}By = w—1limQ [N X
w—limBLBy w—limQ [N, )

It must be shown that Q[N,¥) converges weakly to Q@ as N
decreases to zero, or that @—Q[N,X) = Q[0,N) converges to zero. Now
@[0,N) is the smallest positive operator which has a decomposition with
respect to N @ N-L of the form

P(N)AP(N) P(N)QP(N):

P(N)+LQP(N) X
Since @ = T*T and T belongs to T (N), it is easy to check that T*P(N)T
has this form. Hence

0 < s—-limQ[0,N) < s—limT"P(N)T =0 .
N0 N0

Furthermore, the proof of Theorem 14.19 shows that each By is
outer and Rp = Y, ® R, . Hence Rg= Y, @ R, and P(Rp) com-
AN L N>0 N
mutes with N. From this it is easy to verify that B is outer. Thus
T*T' = B*B has an outer factorization.

Let T=VQ* and B = WQ* be the polar decompositions and let
U = VIW*. One has T' = UB. Also,

UTU = WVW* = WP(RQ)W* = WW* = P(R,) .
So U*U commutes with N. For each N in N, one has
UN=UNNRg)=UBN)=UBN=TNCN .

Hence U belongs to T (N), and is inner. So T = UB is the desired factori-
zation.
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From Theorm 14.19, the operators By and hence B belong to the
von Neumann algebra generated by {T*T,N}. The partial isometries V, W
and U belong to the von Neumann algebra generated by {7,B}. All of
these belong to W*{T', N} as claimed. u

14.21 Proposition. If N is a nest and T in T (N) has two inner outer
factorizations T = UA = VB, then there is a partial isometry W in
D (N) such that W'W = P(R,), WW* = P(Rp), B = WA and V = UW".
Conversely, if W is a partial isometry in D (N) with W'W = P(R,),
then B = WA and V = UW" yields another inner outer factorization VB.

Proof. Set W = V*U. Since VW* = P(Ry) = UU*, W is a partial isometry.
As in_the previous proof, one_has UN = _(N n RA) TN. Hence,
N N R, = U{TN). Likewise V(TN) = N N Rg. Thus

WN=V{IN)=NNER;CN .

So W and likewise W* belong to T (N), whence W is in D (N). The four
identities are routine.

Conversely, if W is a partial isometry in D (N) with initial projection
onto Ry, define B = WA and V = UW*. Then P(Rg) = WW* belongs to
D{(N)= N'. For Nin N,

N NRg = NN WER,) = (Nn Ry) N W(Ry)
= WN N WR, = W(N 0 Ry)
= W(AN) = BN .

Hence B is outer. Also V is a partial isometry in T (N) with V*V = WiW*
so V is inner. n

Notes and Remarks.

Factorization of this type was first considered by Arveson [7] for
nests order isomorphic to subsets of the extended integers. In this context,
he obtains Theorem 14.2 (1), Corollary 14.3, Theorem 14.20 (ii) and Propo-
sition 14.21. He applied this to an interpolation problem dealt with in sec-
tion 15.D. The results, Lemma 14.1 through Corollary 14.6, are due to
Larson [4] in his paper on similarity of nests. Lemma 14.4 was proved for
continuous nests by Choi and Feintuch [1]. Theorem 14.9 is due to
Gohberg and Krein [2], chapter IV. However, they give a different proof
of Lemma 14.8. They also obtain necessary and sufficient conditions for
I+ K with K compact to factor as in Lemma 14.7 in terms of the conver-
gence of certain integrals. (See exercise 14.1.) The notation of inner and
outer operators is due to Arveson. The results of 14.12 through 14.21 are
due to Power [2, 6, 7, 9]. Lemma 14.13 is due to Lance [2].
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Exercises.

14.1

14.2

143

14.4

145

14.6*

(Gohberg-Krein)

(a) Consider a nest N and an invertible operator T = I+ K for K
compact. Show that if T factors as in Theorem 14.9, then
I+P(N)KP(N) is invertible for every N in N.

(b) If T above is self-adjoint, then T factors if and only if T is
positive,

(¢)* If K is finite rank, then T factors only if I+P(N)KP(N) is
invertible for all N in M.

(d) Extend (c) to all K in C,,.

Let L? = LYT,dm) where dm is normalized Lebesgue measure on
the unit circle 7. This has an orthonormal basis ¢, = ¢*!, n € Z.
Let N be the nest given by 0, L% and N, = span {e;,k >n}. If h is
a bounded measurable function (i.e. A € L*), M, denotes the opera-
tor given by M, f = hf. Note that M), belongs to T (N) if and
only if A belongs to H®. A function h in H® is outer if M,N, is
dense in N, Show that h is outer if and only if M, is an outer
operator in T (N).

Let N be a countable nest, and let A be an outer operator in T (N)

which is bounded below. Show that there is an invertible element B
in T (N)™ and an isometry U in D (N) such that A = UB.

Show that every positive operator @ in B (X) factors as T*T for
some T in T (N) if and only if either (i) N is well ordered or (ii) N
has an infinite rank atom A such that if N = N, € N, then N con-
tains A.

(Power)

(a) Let N be a nest and let A be an outer operator in T (N).
Suppose X is an operator such that XA belongs to T (N) and
ker X contains R{. Show that X belongs to T (N ).

(b) Let N be a well ordered nest. Show that every trace class
operator T in T (N) factors as T = A;A, where A; belong to
T(N) N Czand || T, = [|Als = [|Aslle.

Hint: Write T = V|T'| and factor |T| = A*A.
(c) If Nis a nest containing an element N # 0, or ¥ such that

N_= N,, find a rank one operator T in T (N) which cannot
be factored as AjA, with A; in T (N) N C,.
(d)* Characterize those nests in which every trace class operator

has a ‘“Riesz” factorization as in (b).

(Larson) Characterize the compact operators K such that [+ K is
positive, invertible and factors as T*T for T in T (N )™ for every
nest N.






15. Reflexivity, Ideals and Bimodules

The main result of this chapter shows that the only weak* closed
algebra A containing a maximal abelian von Neumann algebra (masa) such
that Lat A = Nis a nest is T (N). Then we characterize the weak* closed
ideals and bimodules of a nest algebra, and show that these are single gen-
erated. (This can be read independently of the first part of this chapter.)
From this we deduce that nest algebras are doubly generated as a weak*
closed algebra. Then we establish a criterion for a finite set of operators
to generate T (N) as a norm closed left ideal. In the last part ot this
chapter, invariant operator ranges for nest algebras are computed.

15.A Utility Grade Tensor Products. First, the notion of a Hilbert
space tensor product will be needed. Let X, and ¥, be Hilbert spaces.
The algebraic tensor product of ¥; and M, consists of elements of the form

n
) z; ® y; modulo the identities
i=1

T (yit+ys) = Qyr+z @ y,
(Fi+2) Qy=2,Qy+2, R y
and
(02) Qy=a(z Qy) =2 Q (ay)
for all z; in H;, y; in ¥; and a in C.

An inner product is defined on elementary terms by

(1 @ y1,22 @ yo) = (z1,22)(Y1,¥2)

and extending by linearity. It is routine to verify that this is well defined.
It is also positive definite. To see this, consider a non-zero element
n

v=)Y,7; ®y;. Apply the Gram-Schmidt process to {y;} to obtain an
i=1

orthonormal set e;, 1 < j < m, so that y; = Ea,] e;. Then

ME HM:

® Y = i f}aijxi X €4

i=1j=1

zauwt)®e Eu.i@ef g
=1

i=

5,
Il
-

193
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As v # 0, at least one u; is non-zero. So

m
ol = (v) = 2121 ui)ese) = llugl? >0 .
=li= J=1

Let X; & XM, denote the Hilbert space completion of this tensor product.
Let {f,:a €A} and {eg:8 € B} be orthonormal bases for ¥; and M,. Then
{fa®eg:a €A, €B} is an orthonormal set in ¥; @ ¥,. The closed
span of these vectors contains all vectors of the form « & e g, and hence
all of the form = & y. Thus they span all of ¥; & ¥, and form a basis.

Let S and T be operators in B (¥;) and B (},). Define S ® T in
B (X, & Hy) by setting S @ T(z Q@ y) = St @ Ty and extending by
linearity to the algebraic tensor product. It is readily verified that this is
well defmed To see that ||S & T = ||S|| ||T||, consider a vector
v = E:c Ryi. Let M= span{y;Ty;:1<i<n}, and set

A= P(M JTP(M). Then A*A is positive, and leaves M invariant. So M
has an orthonormal basis {e;,1 < j < m} consisting of eigenvectors of
A*A, say A*Ae; = Mje; where |\;| <||A*A]| <||IT||®>. One can rewrite

E a;;e;, and

En:,‘ ®e—2u & e

i=l1

E’_]s

v = E(x.- ® iaijej)

=l J=1 3

0
LA

So

IS ® Tv|f* = IIESw ® Ty |I* = IIESw ® Ay; |I°

=|S & Av”2 = (E Su; @ Aej,z Su; @ Ae;)
J=1 J=1

(Su],Suk)(A Aejer) = E)\j(Suj,S’uj)

=1

It
=

Ms
TMs

E
< IIT|I2§JII~"’UJII2 < IS IITIIZZIIUJH2
=1

= (IISII Tl ])?

On the other hand, the supremum of ||S @ T(z @ y)|| = ||Sz]|| ||Tv]|
over unit vectors  and y is clearly [|S|| ||T]]. Thus S @ T extends by
continuity to ¥; ® X,.

The algebraic tensor product of B (¥,) and B (¥,) thus is a subset
of B(M;® Hy). By B (X;)® B (},), we mean the weak* closure of this
algebraic tensor product. This is readily seen to be all of B (¥; @ X 2)-
To see this, it is enough to get a dense subset of the rank one operators.
To avoid confusion, we will write a rank one operator as zy* Consider
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n m
u=32Qy and v = ij & z;. Then
=1

f=]

w' = 33 ® v)w; @ 7

= znj i(miw;) & (yjz;") .

So the rank one operator uv* is the sum of elementary operators Si; & Ty
Consequently, the norm closure of B (},) ® B (},) contains all finite
rank operators, so is weak* dense in B (0; ® X).

More generally, if A and B are von Neumann algebras, let A & B
denote the weakly closed algebra generated by the elementary tensors
A @ Bin B ();) @ B (),) such that A belongs to A and B belongs to B.
(This is the spatial tensor product, and is not the only choice for a tensor
product in general) By abuse of notation, we may write A I when we
mean A QUI. We require the following very special case of Tomita’s
Commutation Theorem.

15.1 Theorem. Let A be a von Neumann algebra in B (X,). Then
commutant of A Q B (M) is A' Q CI, and vice versa.

Proof. First, suppose that A =CJ. Let Tin B (¥; @ X,) commute with
I' @ B (X;). For each y in Xy, let P, denote the projection in B (X,) onto
Cy. Then for each = in X,, there is a #z in ¥, so that

TeR@yY)=TURQRFR) Qy=IQP)TzRy)=2Qy .

Moreover, the linearity of T" shows that there is a continuous linear opera-
tor B, on X; so that T(z ® y) = (Byz) ® y. If y; and y, are linearly
independent,

By 4y, ® QUi+ By 4y 7 ® ys = B, 4,7 ® (y1+y2)
=T(z ® (y1+y2))
=T(z Q@ y)+T(z ® yo)
= Bylx ® y + Bsz QY2 -

The independence of y; and y, implies that By1 = By1+y2 = By2. Hence

there is an operator B such that T(z Q y) = (Bz) Qy =B Q Nz Qy
for all  and y. Thus T'= B ® I belongs to B (};) ® I. On the other
hand, it is clear that B (¥;) ® I commutes with I @ B (X,).

In general, the commutant of A ® B (My) is contained in
(I ®B )Y =B (H;)®I. So, an operator in this set has the form
B @ I and commutes with A @ I for each A in A. Hence B belongs to
A'. On the other hand, if B belongs to A’, the B (9 I commutes with
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A @ X for every Ain A and X in B (X). So A' ® I is the commutant of
A @ B (¥). By the Double Commutant Theorem, A @ B (X ) is the com-
mutant of A" I. L

Now suppose that X, is represented as LQ(X ) where p is a regular
Borel measure on X. Let L%(X,},u) denote the (equivalence classes of)
Borel functions f:X — M, such that

17 1lz= (J1I £ (=) IPdp)*
is finite. This is a Hilbert space, (as can be verified in the same way that

completeness of L) is proved).

15.2 Lemma. Let (X,u) be a regular Borel measure and Wy = L*(X ,p).
Then M, @ Ay is naturally isomorphic to L2(X,)(2,u) via the unitary
operator

U% a;i(e; @ y;) = %aijf i
where {e;} is a basis for L), {y;} s a basis for M, and
fisz) = ei(z)y;.
Proof. If f belongs to L%(u) and f = Y, a;e¢;, then
Uf @ y;= Uzaiei Ry = Zaifij

= (D aie:)(z)y; = f(=)y; -
So U carries L%(p) @ Cy; isometrically onto L (X @y;u). It is easy to see

that Lp) @A =73, Q LHp) Q Ty, and
~
LAX Hopp) = 3 @ LHX Cy;,u). So the result follows. .
7

Let M be a masa in B (¥ ). By Theorem 7.8, one can realize M as
L®(X,p) acting on L%(X,u) for some regular Borel space (X,u). By
Lemma 15.2, we can realize L¥(X,u) ® ¥ as L¥X,X,u). There is a von
Neumann algebra L°(X,B (X ),1) of p-essentially bounded Borel functions
from X into B (X ) acting on L%(X,),u) by

Tf(z) = T(=) /(=) .

15.83 Lemma. The identification between LA X,u) @ X and L¥X H,pu)
of Lemma 15.2 carries M @ B () ) onto L*(X,B (X ),p).

Proof. Since (M Q Iz Q y = (Mz) ® y, it is readily verified that
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UM Q@ DU f(z) = M(f(z))

for every f in L%(X ,M,u). Thus it is clear that L¥X,B (}{),x) is con-
tained in the commutant of U(M @ I)U®*. By Theorem 15.1,
L*(X,B (¥ ),u) is contained in U(M @ B (¥ ))U*. On the other hand, let
M; belong to M and A belong to B (¥ ). For g in L{X,u) and y in X,

UM; @T)9 Q@ y) = Ul(fg @ Ty) = fg(z)Ty

= M{gy) = M7U(g @ v)

where fT' is the L® function fT(z)= f(z)T, and gy(z)= g(z)y. So
U(M; @ T)U* = M,z belongs to L™(X,B (X ),z). Thus the weakly closed
algebra generated by these tensors is carried into, whence onto,
L¥X,B (X ),n). =

15.B Reflexivity. The notion of reflexivity for algebras can be general-
ized to subspaces. A subspace S of B (X;,),) is reflexive if

S={T€B (U ,Ny):Tx €Sz forallz € H;} .

Reflexive subspaces are always closed in the weak operator topology. The
following lemma sets the stage.

15.4 Lemma. Let S be a weak* closed subspace of B () ), and let X be
a separable Hilbert space. Then S @I is a reflexive subspace of
B (X,)). For each vector z in Xy, @ N, let M, = (S ® Iz. Then for all
Tin B (X)),

dist (T, S) = |P(M )Tz ||

sup
€M, ® Xz [|=1

Proof. Let ¢ be a norm one weak™* continuous linear functional annihilat-
ing S. By Theorem 1.15, there is a sequence {s,,n > 1} of positive
numbers, and orthonormal sets {z,} and {y,} in N; so that

ﬁsn = ||¢|| = 1 and
n=1

B(T) = 33 60(Tn w) -

n=]1

o0
Let {e,,» > 1} be an orthonormal set in ¥. Let z = Y, s%2, @ e, and

n=1

o0
Yy = 3,8y, @ e, be unit vectors in ¥; ® X. Then

(T @ D) = 3 oulrn ) = 6(T)

Let M, = (§ @ I)z. Now
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IPAM)HT @ Dzl 2 (T ® DZ.9) | = 16(1)] .
Thus, by the Hahn-Banach Theorem,

dzstTS < PMALT nall
(9 = o, MO swp IPMLIHT ® DZ]

On the other hand, since ¢(S) = 0, it follows that ¥ is orthogonal to M,.
Therefore P(M, )1 (S RNz =0 for S in S, so

| P(M,)HT @ Dz || = inf || P(M, JH(T-5) @ D) ||
< inf||T-S|| = dist(T,S) .
ses

Let A belong to B (}; @ M), and suppose that for all v in ¥; @ X,
one has

AvESQRQIWCB(H,)RQIv .

Then A belongs to AlgLat(B (X)) @)= (B (X,)RI)'=B (},) R I.
So A has the form T'® I. By the previous paragraph, T belongs to S.
Thus A belongs to §$ & I and hence § & I is reflexive. =

Note that the previous lemma applies equally well to a subspace S of
B ();,);). Now we specialize to subspaces which are bimodules for a pair
(Mg2,M;) of masas, meaning that MySM; C S. This is the case, for exam-
ple, if §= T (N) for a nest N and M; = M, is any masa containing N".
Let b,(S) denote the unit ball of §.

15.56 Lemma. Let M; be masas in B (};), i=1,2, and let S be a sub-
space of B (M ,)3) which is an (Mg,M,) bimodule. Let Q be a projection
in M,, and let N = SQM,. Then P(N) is the least positive operator A in
My such that A > SQS* for all S in b,(S).

Proof. Since SQ = P(N)SQ for all S in §, it follows that for S in b,(S$)
one has

SQ5* = P(N)SQS*P(N) < || S|PP(N) < P(N) .
Now let A be any positive operator in M, such that A > SQS* for all S in
by(S). Since M, is abelian, one has A > P(N) if and only if ||EA|| > 1 for
any non-zero projection E in M, with £ < P(N). Let E be such a projec-
tion. From the definition of NV, there must be a . in § so that ESQ # 0.
Normalize so that ||ESQ|| = 1. As § is a bimodule, T = ESQ belongs to
by(S). Hence
EFA = EAE > FTIQT'E = TT* .

So ||EA|| > ||T||* = 1, and hence A > P(N). u
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15.6 Corollary. Let S be a subspace of B (M {,) ;) which is an (Mg, M,)
bimodule. Suppose that Sy = Ny for every y 5 0 in H,. Let B belong to
(M) Then the least positive operator A in My such that A > SBS* for
all Sin b)(S)is A = [|B||I.

Proof. For ¢ >0, let ¢, be the spectral projection Ejp|||B||—¢,||B]|-
Then B > (|| B||—¢€)Q., and SQ X, = H, since Q@ # 0. So if A > SBS* for
all S in b,(S), then A > (||B||—€)SQ.S*. By Lemma 15.5, one has
A > (|| B||—€)I for all e > 0. So A > ||B||I. L

15.7 Lemma. Let M be a masa in B (). Let Q be a projection in
M@ B (M), and let F be the least projection in B (N ) such that
Q@ <IQF. For each unit vector £ in N, let E¢ denote the projection
onto ©§, and set F(§) = ||(I Q EJQI Q E¢)||. Then I @ F is the least
projection P in M @ B (X! ) satisfying

IQEJPIQRQEY>FOI @ Ee forallée X, ||€]l=1 . (¥

Proof. By Lemma 15.3, we can identify M ® B (¥ ) with L*(X,B () ),u)
acting on L%X,¥,u). Thus @ is given by a function Q(z) in
L*™(X,B (}),n), and since Q is a projection, @(z) is a projection almost
everywhere. So
(U ® EJQU ® E9 = M, ® B

where fdz) = (Q(x)§E), and F(€) = || felloo. Let {£,} be a countable
dense subset of b{¥), and let f, = fe,- Delete a set X of measure zero
so that |f,(z)] < || f,]leofor & in X\X,, n > 1 and Q(z) is always a pro-

jection. Let Fy = }RIEOQ(x). Fix z in X\ X, and a unit vector £ = Q(z)¢.
Choose a sequence 6"5’ converging to £& Then

F(§) = TmF(&,) > Im(Q(e)6,,6,) = (Q(@)66) = 1 .
Thus P > I @ E; and hence P > I @ Q(z) for each z in X\ X, Conse-
quently, P > I & F\,.

On the other hand, Q(z) < Fy for =z in X\X,, so Q <I® F,.
Thus Fy > F. And since @ < I ® F, it readily follows that I & F satis-
fies (*). By the previous paragraph, ' > F,. So F = F, and any P satis-
fying (*) is greater than I ® F. ]
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15.8 Lemma. Let M; be masas in B(};) and let S be a subspace of
B (M) 3) which is a (Mg,M,) bimodule. For a vector v in ¥, @ X, let Q
be the projection onto (M; @ I)v and let P be the projection onto
(S @ Iv. For a unit vector £ in X, let A and B be operators de fined by
I QEJPI @E) = AQEg and (I @ EJQU @ E) = B® E¢. Then
A and B are positive operators in My and M,, respectively, and further-
more

A 2> SBS*for all S'in b(S) .

Proof. Since P}, = (My; ® I)(S & I)v is invariant for M, ® I, Theorem
15.1 implies that P belongs to My @ B (¥ ) and A belongs to (M,),. Simi-
larly, @ belongs
to M; ® B (X ) and B belongs to (M,);. For = in X, and S in b,(5),
(5BSw,2) = (S ® NI ® BIRU @ EYS' @ Nz @&z @ §)
=Q(s*® Dz ®¢II°
=Q(S* @ NPz Q@ YI* < [P(z @ &I
= (I ®EJPI QEdr Q@ &z ® §) = (Az,z) .
Hence A > SBS*. n

15.9 Theorem. Let M; be masas in B ();), and let S be a_subspace of
B (X1,13) which is an (Mg,M,) bimodule. Suppose that Sy = M, for
every y # 04n N,. Then S is weak* dense in B (M, ,).

Proof. Let v be any unit vector in ¥; ® X, and let € be a unit vector in
H. Let P, @, A, B be defined as in Lemma 15.8. Thus A > SBS* for all
S in by(S). So by Corollary 15.6, A > || B||I. Now

Bl =l @ EJQQU ® Eg|l = F(§)

as in Lemma 15.7. So P satisfies (*) of that lemma. Hence P> I Q F
where F' is the smallest projection so that (I @ F)v = v. Hence

HNQFICERNuC(B i) @Dw CH, @ FAH .

It follows that § & I has the same closed ranges as B (¥ ,),) & I. By
Lemma 15.4, § is weak* dense in B (X, ;).

15.10 Corollary. Let S be a norm closed subspace of the compact
operators K such that Sy = N for every y # 0. Suppose that M; are
masas such that S is an (Mg,M;) bimodule. Then S = K.
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Proof. By Theorem 15.9, § is weak* dense in B (¥ ). If S were not all of
K, there would be a continuous linear functional ¢ in K* such that
¢(S) = 0. By Theorem 1.13 and 1.15, B (¥ ) = K*. The weak* closure of
S is annihilated by ¢ and thus is not all of B (X). This contradiction
establishes the corollary. u

In fact, this corollary is quite weak compared to what is now known
about transitive algebras containing compact operators. In particular, one
can drop the hypotheses about the masas. However, for subalgebras of
B ()), Theorem 15.9 is a good result. This corollary does illustrate, how-
ever, the role of duality in dealing with subalgebras of 'the compact opera-
tors. Corollary 15.13 below does not follow from the transitivity results.

15.11 Theorem. Let N be a nest, and let M be a masa in T (N). Let S
be a subspace of T (N) such that MSM C S and Sz = T(N)z for every
z in N. Then S is weak™ dense in T (N).

Proof. Fix N# 0 in N. Then P(N)SP(N_)L, as a subspace of
B (NL,N) satisfies P(N)SP(N)_)Ly = P(N)T (N)P(N_)Ly = N for all
0#y in NX. By Theorem 15.9, P(N)SP(N_)! is weak* dense in
B (N4 ,N). By Theorem 3.7, the weak* closure of § contains all finite
rank operators in T (N ). By the Erdos Density Theorem 3.11, S is weak*
dense in T (N). =

15.12 Corollary. Let A be a weak™* closed algebra containing a masa M
such that Lat A = N. Then A = T (N).

15.13 Corollary. Let A be a subalgebra of the compact operator K such
that Lat A = N. Suppose, furthermore that there is an abelian C*
subalgebra D of A such that D' is abelian. Then A = T (N) N K.

Proof. Let A be the weak™® closure of A. Then A contains D" = D' which
is a masa. So A= T (N) by the previous corollary. If A were less than
all of T (N) N K, the Hahn Banach Theorem implies there is a functional
¢ annihilating A but not all of T (N)N K. As in Corollary 15.10, this
contradicts the weak™ density of A in T (XN). u

Note that when considering subalgebras, instead of subspaces, one
must require A to contain M, not merely be a bimodule. For example, if N
is a maximal atomic nest and A = {T € T (N):A(T) = 0}, then MAM = A
and LatA =N, but A=7FA""3 T(N). However, one has
AN = N_# T (N)N for countably many N in N. So as a subspace, A is
distinguished from T (N) by its ranges.
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15.C Weak* Closed Ideals. Let N be a nest, and let S be a weak*
closed T(N) bimodule (ie. T(N)ST(N)=S). For each N in A,
N =SNis invariant for T (N) and hence belongs to N. Moreover, 0 =o,
N<N 1mphes N < N and if N = sup/N, then N = suka So the
map ®(N) = N is a left continuous, order homomorphism of N into itself.
On the other hand, given such a map P, the set

Se={T €B (¥):TN C &(N) for all N in N}
is a T (M) bimodule. It is a routine exercise to verify that SeN = ®(NN).

15.14 Theorem. FEvery weak* closed T (N) bimodule S has the form

Sa, where @ is the left continuous order homomorphism of N into itself
with ®(0) = 0 given by ®(N) = SN.

Proof. Clearly, S is contained in S3; so it suffices to prove that Sg is con-
tained in S. Fix T in Sp. By the Erdos Density Theorem 3.10, there is a
net I, of finite rank contractions in T (N) converging to I in the * strong
topology. So TF, belong to Sy and converge to 7' in the * strong topol-
ogy. By Proposition 3.8, F, is the sum of rank one operators in T (N).
So TF, is the sum of operators of the form 7R where R is a rank one
operator in T (N). It suffices, then, to show that all such opergtors belong
to S.

Let ¢ & y* be a rank one operator in T (N). Let N be the element
of N provided by Lemma 3.7 such that z belongs to N and y belongs to
(N_)1. Then Tx belongs to ®(N) = SN. So there are operators S, in S
such that lim S,z = Tx. Hence lim S,z @ y* = T @ y* belongs to S.
Thus § = Sy by the argument of the previous paragraph. u

Now we consider the question of generators. Notice that if you are
only interested in S as a T (N) bimodule, you do not need the previous
section on reflexivity.

15.15 Theorem. Let N be a nest on a separable space, and let M be a
masa containing N". Then every T (N) bimodule is singly generated as
an M bimodule.

Proof. Let S be a T (N) bimodule, and set ®(N) = SN = N for N in N.
By Theorem 15.14, § = S3. The weak* closed M bimodule generated by
Sis Sg = MSM"* For this to equal S, it is necessary that for every vec-
tor z,

Sz = Syz = MSMz

By Theorem 15.14, this is also sufficient to show that S generates § as a
T (N) bimodule. To see that this suffices as an M bimodule, fix N in N
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o~

and consider P(N')SoP(IN_)L as a subspace of B (NL,N). For every z in
N4,

P(N)SeP(N_)ta = P(N)Sz = P(N)ST(N)z
= P(N)SN = PN .

By Theorem 15.9, P(]’\\/'J)SC,P(]\’__)l equals B (N_l,ﬁ) In particular, S,
contains every rank one operator in S. So by the proof of Theorem 15.14,
So = S.

Now we construct an operator S with this property. If E is a pro-
jection M, one can always find a vector  with supp(z) = F (in M) in the
sense that 'z = z but Fx # z for any projection F < E in M. By Pro-
position 2.13, N is compact and metrizable in the order topology and has
countably many atoms. So there is a sequence {IV,k > 0} of distinct ele-
ments of N which is dense in the order topology, Ny = {0}, N; = X, and
which contains the endpoints of every atom. For k > 2, there are unique
integers ¢ = 4(k) and j = j(k) such that 0 < ¢, j < k—l, N; < Ny < Ny,
and if 0 < £ < n-—1, then Ny < N; or Ny > N,.

Now we deflne S. If H_ s M), choose unit vectors e; and f, so that

supp(e;) = P()( ) and supp(f,) = ( X_)L. For k > 2, choose unit vectors
e; and fi so that

supp(e;) = P(ka)P(ﬁi(k))'L and supp(f) = P(Np)LP(Njp)-) -

Set Sy =27%¢, ® fr and S =315, Fix k, 1 = i(k) and 5 = j(k) and
k=1
consider

P(N)LP(N)S PN, L P(N,)
For £ <k and N, < N;, P(N )J-S,z = 0; and £ < k and N; > N; implies
S¢P(N;_) = 0. For £ >k and N, <N,,, i) < Ni so S,;P(N,‘ Jt=o0;

and if £>Fk and N, > N, then Ny > Nj so P(N})S, = 0. Conse-
quently,

P(N)LP(N})S PN, LP(N,) = 5,
Hence Sy = MSM"* contains each S, for k > 1.

Let = be a non-zero vector and let £ be the projection onto Mz.
Let N be the least element of N such that E < P(N). Then Sz = N and
Sox = SoEH. If N s N_, then N = N, for some k and P(N_)1E # 0.
Thus Bz # 0, so_SoE'N contains Sy Ex; which is a non-zero multiple of y,
with support P(N ,,))-LP(N &) Likewise, Bz;) # 0 and SeEX contains a
non-zero multiple of y;() with support P(N 0 )) PN i(¥))- In at most k
steps, one obtains vectors in SyE' X with joint support equal to P(N )

Now suppose N = N_. Recursively define a sequence k, by setting
ky > 1 to be the least integer such that Nkl < N; and k, ., is the least

integer so that k,y; >k, and Ny < Ng, ,<N. So i(kp41) = k, (and
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ky = 0) and N_,,-(,‘n) > N for every n. Since {N,} is dense in N, one has
supNy = N. From the definition of IV, one has EP(N,,")J-P(N) # 0 and
hence E':z:kn # 0. As above, we obtain that S3E X contains Yk, which has
support

PN} )P(N )+ = PN PN, )L
Jointly, these vectors have support supP(Jvk") = P(ﬁ) As SeEN is M

invariant, it must be all of N = Sz.
Thus it has been established that S generates S as an M bimodule. ®

15.18 Corollary. Every weak* closed ideal in T (N) is principal.
Proof. Immediate. ]
15.17 Corollary. T (N) is doubly generated as a weak* closed algebra.

Proof. Let M be a masa containing N”. By Remark 7.5, there is a posi-
tive operator A such that M is the weak* closed algebra generated by A.
Since T (N) is a bimodule over itself, it is singly generated as an M bimo-
dule by some operator T. The weak™® closed algebra generated by A and
T contains M, so is an M bimodule contained in T (N) containing 7. So it
equals T (N). u

15.D Interpolation. A well known problem in Banach algebras is deter-
mining when a finite set A,,...,A, generate the algebra as a left ideal. This

n
is equivalent to the existence of elements Bj,...,B, such that »,B;A; = I.
i=1
In a C™algebra, it is easy to verify that a necessary and sufficient condi-
n

tion is that ¥, A?A; be invertible, or equivalently, that there is an € > 0 so
fa=l

that

n
M4z |2 > €|z ||? forall z in X .

i=1
In a nest algebra, this is necessary but not sufficient. For example, let
N = {{0},@e; 0% be the standard nest on @2 = span {e;,e5}. Let

00| and Az =[S L1, Now AA+A34, = I, but if B, and B, are

upper triangular, then (B A+ ByA,)%ey = 0.

A1=

Further necessary conditions are obtained as follows: Suppose

n

M>:B;A; =1 and let N belong to N. Since compression to N1 is a
=1

homomorphism (Proposition 2.15),
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n
DI P(NYLBP(N)LAP(N)L = P(N)L .
i=1
Applying this to a vector z yields

1PNz || < S B: || 11 PUV) Az |

i=1

< (g I1B; ||2)%(§"_31 | P(NY- Ay |2
- (_zi:InB,-u‘*’)%(éA:P(N)iA,-x,z) .

Thus one obtains Y, A/P(N)LA; > eP(N)L, or equivalently

=1

SIPN) L Az [P > | P(N) Lz |

i=1
for all z in ¥ and N in N, where € = (), || B;|[9™ > 0. It will be shown

i==]

that this is sufficient.

15.18 Lemma. Let A be a partial isometry in T (N) such that
D, = A*A belongs to N' (an inner operator 14.11). Suppose € > 0 and
|[P(N)LAz || > || P((N)Lz || for all N in N and z in DN, the initial
space of A. Then there is an operator B in T (N) so that BA = D,.
Moreover, || B|| < 4¢2.

Proof. For Nin N and = in DX,

IP(NJAP(N )Lz |]? = || AP(N)Lz ||| (N)LAP(N)Lz ||?
< (-es P .

On the other hand, if = is in DX, P(N)AP(N)lz = 0. Thus by
Arveson’s Distance Formula (Theorem 9.5),

dist (AT (X)) = supl| (INJFA'P(N)|| < (1-€)*
Choose C' in T (N) so that [|A*—C|| < (1—€%)*. Without loss of general-
ity, we may suppose that C = D,C. Let T = I-D,+CA. Then

I-T|| = |A*"A-CA| < |JA-C| S (1-€)* <1 .

So T7! belongs to T (N) and 1T < 1—(1=*)1. Let B = T"'C.
Then



206 K.R. Davidson

BA = T7'CA = (I-Dp+CA) (I-D,+CA—I+D,)
= I—(I—DA+DAOADA)—1(I—DA) = DA .
Finally, | B|| < (1—(1—e)*)(1+(1—€)*) < (2¢72)2 = 472 n

15.19 Theorem. Let N be a nest, let € > 0, and let A,,...,A, be opera-
n
tors in T (N) satisfying 3, ||P(N)LA;z |> > || P(N)Lz ||? for all z in XA

i=1

and N in N. Then there are operators Bj,...By in T (N) such that
M.BiA; = 1. Moreover, if ||A]|<1 for all i, one may take

t=1
[|B;i|| < 4ne™® for1 <i<n.

Proof. Scale each A; so that ||A;|| < 1, and adjust € if necessary. First
suppose that N is a finite nest. Since Y, A*A; > %I, Theorem 14.2 pro-
i=1
vides an invertible element C' of T (N) so that C*C = )] A?A;. Hence
i=1
n n
Al = A;C7 satisfy Y AFAl = 1. Now [|C2 < || A2 < n, so
i=1 i=1
|P(N)Y 2|l = | P(NLOP(NLCTP(N) Lz ||
< el IPANLC PN L2 ||
< n¥| PINYLOP(NY L2 |

Hence

n _ _ e2
DIPINA 02 |P > S| PN)LO 2|2 > Pz
i=1

So A/ satisfy the same hypotheses with € = en ™.

Consider  the  Hilbert  space X = ¥ ®C".  Then
B(X™)) =B (X) ® M, is the algebra of n X n matrices with entries in
B (X). The nest M) = {N QC":N ¢ N} gives rise to the nest algebra
T(M)) = T (N)® M,. This algebra contains the operator

Al 0 .. 0
A0 .. o0
A_=
A0 .. 0
Io o
00

Now A*A =

is a projection which commutes with M*). So A
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is inner. Moreover,

n

2APINYAL 0 0

i=1

A*P(Nt) LA = 0 o0 > (¢)2D4P(NT)L

0 0 0

So by Lemma 15.18, there is an operator B in T (M") so that BA = D,.
N n
The first row of the nXn matrix is [B{ B,',] which yields ¥ B/A! = I.

i=1
The norm condition ||B]|| < 4(€)™? = 4ne™2 implies the same condition for
each B]. Let B; = C™'B/, so || B;|| < 4n€e~>. Then

S B = O BLANC =1 .
i=1

i=1
Now turn to a general nest N. For each finite subnest 7, there are
n
operators B in T (¥) with || B|| < 4ne™® and Y} BfA; = I. Thus the set

i=1

By= {(By,..B,) € T(F)*): V) B;A; = I, || B;|| < 4ne™%}
i=1

is a non-empty set which is compact in the weak* topology (because multi-
plication by  fixed operators is weak* continuous). Since

n
By N ..N Bz = By where ¥ is the nest U %, these sets have the finite
i=1
intersection property. Thus by compactness, the intersection over all finite
subnests is non-empty. Let (Bj,....B,) be an element of this intersection.

n
Then Y;B;A; = I, ||B;|| < 4ne™3, and each B; belongs to T{0,N,¥} for
f=1

every N in N, and thus belongs to T (N). u

15.E Invariant Operator Ranges. An operator range is the (non-
closed) range of a bounded operator. The operator ranges invariant for an
algebra forms a lattice under sums and intersection which is usually bigger
than the invariant subspace lattice, and hence contains more information.
In this section, the invariant operator ranges of a nest algebra will be com-
puted.

The operator ranges in X are of the form AX' where A belongs to
B (X' ){). But clearly there is no loss of generality in taking ¥' = X. Also
the range R(A4) = R(AA%*, so one may always take A to be positive. On
the other hand, it is often convenient to restrict A to (ker A)L, so that it
has the same range but is also one to one.
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15.20 Lemma. The operator ranges of X form a lattice. Moreover

N (o)

R(A}+R(B) = R((A4A*+BBY)*) = R [6“3

R(A)N R(B) = R((AXAY*)
where X = P(X)P |} and P is the projection in B(X P A) onto

AB
ker 15 0 1-
AB .
Proof. Let T = [| 0]. It is clear that R(T)= (R(A)+R(B)) P o.
zZ
This equals R ((TT*)*) = R((AA*+BB*)* @ 0). Let P = o+ y| be the

projection onto kerT. then 0 = TP implies AX = —BZ* and AZ = —BY.
So

R(AX)+R(AZ) = R(BZ+R(BY) C R(A)n R(B) .

belongs to ker T. So

u
On the other hand, if w = Au = Bwv, then [——v
Xu—Zv

u u
o] = P|] = |z%u—vo

Thus w = A(Xu—Zv) = AXu—AZv belongs to R (AX)+R(AZ). Hence

R(A)N R(B) = R(AX)+R(AZ) = R((A(XX*+ZZ%)A%%)
= R((AXAY*)
since P = P? implies XX*+277* = X. u

The first main result is to find the algebras with no proper invariant
operator ranges. For technical reasons, certain unbounded operators will
be considered. Let D(X) denote the domain of a linear map, and write
X CYtomean D(X) C D(Y) and Xz = Yz for all z in D(X).

15.21 Lemma. Let S be a set of operators with no proper invariant
operator ranges. Suppose that X ¢s a linear map such that the graph
6(X)={2 ® Xz:z € D(X)} is an operator range and such that
SX C XS forall Sin S. Then X is a scalar multiple of the identity.

Proof. Let A be an injective operator in B(X¥,} P M) with range G(X),
and let Py(P,) be the projection of X €@ X onto its first (second) coordi-
nate. Then D(X) = R(P,A) is an operator range which is invariant for S.
Thus D(X) = H. So P,A is a bounded bijection and hence has a bounded
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inverse by Banach’s Open Mapping Theorem. Thus X = P,A(P,A)™! is
bounded. The identity SX = XS for S in § implies that R(X) is an
invariant range for S, so equals 0 or X. Choose X so that X—\I is not
invertible and hence R(X—XI) # X. As R(X—M\I) is also inveraint for S,
it must equal {0}; so X = AI. u

The nest lemma is the weak operator topology analogue of Lemma
15.4.

15.22 Lemma. Let S be a unital subalgebra of B (X ). An operator A

belongs to thc weak operator closure of S if and only if Al belongs to
Alg Lat st for alln > 1.

n
Proof. Let ¢(T) = ) (Tr;,y;) be a weakly continuous function annihilat-
J=1
1ng S Let ¢ = (z4,...,7,) and y = (y]f ,Ys) be vectors in ¥™). Clearly
(S™z,y)=0for all Sin S. So M « is an invariant subspace of S
containing ¢ and orthogonal to y. If A(®) belongs to AlgLat S®) for all
n > 1, then

(AP)z,y) = (P(MYLA™P(M)z y) = 0 .

So by the Hahn-Banach Theorem, A belongs to S"°T. The converse is
clear. =

15.23 Lemma. Let § be a unital algebra with no invariant operator
ranges. Let L be an invariant operator range for S") which contains a

vector( ):cl P.. Dz, with linearly independent components. Then
L = )",

Proof. The case n = 1 is given by hypothesis. Assume it is valid for all
m < n. If L contains a vector 0 ... 0 P =, with z,, # 0, then

n={YENOD..DODYELNOD.DODP X}

is a non-zero operator range for §. thus L, = X. So L = L' @ L, where
L'={ye W), :y @OEL} is an invariant operator range for S(*~1),
Now L' contains z; P.. P z,_;, so by the induction hypothesis,
= H"=1) whence L = ¥,
Suppose on the other hand that L, = {0}. Let L' be the projection of

L onto the first n—1 coordinates. Then there is a linear map X of L' into
Hsothat L = {y & Xy:y € L'}. Hence

Sty B Xy) = sty @ SXy = St-Vy @ XSy

In particular, L' is an invariant operator range for S containing
z; P...D z,y. By induction, L'= ¥"®~1. Therefore there are linear

n—1
maps X; of X into X so X(yi,eo¥p—1) = 3, X;y;. It follows that
i=1
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M; = {y @ X;y:y € D(N)} is an invariant operator range for $@ (uni-
tarily equivalent to the intersection of L Yvith 0. AHDO.D H). By
-

Lemma 15.21, X; = \;/. Thus =z, = Y, \;z; for every (z,,..,z,) in L.
=1
This is contrary to hypothesis, so this case does not occur. n

15.24 Theorem. Let S be a weakly closed, unital algebra with no
proper invariant operator ranges. Then S = B (X ).

Proof. Let A belong to B (¥). Let 2 = z, .. =z, be a vector in ¥(*),
and let M = Sz be the smallest invariant subspace containing .
Without loss of genera;clity, one may assume that 2y,..,2z; are linearly

independent and z; = Ecﬁx,- for k+1 < 5 <n. Let L be the projection
f=1

of M onto X*¥). This is an invariant operator range of $*). So Lemma

15.23 implies L = ¥*), Hence M equals

k
{1 @-yniy; €M, 1<i <k, yy=Djczy;, k+1 < j<n} .
i=1
Clearly, this is invariant for A?). By Lemma 15.22, A belongs to S. But
A was arbitrary, so S= B (X). L]

Now consider a norm closed unital algebra that does have invariant
operator ranges.

15.25 Lemma. Let S be a closed unital algebra, and let A be an ingec-
tive operator in B(X',0) so that AN’ is invariant under S. Then there is
a continuous representation ™ of S in B(X{') so that SA = Axn(S) for all
Sin S.

Proof. For each z in ¥’ and S in §, SAzx belongs to AX' and hence there
is a unique vector y = y(S,z) in X' so that Ay = SAz. The uniqueness
forces y(S,z) to be linear in both variables. Thus for each S, there is a
linear map 7(S)z = y(S,r) which is everywhere defined. It will be shown
that 7(S) is closed, and hence is bounded by the Closed Graph Theorem.
So suppose that limz, = 0 and lim#(S)z, = y,;. Then

Ayg = lim An(S)z, = lim SAz, =0 .
n —o0 n —>+00

As A is injective, yo = 0 and 7(S) is closed.

Thus 7 is a linear map of S onto B(X'). Apply the Closed Graph
Theorem again. Suppose limS, = 0 and lim#(S,) = X in B (X'). Then
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Ayo = lim A7(S)z, = lim SAz, =0 .
7n —o0 n—oco

As A is injective, yo = 0 and 7(S) is closed.

Thus 7 is a linear map of $ onto B()}'). Apply the Closed Graph
Theorem again. Suppose limS, = 0 and lim#(S,) = X in B (¥'). Then

AX = lim An(S,) = limS,A =0 .

n -0

Again the injectivety of A implies X' = 0. So 7 is continuous. n

15.26 Theorem. Let A be an abelian C* algebra, and let L be an
tnvariant operator range for A. Then there is a positive operator A in A'
such that L = AN,

Proof. Let L = B)' for some injective operator B. By Lemma 15.25,
there is a representation 7 of A in B(X') so that SB = Bx(S) for all S in
A. Let U be the unitary group of A, so n(U) is a bounded abelian group in
B(3}'). By Corollary 17.2, there is an operator T so that Tm(U)T is uni-
tary for all U in U. Let By= BT ' and (S)= Tn(S)T. Then
R(Bg) = R(B) = L and 7y is a s-representation satisfying

SBy = SBT™' = Br(S)T™ = Bgmo(S) .

The polar decomposition of Bg yields the factorization By = AU where
A = (ByB3)* is a positive operator in B (¥) and U is an isometry (since
B, is injective) of X' onto L. Let m(S) = Uny(S)U* be a #-representation
of Ainto B (X ). Then for all S in A,

Since U is an isometry onto L = (ker A)L D (kerm (S))L, SA = Amy(S).
Now S*A = Am(5*) = Any(S)? so

SA? = Ami(S)A = A(Amy(S))* = A(S*A)* = A%S .

So A%, and hence A, belongs to A'. =

Now we are in a position to compute the invariant operator ranges
of algebras with commutative subspace lattices (CSL’s). (See Chapter 22
for detailed information about this class.)

15.27 Lemma. Let ¥ = Y, @D N, and let T;; be operators in B(M; ;).

n2>1
Suppose B = (b;;) is a bounded operator on £, such that T < by for
every 1,5 > 1. Then the matriz T = (T};) represents a bounded operator
Jrom M to itsel f with ||T|| < || B]|-
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Proof. Let ¢ = (1)) be a unit vector in ¥. Then u; = ||;|| determines a
unit vector ¥ = (u,ug,...) in £,. So

[20] o0 o0 o
1T ]? = 3N TP < S OINTisll 511
i=1 j=1 i=1 j=1

< 2(Q0biu) = ||Bu* < || BIFF . -
J=1

i=1

15.28 Lemma. Let T be a norm closed algebra and let M be ¢ masa
such that MTM = T. Suppose A is a positive contraction in M and

= R(A) is invariant for T. Set E, = E4(27",1] and let L, = TE ).
There is an integer k so that P(L,) < E, .4 foralln > 1.

Proof. If the lemma is false, it is due to one of three possibilities:
Case 1. There exists an ng such that EA{O}L,,0 # 0.

Case 2. There exists an ng so that E,,J-L,,o # 0 for alln > 0.

Case 8. There is a sequence n; < ny < ... such that E,;],;+3,,L,,k # 0 for
k>1.

Exclude from Cases 2 and 3 any situation handled by the previous
case.

Case 1. Since "(E,,o)( is dense in Ly, there is an operator T in Tso
that E,{0}TE, # 0. But E4{0}A = 0 while E, M is contained in R(A).
Thus R (A) is not invariant for T, contrary to hypothesis.

Case 2. As case 1 is excluded, 1E,, = E’A{O}l'(E,,O. Since

E,{0}t = supE,, one can extract a subsequence ng<n; < ny< ... so
that ny >4k and P, =E, -FE, satisfies P, _IE',,O # 0. Choose

g1 T

Ty = BTiE, in T of norm one (possible since MTM = T), and set
(o4

T = Y,27"T,. Choose unit vectors y, in E, N so that ||Tpy|l > 9.
k=1

k .
Inductively define ¢, =0 or 1, and w; = Y €;477y; as follows: if
=1

(>8]
Towe_ || < 47% /2, set €, = 1; otherwise set ¢, = 0. Let y = e,,4“'°y,,.
1
k=1
Then
1P Tyl =112~ Ty || > 27* || Thwp -y ll—exd4™*|| Tews | |-27* 35 477

>k
> ok gk 9-5)—27F47F /3= 87F /15 .
Now y = E, y belongs to R(A). However ||A |P || < 2 k<ot oo
|AT'P, Ty || > 2* /15. It follows that Ty is not in R (A). This contradicts
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the invariance of L, and so rules out case 2.

Case 3. As case 2 is ruled out, for each n; there is an integer m,, so
that E'7'Lk YE,,k = 0. Drop to a subsequence (also labelled n, for conveni-

ence) so that ng. > m;. Let P, = Ey,—En, , and Q4 = B, ~E, i3.
Then QTP # 0 but @, _IE,,k_l = 0. Choose operators T, = QT P, of
norm one in T, and choose unit vectors y, = Pyy; so that || Ty || > %.

o0
Set T=Y,27*T,. Now AP, >2 *P, so there is a (unique) vector

k=1
o —
7 = Pyzp such that Az = y;; and ||z ]] < 2% Set z= 3,27 kzk.
o k=1
Then y = Az = 22_”"—kyk belongs to R (A). But
k=1
R X =2k
Ty = );2 27"y, = 332 Ty -
k=1 k=1
Now [lAQll <27, so [[A7'QTyll > 2*|| Thwell > 25" Conse-
quently, Ty is not in R(A). This again is a contradiction, so the lemma is
established. [

15.20 Theorem. Let T be a norm closed algebra such that (TN T*)"
contains a masa M and MTM = T. Let L = Lat T. Then the following
are equivalent:

(1) L is an invariant operator range for T.
(2) L is an invariant operator range for Alg L.

(8) L = AN where A= Y,2™"P(L,) where {L,,n > 1} is an increas-
n>1

ing sequence of elements of L.

(8) L =AXN where A is on the norm closed convex hull of
{P(L):L € L}.

(4) L = AN where A is in the weak operator closed convezx hull of
{P(L):L € L}.

(4) L = AN where A belongs to M and the ranges of the spectral pro-
Jections E4(e,00) belong to L for all € > 0.

Proof. Clearly, (3) = (3') = (4) = (4). If (4) holds, normalize so that
[JA|| = 1. Let Py =0 and P, = E,(27",00). By hypothesis, there is an

increasing sequence L, in L so that P, = P(L,). Let
o0 (o] o0

Ap = 22—"Pn = 221_"(Pn—Pn—l) = E 21_"EA(2—n721_ﬂ] .
n=1 n=1 n =]

Then %A, < A < Ay, hence there is an invertible operator M in M so
that Ag = AM. Thus R(Ay) = R(A) = L, whence (4) = (3).
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If (3) holds, set @, = P(L,)~P(L,_;) for n > 1 and Ly=0. Fix T
in AlgL, and let T, =@Q,1Q,, 1@, ). Since 7TQ, = P(L,,)TQ,,,
Towm = 0 for n > m. Now AQ,, = 217" Qm, thus “A7'T,, A" = 2™, .
Set by, = 0 for n >m and by, = 2"7||T|| if n < m. Then B = (b,,,)

nm

is a bounded operator on £, with || B} < 3, 27*||7|| = 2||T||. By Lemma
k>0

15.27, the operator § on N = L B QX with matrix (2"™™7T,,,) is
=1
bounded. Moreover A has the dlag,onal matrix form diag(2'™"Q,), so AS

and TA both have the matrix form (’1"‘T,,,,L) Thus TA = AS and conse-
quently R (A) is invariant for 7. So (3) implies (2). Clearly (2) implies (1).
Suppose (1) holds. Then L is invariant for TN 7. Hence by
Theorem 15.26, there is a positive operator A in (TN T so that
L = AX. Since (TN T)" contains M, (TN T) = (TN T)" is contained
in M. Normalize 4 so that ||A]|l =1, and let E, = E4(27",1]. Let
L= TE, N be the smallest subspace in Lat T containing R(E,). By
Lemma 15.28, there is an integer k so that P(L,) < E, 4 for all n > 1.
Once this is established, set
o0
Ap= 3727 P(L,) < 327" B,y < 2FA
=1

n =1 n =

8

Then 27%4, < A < Ap. Hence there is an invertible operator M in M so
that Ay = AM. Thus L = R(A) = R(Ay) and (1) implies (3). .

15.80 Corollary. Let N be a nest such that ML is well ordered. Then
the only tnvariant operator ranges of T (N) are the elements of N itself.

Proof. Let L be an invariant operator range of T (N). By Theorem
15.29, there is an increasing sequence N, in N so that L = AX where
A= E 27*P(N}). But the sequence N, is eventually constant by the well

k>1
ordering hypothesis, say Ny = N"o for k > k. Then
"_kOP(NkO) <AL P(Nko) and thus L = N, . -

15.31 Remark. The condition (TN T*)" contains M is essential. Let T
be the algebra of strictly upper triangular operators with respect to a basis
{e,,m > 1}. This algebra has invariant operator ranges which are not the
range of a diagonal operator. The proof of Theorem 15.29 shows however
that every range of a diagonal operator invariant for T is also invariant
for T= AlgLat T,
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Notes and Remarks.

A deeper treatment of tensor products can be found in C*algebra
texts such as Nadison-Riugrose, 3] vol. 2 or Takesaki [2]. The notion of
reflexivity for subspaces is due to Loginov and Sul’man [1]. The duality
argument, Lemma 15.4, and Theorems 15.9 and 15.11 and their corollaries
are due to Arveson [6]. The treatment given here is new. Radjavi and
Rosenthal [1] proved Corollary 15.12 for the weak operator topology.
Theorem 15.14 is due to Erdos and Power [1]. Theorem 15.15 is somewhat
new, but the ideas are mostly contained in Power [9] who proves Corollary
15.16. Longstafl [1] proved Corollary 15.17. Theorem 15.19 was proved
for a special nest by Arveson {7]. The proof in full generality is basically
the same. Operator ranges were introduced by Foias [1] who proved most
of the results of the last section. The proof of Lemma 15.20 is taken from
Filmore and Williams [1]. Lemma 15.27 is due to Nordgren, Radjabali-
pour, Radjavi and Rosenthal {1]. Lemma 15.19 and Theorem 15.29 are
due to Davidson [3], but the main ideas are already in Foias’s paper.
Davidson [3] contains the example referred to in Remark 15.31 (See Exer-
cise 15.11). Ong [1, 2] has some related results.

Exercises.

15.1 Show that there is a constant C so that
dist(T, AR 1)< C  sup ||PLTP||
PeLat AT
for every T in B (X, & X) and every weak* closed subalgebra of
B ().
15.2* Prove Lemma 15.7 without measure theory.

15.3 One has to go to certain extra trouble in Lemmas 15.5 and 15.7 due
to the fact that the positive operators do not form a lattice. The fol-
lowing exercises are to emphasize this fact.

(a) Show that a 2X2 Hermitian matrix A is positive if and only if
tr A > 0 and detA > 0.

o1l Find two (or all) positive

operators P> which are greater than both A and B and are
minimal with this property.

(b))  Let A = [(% 8] and B = [1 0

(c) Show that the scll-adjoint elements in an abelian von Neu-
mann algebra do form a complete lattice.

(d)  Let X = i i . Find two {or all) positive, diagonal operators

D > X which are minimal with this property.
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15.4 (Rosenthal) Show that the_ algebra A consisting of all operators on
al T
H M) of the form 08I where T belongs to B (X ) and «, 8 are

scalars is a reflexive algebra which is not finitely generated.
15.5 (Erdos-Power) Let § = Sg be a weak* closed T (N) bimodule.
(a) Show that $is an ideal if and only if ®(N) < N for all N in
M

(b)  Show that $is an algebra if and only if ®(®(N)) < ®(N) for
all N in N

15.6 (Erdos-Power) Show that §p is the second dual of S N K.

15.7 (Erdos-Power) Prove that Sg+K is norm closed.

15.8% (Power) Docs cvery nest have the property: if A; belong to T(N)
n

and D;AfA; = P is invertible, then there is an operator C in
i=1
T (M) such that C*°C = P.
15.9 (Arveson)

(a) Use Theorem 8.9 to construct an expectation of B (¥?) onto
the set of Toeplitz operators, and takes operators in T (P) to
co-analytic Toeplitz operators where
P={P, = span{l,z,.,z2"},n > 0}

(b) It fi,..,f, belong to H* and ZHT, z|[*> €|z | for all z in

H?®, prove that there exist G1ye30y I H* s0 that Egi fi=1.
i=1

15.10 Let T3 denote the strictly lower triangular operators with respect to
a basis {e,,» > 1}. Find all invariant operator ranges of T,

15.11 (Davidson) Let T, be the strictly upper triangular operators with
respect to a basis {e,,n > 1}. Let {f, 20,1 > 1} be a basis for a Hil-
bert space X', and set z, = f,+27 /ICJ for 281 < n < 2% | 221
Let X = span{x,,n > 1}. Deline A in B(X X) by Az, = 2",
and extend linearly. Fo1 each 1" in Ty with matrix (t;;), define =(T)

in B (X) by #(T)z 2_, gi®n’ Lin

(a) Prove that 7 is continuous and TA = An(T) for all T in T,
Hence R (A) is invariant for T,.

(b) Prove that = docs not extend to T, and hence R (A) is not
invariant for 7.



16. Duality

In this chapter, we show that any nest algebra is the second dual of
T(N)N K. Knowledge of the extreme points of the pre-annihilator of
T (N) will yield new proofs of the Arveson Distance Formula and the
Erdos Density Theorem. Because we wish to obtain these results as corol-
laries, we must avoid their use in the development used here. The reader
will probably recognize a number of short cuts based on the material
developed back in Chapter 3. (We will use the easy Lemma 3.7.) In the
last half of this chapter, we investigate the decomposition of trace class
operators in T (N) into sums of rank one operators.

Let
A=T(N) ={A€C:tr(TA)=0for all Tin T (N)},
and let
Ay={A€EC; N T(N):A(A) = 0}
= {A € C;:P(N_)LAP(N) = 0 for all N in N} .

Also let R = T(N) N K and let R, be the norm closed span of the rank
one operators in R. (By Corollary 3.12, we know that Ry = R.) The first
step will be to compute the extreme points of A,. To do this, we need a
decomposition argument based on the 2 X 2 matrix results Lemma 14.13
and Corollary 14.14.

Ty Ty

16.1 Lemma. Let T = 0 T., | represent a trace class operator from
22

Hy, D Ny to Ky D Ky Then there is a decomposition T = T\+T, such

that Ty = | o o, T2= | Ty |2 4 Tl = (1T lls+ (| Tl

Proof. Let T =UQ be the polar decomposition of 7T. Write

A B
Q= B* D and apply Lemma 14.13. There is a bounded operator X

A B
from My to X; so that B = A%X. Also, Q, = [ ] is positive and

B* X*X
0 . . - .

less than Q; where Qo = 0 D_x*x| positive. Since ¢ is trace class,

so are ¢, and @, and

217
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QL = trQ = trQ+trQy = || Q1|1+ Qall: -
Let U = [U;;], and define T} = UQ, and T, = UQ,. Clearly, T, has the

form 0 : , so T has the form 2;11 : . Since UQ = T is triangular,
Corollary 14.14 yields the identity Uy A% +UxpX* = 0. So
Ty Y,
Ti=Ui= | g y,BrULX*X
Ty Y, Ty Yll
0 (UyA®4+UxX")X “lo o
0 Y,
Thus To = T-T, = 0 Ty where Y, = T1,—Y;. Finally,
N7l = 1@l = N+l @zl = 1Tyl +Telly > |1 TNl -

So equality follows. |

18.2 Lemma. A, is the annihilator of Ry, The extreme points of
by(#y) are the rank one operators x Q) y* where ||z|| = ||y|| = 1, and for
some N in N,z €N and y € NL.

Proof. By Lemma 3.7, R, is spanned by u &® v* where u € N and
v € NL for some N in N. Thus the annihilator of R, consists of all trace
class operators A such that

0 = tr(Au ® v*) = (Au,v)

for all such u and v. Hence AN is orthogonal to (N_)L. That is,
P(N_)-AP(N) = 0 for all N in N. Conversely, if this holds, A annihilates
each rank one operator in R, This condition characterizes A, so
Ay = Rg-.

Let A be an extreme point of b,(A;). Let N belong to N. Since
A(A) = 0, A maps N into N_. So as an operator from ¥ = N P N1 to

Ap Ap
N =N_@ NL, A has the form A = 0 Ay| I An and Ay are both
non-zero, Lemma 16.1 decomposes A = A;+A;  so that
AL = [l A+l Azll; and A, = o o] and Ax= |, Al Both A4;

are non-zero. Since A; and A, belong to T(N) and
A(A) = A(A;) D A(Ay) = 0, it follows that both A; and A, belong to A,.
Hence

A = || A LA T A D+ AL ALllTEA,)

is not an extreme point. Consequently, for each N in N, either
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A = P(N_)A or A = AP(N)L.

Let N be the greatest element of N such that A = AP(N)Ll. For
N'> N, A =P(N'_)A. Take the infimum over all N’ > N, and since
(N4)- < N, one obtains A = P(N)AP(N)+. Now P(N)B (X )P(N)L is
contained in A, By section 1.2, A= Y)s,e, @ for where s, are the

n>1
s-numbers of A and |le,|| = || f,|| = 1. Since Y,s, = ||A]l; =1, ¢, €N,
n>1
and f, € N1, A is the convex combination of elements ¢, & f.* in by(Ag).

As A is extreme, s; = 1 and s, = 0 for n > 2. That is, A is rank one of
the desired form. |

T, T,
18.3 Lemma. Let T = T, T be a trace class operator from one
4
space to another. Suppose ||T||; <1 and ||Ty||; > 1—¢ for 0 < e< 1.
T.

0 Ty
Then || Ty T, I < 4€*.

Proof. Let A;, 1<i <4, be norm one operators such that
tr(T;A;) = || Ti|l;. Then

A, ©
12tr(T| AJ) = tr(T1A)+tr(TA,)
= [ Tulli+ [ Tally -
Hence ||T,|| < e. Also if ¢ and s are positive reals with ¢?+s2 = 1,

CAI 0
A, 0 ) = ¢ tr(T1\A)+s tr(TLA,)
= || Tulli+s(|Tell: -

Maximizing over all choices of ¢ yields ||Ty||2+||TLllf <1, so
I T2ll: < (2¢)*. Likewise, || Ts|l; < (2€)%. So

0 T,
Ty Ty

1> (T

l e < W Tellit I Tslli+ 11 Tally

< (2V2+1)e* < 46 . ]

18.4 Corollary. Suppose that ||T, |, <1 forn > 1, ||T|li =1 and T,
converge weak* to T ( i.e. in the 7(C,,K) topology ). Then T, — T in
norm.

Proof. Let T = Y)s;e; @ f# and let P, and Q; be the projections onto
i>1
span{ey,....e;} and span{f,,...,f;} respectively. Then P,TQ, converges to
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T in the trace norm, and |[T-P,TQ;||; = 1-||P,TQ%]||;- Given € >0,
choose k so large that | P,7Q.|| > 1—e. Now P, T, @, converges weak* to
PyTQy (for fixed k). Since P,C,Q, is finite dimensional, P,T, Q, converges
to PT,Q; in mnorm. Choose n, so large that for all n > n,,
|P(T-T,)Qklli <€ and ||PT,Qilli>1—. By Lemma 16.3,
| T =P T, Qully < 4¢*. So

NT-T, |l < | P{(T=T,)Q% I+ T-P Q4 ||+]| T, — P T,, Qs I
<e+e+4e% .

Hence T, converges to T in norm. L]

16.5 Corollary. The ball b,(Ay) is the norm closed convex hull of its
extreme points.

Proof. By Lemma 16.2, A, is the annihilator of R, and thus is a dual
space (of K/Ro). So by the Krein-Milman Theorem, b,(A,) is the weak*
closed convex hull of its extreme points. By Corollary 16.4, the boundary
of b(Ay) is in the norm closure of the convex hull. The result follows. ™

16.6 Theorem. Ay={A€C;N T(N):A(A)=0} is the pre-
annthilator of T (N) and the annihilator of T (N) N K. Thus T (N) is
the second dual of T (N) N K.

Proof. By Corollary 16.5, an operator T annihilates A, if and only if it
annihilates each extreme point. By Lemma 16.2, this holds exactly when
0 = (Tz,y) for every z € N, y € N1, N € N. That is, precisely when T
belongs to T (N). By the Hahn-Banach Theorem, A, is the pre-annihilator
of T(N). The pre-annihilator of Ay is Ry, and this necessarily includes
T(N)N K. Since the reverse inclusion is trivial, Rg= T (N) N K. The
dualof T(N)N Kis C;/Ay and the dual of C; /Ay is A = T (N). u

16.7 Corollary. (Erdos Density Theorem) The finite rank operators
in by(T (N)) are norm dense in b,(T (N)N K) and weak* dense in
by(T (N)).

Proof. T(N)nN K = R, is the closed span of the rank one operators. By
Goldstines’ Theorem, the unit ball of any Banach space is weak* dense in

the ball of its second dual. n

16.8 Corollary. (Arveson’s Distance Formula) If N is a nest and A
18 an operator, then dist(A,T (N)) = 51}1P||P(N)—LAP(N)”

Proof. As T (N)is weak* closed, a standard separation theorem yields
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dist(A, T (N)) = tr AT
ist(A, T (X)) Ter(f}fun;l:l' rAT|

= sup{[(Az,y)|:N € Nz €N, y € NL [z [|=[ly[|=1)
= supl| POV)LAP(N)]| .

16.9 Corollary. (Lidskii’s Theorem) Let T be a trace class operator.
Then trT equals the sum of its eigenvalues counting algebraic multipli-
city.

Proof. First, suppose T is quasinilpotent. By Corollary 3.2, there is a
maximal nest N such that T belongs to T (N). Let E = P(N)—P(N_) be
an atom of N, and let ETE = o(E}E. For X\ # 0, \I-T is invertible in
T (N)since M=) = 271} (A1), So
n 20
E = E0=T)\-T)"'E
= E\-T)E(N-T)"E
= (\—a(E)EN-T)"'E
Thus ofE) = 0 for every E. So T belongs to T (N); and since I € T (N),
trT=tr(TI)=0 .

In general, the Riesz theory shows that the non-zero spectral values
of T are eigenvalues X\; of finite multiplicity n;. The eigenvalues
correspond to eigenspaces Ep();) = ker(T—\;)"™. One can choose a basis
for Ex()\;) so that T |E{)\;) is upper triangular with X\; on the diagonal.
Applying the Gram-Schmidt process to the union yields a basis for
Hg = Ef{C\ {0}) such that T is triangular, and each \; occurs on the diag-
onal exactly n; times. The compression Ty of T to Mg is quasinilpotent.
So

tr T = tr P(HoYTP(Xo)+tr P(Xo)LTP(H,)+

= En,-)\,-+trT0 = Zn,-)w . L
k2>1 i>1

16.10 Corollary. Let T belong to T (N),. Then given € > 0, there are
rank one operators R, in T(N), such that T= YR, and

n>1
E> 12 [l < | Tli+e.
n2>1

Corollary 16.10 is a simple result, and it is left as an exercise. How-
ever, it raises the question of when an exact decomposition into rank one

operators is possible. That is, when can one write 7= Y, R, as a sum of
n2>1
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rank one operators in T (N) such that

17l = SR,
n2>1
It happens that this exact decomposition is always possible precisely when
the nest is countable. In general, an integral version is needed. Our
analysis is based on a careful examination of the decomposition used in
Lemma 16.1.

First, recall from Lemma 16.2 that rank one operators in T (N) are
of the form R = P(N)RP(N)+. If a trace class operator has the form
T = P(N)TP(N)L, then T belongs to T(N),. One can (see Chapter 1)
write T'= »,s, R, where s, >0, R, are norm one, rank one operators

n>1
and s, = [|T|];. Clearly,
n>t
T= 3, s,P(N)R,P(N)+ ,
n>1

so T has an exact decomposition into rank one operators in T (N);. So
actually, it suffices to decompose an operator into a sum of operators of
this type.

16.11 Proposition. Let T be a rank n operator in T (N),. Then there
n
are n rank one operators Ry,...,R, in T (N)| such that T = Y, R; and

1Tl = 211R:llh
i=1

i=1

Proof. First we show that the decomposition obtained in Lemma 16.1 has
the addition property

rankT = rank Ty+rank Ty .

Using the notation of that lemma, one has

I
I
So rank @, = rank A, and Ran(Q,) = ¥ Ran(A) has trivial intersection
0 0
with My. But Q4 = 0 D_X*X has range contained in ;. Thus

rankT = rank Q = rank Q +rank Qy = rank Ty\+rank T, .

Now, proceed by induction on n. For n = 1, it is trivial. Suppose
there is a element N in N so that both Ty, = TP(N) and Ty = P(N)LT
are non-zero. Then the decomposition of Lemma 16.1 with respect to
H=N@NLand K=N_P N_l yields T = T1+7T, where
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are both non-zero, and hence have rank

Ty # 0 =
T, = 0 0 a,ndT2=0T22 »
at least one. By the previous paragraph, the rank of 7} and T, is strictly
less than n. So by the induction hypothesis, each can be written as an
exact sum of rankT; rank-one operators. Adding yields the decomposition
for T. Otherwise, let N be the sup of all N’ in N such that TP(N') = 0.
Clearly, TP(N) = 0. Also, if N' > N, then TP(N') % 0 so P(N' )T = o.
Consequently, P(N)1T = 0 (Verify!). So T = P(N)LTP(N) decomposes
exactly by the method given in the paragraph preceding this proposition.

By induction, this decomposition is valid for all finite rank operators in
T(N),. u

The next theorem will immediately be subsumed by its sequel. How-
ever, it shows somewhat more simply exactly how the decomposition
works.

16.12 Theorem. Let N be a well ordered nest. Then every trace class
operator T in T (N) is exactly decomposable, ie. T = MR,

n>1
1Ty = R, ], and R, belong to T(N).
n>1

Proof. We use the results of section 14.13-14.18. Let @ = (T*T)%, and
let T'= UQ be the polar decomposition of T. By Lemma 14.18, one associ-
ates to each IV in N a positive operator @y such that @ = Y, Qu con-

NeN
verges in the strong operator topology. From section 14.15 and Lemma

14.16, one finds that with respect to the decomposition
N ] (N,+/N) @ Ni, Qu has the form

0 0 O

0 B* X
where X is the least positive operator such that @y is positive. Or in
other words, using Lemma 14.13, @ is decomposed into Q[0,N)+Q[N,})
and then Q[N ) is likewise decomposed as Qun+Q[N,,X). From the
proof of Lemma 16.1, one obtains that operators Ty = UQy belong to
T (N). Moreover, TyP(N) =0 and P(N, 1Ty = 0. So T} belongs to
P(N,)B (X)P(N)L, which is a subspace of T (N) by Lemma 2.8. As in
the paragraph preceding Proposition 16.11, Ty can be exactly decomposed
as the sum of rank one operators in this subspace. Finally,

T =Rl =tr@ = Y trQn = Mll@Qnlli = LI Twll: -

So the desired decomposition is obtained. u
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16.13 Theorem. Let N be a countable nest. Then every trace class
operator T in T (N) is ezactly decomposable.

Proof. It is necessary to extend the definition of Qp of the previous
proof to all N in N, even when N = N_, in such a way that

Q=3 Qn

NeN
is still valid. Set Qn = s—}lri,IlI}VQ [N,N'), which exists since Q[N,N") is an
increasing function of N'. For each finite subnest

]—= {0=F0<F1<..<Fn=)'(}

n—l1
of N, let Q7= ), QFJ,. It will be shown that s—limsQ y= @ in the strong
=0

3
operator topology.
First, Qp, < Q[F;,F;44), so

n -1
Qr< YRIFLF) = Q0)N)=Q .
1=0

Also, if 7 is contained in ¥, then clearly Q;l < Q;z. So this is an increas-
ing nest, bounded above by @. Thus it has a limit. The same can be said
for the restriction of this sum to those F' such that N < F < M say. So
let € consist of all intervals [N,M) such that the equality

QRINNM)= 3 Qr

N<F<M

holds. The collection € is non-empty since it contains all atoms [N,N,)
and Nis atomic. It is also hereditary in the sense that if [N',M'] C [N,M)
and [N,M) belongs to &, so does [N',M'). Also, if [N,M) and [M,L)
belong to €, so does [N,L) since Q[N,L) = Q[N,M)+Q[M,L) by defini-
tion of Q[,-). Most importantly, suppose [N;,M,) belong to & and
Niyn < Ny < M < My Then [Ny,M;) belongs to & where Ny = infN,
and My = supM;. To see this, first use Lemma 14.17 to obtain

Q [NbMO) = s—klgnooQ [Nl)Mk)
=s—lim 3 Q= Y Qp.

koo N <P, N SF<M,

If Ny = N for some k, the result follows. Otherwise from the definition
of QNO, one has

A, = o= Jim Q [No,Mo)~Q [Ny, Mo)

whence
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Q[No,Mo) = Qn+ s—kﬁ_ffle [Ni,N1) +Q [Ny, M)

=QN0+ s— lim E QrF = E QF -

k—oo N <F<n, No<SF<M,

Now N is atomic and for each atom, one can use Zorn’s lemma to
obtain a maximal interval in € containing that atom. No two maximal
intervals can intersect, or even abut like [V,M) and [M,L). Thus if there
are two or more intervals, then between each two intervals, there must be
another. So these maximal intervals form a dense order type. This implies
that N is uncountable. As N is in fact countable, the maximal interval
must be all of [0,¥). So Q = Y Qy as desired.

NexN

The proof is completed as in Theorem 16.12. u

16. 14 Lemma. Let N be a nest. Suppose T in T(N), has an ezact
decomposition as a sum of rank one operators in T (N). Then it has an
exact decomposition as a sum of rank one operators in T (N)_L'

Proof. Let T = Y} R, where ||T||; = 3 ||R.||; and R, are rank one in
n2>1 n2>1
T(N). Each R has the form R = P(N)RP(N_)! for some N in N. But

if E = P(N)-P(N_)# 0, it may occur that ER,E 0 for some n. Let
Tz be the sum of all R, such that FER,E # 0. Then
Ty = P(N)TgP(N_)1, and since ETE = 0, it follows that ETzE = 0. So
with respect to the decomposition N_ @ EX @ N-L, T has the form

0 % =*

000
Apply Lemma 16.1 to Tz as an operator from N @ N1 to N_ P NL.
This decomposes Tz as an exact sum Ty = T}+7T, where
T, = P(N_)T\P(N_)} and T, = P(N)T,P(N)l. By the remark preceding
Proposition 16.11, both 7', and T, have exact decompositions into rank one
operators in T (N),. So Ty has such a decomposition. This procedure

may be carried out for each of the (countably many) atoms for which
Tg # 0. The result is an exact decomposition in T (N} . u

18.15 Corollary. Let N be a countable nest, and let T belong to
T(N),. Then T decomposes as T = Y, R, where R, are rank one opera-

n>1
tors in T(N) |, and ||T||; = Y || R, |I:-

n>1

Next, we develop the appropriate analogue of Theorem 16.13 for
arbitrary nests.



226 K.R. Davidson

18.18 Lemma. Let N be a nest on a separable space. Let Q be a posi-
tive operator, and define Q[N,M) as in 14.15. Then there is an extension
Q(A) defined on all Borel subsets of N with values in the positive opera-
tors which is countably additive in the strong operator topology.

Proof. By definition, Q [N,M)+Q[M,L) = Q[N,L), so @ is finitely addi-
tive in this restricted sense. Moreover, if [V,M) is the countable disjoint
union of [Ni,M;), then each endpoint M, equals Nj for some j except
when M = M. Thus the nest generated by {N,,k > 1} is precisely
{0,Ny,k > 1,M )} which is countable and in fact is well ordered. By

Lemma 14.17, Q(N,M) = 3} Q[N;,M,). Since B (X) is the dual of C,
E>1
(Theorem 1.15), for each T in C, one can define

Qr[N,M) = tr(QIN,M)T) .

This is a positive valued function on half open intervals which is countably
additive when the union is a half open interval. By a theorem of Cartheo-
dory (Royden [1], p. 257), there is a regular Borel measure gy on N so that
prIN,M) = Q7[N,M) for all N, M in N.

Clearly, ||ur|l < |@Q| [|T|l;- Also since
My [N, MY+ Aoz [N, M) = iy 105 2. [N,M)

for all N and M in N, it follows that pu(T) = py is a continuous linear map
of C,; into the space of bounded regular Borel measures on N. For each
fixed Borel set A, the map fA(T) = up(A) is hence a positive linear func-
tional on C;. So there is a positive operator Q(A) so that

#{(8) = tr Q(A)T
for every T'in C;. Moreover, if A is the disjoint union of Borel sets A;
tr QAT = pr(8) = 3 pur(A)
= 2t QAT = tr(33Q(A)T) .

(The sum )Y;Q(4;) is a monotone sequence bounded above, and hence

converges strongly.) This identity and the Hahn-Banach Theorem forces
Q(A) = Y;Q(4;), so Q(+) is countably additive. |

16.17 Corollary. Suppose that Q is trace class in Lemma 16.16. Then
@Q(*) is a trace class valued measure which is countably additive in the
norm topology. So 7(A) = tr Q(A) is a scalar valued measure mutually
absolutely continuous to Q(-).

Proof. Since @(A) < @ for every A, it must be trace class. (Of course,
the theorem could have been proven using the duality C; = K* instead.)
Let A be the disjoint wunion of Borel sets A;. Then

Qu = 31Q(A) € Q() for each n, and hence [|@, ]l < Q)] By

£=]
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Lemma 16.15, Q(A) = s~lim@,. By Corollary 16.4, Q, converges to
@(A) in norm. Thus 7(A) = tr Q(A) is a countably additive Borel meas-
ure on N. Clearly, 7(A) = 0 if and only if 0 = trQ(A) = [|Q(A)]..
7(-) and Q(-) are mutually absolutely continuous.

Now we need a Radon-Nikodym theorem.

18.18 Theorem. Let Q(-) be a countably additive, trace class valued
Borel measure on a compact metric space X, and let 7(-) = tr Q(-).
There ts an integrable Borel function D(x) with values in by(C,), such
that

Q(A) = [4D dr

Proof. For each K in K, the measure pg(A) = tr Q(A)K is absolutely
continuous with respect to 7. By the Radon-Nikodym Theorem, there is
an essentially unique positive Borel function Dy (z) so that

k(D) = [aDk d7
for all Borel sets A. Since
|f aDxdr | = r QK< Q)L 1K = r(A)K]l
Dg(z)| < | K|| a.e.r. If K, and K, are both compact, then
g g B) = Mg (A)+Noug ()
= [ aMDr A XDr d7 = [ aADx k2,07
So DX1K1+)‘2K2 = X\ Dg +>\2DK almost everywhere dr.

Fix a basis ej,eq,... and let K be finite linear combinations of ¢; ® e;

with coefficients in Q+40Q. As this set is countable, one may delete a set N
of 7 measure 0 so that the map taking K to Dy is linear on K, By the
Monotone Convergence Theorem,

szD ® :dT = foDe ®e:dT
n>1 n>1

= Y (Q@(X)en,en) = trQ(X) .

n>1

Hence ED L ®el «(z) is finite almost everywhere. So we will assume that

this is flmte on X\N, and that IDx(z)| < |K|| for z in X\ N for all K
in K. For each z in X'\ N, the map on K, given by ¢,(K) = Dg(z) is a
linear map such that |¢,(K)|<||K|. Thus ¢, extends to a norm one
positive linear functional on K. So there is a positive trace class operator
D(z) of norm at most one so that ¢,(K) = ¢tr D(2)K. Hence
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tr Q(A)K = pg(A) = [ptr(D(z)K)dr = tr [ \D d7K
for all K in Ky. By the Hahn-Banach Theorem, Q(A) = [ ,D dr. Finally

1RQE)IL < [IDIldr < fdr = [|QEX)]l -
So || D(z)||; =1 a.e.r. [

16.19 Theorem. Let N be a nest on a separable space, and let T be a
trace class operator in T (N). Then there is a regular Borel measure 7
on N with ||7]|=||T||;, and a Borel function Ty with values in
by (Cy N T(N)) such that Ty = P(N)INP(N)L, T = [Tydr(N), and
1Tl = Sl Tavlld7 (V).

Proof. Let T = UQ be the polar decomposition of T. By Theorem 16.16
and Corollary 16.17, there is a positive trace class valued measure ()
such that @ [N,M) agrees with definition 14.15. From the proof of Lemma
16.1, UQ[N,M) belongs to T (N)N P(M)B (¥ )P(N)L for every pair
N < M in N. By Theorem 16.18, there is a Borel functlon D(N) of posi-
tive, norm one trace class operators such that Q(A) = [,Ddr where

(A ) tr@Q(A). Let T(N) = UD(N). Then
T=UQ = [UDdr = [T(N)dr(N)
and
1Tl < JITWN)|Ldr < fID(N)|Ld7 = (1@l = 1Tl -

Now if a pair N < M belong to NN, then for every interval [N',M")
contained in [INV,M) one has

UQ N, M'") = P(M"\T[N',M"\P(N)+ = P(M)T[N',M")P(N)L .
Thus UQ(A) = P(M)UQ(A)P(N)L for every Borel subset A of [N,M).
So
JsP(M)D(L)P(NYtd7(L) = f AD(L)d7(L)

for all such A. Hence D(L) = P(M)D(L)P(N)L aer for L in [N,M).
Let {{Ny,M,),k > 1} be a countable dense set of pairs in the set of inter-
vals of N. Then one can delete a set Z of 7-measure zero so that off this
set one has D(L) = P(M,)D(L)D(N,)!L whenever N, <L < M, and L
belongs to N\Z. Since these pairs are dense, one obtains

D(L) = P(L,)D(L)P(L)*. n

In spite of this positive result, there are trace class operators in
uncountable nests which are not exactly decomposable.
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16.20 Lemma. Let Q be a positive trace class operator. If
Q = @Q1+Q; and ||Q |, = |Q1l1+]|Q2ll1, then @, and Q, are both posi-

tive.

Proof. |Q|i=1trQ = trQi+ir Qs < IQulli+lI @zl = Q. Hence
|Qill = tr @;. Nowif T = Y}s,¢e, ® fxis trace class with s-numbers s,,,

n =1

o0
one has ||T||; = 3}s,. If trT = ||T||,, then

n ==
o0 (e
1Tl =trT =3 sn(en,fn) < Deulleall 1 fall = 1Ty -
n=1 n=l
This forces e, = f,, so T is positive. Thus both @, and @, are positive. M

AB

16.21 Lemma. Let T = 00 be a trace class operator on M, B M.

Suppose that Ran A is dense on MN,. Suppose T = T\+T, where

_lac oB

-C
T, = 00 o o | and || Tl = ||T1||s+]| Telly. Then Ty = 0.

and Ty =

Proof. Let T'= UQ be the polar decomposition of T, and let Q; = U*T;.
Then @ = @1+Q; and ||@Q|l; 2 ||Q:[Li+]Q2ll: > ||Q[l;. So by Lemma
16.20, both @; are positive. Since ||Q;]l; = ||T;]l;, it follows that

T; = UQ;. Now @, has the form U* 8 : = 8 : , and thus the (1,2) entry
is also 0. Hence @, agrees with Q except possibly in the (2,2) entry. One
will have @ = @ if it can be shown that @ is the smallest positive opera-

Qll QIZ

tor of the form
Qo *

A*

Now @Q%*=TT= B [A B] Let X = (AA*+BB**. Since
AA*< X* and BB* < X* Lemma 10.1 implies that there are norm one
operators C and D so that A = XC and B = XD. So

X*= AA*+BB* = X(CC*+DD*X .
By hypothesis, Ran(X) is dense in X, so X is one to one. Thus
c* cC*C C*D

D* [O D] ~ |p*c DDl

To see

CC*+DD* = X2 We claim that Q =

this, compute
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oo oo = e o) e o] - [S)efe o

o e

= D*X = % = Q .

Now RanC = Ran A = ), so by the second half of Lemma 14.13, Q is
c*C C*D

D*C %

Hence @, = Q, and Q= 0= T, n

the smallest positive operator of the form

Ty Ty
18.22 Corollary. Let T = 0 Ty be a trace class operator on

H, D Ny such that either RanTy = N, or ker Toy = {0}. Then the_ezxact

(ATER £1
decomposition T = T1+Ty with ||T|| = || T} ||+ T2lly, Ty = o ol and
0Y,
T, = 0 Ty s unique. So if both Tyy and Ty are non-zero, one cannot

# 0.

0 *
write T = R+S with ||T||; = ||R||;+]||S|l; and R = [0 0

Proof. First assume that kerTy = {0}, and suppose T = T\+T, as
described. Let T'= UQ be the polar decomposition, and set Q; = U*T;
1=1,2. As in Lemma 16.21, it follows that @, and @, are positive and Qs

00
has the form 0 x| Thus the decomposition produced in Lemma 16.1 has

the minimal possible choice of @;. Let us fix @; and @, as in Lemma 16.1.
Non-uniqueness can occur only if there is a positive operator 0 % Q' < Qs

0 %

such that UQ' has the form 0ol Equivalently, this occurs only if

07,
0T has a non-trivial exact decomposition of the form
22

Ty =

0 x 0 =
0 *l+ lo ol Taking adjoints puts this into the form of Lemma 16.21,

and Ran Ty, = (ker To))L = N, So Lemma 16.21 shows that this decom-
position is unique.

If instead, Ran Ty, is dense in X}, note that T* is unitarily equivalent
T3 Ti

to 0o T* and ker T}, = 0. So the first case shows that the decomposi-
11

tion is unique.
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0 =*
If T decomposed as R+S with R = ks 0, decompose S by

Lemma 16.1 as S;+S,;. Then T = (S| +R)+S, = S1+(R+S5,) gives two
different exact decompositions, contrary to fact. u

16.23 Theorem. Let N be an uncountable nest on a separable space.
Then T (N), contains trace class operators which are not exactly decom-
posable into a sum of rank one operators in T (N).

Proof. First, suppose that N is not purely atomic. Let  be a vector _sup-
ported on the continuous part, and let P be the projection onto N'z.
Then P commutes with N, and Ny = PN|P) is a continuous nest with
cyclic vector. By Proposition 7.17, N, is unitarily equivalent to the Vol-
terra nest M on L*0,1). If T belongs to T(N,),, then PTP belongs to

T(N);. An exact decomposition PTP = Y R, in T (N); leads to the
n>1
exact decomposition T'= Y] PR, |PX in T(Ny),. We show that certain

n2>1
operators in T (M ) are not exactly decomposable.

Let V be the usual Volterra operator (see Chapter 5). Now V is a
Hilbert-Schmidt operator in 7 (M), so V? belongs to T (M) N C; which
equals T(M), since M has no atoms. For each M, in M,
Vi = P(M;)V'|M, has no kernel so V?= P(M,)V?|M, has no kernel.
Thus by Corollary 16.22, V2 cannot be written as V2= R+S where
R = P(M,)RP(M,)1 5 0 and ||R|;+]|S|l; = ||V?|l;- This holds for every
t in (0,1). As every rank one operator has this form, it follows that if R is
rank one in T (N ) then

IV-RI+IR L > |[V*] .
So V2 does not have an exact decomposition.

If N is atomic but uncountable, there is a projection P in N' so that

Ny = RN |PX has a dense order on its atoms, each of which is one dimen-

sional. (Such a nest is unitarily equivalent to the Cantor nest of Example

2.6.) Let the atoms be {£,,n > 1} and let the order on the atoms be <.
[o¢]

Choose a sequence a, of positive real numbers such that ¥)a, < 1. Let
n=1
{Eum} be a set of matrix units, and define a trace class operator in T (N,)
by T= Y, a,a6,E,,. Let ¢, be a unit vector in E, and set
Em<<En
z = Y,a,e,. Let N belong to N, Because the order is dense, either
n2>1
N=N_orN= N,i. If N = N_, it follows that the range of T |V equals
span{P(M)z:0 < M < N}. This is all of N. Similarly, if N = N, the
range of T*|N<L is span{P(M)1z:N < M < A} which is all of NL. As
before, Corollary 16.22 implies that there are no rank one operators R in
T(Mp), such that ||T||, = ||T—R||;+]||R]|;- By Lemma 16.14, it does not
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even have an exact decomposition in T(MNy). Again, as in the first para-
graph, one deduces that PTP does not have an exact decomposition in
T(N). u

Notes and Remarks.

Lemma 16.1 is due to Lance [2] who used it to give the proof 16.8 of
the distance formula. Theorem 16.6 is due to Fall-Arveson-Muhly [1]. The
treatment leading to Theorem 16.6 independent of Erdos’ Density
Theorem or Ringrose’s characterization of the radical is due to Power [9],
as are the proofs of 16.7 and 16.9. The decomposition results Corollary
16.10 through Theorem 16.19 are due to Power [2]. The failure of exact
decomposition, Theorem 16.28, is new.

Exercises.

16.1 Prove that the unit ball of T(N) N C; is the norm closed convex
hull of its rank one operators.

16.2 Prove Corollary 16.10. Hint: Use successive approximations.

16.3 Let N be a countable nest. Describe the measure Q(-) and the
integral of Theorem 16.18 in terms of the notation of Theorem 16.13.

16.4 Derive the analogue of Theorem 16.18 for T (N); .



17. Isomorphisms

In this chapter, we classify the isomorphisms between two nest alge-
bras and between two quasitriangular algebras. We make use of two
important features: a nest algebra contains a maximal abelian von Neu-
mann algebra (necessarily intermediate to N” and D (N)) and an adequate
supply of rank one operators. To make use of rank one operators, it is
shown that they are characterized algebraically within T (N). It will be
shown that every isomorphism a of one nest algebra onto another is spa-
tial, meaning that there is an invertible operator S so than a = AdS
where Ad S(X) = SXS™! for every X. In particular, these isomorphisms
are always continuous in both the norm and weak* topologies. Then the
structure of the outer automorphism groups of 7 (N) and Q@ T (N) will be
computed.

17.1 Theorem. Let G be an amenable group. Then every representa-
tion of G on a Hilbert space bounded by K is similar to a unitary
representation by a positive operator S satisfying K™ < § < KI.

Proof. Let m be an invariant mean on £°(G), and let V, be a bounded
representation of G on X. Let K = sup{||V,]|:g € G}. Define an inner
product on X by defining

Fx,y(g) = (V;:::,V;y)

and setting <z,y> = m(F,,). It is routine to verify that this is a sesquil-
inear form. Moreover, :

[<zy>| < sup|(Vyz,Viu) | < K¥lz ] Iyl
and
|<e,0> |2 inf [(Vj2,V;2) | > K2 .
Thus there is a positive operator S with K™'J < § < KT such that
<z,y> = (S%,y) = (Sz,Sy)
The invariance of m implies that for A in G,

<V,fa:,V;:y> = m(th,y) = m(Fz,y) = <z,y> .
Thus

233
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(SVES™ 2, SVES™y) = <VES™la VS~ ly>
= <87, 57y > = (x,y)
Hence V;S™" is unitary, and consequently 571V, S is unitary for every h in

G n

17.2  Corollary. Fvery bounded abelian group of operators on Hilbert
space 15 similar to u group of unitary operators.

Proof. By Theorem 8.7, every abelian group is amenable. u

A Boolean algebra of idempotents on Hilbert space is a commuting
family B of idempotents containing 0 and I which is complemented (P € B
implies I—F € B) and is closed under lattice operations P A Q = PQ and
Pv @ = P+Q—FQ. This latter equation is redundant since

I-(PVv Q)= (I-P)A(I-Q) .

Notice that Ran (P A Q) is the intersection of Ren P and Ran @, and
Ran (P Vv @) is the span of those two subspaces.

17.3 Corollary. Let B be a Boolean algebra of idempotents on Hilbert
space bounded by M. Then there is a positive, invertible operator S with
(M) < S < (M) such that SBS™ consists of orthogonal projec-
tions.

Proof. The set {2P—I:P & B} is an abelian group since
P-I)(2Q-1) = 2(2PQ—-P—Q+I)—I
=2€{(PAQ)VII-P)AI-Q)}-T ,
and in particular, (2P—1)* = I. Also,
12P~1)| < | Pll+{17=P]| < 2M .
Let S be obtained by applying Theorem 17.1. For Pin B, P = SPS™! is

idempotent and normal, and hence is an orthogonal projection. u

17.4 Theorem. Let A and B be two mazximal abelian von Neumann
algebras, and let o be an algebra isomorphism of A onto B. Then there is
a unitery operator U such that o = AdU.

Proof. The isomorphism preserves spectrum and hence spectral radius.

As A and B are abelian, every element is normal so has norm equal to the

spectral radius. Hence @ is isometric. If P is a projection in A, then o(P)
n

is an idempotent in B aund thus also a projection. Let A = Y,a;F; be a
i=1

linear combination of projections in A. Then
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oAY) = _E:f;a(P;) - (2 a:a(R)) = a(A)* .

The elements A of this form are dense in A, and hence o is a *-isomor-
phism.

Now let {A;, €I} be a bounded set of positive elements of A with
supremum A. It will be shown that a(A) is the supremum of
S = {aA;),: €I}. First, a preserves spectrum, hence it preserves posi-
tivity and order. So A; < A implies a(A;) < o(A), and hence oA) is an
upper bound for S. Suppose that B is any upper bound for S. Then
A; < a™!(B) for every i. Hence A < o7(B), whence o(A) < B. So «(A)
is the supremum of S. In particular, if P, is a countable family of pairwise
orthogonal projections in A, one obtains countable additivity:

o(s—31F,) = s—31a(PR,) .

na=] n=1
It is clear that A and B may be replaced by unitarily equivalent alge-
bras without loss. By Theorem 7.8, it can then be assumed that there is a
finite regular Borel space (X,u) so that A is given by the canonical
representation of L°(u) acting on L%(p). Likewise, we can suppose there is
a finite Borel space (Y,v) so that B acts as L*(v) on L%(v). Define a meas-
ure g on the Borel sets of Y by

B¥) =l ()l -

That is, the characteristic function xy is sent by & to an idempotent,
hence characteristic function, xx in L°(g) and i(Y) = u(X). The count-
able additivity of i follows from the previous paragraph. Furthermore, if
v(Y) = 0, then aY(xy) = 0 so i&(Y) = 0; and if (Y) 0, then o (xy) 5 0
so p(Y) # 0. Consequently, v and /i are mutually absolutely continuous.

By the Radon-Nikodym Theorem, there is a strictly positive, integr-
able function h in L(v) such that & = hdv. Define a map U from simple
functions on X into L%(v) by

Uf = h*o(f) .
If xx is a characteristic function, then oxx) = xy in B and
IxxllZ = lle(x) 11§ = &(Y)
= [xyhdv = [ |Uxx [Pdv = ||Uxx|l3 -
Thus if X; are pairwise difjoint, one can choose disjoint Y; so that

a(xx,) = xy;- Hence if f = Yja;xx,

i=1
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n
NUSIE = 122 aih*xy, 11§ = 33 la Pl R*xy, 113

i=1
- 2 2 2
= 30 la; Pllxx I = 117113 -
=1

It follows easily that U is an isometric map from the simple functions of
L*u) onto a dense subset of L%(v). Hence it extends to a unitary operator
of L¥u) onto L%(v) which we also denote by U. In particular, if f is in
L*(u), one still has Uf = h*o(f).

Let f and g belong to L*(x). Then
(UMUUf = UM, f = Ugf = h*e(g)e(f) = MogUS .

The vectors of the form Uf for f in L°(u) are dense in L%(v), and hence
UM,U* = o(M,) for every g in L™(y). That is, « = AdU. =

Now we turn our attention to non self-adjoint algebras. In particu-
lar, consider algebras A which are reflexive and contain a maximal abelian
von Neumann algebra M (masa). The invariant subspaces lattice
L = Lat A is a sub lattice of Lat M = Proj M, the projection lattice of M.
Hence the orthogonal projections onto elements of L all commute. These
lattices are called commutative subspace lattices (CSL). These lattices
will be investigated more thoroughly in Chapter 22. For the moment, our
interest lies only in the fact that this class contains all nest algebras.

17.6 Theorem. Let L, and L, be commutative subspace lattices and
let o be an isomorphism of Alg L onto Alg L,. Fiz a masa M in Alg L.
Then there is an invertible operator S and an automorphism B of Alg Ly
such that o = AdSof and B(M) = M for all M in M.

Proof. Since M is a maximal abelian subalgebra of B (¥ ) and a fortiori
of Alg/L,, it follows that o(M) is maximal abelian in AlgL,. The norm
closure (even weak operator closure) of a(M) is abelian and contains a( M),
so a(M) is norm closed. Let ¢ be the restriction isomorphism of M onto
o(M). For every M in M,
o(M) = o q(M) = oou)(¢(M)) .

The norm in M is equal to the spectral radius, and the spectral radius is a
lower bound for the norm in o(M). Hence ||¢(M)]| > || M|| for every M
in M. Consequently, ¢~! is contractive and thus a continuous bijection of

one Banach space onto another. By Banach’s Isomorphism Theorem, ¢ is
continuous.

Let U be the unitary group of M. Then ¢(U) is a bounded abelian
group of operators. By Corollary 17.2, there is an invertible operator T so
that T¢(U)T " is a group of unitaries. Let B = T¢(M)T . Since M is
spanned by U, it follows that B is spanned by the abelian unitary group
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Té(U )T_l. Hence it is an abelian von Neumann algebra. Moreover, it is
maximal abelian in the algebra A = T(Alg L,)T™ = Alg(TL,).

Let P be a projection onto an element L of L, Then P belongs to
AlgL, and @ = a”'(P) is an idempotent in Algf,. Furthermore, if A
belongs to Alg L,

o((I-Q)AQ) = PLo(A)P =0 .

Hence, the range of @ is invariant for Alg £, and consequently for M. So
there is a projection R in M with the same range, characterized by the
identities RQ) = @ and QR = R. Hence R' = To(R)T™" is an idempotent
(hence projection) in B. Let Q'= TPT™!, which is an idempotent with
range TL. Since R'Q'= Q' and Q'R' = R', it follows that R' is the
orthogonal projection onto TL.

Now we show that B is maximal abelian. Let X belong to B'. Then
X commutes with the projection R' onto each element in 7L, So X
belongs to A and thus belongs to B. Consequently, AdTo¢ is an algebra
isomorphism between two masas. By Theorem 17.4, it has the form AdU
where U is unitary. Let S =77'U, and = AdS 0. Clearly,
o = Ad Sofi. Moreover, the restriction of 8 to M equals AdU* AdTo¢
which is the identity. It remains to show that 8 takes Alg L, onto itself.

I P is the orthogonal projection onto an element L of L,, then P
belongs to M. Hence for any A in Alg L,
0 = B(PLAP) = PLB(A)P .

Thus B(A) belongs to Alg L;. On the other hand, if P is a projection onto
an invariant subspace of B(Alg L,), then it is in particular invariant for M
and thus P belongs to M. So for A in AlgL,,

0 = PLB(A)P = B(PLAP) .

And thus the range of P belongs to Lat (Alg L,). (It is true but not needed
here that Lat (Alg L;) = L;. See Chapter 22.) In other words, Alg L, and
B(Alg L) have the same invariant subspace lattice. Since

B(Alg L) = S7'a(Alg L,)S = ST Alg L,)S = Alg(S™'L,)

one knows that 8(Alg L) is reflexive. Therefore, B(Alg L,) = Alg L,; so 8
is an automorphism. u

Now, we consider the usefulness of finite rank operators. The fol-
lowing lemma is very easy and the proof is omitted. It should be com-

pared with the much more difficult proof in the nest algebra case (Lemma
17.9).

17.8 Lemma. An operator T has rank one if and only if for all rank
one operators A and B, ATB = 0 implies either AT = 0 or TB = 0.
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17.7 Theorem. Let A and B be norm closed algebras containing the
finite rank operators. Let a be an isomorphism of A onto B. Then there
is an tnvertible operator S such that o« = Ad S.

Proof. Lemma 17.6 characterizes rank one operators algebraically. So
the isomorphism « carries the set of rank one operators onto itself,

Fix a non-zero vector y in X. Since y & y* is rank one, there are
vectors u and v so that oy @ y*)=u @ v*. If = is any vector,
oz @ y*) is rank one of the form a ® b*. Hence

oz @y) =z @¥INMyll™Hy R ¥ = lly He b (u ® v*
= lyllP(ub)e @ v*=u, @ v* .

Furthermore, the linearity of o shows that the map Sy, taking x to u, is
linear. And S, is one to one since « is. Likewise, for each non-zero vector
z, there is a vector u and a linear one to one map 7, such that
oz @ y*) = u Q@ (T,y)". Hence Syz is a multiple of u for every y, and
T,y is a multiple v for every z.

Pick unit vectors x4 and y,. For each y, replace v and S, by scalar
multiples so that Syzo = S z, (which is non-zero since Sy, is one to one).

We show that S, = S!lo' For if = is not a multiple of z;, there are con-
stants ¢ and d so that Syz = ¢Sy @ and Sy(z+z,) = dS, (¢+20). Com-
pute

dSyom+dSy°:v0 = S,2+8,29 = Sy +Sy Lo
So
(d—c)Sy 2 = (1-d)S, o -

But Syoz and Syoﬂfo are linearly independent, whence ¢ = d = 1. Let S be
the operator Syo = 5,. Now scale each T, so that

oz ® y*) = Sz Q (T.y)* .
As above, it follows that T, = T,,0 for every . We will denote this by T.

So, ¢(z @ y*) = Sz @ (Ty)* for every # and y in X. As o takes the rank
one operators onto the rank one operators, S and T are surjective.

Now, apply the multiplicative nature of o to
(z,9)z0 ® 5 = (0 Q@ ¥*)(z ® y§) to obtain

(z,y)Szo ® (Tyo)* = (Szo @ (Ty)) Sz @ (Tyo)")
= (S:c,Ty)S'mO & (Tyo)* -
Thus
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(z.y) = (Sz,Ty) = (T"Sz,y)
for every z and y in ¥. So T = (S*)™.. So
oz @y) =52 @ (S 7'y =Sz ®y)S™ .
Let A be any element of A, and let 2 belong to X. One obtains
S(Az ® yo)S™! = a(Az @ yo) = o(A)(z @ yo)
= a(A)S(z ® ¥)S .
Therefore SAz = a(A)Sz for all z in X, so a(A) = SAS™.
It remains to show that .S is continuous. For A in A and z, y in ¥
one has
l(e(A)zy) | = [(AS7'2,8y) | < JA| ST ]| |S*y]| -
Hence

su a(A)zy) | < |18 ||.5* .
s la(4)z.9) < 1571 5%

So, the set {a(A)x:||A|| <1} for fixed z as a set of functionals on N are
bounded pointwise. By the uniform boundedness principle,

sup ||o(A)z]| = C, < oo .
s lla(A)z]

A second application yields

su alA)|l < oo .
5 lla(a)]

Thus « is norm continuous. Let ¢ be any unit vector. Then

|S2]] =[Sz @ e*l| = lla(z @ (S*e))| < [lal| [|S%e]] lle]] -

So S is continuous, and likewise S~ is continuous. =

17.8 Corollary. Let N and M be nests. The Q T (N) and Q T (M) are
tsomorphic if and only if they are unitarily equivalent. Every such iso-
morphism is spatially tmplemented, and factors as AdU-Ad A where U
ts unitary and A is invertible in Q T (N).

Proof. Since these algebras contain the finite rank operators, Theorem
17.7 shows that every isomorphism is spatial. If o = Ad S is an isomor-
phism, then Q@ T(M )= AdS(Q T(N)) = Q T(SN). By the Similarity
Theorem 13.20, there is a unitary operator U and a compact operator K
with [|[K|| <% such that SN = (U+K)N for every N in N. Thus
U*SN = (I+U'K)N for every N in N. Since K is compact,
Q T(I+U'K)N) = Q T (N). Thus

UQT(NYW*'=UQ T(I+UK)NU*= QT(U+K)N)=Q T (M) .
Moreover, T = (I+U%)™'U*S is invertible in T (N), hence
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A = (1+U*K)T is invertible in Q T (N). So AdS = AdU-AdT. -

Now, we turn to nest algebras. The first step is an algebraic descrip-
tion of the rank one elements as in Lemma 17.6.

17.9 Lemma. Let N be a nest, and let T belong to T (N ). Then T has
rank one if and only if whenever A and B belong to T (N) and
ATB = 0, then either AT = 0, or TB = 0.

Proof. If T'=2z @ y* is rank one, then ATB = Az ® (B'y)*. So
ATB = 0 if and only if Az =0 or By = 0. Since AT = Az ® y* and
TB = z Q (B%)", it is clear that the latter condition is equivalent to
AT =0o0or 1B = 0.

Suppose T in T (N) has rank at least two. Let
N'= V{N € N:rankTP(N) < 1} .

Since the rank one operators are strongly closed, 7P(IN') has rank at most
one and so N' < ){. Choose any Ny > N' for which (Ng)_ # X. Since
TP(N,) has rank at least two, one can repeat this process for its adjoint to
obtain Ny in N so that (Ng)y % {0} and T' = P(N,)LTP(N,) has rank at
least two. Let S be the operator in B (INo,N{-) agreeing with T".

Pick any unit vector y in Nj so that Sy # 0. Since (ker S*)L has
dimension at least two, it has non trivial intersection with {Sy}L. Choose
a unit vector z in this intersection. Then « belongs to Ni- and satisfies
T*z # 0 but (Ty,z) = 0. Choose unit vectors zg in (Ng)d and 2, in (IV,),.
By Lemma 2.8, the operators A = z; @ 2* and B = y ® 25 belong to
T (N). Furthermore, AT = 2z, @ (T*z)*# 0 and TB = Ty ® 24 % 0, yet
ATB = (Ty,z)z; ® 2§ = 0. u

17.10 Lemma. Let A be a mazimal abelian von Neumann algebra. Let

o0
T,, n > 1 be vectors in N such that Y, ||z, || < co. Then there is a vector
n=1

z and elements A, in the unit ball of A such that A,z = x, forn > 1.

Proof. By Theorem 7.8, A is unitarily equivalent to the canonical

representation of L®(u) on L%(u) for a finite regular Borel measure g. So
o0

x, correspond to functions f, in L%u). Let g = 3] |f, |, which belongs
n==1

to L%(u) and hence converges almost everywhere. Let h, = g~'f, where

h, is defined to be zero on f,;'{0}. By construction, ||k, ”Loo(u) <1 and

h,g = [,. So choose z to correspond to g, and A, corresponding to Mhn-
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17.11 Corollary. Let T be a linear map defined on all of {. If T com-
mutes with every A in a masa A, then T belongs to A.

Proof. It suffices to prove that T is continuous. If it is not continuous,
one can choose vectors z, such that ||z,|| < 2™ and ||T%,|| >n. Let 2
and A, be provided by Lemma 17.10. Then for all n,

n <||To, || = [|TAuz || = | ATz || < | T2]] -

This is impossible. So 7" is bounded. u

17.12 Theorem. Let N be a nest, and let A be a masa contained in
T(N). Suppose that o is an automorphism of T (N) such that
a(A)=A for all A in A. Then there is an invertible element S in A
such that oo = Ad S.

Proof. Let N; denote all N in N such that N 3 0 and N_3 X. This
consists of all N # 0 or X, together with ¥ if X has an immediate prede-
cessor. Fix N in N;. Let z belong to N and let y belong to (N_)-. So
z @ y* belongs to T (N) by Lemma 3.7. By Lemma 17.6, a(z & y*) is
rank one, and thus can be written as u @ v*. Moreover,

u ® v* = o(P(N)(z ® y)P(NJ') = P(N)u ® (P(N)Lv)* .

So u belongs to N and v belongs to (N_)1. The vectors u and v are
unique up to a scalar X\ since

u ®@v=_>u)Q N Tv) .

Fix two unit vectors z, in N and yq in (N_)1. Choose uq and v, so
that a(zy @ yg) = uo @ v§. If z,, x5 belong to N, use Lemma 17.9 to
obtain a vector  in N and A; in A so that A;z = z;, 0<7 < 2. Let
oz @ y5) = v @ v*, normalized so that (v,ug) = ||vgl|>. If Ao, A;, Ay are
scalars,

2
o DNz @ yg) = a(§2_‘, Az Q yd) (17.10.1)

fa=1 i=1

2 2
= (2NA @ v' = N(Au) ®@ ot .
i=1 i=1
Taking Ag= 1, A} = Xy = 0 yields uy @ vg = Agu @ v*. The normaliza-
tion guarantees that v = vy and Agu = uo. Let u; = A;u for ¢ = 1,2.
Then o(z; @ y5) = u; @ vs. Consequently, u; = U(x;) is independent of
the choice of . By (17.10.1), U is a linear map.

Similarly, there is a linear map V on (N__)—L such that
o(zo @ y*) = ug ® (Vy)*. Let y, belong to (N_)1. Let y belong to (N_)+
and By, B; belong to A such that B;y = y; for ¢« = 0,1 (Lemma 17.9).
Then as above, write a{z Q y) = v @ v* and compute
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o(XozotXiz1) ® (Boyotry1)?) = MoActNAda(z @ y*)(roBotwBy)*
= (NoAou+rA1u) ® (HoBov+uByv)* .
With Ay = pg =1 and ©\; = g; = 0, one sees that u and v can be normal-
ized so that Agu = uy and Bgv = vy. With this done, \g = p#; = 0 and
Ay = po =1 yields Aju = Uz,. Likewise, \g=p; =1 and \; = =0
yields Byv = Vy,. So plugging in Ay = gg = 0 and X\; = p, = 1 gives
a(z; ® y1) = Uz, @ (Vyy)* .

Next, notice that if u belongs to N and v belongs to (N_)J-, then
o u @ v*) =2 ® y is rank one and as before, z belongs to N and y
belongs to (N,)1. So Uz and Vy are multiples of v and v respectively.

Hence U and V are surjective, as well as one to one since « is one to one.
If A belongs to A and = isin N,

UAz @ v5 = oAz @ y5) = Aa(z ® y5) = AUz Q@ v5 .

So U (as an operator on N) commutes with the restriction of A to N
which is a masa. By Corollary 17.11, U belongs to A. Likewise V belongs
to A. In particular, U is invertible in B (N) and V is invertible in

B(N_)L.

So far, N has been fixed. For each N, there are operators Uy in
A|N and Vy in A |(N_)L such that

a(z ® y*) = Uyz @ (Vyy)*
for all z in N and y in (N_)+. Suppose N; < N, belong to N;. Then for
each z in N; and y in (IV,), one obtains
Unz @ (Vny)' =Ungz ® (V) -
Thus there is a non-zero scalar X such that

Uy, IN = MUy, Vi [(N)L = XVy, .

Pick an Ny and replace Uy and Vyy by scalar multiples so that they agree
with UNo and VNo on their common domains. It follows that there is an

operator U defined on | J{IN € N:N_ < X} such that U |[N = Uy, for each
N. Likewise, there is an operator V defined on LJ{N;L :IN # 0} such that
V|NL = V. Furthermore,

oz @y") = Uz Q (Vy)
for every rank one operator in T (N).

Let £; @ y{ and z, ® y; be two non-zero rank one operators in
T(N). Then
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(z2y)Uz; @ (Vyo)* = o(z1 ® yi)(ze @ y3))
oz, @ yi)(z: @ y3)

(Umeyl)le & (Vy2)t .

Then

(2291) = (Uzo, V) = (VUzsy,) -
This holds for every z, in N, and y; in (N_)L and every N, N, in A,.
Hence
VIN; © (Ny)-= (U [N, © (N;))* .

With N, fixed, one has U |N, is invertible so V is uniformly bounded on
U{N: © (Ny)_:N, > 0}, and thus V extends to be continuous on N,. As
it is bounded on (INy)_, V is bounded on ¥. Likewise, U extends to be
bounded on X. Moreover, V|N,= (U|Ny)*! and likewise
VI(Ng)d = (U (INg)L%)™ so V = U*L. In other words, U is an invertible
operator in A such that
oz @) =Uzs @ (U )" = Ulz Q y" U™
for every rank one operator in T (N).
Let T belong to T (N). For every 2 @ y*in T (N)

UTe @ y U™ = o(T(z @ 3%) = oT)e(z Q y*)
= ofTU(z Q@ yU? .
Therefore, with u = Uz, one has
(UTU —o(T))u = 0 .

This holds for every u in U {N:N_< X}. This is dense in X, so
o(T) = UTU™ for every T'in T (N). u

Combining Theorems 17.5 and 17.12, one immediately obtains
17.183 Corollary. Every isomorphism between nest algebras is spatial.

This is not the end of the story. Let N be a nest and let @« = Ad S
be an automorphism of T (N). Then

T(N)=ST((N)SP=T(SN) .

So 8 5(N) = SN is a dimension preserving order isomorphism of N. If S is
an invertible element of T (N), then 05 = ¢d. Conversely, if 85 = id,
then SN = N for every N and thus S and S~ belong to T (N). The
automorphisms AdS for S in T (N)™ are the inner automorphisms,
denoted Inn (T (N)). This is a normal subgroup of Aut T (N) because
aAdSo™ = Ado(S). The quotient group of the automorphism group
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Aut (T (N)) by Inn(T (N)) is denoted Out(T (N)) for outer automor-
phism group. Let Aut(N) denote the group of dimension preserving order
isomorphism of N.

17.14 Corollary. The map ©:S — 05 of Aut(T (N)) into Aut(N) is
surjective, and provides a natural isomorphism between Out T (N) and

Aut (N).

Proof. The discussion prior to the statement shows that the kernel of ©
is Inn (T (N)), and it is routine to verify that © is a homomorphism. If 6
belongs to Aut(N), then by the Similarity Theorem 13.20, there is a inver-
tible operator .S such that 5 = 0. So © is surjective. Hence Out T (N)
is naturally isomorphic to Aut (N). L

17.15 Corollary. If o belongs to Aut(T (N)) and ||a—id||<1, then «
ts inner. Hence Inn(T (N)) is open and closed, and Out T (N) has the
discrete topology.

Proof. If a = Ad S is not inner, then § g % ¢d. So there is some N in N
with SN # N. But then o(P(N))= SP(N)S™ is an idempotent with
range SN in N. Thus [|e(P(N))—P(N)|| > 1. (For example, if SN > N,
choose a unit vector z in SN & N. Then o(P(N))—P(N)z = z.) So id is
in the interior of Inn (T (N)). Hence Inn T (N) is open. The complement
of Inn T (N) is the union of cosets, so is also open. u

Now we analyze the outer automorphisms of @ T (N). The main
tool is Theorem 12.8. The first step, Lemma 17.19, is to make the pertur-
bations involved more restricted.

17.16 Lemma. Let N be a nest and let A be the unique expectation
onto D,(N), the atomic part of the diagonal. Suppose S is invertible, and
let W be the corresponding expectation onto D,(SN). Then Yo Ad S |D,(N)
and Ao Ad S™! [D,(S N) are isomorphisms, reciprocal to one another.

Proof. Let FE =PN,)-P(N) be an atom of N and let
E = P(SN,)—P(SN) be the corresponding atom of SN. Let A = ESE as
an element of B(EX,EN). As an operator from N @ EX @ Ni to
SN @ EX @ (SN,)L, S is upper triangular with A as its 2—2 entry.
Likewise, S~ is upper triangular from SN @ EX @ (SN)L to
N @ EN @ Ni{. So a computation shows that its 2—2 entry must be
A7 If X belongs to B (E),
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* ok

[ 100 Of [+ *x %
VoAdS(EXE)= V[0 A %[ [0 X 0] [0 A7! «
*] 00 0] [0 O =«

0 0
[ 0 0 o0
=V|0 AXA™! x| = |0 AXA! 0O
o0 o0 o 0 0 0

Similarly, if ¥ belongs to B ()
AoAd STVEYE) = E(A™'YA)E .

Summing over all atoms yields the lemma. u

17.17 Corollary. With the same notation, Yo Ad S [D,(N)N N" is a
*-isomorphism onto D,(SN)Nn (SN)" with inverse
Ao Ad S~V |D,(SN) N (SK)".

Proof. D,(N)n N"is the centre of D,(N) and hence is carried onto the
centre of D,(SN), namely D, (SN)N (SN)". These two algebras are
abelian von Neumann algebras. Projections are thus taken to projections.
Hence on the span of the projections, one sees that adjoints are preserved.
By continuity, these maps are *-isomorphisms. -

17.18 Lemma. Let N be a nest, S an invertible operator, and let F be a
finite dimensional subspace such that P(F) commutes with SN. Then
there is a subspace F such that P(Fy) belongs to N' and an invertible

compact perturbation Sy of S so that SI(NFI) = (SN)F.

Proof. Let A and ¥ be as in the previous lemma. Since P(F) is finite
rank in (SN)!, there are finitely many atoms FE,,...,FE, so that

P(F) = ) E;P(F)E;. Hence

i=1
R, = AAdSTYP(F)) = Y, E;S™'\P(F)SE;
fa=1

Let F; be the range of R;. As F) is the direct sum of subspaces of atoms,
P(F,) belongs to N'. Let

S, = P(F)SP(F\)+P(F)LSP(F)L .
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This is a compact perturbation of S. Moreover, R,P(F,) = P(F,) and
P(F))R, = R,. Let R = VAdS(P(F)). By Lemma  17.16,
YAd S(R) = P(F) whence P(F)R = R and RP(F)= P(F). So R is an
idempotent with range F. Thus S,F; = SF, = F. As operators from
Fy @ Fi to F @ FL and back, S and S~ are triangular. So S, is inver-
tible. If NV belongs to N, Si(F; V N) = F VSN belongs to (SN)’. Hence
S carries N onto (SN)F as desired. u

It is desirable to arrange it so that only perturbations of a fixed nest
N need be considered. Moreover, it would help if these perturbations
always commute. To this end, one arranges that the perturbations consist
of sum of finite atoms and sub projections of infinite atoms in a fixed
masa.

17.19 Lemma. Let N be a nest. Extend N" to a von Neumann algebra
M whose restriction to each infinite atom is an atomic masa, but agrees
with N" on the complement of the infinite atoms. Let S be an invertible
operator such that Q T(SN)= Q T(N). Then there is an invertible,
compact perturbation Sy of S and two finite dimensional subspaces F
and G with P(F) and P(G) in M such that SoN* = NC.

Proof. By Theorem 12.8, there are finite dimensional subspaces F; and
Gy with P(F,) in (SN)' and P(G,) in N’ and a compact operator K so
that (I+K)(S .N)F1 = N By the previous lemma, there is a subspace F,
with P(Fy) in N' and a compact perturbation S; of S so that
SN = (SN). Thus (I+K)S N2 = N\ Let S, = (I+K)S,. It
remains to modify F,, G| and S, so that the subspaces have projections in
M instead of just N'.

Let Hy,...,H, be the atoms of N such that H;P(G;) 0 and let

H =) H; Let E,..E, be the atoms E of N such that either

J=1
P(Fy)E # 0 or 8 s{E) < H. Let F be the sum of the finite dimensional
spaces E; ), 1 < ¢ < n', together with subspace M; of the infinite atoms
E)N, n'<i<n, so that P(M;) belongs to M and
dim M; = dim(Fy A E;X). Let U be a unitary of the form
I+ )Y, E;K\E; where K, is finite rank, and UM; = Fy A E;} for each

i=n'+1
infinite atom. Similarly, if H; is an infinite atom, choose a subspace L; so
that P(L;) belongs to M and dim L; = dim (G A H;}). Let V be a uni-

tary of the form I 4+ EHJ-KQH,- where K, is finite rank and

VL;= Gy AHl. Let Fy— U'Fy Gy= V'G,, and S;= V'S,U. Note
that S; takes N ® onto N % Now P(F) is the sum of atoms of A%, Thus
0 5(P(F)) = P(G) is the sum of atoms of N°2 which includes all finite rank
atoms Hj;, as well as OSS(E,-P(FQ)-L) when E; is finite. So G is the sum of
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atoms of N together with the L; for infinite atoms. Hence F' and G have
the desired form.

Set Sg = P(G)S3P(F)+P(G)LS;P(F)L. Tt must be shown that S is
invertible. The atoms comprising F' in N ®split A ® into intervals A,,...,A,
where the odd intervals belong to F, and the even intervals to F-L. Like-
wise, NG2 is split into intervals B;,...,By. The operators S and S3! writ-
ten as operator matrix from ), P 4; to ¥, @ B; and back are both
upper triangular. Hence their diagonal entries are invertible. From this it
follows that P(G)S,P(F) and P(G)LS;P(F)L are invertible (and upper tri-
angular) as operators in B(F,G) and B(F-L1,GL) respectively. So S, is
invertible. A review of the definition of S, shows that S—S; is compact.
It is clear that Sy = NC. m

At this stage, one can prove the analogue of Corollary 17.15.

17.20 Theorem. Let o be an automorphism of Q T (N) such that
||[e—id|| <1. Then o is inner wvia S in QT (N)™' such that
1S—1|] < 2l[a—id]].

Proof. By Theorem 17.7, @ = Ad S for some invertible operator S. Nor-
malize S so that ||S|| = 1. Let € = ||a—id]||. For each K in K,

ISK=KS|| = |(«K)-EK)S|| < la—id || | K| ]| S]] = ell K|

Thus by the weak* continuity of &g, ||65|| < €. By Theorem 9.6, there is
a scalar X so that || S—\I|| < e. Since ||S|| = 1, |1-X | < ||S=NI||. Hence
||S—I{| < 2¢. It remains to show that S belongs to @ T (N)™.

Now QT (N)=0o(Q T(N)) = Q T(SN). So by Lemma 17.19, there
is an invertible, compact perturbation S, of S so that SoA* = NC, and
P(F) and P(G) are finite rank projections in M (as described in that
lemma). Now S,S™'—I =K is compact, so ay= AdS, factors as
ay=Ad(I+K)a. Let =6 s, be the order isomorphism of N onto NC
induced by S;, and consider it extended to all intervals. By Theorem 8.3,
there is an expectation ® of B (X) onto M. For each interval E, ay(E) is
an idempotent with range 0(E). So 6(E) = ®ay(E). Since ® is contrac-
tive and ®(F) = E,

18(E)-E|l < |l B)-E|| < [(ao—a)(E)||+]|e—id]|| .

Let {£,} be any family of pairwise orthogonal intervals. Then since
K is compact, [[(ap—a)(E,)|| = ||Ad(I+K)e(E,)|| < 1—e for all except
finitely many n. Now 0(E,) and E, belong to M and thus commute; as
|6(E,)—E, || <1, then 6 (E,) = E, except finitely often. Also,

H(E)-E|l < |le—id|| <1
so 0(E)—FE is compact and hence finite rank. In particular, 8(A) = A for
n

all but a finite set of atoms {A,,...,A,}. Let Q = VI(Ai—ﬂ (A;))% the least
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projection in M dominating |A;—0(A;) | for all ;. Then @ is finite rank.
Let E be an interval of &, and write 0(E)—FE = B,—B, where B; are
pairwise orthogonal projections on M. As B; are finite rank, they are con-
tained in the atomic part of A¥ or NC. If A is an atom of A such that
ABjy # 0, then 0(A) < 6(F), whence AB; = (A—0(A))B, < QB,. Simi-
larly, if A is an atom such that 6(A)B; # 0, then A < FE so AB; = 0.
Thus 6(A)By = (0(A)—A)By, < QB,. It follows that QLo(E) = QLE for
every interval. In particular, if N belongs to AF,

QLN = QLo(PN)X = QL5

So QJ-SO belongs to T(NF). Likewise Q-L1S5! belongs to T(NG). As S
and S are compact perturbations of these operators, they both belong to
Q T (X). -

17.21. Let S, F, G, Sy, N, and NC be as in Lemma 17.19. Let Fy, and
Gy be the sums of finite atoms dominated by F and G respectively. Now
S, induces an automorphism # So of NF onto N€ which extends naturally to
intervals. In particular, each infinite atom of A is taken to an infinite

atom of N®. These infinite atoms are finite rank perturbations of atoms
of N. Let N (and NGO) denote the restriction of N to Fg-X. Then 6 5,

induces an element 0 =05 in IS'O(NF,NGO) by identifying each mflmte
atom in N with the correspondmg infinite atom of N, (and NGo) This
lsomorgahlsm § is not uniquely determined by S. For example, if
E = Y E; is a sum of finite atoms of Npy, let H = (E) = Eﬁ(E ) be the

i=1
corresponding sum of atoms in NG Set S, = ESOH+E-LSOHJ- One

argues as in the last paragraph in the proof of Lemma 17.19 that S, is
invertible and S; takes MNP to N Moreover, 051 in

ISO (NFO_,_E,NGO_,_H) is just the restriction of 050 to NF0+E.

This discussion leads to the following group of “almost automor-
phisms” of N. Let P (N) denote the set of pairs (F,G) of sums of atoms
of N, with the further stipulation in the case that N has no infinite rank
atoms that rankF = rankG. Let Np= N|FL1 and let ISO(NF,NG)
denote the d1mens1on preserving isomorphisms of Nz onto Ng. If 6 is such

a map and E = EE’ is the sum of finite rank atoms of Np, let
i=1
H = 20 (E;) and define 05 in ISO (Np,g,Ngig) by restriction. Let G
i=1
denote the union (J{ISO(Np,Ng):(F,G) € P (N)}. Put an equivalence
relation on G by 6 ~ n if there are sums of atoms E and F so that
f g = Np. Let [#] denote the equivalence class of § in G /~.
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Define an associative multiplication on G/~ as follows: Given # in
ISO (Np,Ng) and 4 in ISO(Ng,Nyg), let A = §~(GLE) and B = ELG.
Then @, belongs to ISO(Npys,Ngyg) and Ng Dbelongs to
ISO(Ng y g: N 4n(m))- So npf, is defined in ISO (Npya, Ngins). Let
[7] [0] = [np8 4]. It is left to the reader to verify that this makes G/~ a
group with identity element [id], and the relation [0] [§~!] = [¢d]. This
group will be denoted by a—Aut (N).

Define a map from Aut @ T (N) into a—Aut N as follows. For each
automorphism o = Ad .S, use Lemma 17.19 to obtain a compact perturba-
tion Sy such that 0 5, belongs to ISO (NF,N€). As above, form 05, Define

6(a) = [fs).

17.22 Theorem. The map © is a well defined homomorphism of
Aut @ T (N) onto a—Aut N with kernel InnQ T (N). Hence Out Q T (N)
18 naturally isomorphic to a—Aut N.

Proof. First show that © is well defined. Let a = AdS belong to
Aut @ T (N) and let S, and S; be two invertible compact perturbations of
S which implement isomorphisms 8; of NF ‘onto N %, ¢ =0,l1. Let FAGH
denote the sum of finite atoms dominated by F; (G;) and let 6; be the
induced map in ISO(NF?,NG?). Let oy = Ad S; and K = $;S51—I. Then

oy = (AdI+K)a,. For any operator A in Q T (N), a;(A) — ao(A) is com-
pact and hence ®o;(A)—Poy(A) is compact (where & is the expectation
onto M). In particular, each infinite atom of N is taken to the same infin-
ite atom by both #;, ¢ = 0,1. Also, if E is an interval of N orthogonal to
Fo+F| then

01(E)~04(E) = ®oy(E)—®ay(E) = ®(Ad (I+K)—id)ao(E)

is compact; and thus is of the form A;—A; where A; and A, are finite

sums of finite rank atoms of N. In particular, this difference has norm

zero or one. The compactness of K ensures that if {E,} are pairwise

orthogonal intervals, then 0,(E,) = 0,(F,) except finitely often. Let

{E,..Ey} be the atoms such that 0,(E;) # 0y(F,), and one may suppose
m

that the first m are finite rank. Let H; = FPL(FQ v F+ ) E;). It will

" , i=1

be shown that Oom, = 01p,. Let N belong to N and consider H-LP(N)
where H = Hy vV H,. Now § (HLP(N))—0(HLP(N)) = A;—Ag as above.
But as in the proof of Theorem 17.20, it follows that A = A, = 0. For if
E is an atom of N and E <A, then E <0yHLP(N)) so
E'= 05 (E) < HLP(N); but Ef (HLP(N)) = 0 so 0,(E) is orthogonal to
H-LP(N). This means E' < H, which is absurd. Hence it has been shows
that [#5] = [#,], and © is well defined.
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It is readily apparent that © is a homomorphism. For let
a; = Ad S;, =12, be automorphisms. Let S’; be compact perturbations
implefnentjng ~0,' in ISO(NF’_,NG',). Choose sums of atoms H; and H, so
that ¢ = @ 1H10 oH, is defined. By Remark 17.21, there is~a compact pertur-
bation S" (= H;S';H;+H1S";H;\) which implements 05, So S"S"; is
an invertible compact perturbation of $;S,. It is clear that S",S", imple-
ments 6. So ©(a;)0(ay) = O ay).

Suppose 6(a) = [id]. Then o = AdS and S has a compact pertur-
bation S, mapping N onto N€ such that SN Vv F)= NV G for every
N in N. So S and S7! belong to Q T (N), and thus « is inner.

Conversely, suppose S belongs to @ T (N )™, and S, is an invertible
compact perturbation mapping M onto N¢. Now S, is bounded below by
some ¢ >0, so for each N in M, Spb,(N) contains b(f(N)). Write
So=T+K where T belongs to T(N) and K is compact. Then
P(N)LKb,(N) = P(N)LSb,(N) contains b(P(N)L8(N)), and thus this is
finite rank. By considering S5 as well, we conclude that P(6 (N))—P(N)
is finite rank. Hence ¢ (E')—FE is finite rank for every interval, and hence is
of the form A;—A, where A; are orthogonal projections in M which are
sums of finite atoms of N, and subprojections of G and F respectively.
Now if {E, ,n > 1} are the finite rank atoms of N orthogonal to F, then
§(E,) > E, in the order of N implies that §(E, )KE, is bounded below by
€ on E,. So this occurs only finitely often. So 8(E) = E except for a fin-
ite set Ey,...E,. If E is an infinite atom, §(E) is an infinite atom in N®
and E—0(F) is compact; so they correspond to the same atom of A.
Furthermore, E = 0(E) except those finitely many which meet F or G.
Finally, we argue as before to show that if F' is an interval orthogonal to
the finitely many atoms for which 6(F) # FE, then §(F)= F. Hence
[0] = [¢d]. Thus ker® = InnQ T (N).

Now we show that © is surjective. Let 6 in ISO (Ng,Ng) representa-
tive of [f#]. By the Similarity Theorem 13.20, there is an invertible opera-
tor S in B (F+,G1) which implements 8. If rankF = rank G, S can be
extended to an invertible operator in B (¥) of the form
S' = GLSFL4GUF where U is unitary. Clearly, AdS takes T(NF) onto
T(NS), hence Ad S is an automorphism of Q T (N). Also, it is apparent
that ©(AdS) = [#]. If rankF # rank G, then N has an infinite atom A.
Suppose that rank F' < rank G. Let E be a projection in M with E < A
and rank E+rank F = rank G. Let U be a unitary operator on ¥ which
carries (E+F)) onto G X, takes AEL} onto AX, and is the identity on
(A+F)L). Let S'= U(F+G-LSFL). This is invertible by construction,
and S(F+E)) = G). If N belongs to N, then

SINVF+E)=US'NVvG =U0(N)VG =0(N)v QG .

So ©(AdS") = [0]. I rankF > rankG, obtain S' as above so that
6(Ad S") = [#™]. Then ©(Ad 5'~Y) = [6].
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The map © is “natural” in the sense made clear in the previous
paragraph. Namely, a+Inn Q T (N) contains a representative Ad .S which
implements a representative 6 in ©(c). -

17.238 Corollary. Let N be a continuous nest. Then OutQ T (N) is

isomorphic to Homeoy[0,1], the order preserving homeomorphisms of
[0,1].

Proof. As N has no atoms, a—Aut N = Aut N. As N is order isomorphic
to [0,1], the result follows. |

17.24 Corollary. Let N be a nest of order type w = IN U {o0}, and let
the atoms by {Ay,k > 1}. Then OutQ T (N) = 0 or Z. The latter occurs
tf and only i f there is a finite, non-zero number of infinite rank atoms
and rank A, 18 eventually periodic.

Proof. Let E (and F) be a sum of ¢ (and f) finite atoms of N. Then Ng
and Ny are nests of order type w. So ISO(Ng,Np) is either empty, or has
exactly one element # taking the n-th atom of Nz to the n-th atom of Np.
In the latter case, this implies that rank (A, ,,) = rank(A, ;) for n suffi-
ciently large. If e = f, this is equivalent to [¢d]. But if k = e—f % 0,
then there is an integer ng so that rank A, ;4 = rank A, for alln > n, In
this case the span of the first ny+k atoms is sent onto the first n, atoms.
This can only occur if this span is infinite dimensional. So there are infin-
ite atoms. The nests Nz and Ny have exactly the same infinite atoms in
exactly the same order. So they must be mapped identically onto them-
selves (0(A) = A for every infinite atom). Thus if k¥ % 0, there are only
finitely many infinite atoms. Conversely suppose N has a finite non-zero
number of infinite atoms, including A; say, and that there are positive
integers ng and kg so that rank'A"_,_,,o = rank A, for all n > n,. Also sup-

pose that ky is minimal. Let E be the sum of all finite atoms A; with
t < ngtko, and let F' be the sum of the finite atoms A; with i < n,,.
Define a map 0, taking each infinite atom to itself and 00(A,,+,,0) = A, for

n > ng. This is an element of ISO(Ng,Ng). If [§] is any element of
a—Aut N, then the integer k = e—f is a multiple kgp of k,. It follows
that [f] = [0]°. So a—Aut N is isomorphic to Z. u

Notes and Remarks.

Theorem 17.1 on unitarizing groups is due to Dixmier [2]. Corollary
17.3 was proven independently by Wermer [1} who used it to show that
commuting spectral operators are similar to commuting normal operators.
(See Dunford and Schwartz [1], volume 3). Theorem 17.4 is from Dixmier
[4] Chapter III, Part 3 § 2. Theorem 17.12 and Corollary 17.13 are due to
Ringrose [4]. Theorem 17.5 is a generalization of this work due to Gil-
feather and Moore [1]. Theorem 17.7 is essentially due to Rickart [1],
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2.5.9. The applications of the Similarity Theorem, Corollaries 17.14 and
17.15, are due to Davidson and Wagner [1]. Lemmas 17.16 and 17.17 are
taken from the ideas in Apostol-Gilfeather {1] and Apostol-Davidson [1].
Theorem 17.20 is due to Wagner [2], and Theorem 17.22 is due to
Davidson-Wagner [1]. The approach taken here to these results is a modi-
fied version of the latter paper. Partial results on this subject are also
contained in Wagner’s thesis [1].

One can also study isomorphisms between the quotient algebras
@ T(N)/K. In this case, there are no finite rank operators, so the
analysis is more subtle. It is shown in Apostol-Gilfeather [1] and Apostol-
Davidson [1] that any two such algebras which are isomorphic are unitarily
equivalent (in the Calkin algebra). For example, suppose N and M have
order type w = IN U {oo} with atoms of rank{d,,n > 1} and {e,,n > 1}
respectively. Then @ T (N)/K and @ T (M)/K are isomorphic if and
only if there are integers ny and mg so that Ay = dp 4y for kb > 1.
However, it is not known even in this special case whether all such isomor-
phisms are spatially implemented.

Exercises.

17.1 Let A be a C*algebra which is generated as a C*algebra by an
amenable subgroup § of the unitary group. Show that every
bounded representation of A is similar to a unitary representation.

17.

0o

(a) If Mis a nest of order type w = IN U {oo}, show that every
automorphism of T (N) is inner.

(b) If Nis a nest of order type w*+w = {—o0} U Z U {oo}, show
that Qut T (K )iz 0 or Z. When is it Z?

17.3 (Wagner) Classily Out@Q T (N) when N has order type w*4w.
There are five possibilities for the infinite rank atoms: (¢) none; (F)
finite, non-zero; (IV} countably many, order type w; (IN*) countably
many, order type w* and (Z) countably many, order type w*+w.
There are four possibilities for partial periodicity of d, = rank A, :
(P4), there are positive integers ny and kg so that dn+k0 = d, for
n > ng (P_), there are negative integers mg, and £, so that
Aty = dy, for m <mg; (DP) = P, U P_; and (NP) neither P,
nor P_. Show that Qut Q@ T (N ) is given by the following chart:

é F N N Z
NP | o 0 0 0 0
Pl o 4 0O Z o
Pl o Z Z 0 0
DP\Z ZdzZ Z #Z Z
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17.4 (a) Show that every automorphism of T (N) extends uniquely to

17.5

17.6

an automorphism @ T (XN). Thus there is an injection
v Aut T(N) — Aut Q T (N).

(b)  Show that ¢™(InnQ T (N)) = Inn T (N). Hence Out T (N)
imbeds as a subgroup of Aut Q T (N).

(c)  Show that the map j:Aul(N) — a—Aut N given by j(6) = [¢]
is an injection, and that this diagram commutes:

Aut T (M) =5 4wt Q T (N)

I L=
Au N ~b a—Aut N
Let N be a nest and let A be an invertible element of Q T (N).
Show that A factors as A = (/+K)V] where K is compact, T is an
invertible element of T (A), £, ,E, are infinite rank atoms with
n
E = Y E;, and V is a unitary operator of the form V = EL+EVE
i=1
such that VE;V* belongs to N’ and VE;~E;V is compact, 1 < i < n.
The converse is easy.

(Gilfeather-Moore)

(a) Let A, consist of all operators of the form

a b 0 h
0 ¢ 0 0O
0 d e

0 0 0 ¢

Show that this is a CSL algebra. Define a map p by leaving all
coordinates the same except the (1.4) entry, which is replaced
by —h. Show that p is an automorphism which does not
preserve rank. Hence p is not spatial.

(b)  Let A4 be the 6X6 analogue consisting of matrices
%
.
*
Again, defline p by switching the sign of the (1,6) entry. Show

that p is an automorphism. Show that p preserves rank one
operators but not rank two operators.
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Let A, denote the algebra of operators of the form

*

E
L 3

* K *

Let T' = diag(1,2,3,..) and deline p by p(A) = TAT™. Verify
that p is a continuous automorphism which is not spatial.

17.7 (Gilfeather-Moore) Let L be a CSL and let  be an automorphism of
Alg L such that § | M = ¢d for some masa M,

(a)

(b)

For each projection E in M, let B5(T) = B(T)E. Let &€ be the
set of projections such that B is continuous. Show that € is
closed under span.

Use the Uniform Boundedness Principal to prove that
{|Bzl|:£ € €} is bounded. tence show that & is closed under
countable unions. Hence deduce that € has a greatest element
Ey.

Show that Eg- is finite dimensional. Hint: If EgL can be split
into a set {£, ,n > 1} of pairwise orthogonal projections in M,
build an operator A = YA, E, such that B(A) is not
bounded.

Similarly, find a maximal projection E; in M so that
BE(T) = EB(T) is continuous.

Show that the map «(T) = EfB(T)E4s is continuous. Hence
deduce that § is continuous.

Show that every algebraic isomorphism between CSL algebras
is continuous.



18. Perturbations of Operator Algebras

Perturbation results strive to show that two subalgebras of a larger
algebra with “close” unit balls are spatially related (unitary equivalence,
similarity, etc.). Such results exist for nest algebras and for certain classes
of von Neumann algebras. Here we will deal only with the abelian and
abelian commutant case. There is a close connection between perturbation
results and results on cohomology and derivations. These will be dealt
with in the next chapter.

The distance between two subspaces M and N of a Banach space
will be given by the Hausdorff distance between their unit balls b,(M)
and b,(N):

d(M,N) = dy(b,(M),b,(N))
= max{_ AL ”Elgllfmlln—m ”’néill ) mel;ll{M)Hn—mll} .

The first theorem deals with more general reflexive algebras. Then
we specialize to nest algebras.

18.1 Lemma. Let B be a unital Banach algebra. For each B in b,(B),
there is a idempotent F satisfying ||B—F| < 8||B—B?%||. When
I|B—B?|| < 1/8, one can achieve || B—F|| < 5||B—B2|.

Proof. If ||B—B®||>1/8, take F = 0. Suppose ||B—B?||=¢<1/8.
define

2n]
n (B——BQ)” .

T = [[-4(B=B|™* = I+3,

n=]

This series converges absolutely, and

% |2n
711 < 2_}[,,

4e < 4e < _1_(_)_6
1—4e+Vi—de = 1/241/V2 = 3

Furthermore, T' commutes with B and (I—2B)?T? = I. Define F by the
identity /—2F = (1—2B)T. Squaring yields F' = F?. Moreover,

" = (1—4¢)™*—1

255
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. ,
=Bl = li(I-2B)-(I-2F)||

1 1, 10
— Qe | |
Zl(T=2B)I-T)|| < 58 =~¢ = 5¢ .

18.2 Theorem. Let A = AlgL be a reflexive algebra with a commuta-
tive subspace lattice L. Let B be a norm closed subalgebra of B () ) such
that d(A,B) = 6§ < 1/20. Then there is a complete lattice isomorphism 6
of M = Lat B onto L such that |0 —id || < 25.

Proof. Fix M in M and let P = P(M). The algebra A contains the von
Neumann algebra A N A*= L' which has abelian commutant L"”. For
each A in b,(L'), pick B and C in b;(B) such that |[A—-B| <6 and
|A*~C|| < 6. Then

|| PA—AP]||

||PAPL—-PLAP||
max{|| P(A~C*)PL| || PH{A-B)P|} < &

Since L" is abelian, Theorem 9.6 implies that d(P,L") < §. Choose a
self-adjoint element R in L" such that ||[P—R|| < §. Then the spectron
o(R) is contained in [—§,6] U [1—8,14-6]. By the functional calculus, there
is a projection @ in L" such that ||Q—R|| < 6, hence ||P-Q || < 26.

The projection @ belongs to L. For otherwise, A contains an opera-
tor A = QLAQ of norm one. Choose B in b,(B) with ||A—B|| < §. Then

L= ||A] = |Q+AQ-PLBP|
<(P-@)AQ |+ PHA-B)Q ||+]| P-B(Q—P)||
< 2646426 =56 <1 .

This contradiction establishes our claim. The projection @ is uniquely
determined in L" since ||Q@—Q'|| = 1 for distinct projections. Let L in L
be the subspace such that @ = P(L). Define (M) = L.

If @ =PL) for some L in L, choose B in B so that
[(2Q—-I)-(2B-I)||<é and ||2B-I||<1. Then ||B||<1 and
||@—B|| < 6 /2. Next, obtain an idempotent in B close to B. Compute:

|B—B*|| = |@+B+(Q-B)B]|
<lletB-Q)l+lQ-B| |I1B|l <

By Lemma 18.1, there is an idempotent F' in B with ||B—F|| < 56. The
range M = F) must belong to M, for otherwise there is an operator
C = (I-F)CF in B of norm one. Choose A in b,(A) with {|A~C|| < 6.
Then since ||Q—F|| < 65, one obtains
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1=||C]| = |(1-F)CF-QLAQ]|
< H@-F)CF|+||@LoF-@) I+l @+ (Cc-A)Q||
<66+66+0 =136 <1 .
This contradiction shows that M indeed belongs to M. And since
P(M)F = F and FP(M) = P(M),
|@—P(M)|| = [|P(M)HQ@—P(M))+[(Q—P(M))P(M))*|
= [|P(M)HQ-F)+[(Q—-F)P(M)*|| < 126
Therefore, ||Q—P(6(M))|| < 146 < 1,s0 (M) = L. Thus  is surjective.

Next, we show that 6 is injective. Let M belong to M, and let
L = 6(M). Set Q@ = P(L) and let F be the idempotent in B found in the
previous paragraph. To show that 6 is injective, it suffices to show that
FX = M. Decompose X as M @ ML, and write F as a matrix
Fy Fy
F = with respect to this decomposition. Now
0 Fy

IF-P(M)[| S F-QII+IQ-P(M)]| < 66+26 =8¢ <1 .

As F is idempotent, both F'; and Fypy are idempotent and ||I—Fy|| < 1
and ||Fo|| < 1. Thus F; = I, Foy = 0 and F} = M. So 0 is a bijection.

To see that § is a lattice isomorphism, suppose that M and N
belong to M. Let @, and @y be the orthogonal projections onto (M)
and 0 (V) respectively, and let Fy; and Fyy be idempotents in B with

|@u—Furll <65 and ||Qn—Fnl| <66
The operator F,F) is an idempotent in B with range M A N since
(FrFn) = Fu(FNFuFN) = Fy(FyFy) = FyFy
Similarly, Fy+Fn—FyFy is an idempotent in B with range M v N. A
computation yields
1Qu@n—FuFnll L Qe @u—FN)Il + 1{@n—Far)Fn ||
< 65+68(1+68) < 146

Let R be the element of M such that QuQyx = P(6(R)). Then
|P(R)—F)Fy|| <166 < 1. So as in the previous paragraph, R equals the
range of F,Fy, namely M A N. So

8(M AN)=0(M)AO(N) .
A similar computation yields 6 (M VvV N) = 0(M) v 0(N) as well.
Finally, consider arbitrary intersections in M. Let {M, X € A}
belong to M and let Ly = 6(M,). Set M = AM,, L = ALy,. Since

M < M,, 0(M) < 6(M,) = Ly and hence §(M) < L. On the other hand,
§7Y(L) < O07Ly) = M, so 0 7}(L) < M whence L < 0(M). So §(M) = L.
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In a like manner, one shows that 8 also preserves arbitrary sups. So # is a
complete lattice isomorphism. Ll

Now we specialize to nest algebras.

18.3 Lemma. Let N and M be nests on a separable Hilbert space.
Suppose that 6 1is an order isomorphism of N onto M such that
|[0—id]| = ¢ <%. Then there is an invertible operator S with
[|S—I|| < 2¢ which implements 6.

Proof. Notice that # preserves dimension. For if N; < N, in N and
M; = 0(N;) for 1=1,2, then

d(Ny © Nj,My © M) < d(No,Mo)+d(N,M,) < 2||0—id]| <1 .
So dim N, © N, = dim M, & M,. By the Similarity Theorem 13.20,
there is an invertible operator T which implements §. Furthermore, it can

be arranged that there is a unitary operator U a such that ||T-U|| < §
where § is a small positive number satisfying 6 < e(1—2¢) /2.

Apply Arveson’s Distance Formula (Theorem 9.5) to T
d(T,T(N)) = P(N)LTP(N
(1,7 (1)) = sup | PIN)LTP(N)|

= sup P(N)LP(6(N))TP(N)||

<|o—id|| [IT]| < e(1+6) < €46
Thus there is an element V in T (N) with ||7-V]|| < e+6. Hence
[|lU=V]|| < e+26 < 1, so V is invertible.

It will be shown that V™' belongs to T (N). This is equivalent to
showing that VIV = N for all N in N. If it were otherwise, there is some
N in N such that VIV is a proper subspace of N. Pick any unit vector z
in N © VN and choose y in the unit ball of M = 6(N) with ||z~y|| < e.
Since T7'M = N, the vector z = Ty belongs to N. And,

L= |lz—Vz|| < |lz—y ||+ [(T-V)T "y |
< et(e+6)1-6)" < (2e4+6)(1-6)1 < 1 .
Hence V™ must belong to T (N).
Therefore S = TV~! implements ¢, and

IS=1 S NT=VI V- < T2 < 2c .

18.4 Theorem. Let N be a nest, and let B be a norm closed algebra
such that d(T (N),B) =€ <1/20. Then B is a nest algebra which is
similar to T (N) via an invertible operator S satisfying ||S—I|| < 4e.
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Proof. By Theorem 18.2, M = Lat B is a nest and there is an order iso-
morphism ¢ of N onto M with ||§ —id || < 2. By Lemma 18.3, @ is imple-
mented by an invertible operator S with ||S—I|| <4e. Now
ST(N)S™ = T(M). So compute d(T (N),T(M)). If A belongs to
T (N), the distance formula yields

d(A,T (M) = sup |PEN)LAP(O N)|
= sup PO NYLAP(O N)-P(N)LAP(N) |
< sup | (PIN)—P(6 N))AP(6 N+ P(N)LA(PO N)~P(N)) |

< 4e .

Hence d(A,b)(T(M))) <8e. Likewise, if B belongs to b,(T (M)),
d(B,by(T (N))) < 8. Now Bis contained in T (M ), and

d(B,T (M) < d(B,T (N))+d(T (N), T (M))
<e+8e=9 <1 .
Hence B = T (M) and is similar to T (N) as desired. =

The following Corollary is immediate from the proofs.

18.5 Corollary. Let N and M be nests on a separable Hilbert space.
The following are equivalent

1)  Nand M are close,
2) T (N)and T (M) are close,

3) N and M are similar via an invertible operator close to I.

Now we turn to the von Neumann algebra case. If A is a von Neu-
mann algebra, let A, denote the set of projections in A.

18.6 Lemma. Suppose A and B are von Neumann algebras such that
d(A,B) =6 < 1. Then dy(4,,B,) < 6.

Proof. Fix Pin A,. Then 2P—I belongs to b;(A), hence there is a B in
by(B) with ||(2P~I)—B|| < é. Replace B by (B+B*) /2 so that it is self-
adjoint and ||B|| < 1. Then for every vector z in X,

1Bz || 2 [|(2P-Dz||-é |z || = (1~8)l|=]| .

Thus the spectrum o(B) is contained in [—1,—1+6] U [1-6,1]. Let Q be
the spectral projection Eg[1—6§,1]. Then

I1B—(2Q-I)|| < 6

Hence,
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1
1P-Q 1 = H(eP-N-B+B-(2@-D)]| < &
Repeat the argument with B and A interchanged. =

18.7 Lemma. Suppose that A and B are von Neumann algebras such
that d(A,B) = 6§ <1/3, and let Z(A) and Z(B) be their centres. Then
dy(Z(A),,Z(B),) < é.

Proof. Let P be a central projection in A. By Lemma 18.6, there is a
projection @ in B such that ||[P—@Q|| < §. It suffices to show that Q
belongs to Z(B). Otherwise, there is an operator B in B of the form
B = QBQ-L s 0. Normalize B so that ||B]| = 1, and choose A in b,(4)
so that [|A—B|| < . Then

1 =||B| = ||QBQL-PAPL||
< IHQ=-P)BQH||+||P(B-A)QL|+||PAP-Q)|| <36 <1 .

This is absurd, and the lemma, follows. -

18.8  Corollary. Suppose that A and B are von Neumann algebras
such that d(A,B)< 1/3. If A is abelian, then B is also abelian.

Proof. Let @) be any projection in B. Lemma 18.6 provides a projection
P in A such that ||[P—Q|| < . Now P is central since A is abelian. Thus
by the proof of Lemma 18.7, @ is also central. As every projection in B is
central, B is abelian. =

18.9 Lemma. Let A and B be abelian von Neumann algebras such that
du(A,,B,) = 6§ <%. Then there exists a unique *-isomorphism ® of A
onto B such that sup ||®(P)-P|| < 6.

Pe ﬁp

Proof. For each projection P in A, there is a projection @ in B such that
|[P-Q|| < 6. If Q' were another projection in B with ||P—Q'|| < &, then
|@—Q'|| <26 < 1. As B is abelian, this forces Q' = Q. So Q is unique
and thus one can define ®(P) = Q. The same argument shows that ® is
one to one. Interchanging the role of A and B yields a map ¥ from B, to
A, with the same properties. Moreover, ||®¥(Q)—Q || < 1 whence ® is a
bijection and ¥ = &1,

Let P; and P, be orthogonal projections in A. Then
| Pt Po—®(P)+®(Py)|| <26 <1 .

Hence ||®(P;)+®(P,)|| < 2 from which it is evident that the two (commut-
ing) projections ®(P;) and ®(P,) are orthogonal. Therefore, they sum to a
projection, and ®(P+P;) = ®(P,)+®(P,). In particular, ® is monotone
increasing on projections. (If P <P, then P = P+(P—P), whence
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&(P') = ®(P)+®(P'—P) > &(P).) The same goes for L.

Now let P, and P, be arbitrary projections in A. Then PP, < P;
for ¢ =1 and 2, hence ®(PP,) < P®(P,) for ¢ =1 and 2 and so
®(P,P,) < ®(P;)®(P,). This holds for ! as well, so

PP, < @7HQ(P)@(Py)) < 7Y@ (P))e Y (®(Py)) = PP, .
Consequently, ®(P,Pp) = ®(P,)®(P,). Also, consider
P, v P,= P +Py,—PP,
which is the projection onto the span of P,X and P,}. One has
O(PyV Py) = ®(I-Pi-P) = [-9(P) (Pl = &(P)) v ®(P,) .
So @ is a lattice isomorphism of A, onto B,. '

Extend @ to all finite linear combinations ¥ of A, by linearity. Let

P,,...,F, be pairwise orthogonal projections in A with sum /. Consider a
n

self-adjoint element A = Y \;P; with |\; | < 1for 1<i <n. Then A is

=l
in the convex hull of

n
{3 e;Pe; = 1} = 2P-I:P = Y P, C{1,..n}} .
f=1 i ES

Thus
2(A)-A|l < sup ||®(2P-I)—(2P-I)||
Pe4,

= 2 ¢(P)-P|| . R:5
s 12(P)-P (189.1)

Applying this to the real and imaginary parts of an element X in ¥ yields
X)X < 48| X}

Thus ¢ is norm continuous. Since 7 is norm dense in A, one can
extend ¢ to a map of A into B. The range of ¢ contains the dense sub-
space of all finite linear combinations of B,. Also ® is bounded below by
1—26 on the self-adjoint part of A. Hence  is surjective. It is easy to see
that ® is multiplicative in 7, and so the extension is multiplicative. So &
is a *isomorphism of A onto B. u

18.10 Lemma. Let ® be a linear map of a real subspace D in B (} ), ,
into B (N ),, such that ||®(A)—A| < 6||A||. Then for any pairwise
orthogonal family of projections {P\:\ € A} in D,

?(Q(Px)—Px)z <821 .
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Proof. It suffices to prove this for any finite family, say Py,....P,. For
each € in {~1,1}", let P, = Y ¢;P;. Then |P|| = 1, so
F=1
n n
8% 2 (B(P)=P.J = 33 e:e;(B(P;)-F,)(®(P)~F;) .

i=lj=1
If one sums ¢;¢; over all possible choices of € for fixed ¢, j, one obtains
2"6,;;. Thus averaging over all 2" values of ¢ yields

6% 2 33 (®(P)-P,) . .

J=1

18.11 Lemma. Let X = UR be the polar decomposition of an operator
X. Suppose that |[[-X|| = 6 < 1. Then ||I-U|| < V26(1+(1—52)%)*.

Proof. First, X is invertible so U is unitary. Moreover,
| #m Ul = |[Im(U-R)|| < ||U-R]|
= [[U-R| = [U(U*-R)|| = |[I-X|| = &
So the spectrum ¢(U) belongs to
P eC: N =1,]Im \| < §,dist(\,[0,1]) <6} .

For such X,
262
A1P < IV1-62446-1 2 = :
| F<I ! 1+V1-62
The norm estimate is now immediate since ||U—I|| = spr (U—I). u

18.12 Theorem. Let A be an abelian von Neumann algebra, and let B
be a von Neumann algebra such that d(A,B) = § < 1/3. Then there is a

unitary operator U in (AU B)" such that B=U'AU, and

“U“I” < 2\/56(14_(1_462)%)_% < %725.

Proof. By Corollary 18.8, B is abelian. By Lemmas 18.6 and 18.9, there
is a #-isomorphism ® of A onto B such that Sup [[®(P)—P]| <é. So by
€

(18.9.1), ||®(A)-A|l < 28||A]| for every self-adjoint element of A. By
Lemma 18.10, if P,,...,P, are pairwise orthogonal projections in A,

3 (@(P)-Fy) < 457 .

Consider the collection & of finite partitions of the identity into pairwise
orthogonal projections in A. Put an order on & given by
(PyysPp) € (Q1,-,@Qm) if each P; is the sum of certain Q;’. For each o
in € let
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Xo= iq’(P_’I)PJ .

Jj=1

Note that X,P;= ®(P)X, for 1<j<n. Hence if (P,PL)<a,
XP = ®(P)X,,

Each X, is a norm one element in (A U B)". Let X be a weak*
limit of a confinal subnet {Xj:8 € €'} of {X,}. Then for each projection
Pin A, there is a 8> (P,P1) in &. Hence XP = ®(P)X for all P in A,.
By linearity,

XA =9(A)X
for all A in A. Now, for each 8
0 < I-XpXp = 3 P—3, P;®(P))P;

j=1 J=1
=1
Hence X is invertible. Moreover, for each 8

U-X)I=X5) = (I=Xp+{(I-X3)~(I-X}3X5) < I-Xp+I-X;

= 3P 0(P)PH2(F)-F2(P)

= Z"I(<I>(PJ-)—P,-)2 < 4821 .

J=1
Hence ||[I-X || < 26, whence ||I-X|| < 25.

Let X = U(X*X)* be the polar decomposition of X. Since X is
invertible, U is unitary and it belongs to (A U B)". For A in A4,

X*XA = X*$(A)X = (P(A)X)*X = AX*X .
Thus (X*X)* commutes with A. So
(UA-(AU)X*X)* = UX*X)*A-D(A)U(X*X)*
= XA-®(A)X =0 .

But (X*X)* is invertible. So A = U*®(A)U for all A in A. So U*BU = 4.
By Lemma 18.11,

NU=I|| < 2V25(1+(1-46%)%)*

< 6(2VE)(1+(1—4 /9)4)™* < —175’—5 . .
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18.13 Corollary. Let A be a von Neumann algebra with abelian com-
mutant, and let B be a wvon Neumann algebra such that
d(A,B) = 6 <1/6. Then there is a unitary operator U in (A U B)" such
that B = U*AU and

lU-I|| < 2V26(1+1-482)*)™* < (2.08)5

Proof. By Lemma 18.7 and Theorem 18.12, there is a unitary operator U
satisfying the norm condition in (Z(A4) U Z(B))" C (4 U B)" such that

Z(UBU*) = UZ(B)U* = Z(A) = A’ .

Thus UBU" is contained in Z(UBU*)' = A. Compute d(B,UBU*). Every B
in b(B) satisfies

d(B.Ub(BYU") < | B~UBL| = || BU—UB|| < 2]|U~I| < 55
The same holds for B in Ub,(B)U* so d(B,UBU*) < 56. Hence
d(AUBU?) < 6456 <1 .

If UBU* were a proper subspace of A, it would be at a distance of one.
Thus UBU* = A. L

Notes and Remarks.

Perturbations of von Neumann algebras were first considered by
Kadison and Kastler [1). They proved that close von Neumann algebras
can be decomposed into central summands corresponding to type I, 11,
I, and III each of which is close to the corresponding summand of the
other algebras. The material in this chapter on type I von Neumann alge-
bras is due to Christensen [1]. His general result is for all type I algebras,
and the ideas are sketched in the exercises. J. Phillips [1] got these results
also except for the estimate on [[U—I||. There is the related interesting
question for separable C*algebras. Non-separable C*-algebras which are
close need not be unitarily equivalent (Choi-Christensen [1]). The
interested reader shall also consult Phillips [2], Johnson [4], and Christen-
sen [6].

Perturbations of nest algebras were considered by Lance [2] who
proved Lemma 18.3 and Corollary 18.5 using cohomological methods. The
approach taken here using the Similarity Theorem and Theorem 18.2 is
due to Davidson [7] and Choi-Davidson [1].

Exercises

18.1 (Choi-Davidson) Let L be a finite commutative subspace lattice.
Show that there is an € > 0 and C < oo so that if A is 2 norm closed
algebra such that dist (Alg L,A) < ¢, then A is similar to Alg L via
an invertible operator S with || S—I|| < Ce.
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18.2 (Choi-Davidson)

(a)

(b)

ab A S
S, = ¢ at :abe €Cl, A, = 0 N

For t inC, let

A a

Ay = 0 A+at

Xa el

Show that dist (Ag,A,) < |t|, but Ay is not algebraically iso-
morphic to A, for any ¢ # 0.

For t in@, let S; C M, and A, C M, be given by

A EeC,S e S,
Define ¢,: 4, — A, by
AOab AOab
OXcO OXcat
“looxo[=|ooxo0
000X\ 000 X\
Show that ¢, is an isomorphism and ||¢,~—¢q|| = |t|. Show

that A, is not similar to Ay if ¢ % 0.

18.3 (Christensen) Let A be a type I von Neumann algebra, and let B be

a von Neumann algebra such that d(A,B) = § <

00 Let P be a

maximal abelian projection in A, and let @ be a projection in B such

that ||[P—Q || < 6.

(a)

(b)

(c)

(d)

Show that {Z(A) U P}" and {Z(B) U @}" are close, and apply
Theorem 18.7 to replace B by B with Z(4) = Z(B) and
P=q.

Prove that Q is an abelian projection in B _and hence deduce
that B is type I. Show that PAP and PBP are close, and

apply Theorem 18.7 again to replace B by C in which
Z(#) = Z(C), P€C, and PAP = PCP, and d(4,C) is small.

Let ®, and ®, be the restriction maps of A' and C' to PX
respectively, and note that ® = ®5'®, is a x-isomorphism.
Show  that d{A',C')<4d(A,C) and hence deduce
[|[—id|] < 86.

Let 1 <m < oo and let P, be the central summand of A
corresponding to the type I, part of A'. Let E;; be a set of

matrix units for P, A’ Set X, 24)( 41)E;. Show that
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XmA = ®(A)X,, for all A in P,A'. Show that X, is inverti-
ble, and hence deduce that A’ and C' are unitarily equivalent.
Estimate ||[I—X,,|| and hence find a unitary U such that

UBU*= A and ||U-I||<C§ for a universal constant C.
(Caveat: this is very hard.)



19. Derivations of Nest Algebras

In this chapter, derivations of nest algebras will be computed.
Derivations are defined in Chapter 10. A brief consideration of higher
cohomology is contained in the notes. Also, there is an appendix on the
K, group of a nest algebra. The first result is automatic continuity, and it
parallels Theorem 10.3.

19.1 Theorem. Let A be a weak* closed subalgebra of B (). Let M
be a dual normal A module, and let 6§ : 4 — M be a derivation. Then
there is a central progection P in A N A* such that Dp(A) = §(AP) is
continuous and (A N A*)([—-P) is finite dimensional.

Proof. As in Theorem 10.3, let J be the set of elements J in A N A* such
that D;(A) = 6(AJ) is a continuous map. Let Ry denote multiplication
on the right by X. If B belongs to A N A* then
Dpj(A) = 6(ABJ) = D,;Rp(A)
and
D,p(A) = 6(AT)B+AJS(B) = (RpD+R s55)(A) .
Consequently, Jis a two sided ideal in A N A*.

By Theorem 10.3, the restriction of § to A N A* is bounded, say by

K. Suppose that J, is a net of elements in the unit ball of J converging
weak* to J. Then

Dj(A)=6(A)J+AS(J)
= w¥lim 6 (A)J 4+ A6(J) = w¥lim DJQ(A)+A5(J—-JO,) .
So D; is the pointwise limit of the continuous maps T, = D I+ Rs(~1)
Moreover, from the second line,
I Ta(A)I < N6 (A) I+ AKX

for all @. By the Uniform Boundedness Principle, sup||T,|| < co. Hence
D; is continuous. By the Krein-Smulyan Theorem, it follows that J is
weak™® closed.

It now follows that J contains a maximum idempotent P which is
central in A N A* such that J= (A N A*)P. Suppose that (A N A*)PL is
not finite dimensional. Then there are pairwise orthogonal projections E,
in (4 N A*)PL. By the definition of J, Dg,_ is unbounded. Choose A, in A

267
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with || A, || < 27 and [|6(A,E,)|| > 2". Let A = 31 A,. Then

2" <|16(A Bl = I8 (AE,) ]|
= [[6(A)E,+ A (E)| < N8 (A)I+K]IA]l -

This contradiction shows that (A N A*)PL is finite dimensional. =

19.2 Corollary. Let § be a derivation on a CSL algebra A. Then § is
continuous.

Proof. By Theorem 19.1, there is a central projection Pin A N A*= ('
(where L = Lat fl) such that (A N A*)PL isk finite dimensional and Dp is

continuous. The projection Pl is the sum )7 Q; of minimal projections in
i=1

k
L", each of which is finite rank since (A N A)PL = Y @ B(Q; X) is finite

=1
dimensional. Applying Theorem 19.1 to 6*%(X) = §(X™)* on A* one obtains
a central projection @ in A N A* such that QL(A N A% is firllite dimen-
sional and gD(A) = §(QA) is continuous. As above, QL = 31Q; is the
F=1
sum of minimal finite rank projections in L”. Hence

6(A) = 6(AP)+6(QAPL)+6(QLAPL) .

So § = Dp+gDR, 46 [_Q_LRP_L is the sum of two continuous maps and a
linear map acting on the finite dimensional space QL APL. Thus § is con-
tinuous. ]

19.3 Lemma. Let § be a bounded derivation on a Banach algebra A.
Then a, = ets, t € IR, is a continuous one parameter group of automor-
phisms of A, and § = limta,—id).

t—0

o0

Proof. If é is a derivation, then @ = ¢’ = }}6" /n! is a bounded linear
n=0

map. One readily verifies by induction the formula

6"(cy) = 3 [Z]ff"(w)“"‘(y) :

k=0
So

0 sn(n o n §kx 5n—k
afey) = 33530 = 35 S0 )

oeo ko k! n—k!
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1
E=0 =0 J

- i 2k) [2“3 ‘”‘"”] - afa)oly) -

Now ¢4 is a derivation for every &, thus @, is a homomorphism for every

t. Moreover, a,a, = e®%etd = (lett)d a,4; so this forms a one parame-
ter group of automorphisms. Finally,
1 o0 6”
t7oy—id) = 6433 ¢" P—
lo n!

For |t |<1,]| Y] " 26" /n!]] < ell®l so lim ¢~} (oy~id) = 6.
n>2 t—0

19.4 Lemma. Let N be a nest. For every operator A in B (X),
dist(ABT) < 2134 | T ()] .

Proof. By Theorem 8.3 and Corollary 8.5, there is an expectation & of
B ()) onto N" so that B = ®(A) belongs to the weak* closed convex hull
of {UAU*:U € U(N'")}. Hence

IB=A|| < sup{|UAU*A||:U € U(A')}
= sup{|| 6 A(U:U € YN} <164 | T (W) -
Also, for T'in T (N),
16 5(T)| < sup{l|[UAU*TTI|:U € U(N")}
= sup{||[A,UTU]||:U € U(N")} < |8 4 [T (M) T -
Fix N in N, and let £ € N and y € N2 be unit vectors. Then
l65(z @ y)y,2) | = |(Bz,2)—-(By,y) | < |[65 T (N)]| .

Let A and g be points in o(B) so that |\—u | is maximal. Since B com-
mutes with A, it is possible to find an N in N so that one, say X, belongs
to o(B |N) and the other, z, belongs to o(B |NL). As B is normal, it is
easy to approximate A by (Bz,xr) where x is a unit vector in N and
approximate pu by (By,y) where y is a unit vector in NX. Thus

165 1T (X)[| > diam(o(B)) > dist(BEI) .
Hence

dist(ACI) < ||A—B||+dist(BEI) < 2|64 | T (N)]] . =

19.5 Corollary. The commutant of T (N) is trivial.

Proof. If 6, | T (N) = 0, then A is scalar by Lemma 19.4. u
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19.6 Corollary. Let a be an automorphism of a nest algebra T(N).
Then there is an invertible operator A with ||A—I|| < 4||a—id|| such that
a= AdA.

Proof. By Theorem 17.12, « is spatial, say @« = Ad A. By Corollary 19.5,
A is unique up to a scalar factor. Normalize A so that ||A|| = 1. For T
in T(N),

184D = |AT=TA|| = («(T)-T)A||
< lla—d]|| AT -
By Lemma 194, there is a scalar X\ so that ||[A—N/|| < 2||a—id|]. As

Al =1, it follows that [1=Ix | | < JJA=NI|), 50
[|A=IX [7INI|| < 4]|la—id||. Replace A by |\ |"'\A. L]

19.7 Theorem. Every derivation § of a nest algebra T (N) is inner.

Proof. By Corollary 19.2, § is bounded. Let o, = et's, t € IR, be the con-
tinuous group of automorphism generated by §. There is an € > 0 so that
[t | < € implies ||o;—id || < 1. By Corollary 17.15, a; is inner. Let A, be
an invertible element in 7 (N) so that o, = Ad(A,). By Corollary 19.6, A,
can be normalized so that ||A,—I|| < 4|le;—id|. By Lemma 19.3,
t7||e,—id|| is bounded. So D, = n(A; —I) is a bounded net, so there is
a weak™® convergent subnet D,,7 with limit D in T (N). Again by Lemma
19.3, one obtains

0p(T) = lim Dan—TDnv = lim n (A, /,,7T—-TA1 /"1)
= li,in "7(0‘1/n.,"id)(T)A1/n,, =46(T) .
So § = §p is inner. u

There is the analogous theorem for @ T (N), based on Theorem
17.20.

19.8 Lemma. Let A be an algebra of operators containing the compact
operators K. Then every derivation § on A is spatial.

Proof. Every compact operator K factors as K = K K, where both K
and K, are compact. So §(K)= K;6(K,)+6(K,)K, is compact. By
Theorem 10.6, 6 |K is weak* continuous so extends to a derivation &' of
B (¥). By Theorem 10.8, §' = §x for some X in B (X ). For any opera-
tors A in A and K in K,
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6(A)K = §(AK)—-AS(K)
This holds for all K, whence § = § x. u

5
19.9 Lemma. ¢ X = AdeX.

Proof. Let A be an operator. Then

Ade*(A) = [fj —)’f—k A{f #)J—]

and

X(A) = 3 —63(4) .

n=0
Now 6%(A)=A and 6x(A)= XA—AX. One readily establishes by

n ) - .
induction that § 3(A) = )} ’; (—1)'X"AX?. So equality is evident.
J=0

19.10 Theorem. FEwvery derivation & of a quasitriangular algebra
QT (N) is inner.

Proof. By Lemma 19.8, § = §x for some X in B (¥ ). By Lemma 19.3,
one defines the continuous automorphism group o, = ¢'® = Ade™X by
Lemma 19.9. For [t ] sufficiently small, ||ey,—id|| < 1. So by Theorem
17.20, o, is inner so a; = AdS; and S, belongs to Q@ T (N)~. But S, is
determined up to a scalar factor since K'=@I. Thus e belongs to

QT (N). So

£ _
X = lim &=L
t—0
belongs to QT (N). That is, § = é x is inner. ]

Next, we consider derivations into the compact operators. But first
we require a more general result.
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19.11 Proposition. Let N be a nest, and let B be a weak* closed algebra
containing T (N). Then every derivation § of T (N) into B is inner.

Proof. Let ' be the restriction of § to N, and note that B is a dual nor-
mal N' module. By Theorem 10.8, §'= 65 for some E in B. Let
6y=6—6g. Then §,(P) = 0 for every P in N'. For every T'in T (N) and
N in N,

P(NYL§ (T)P(N) = §,(P(N)*TP(N)) = 0 .

So §, is a derivation of T (N) into itself. By Theorem 19.7, §, = § 4 for
some A in T (N). Thus § = § 4, is inner. u

19.12 Theorem. Every derivation § of a nest algebra T (N) into the
compact operator K is inner.

Proof. First, one has that § maps T (N) into B (¥). So by Proposition
19.11, 6 = éx for some X in B (X ). The restriction of § to N’ is compact
valued. Thus by the Johnson-Parrott Theorem 10.12, X belongs to N"+K.
So there is a compact operator K and an operator T in N" so that
67 = 6—6 is zero on N, and is compact valued on T (N). Now consider
four cases, depending on the structure of A:

Case 1. N contains an element N such that N and N- are infinite
dimensional. Let U be any isometry of N1 onto N. Let A belong to
P(N)B (X)P(N). Then AU belongs to T (N). Let T, = TP(N) and
T, = TP(N)L. Then

6T1(A) = 6 (A)P(N) = 6 f(A)UU* = (6 AU)—AS (U))U*
is compact. Thus 6r is a derivation of B(N) into K. So
T, = MP(N)+K; where K, is a compact operator on N. Similarly,
T, = MP(N)1+K,. Finally,
§(U) = (\=2)U+K U-UK, .

So Ay = Xy, and T is scalar plus compact. Thus 6= 6K1+K2, whence
§=96 K+K +K, is inner.

Case 2. N contains an element N, of finite codimension, and

{NEN:N <Ny} ={0=Nyg<N; <.<N;<..} is a sequence of finite
dimensional subspaces with k\>/1N,, = Ng. Let Ay = P(N,)—P(N,_,) for

k>1 be the atoms of N. Then T = Y M\A+Ts where

E>1
Too= P(NJLtTP(No)t is compact. It will be shown that lim\, = A,
exists. For otherwise, there is an ¢ > 0 and a sequence k; < ky <... such
that |>"‘i_>"‘i+1 |>e¢ Let e be a unit vector in Ak‘,)(. Then
S= Y ¢ ® el belongs to T (N). So
i>1
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§r(S)= 33 (>\k,-—>\k,- +l)€-' ® e

i>1

This is not compact, contrary to hypothesis. So lim\; must exist. Hence
K| = T-X,J] is compact, and § = 6K+K is inner.

Case 8. N contains an N, of finite dimension, and
{N c N:N > Noo = {...Nk <.Z N1 < NQ = ){}

is a decreasing sequence of subspaces of finite codimension with
A Ny = N, Then §_. is a derivation of T(NL) into K, so T* is scalar
E>1 T

plus compact by case 2. Hence so is T, and thus é is inner.

Case 4. N is a finite nest consisting only of subspaces of finite
dimension or codimension. Thus N has one atom A such that AL is finite
rank. So T = MA+AL1TAL and hence T—AI is compact. Again, § is
inner.

It is readily verified that these four cases are exhaustive. n
18.13 Corollary. The essential commutant of Q T (N) is CI+K.

A linear map T between Banach spaces X and Y is called weakly
compact if Tbl(X ) is weakly compact. This notion coincides with bounded-
ness when X is reflexive. Now we classify those derivations of T (N)
which are compact or weakly compact.

19.14 Theorem. Let § = 6y be a derivation of B (X) and let N be a
nest. The following are equivalent:

i) & 18 weakly compact,

i) & |T(N) is weakly compact,

ili) Ran(6) is contained in K,

iv)  Ran (6 | T (N)) is contained in K,
v) &6 = 6y for some K in K.

Proof. Clearly i) implies ii). Now & maps K into itself. Let
6o=26|KN T(N) belong to B(KN T(N),K). By Theorem 16.7,
(KN T(N))*= T(N) and by Theorem 1.15, K*= B (¥). A simple
computation using the weak™ continuity of § shows that § [T (N) = 65
The image of the unit ball By = éob;(K N T (N)) is closed and convex,
hence K*-weakly closed in K. Now B is a subset of B = 6b,(T (N))
which is B (¥ )-weakly compact. The K*topology (or weak* topology) on
B 1s a weaker Hausdorff topology, and thus must agree with the B (X )*
topology in B. So B is K* compact and thus so is B,. But the unit ball of
any Banach space is weak® dense in the ball of its second dual (Goldstine’s
Theorem). Hence By is K* dense in B, whence B = B, is contained in K.
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This proves ii) implies iv). By Theorem 19.12, iv) implies v). Clearly, v)
implies iii), and iii) implies iv).

Suppose 6§ = 6 and F is finite rank; say F = PFP where P is a fin-
ite  rank  projection. Then  6by(B (X)) is  contained in
IF(6(PB (M ))+by(B (X)P)). Now B (X)P is contained in K, so the
B (X)* and K* topologies coincide. Clearly by(B (X )P) is weak* compact.
Likewise b;(PB () )) is weakly compact, so 6  is weakly compact. Now if
K is a compact operator, choose finite rank operators F, converging to K.
Then 6y is the limit of § F, and hence is weakly compact. This esta-

blished v) implies 1). =

19.15 Theorem. Let N be a nest. Let N; (and N,) be the sup (inf) of
all finite (cofinite) dimhensional elements of N. Let § = 6y be a deriva-
tion of T (N) onto B (X). The following are equivalent:

i) 6 is compact,

ii) & = 6x where K = P(N;)KP(N,)* is compact,

iii) & 4s the limit of finite rank derivations of T (N) into T (N) N K.

Proof. Assume i) holds. Then & is weakly compact by Theorem 19.14,
and hence § = 6y for some compact operator K. Let N be an infinite
dimensional element of N. If P(N)LK # 0, choose a unit vector y in NL
such that K"y is not a multiple of y. Let @ be the orthogonal projection
onto Cy. For every unit vector  in N, ¢ & y* belongs to by(T (N)) by
Proposition 2.8. Now

S(z @ IR = (Kz @ y™—2 ® (K'y)NQ+
= -z ® (LK)

Since @--K*y # 0, and N has infinite dimension, 6 1 (by(T {N)) is not com-
pact. So i) implies that P(N_)1K = 0 or K = P(NN_)K. The infimum of
all infinite dimensional elements of N is clearly N, if dim N; = coor N e
otherwise. In either case, Inf{N_:dim N = co,N € N} = N;. So
K = P(N;)K. Either by considering §* on T{N-1) or by essentially repeat-
ing the argument above, one obtains K = P(N;)KP(N,)L. This shows i)
implies ii).

There are finite dimensional elements IV} in N such that P(/N;) con-
verges strong* to P(N;). Similarly, there are cofinite elements M, with
P(M;) converging strong* to P(N,). By Proposition 1.18,
Fy, = P(N)KP(M,)+ converges in norm to K. For Tin T (W)

8 g, (T) = P(Ny)KP(M, ) T—TP(N;)KP(M;)+
= P(N})6 5 (T)P(M;)+ .

b
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This has range in the finite dimensional space P(IN;)B (X )P(M;)t, which
is contained in T(N)N K. Asé F, converge to § g, ii) implies iii). Finally,
iii) implies i) trivially. L

Next, we will show that a sequence of derivations converging point-
wise in fact converges in the norm. This result is akin to the well-known
result that a sequence in £, which converges weakly must converge in
norm. Indeed, our first lemma is a strengthening of this fact. (A proof
using it is sketched in Exercise 19.3).

19.16 Phillip’s Lemma. Let ¢, be a sequence in £ %, which converges to

o0

0 in the weak* topology. Then ||¢, lc,|| = Y, |#,.(ex) | converges to zero.
k=1

( ek is the standard basis for cq ).

Proof. Suppose that limsup||d, |co| > € >0. Now lLim ¢,(e;) = 0 for
n -—00

every k > 1. Iteratively choose increasing sequences of integers
0 <N;<Np<.. and 0 <ny <ny<..such that ||4, |col| > ¢ and
N
D1 1bne) [+ 3 Ign(e) 1 <e/a . *)
i=1 i>N,
IOvnce Ny,....Ng and n,,..n; are defined, choose n,,, so large that
k
3 |¢nk+l(e,-) | <e/4 and ”¢”k+1 [eo]] > €. Now choose N, large enough

=1
that (*) holds. Let B, denote the interval {i :N,_; < ¢ < N.}.
If b is a subset of N let

¢ IZ]| = sup{|é(z) |:z €€ ||| < 1,supp(z) < £}. The next step is to
produce a subsequence ky,k,,... so that

16m, UBJI < /4 .
Pogee
Take k; = 1. Split IV\{1} into disjoint infinite sets A;,A,,... and let
;= .LEJA Bj. At most M = [4]|4, |le7'] of these have |[¢, |Z;|| > /4.
JE8
To see this, choose z; with support I, ||z;|| = 1, and ¢, (z;) > € /4 for ¢
in a set [ of cardinality at least M+1. Let z = Y, ;. Then ||z]|| = 1 and
iel
On (@) = Edy () > (M+1)e /2> |4 | -
So one obtains infinite subsets A and £ = | J B; so that |[¢, 2] <e/4.
2

j
Consider the subsequence k; U A. Pick k, in A and proceed as above to
obtain an infinite subset A, of A and ¥, = U B; so that
j €A,
|6n, 1Be, U Zo|| <e/4. Proceeding iteratively, one obtains the desired
2
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subsequence. For convenience, let us relabel this subsequence as ¢,,4,...
and corresponding sets By,Bs,....

From [|¢; |¢o|| > € and (*), one has ||¢; | B;|| > 3¢ /4. Choose z; on
£, with supp(z;) contained in B;, ||z;]| =1, and ¢;(z;) > 3¢/4. Let
z = s— Y, #;. Then supp(}] ;) is contained in £; = (U B; and hence

i>1 P gi

$i(z) > di(zi)—16:(D5=,) |

goki
> 3e/4—||¢; |Zi]| > /2 .
This contradicts the fact that lim¢;(z) = 0. So the lemma must be valid.m
19.17 Lemma. Let 6, be a sequence of derivations from a von Neu-
mann algebra A into B (M) such that lim 6§,(A) =0 for all A in A. If
P and @ are mutually orthogonal proyb'::;;';:ts in the centre Z(A), then
limsup||3, |(P+Q)A|| = max{limsup||5,, |PA| Jimsup||5, |Q 4]} .

Proof. For all A in 4,
6,(PA) = 6,(PPAP) = §,(P)PA+P$ ,(PA)P+PAS ,(P) .

Since lim||6,(P)|| = 0, one obtains lim||§,(PA)~P$,(PA)P| =0 uni-
formly for |[|A|| < 1. Similarly, this holds for Q. Since

|PAP+QBQ || = max{|| PAP|||| BRI} ,
one obtains for ||A|] < 1,

limsup |6, (P+Q)A)|| = limsup||5.,(PA)+5.,(QA)]
= limsup | P8, (PA)P+Q5,,(Q4)Q |
= limsupmax {|| P8 ,(PA)P]|,| Q5 ,(Q4)Q [l
= limsup max {||6,,(PA)|[,|| 6., (QA)|[}
< max {limsup||§, |PA||limsup||§, |QA]|]} .
The reverse inequality is immediate. L
19.18 Theorem. Let A be an abelian von Neumann algebra, and sup-

pose &, is a sequence of derivations converging pointwise to zero. Then
lim |8, || = 0.
n —roo

Proof. By the Uniform Boundedness Principle, sup||§, || < co. So we will
suppose that ||6,| < 1. Assume that limsupl|6,]|| >e>0. . We wil
choose a sequence n; < ny<.. and pairwise orthogonal projections
Py,Py,... in A so that ||, ()|l > €/8. Assume P;,...,P; have been chosen,
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k
and let Q= (3 P)l. Furthermore, we also assume that

i=1
lim sup|jé, |Q,A|| >¢. Then choose ng,; > n; large enough so that
n —+00

195, 1QcAll > € and ||, (
of projections in ;A are norm dense in the positive cone, there is a pro-
jection P <@y so that |6,  (P)||>e¢/4. Thus ||6, (Qs—P)|| > e€/8.

By Lemma 19.17, either limsup||§, |[PA]| > ¢ or
limsup|{é, [(Q;—P)A|| > e. Take Py, to be the other projection, (Qx—P)
or P respectively. Then

161, (Pes)ll > ¢/8 and ”1i_r+n°°sup||a,, | Qe Al > € .

@+)|| < €/8. Since the convex combinations

The sequences n; and P, are now produced inductively.

Now choose norm one linear functionals f, on B (X) so that

fe(8,,(F3)) > €/8. Define ¢ in £5, by
(&) = [0 (332uP)) -
n==1

Then |||l < || fill [|84,]l 1. For each z in £,and A = Y=, P,

n=1
Tim $y(z) = lim £,(6,,(4) =0 .

So ¢, converge weak® to 0. By Phillip’s Lemma 19.16, [|¢; |co|| tends to
0. But ¢4(e;) = fi(6,,(F4)) > €/8. This contraction establishes the

theorem. ]

19.19 Lemma. Let §, be a sequence of derivations on B (N ), where )
1s a Hilbert space of finite or infinite dimension, which converges point-
wise to zero. Then lim ||6, ] = 0.

n =0

Proof. By Theorem 10.8, §, = éx for X, in B (). Fix a unit vector e,
and add a scalar multiple of the identity to X, so that (X, eqeq) = 0. For
every vector z in X,

[Xaz ® egleq = X, z(eqe0)—z(Xegeq) = X,z

This converges to zero. Likewise, e5[X, 60 ® z*] = —(X*z)* converges to
zero. Thus X, converges to 0 in the *strong topology. If X is finite
dimensional, X, converges to 0 in norm. So we will suppose that ¥ is
infinite dimensional.

Suppose that limsup||X, || = ¢ > 0. One can choose a subsequence
n; < ny <. and an orthonormal set eg,e;,€s,... s0 that || X, e;|| > ¢/2 and

| Xa,ex—1ll < €/4. To see this, suppose eq,...,€k, 7y,...,n4 are chosen. Take
N so large that
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X, lspan{eg,...ex}|| < €/4 for n > N .
Then  choose ng >N so |IN, ||>3¢/4 and note that
| X, [span {eq,....ex}+|| > €/2. Choose e;,, appropriately, and proceed
00
iteratively. Now set A = Y e, ® ef_;. Then
k=1
”‘th(A)ek—IH = “XnkAek—l—AXnkek—IH

2 ”Xnkek”_”Xnkek—IH > 6/4 .
This contradicts lim||§,,(A)[| = 0. So lim|| X, || = 0 follows. L

19.20 Theorem. Let A be a von Neumann algebra with abelian com-
mutant. Let §, be a sequence of derivations into B (M) converging
pointwise to zero. Then lim ||§,]| = 0.

n —+00

Proof. By Theorem 19.8, the restriction 8', of §, to A’ converges to zero
in norm. By Theorem 1038, §/, = 6X,. where by Theorem 9.6,
dist(X,,A") <||8',]]. So it may be supposed that || X, || tends to zero.
Replace 6, by 6, =6,-96 X, and now one has a sequence of derivation

converging pointwise to zero such that 3.,, |[A!'=0. So if A belongs to A
and B to A', then

BG,(A) = 8,(BA) = 5,(AB) = 5,(A)B .

Thus 3,, maps A into itself. If P and @ are mutually orthogonal projec-
tions in A’ and A = AP and B = BQ are norm one elments of A, then

§,(A+B) = P5,(A)P+Q5,(B)Q .
So [|6, [(P+@)4|| = max{]|5, [PAI|,[I6, |QA]|}.

If limsup||, || > 0, drop to a subsequence and normalize so that the
sequence, say §,, satisfies [[6,]| = 1. It still converges pointwise to 0, and
vanishes on A'. Let £ be a maximal chain of projections in A’ such that
limsup||6, |EA|| =1, and let E, = inf{E:E € €}. If E, belongs to ¢,
then Ej is not an atom of A’ for then EyA = B(E,) contradicting Lemma
19.18. So Ey = E+FE, where F; and E; are non-zero projections in A.
But then

1= lim sup||é, |EoA||
n —oo
= lim supmax{||6, |E;A||} = max{lim sup(|é, |E; 4|} .
n —00 =12 i=1,2 n —o0

So either E; or F, belongs to ¢, contradicting maximality. Thus Ej is not
in & For E in & |8, |EA|| = max{||6, |EEL A]|,]|8, |Eo4]]}. Since
limsup||6, |EgA|| <1, it follows that limsup|/é, |[EEG-A]| = 1. Let
& = {EEq :E € &} and note that inf{E:E € &} = 0.
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By Theorem 10.3, §, is weak*® continuous. So if F' belongs to &,
then sup 16, (F—E)A|| = ||6, |FA]. Choose a  subsequence
0

n; <ny<.. and projections FEz>FE;>. in & so that
1164, [(E;-—E;)A|| > %. To achieve this, suppose ny,..,n; and Ej,...E,
are defined. Choose n;,, > n; so that ”6"1:+1 |ExA]| > %. Then by the
sentence  above, one can choose FE,,; in & so that

||6,,k+1 [(Ex—Ey41)A|| > %. Let Ay = Ay(E;_—FE) be norm one elements
of A so that ||6, (A;)|| >%. Let A =s—3Y; A;. Then A belongs to 4,
and t=

18, (AN 2 160 (ANEe—i—E)l = [|16,,(A:)l| > %
contradicting pointwise convergence. Hence nli_LgJ[&,, || = 0 follows. -

19.21 Theorem. Let N be a nest, and let §, be a sequence of deriva-
tions of T (N) onto B (M) which converge pointwise to 0. Then
lim||6, ]| = 0.

Proof. The restriction §', of§, to N' converge to 0 in norm by Theorem
19.20. By Theorems 10.8 and 9.6, §', = 6x with ||, || <||6%]]. So

5, = 5,,-——6)_& a,lso_ converges to 0 pointwise, and ;5-,, |N' = 0. By Proposi-
tion 19.11, §, = &y and thus Y, belongs to N”. If limsup||é, || > € >0,
drop to a subsequence labelled §, = §y so that [|6,]] > € for all n > 1.
So dist (Y, £I) > € /2.

If N has atoms, fix one atom A, = P(N;)—P(Ny). Without loss of
generality, it may be assumed that Y, Ay = 0. If ¢ is a unit vector in N,
and e = Ageg, then T = e @ e belongs to T (N). So

0= lim |8,(T)e, || = lim|[Yael -
n —+00 n —00

Similarly, one obtains lim ||Y,e|| = lim ||Y}e|| =0 for ¢ in Ng-. So Y,
n —oo n -—oc0
tends strongly to 0, and in particular lim ||Y, A|| = 0 for every atom A.
n —+o0

Let E be the sum of all atoms and suppose that limsup||Y,E|| > n > 0.
As in Lemma 19.19, find a subsequence n; < ny <... and distinct atoms A
so that ||Y, A¢|l > 7 and ||Y, Aei]] < #/2. Pick unit vectors e, in AgX,

and let Tk = €op—1 ® 65/, if A2k—-1 < A‘Zk or Tk = €op ® 65],_1 if
(o]

Agp € Agp_y. Set T = Y,T,. A computation shows that
E=1

08 n (D 2 [1(Aze—1+Agk )8 (T = 16, (TW)I| > 1/2 .

This contradiction establishes lim ||Y, E|] = 0.
n =+
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If N is not atomic yet has an atom, it follows that Y, E-L tends
strongly to 0 but ||Y,E-L|| >¢/2. So it can and will be assumed that
Y,ELl is not bounded below by €/4. On the other hand, if N is nona-
tomic, Y, can be assumed to be non-invertible and ||Y, EL|| > ¢/2. For
each n, choose non-zero projections E, and F, in MELl so that
|Y.E, || < ¢/4 and Y, F, is bounded below by € /2 on F,. One can choose
N, in N so that either E,P(N,)# 0 and F,P(N,)1#0 or
E,P(N,)L # 0 and F,P(N,) 0. Without loss of generality, the first
case occurs infinitely often and by dropping to a subsequence, it occurs
always. Let p be a continuous scalar valued measure absolutely continu-
ous to NE-L, and let #(S) denote the p-measure of the corresponding Borel
set S. Choose mnon-zero projections E', and F', in N" so that (i)
B', < B,P(N,), Fy < F,P(N, Y, (i) u(E') = oy, #(F,) = f,, and (i)
o <o,/3 and B,,,<B,/3. Then E", =E, (Y E%)L and

k>n
F'", = F'\. (Y F',) are non-zero, and {E",} and {F",} are pairwise

k>n
orthogonal projections. Pick unit vectors e, = E” e, and f, = F", f,.
o0

Then Y e, & f, belongs to T (N). So

n=1
[18a(D)I 2 NI E"w8a(DIF"s || = |Ynen @ fa—ew @ (Yafa)l
2 1Y full=l1Yaenll = IYa full=lYaen |l
>e/2—e/4=¢€/4 .
This contradiction implies that lim||Y,EL|| = 0, and hence
lim||Y, || = o. T n

Appendix: K; of a Nest Algebra.

K theory is a generalized homology theory for Banach algebras
which extends the corresponding notions from algebraic topology. Its main
significance has been its use as an isomorphism invariant to distinguish cer-
tain C*-algebras. (E.g. AF C*algebras and irrational rotation algebras.)
The interested reader can consult Taylor [1] for a nice introduction to K
theory of Banach algebras, and Blackadar [1] for a full treatment of K
theory for C*-algebras and many references. The computation of K of a
nest algebra, which we present here, is due to Pitts [2].

Let A be a unital Banach algebra, and let M, (#A) denote the algebra
of n X n matrices with coefficients in A. Let P,(A) denote the set of all
idempotents in M,(A). For n < m, imbed P,(A) into P,,(A) by sending
an idempotent £ to E P O,,_, where O,,_, is the zero matrix in
Mpu—n(4). An equivalence relation ~ is put on [ J F,(A) by setting

n>1
E ~ F if there are integers r, s and n such that E @ O, and F @ O, are
similar in M,(A). Let S (A) denote the set of equivalence classes. The

equivalence class of E will be denoted by [E]. An addition is defined on
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S(A) by
E1+[F) = (B @ F] |

This is easily seen to be well defined, and makes S (A) into an abelian
monoid with [0] as a neutral element.

K(A) is the abelian group obtained from § (A) by introducing for-
mal inverses and the cancellation law. Formally, this is done by consider-
ing all pairs (ab), (cd), ete. iIn S(A)X S(A). Define
(a,b)+(c,d) = (a+c,b+d). Then introduce an equivalence relation
(a,b) = (c,d) if there is an element e in S (A) such that a+d+e = b+c+e.
It is routine to verify that the set of equivalence classes {a,b} forms an
abelian group, called K(A). For example, {b,a} is the inverse of {a,b}. If
S (A) satisfies cancellation, meaning that a+e¢ = b+e implies @ = b, then
the map taking a to {a,0} is an injective homomorphism of $(A) into
K(A). Otherwise, this does not hold.

If ¢ is a continuous homomorphism of a unital Banach algebra A

onto another unital algebra B, then ¢ induces a natural homomorphism
¢™) of M,(4) into M,(B). This determines a map of U FPu(A) into

n2>1
U Pu(B). If E and F are similar in M,(4) via S, then "*)(E) is similar

n>1
to ¢")(F) via $*)(S). Therefore, ¢ induces a homomorphism of § (A) into
S (B). This uniquely determines a homomorphism ¢, of K(4) into K(B).
Suppose ¥ is a homomorphism of B into C. It is routine to verify that
Y9, = (¥¢),. In particular, if ¢ is an isomorphism then (7). = (6.7 so
¢, is a isomorphism.

The first lemma shows that algebras which are “infinite” have trivial
K-theory because of cancellation.

18.22 Lemma. Let A be a unital, weak* closed subalgebra of B ().
Then Ko(A Q B (})) = 0.

Proof. First note that M, (A ® B (X)) = A® B (). So it suffices to
show that every idempotent E in A ® B (¥) has [E]=[0]. Now
AQBH)=AQB (U)Q B (), and the latter algebra can be thought
of as infinite matrices with coefficients in A @ B (¥ ). In particular, the
diagonal matrix E(® belongs to this algebra. We exhibit it in A ® B (X)
explicitly as follows. Let W,, n > 1, be a sequence of isometries in B (X)
with pairwise orthogonal ranges such that Y, W, W, = I in the strong
. n>1
operator topology. Then W, = I ® W, are isometries in A Q B (M) with
the same property. Let
F= Y W,EW .
n>1

This converges SOT and thus is an idempotent in A & B (M) unitarily
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equivalent to E(*9.

Let S denote the shift operator taking the n-th “copy’ of E to the
(n+1)st for all n > 1. Precisely, S = Y, W, .,W,. Note that

n>1
F-SFS*= Y\ W,EW;— Y W,EW? = W,EW}
n>1 n>2

Also let ffl and ‘72 be isometries of B (X) with 171171*-4—{/2{/5 =J]. Set
V; = I @ V;, which are isometries in A @ B (X) with the same property.

0 0V}
Note that [W; S 0| is a unitary operator in MyA ® B (¥)). More-
0 0V;
over,
0 0 Vi||E 0o0f|0 Wi O 0 0 0
w: S oo Follo s of=|0 wEW+sEs* o
0 OVE 0 00|V, O V, 0 0 0
000
=10 F 0

000

It follows that [E|+[F]+[0] = [F]+[0]. Hence [E] = [0]. But E is arbi-
trary, so Ko(A @ B (X)) = 0. [

19.23 Corollary. Let N be a continuous nest. Then K(T (N)) = 0.

Proof. By Theorem 13.10, every continuous nest is similar to a nest of
uniform infinite multiplicity (see Example 13.11). Let Ny= N & I be the
infinite ampliation of N, and let S be an invertible operator implementing
a similarity. Then T (N) is similar to T(Ny) = T(N) ® B (X). Thus by
Lemma 19.22, K(T (N)) = 0.

Let Ny be a nest, and let A be the unique expectation onto the
atomic part D,(Np) of the diagonal. Let S be any invertible operator, let
My = SNy, and let A; be the corresponding expectation onto D,(N;). Let
Py = A(I) and P, = A((I). Since 05 preserves dimension, one can choose
a partial isometry W which carries each atom A onto 0 s(A) such that

W*W=P0andWW*=P1.

19.24 Lemma. Let Ny, N;, S and W be given above. Let E be any
idempotent in  T(N) such that E = EP,= P,E. Then
[E] = [ST'WEW*S).
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Proof. Note that W*S and S™'W belong to T(N). A simple computa-
tion shows that

Sw STNI-P)S w*s Py—I
Pe—I  W*S and SI-P)S S™'W

are inverses in My(T (N)). Furthermore,

S7w SWI-P)S| |E © W*S Py STIWEW*S 0
P—I w*s 0 0| [s7Y(I-P)S S™'W| ™ 0 0
Thus [E] = [ST'WEW*S] as claimed. n

19.25 Theorem. Let N be a nest on a separable Hilbert space. Let
D;(N) denote the atomic part of the diagonal algebra corresponding to
finite rank atoms; and let A; be the unique expectation onto D,(N).
Then A v 15 an isomorphism of Ko T (N)) onto K(D(N)).

Proof. Let ¢ be the injection of D;(N). Then A; o ¢ = id, and hence
Af* [¢) i* = idKO(Df(”)) .

It will be shown that 7, o A s = tdg ST () To do this, it suffices to show

that [E] [AyE)] n K (T (N)) for all idempotents £ in M,(T (N))
Since M, (T (N)) = MO and A{") is the diagonal expectation in
T (M®) ) 1t suffices to verlfy thlS for n = 1.

Let E be any idempotent in T (N). Let X be any invertible opera-
tor such that SES™ = F = F*is a projection. For example,

= (E*E+(I-E){I-E))*

will suffice. Let N; = SN, and let A and A, be the expectations onto the
atomic part of the diagonal (including infinite rank atoms). Since Ad S is
an isomorphism of T (N) onto T(N,), 05 = (Ad S), is an isomorphism on
the K, groups. The projection F is self-adjoint and thus
F = A((F)+(F—A(F)) splits into its atomic and nonatomic part. The res-
triction Nf of N to PiL X is a continuous nest, and F—A(F) = P{F identi-
fied with the restriction F, of F to PiXN. By Corollary 19.23,
Ko(T(N{)) = 0 and thus [F,] = 0 in Ky(T(N{)). Let 5 be the injection of

T(N]) onto T(N;). Then it is easy to see that 0 = 7,[F,] = [PiLF] in
K(T(N;)). Hence

os([E]) = [F] = [A(F)] .
Let W be a partial isometry as in Lemma 19.23 which carries the
atoms of N onto the atoms of N;. By that lemma,
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os[A(F)] = os[STWA(EW*S] = WAEWY] .

The idempotent WA(E)W* belongs to D,(N;). Moreover, it is similar in
D,(Ny) to F. To see this, let T = A,(SW*) and note that A (WS™) is its
inverse in D,(N;). Then

TWAEWT = A(SWHA(WA(EW*A (WS
= ASA(E)S™Y) = A(SES™) = A(F) .

To verify the last line, check it on each atom. The computation is identi-
cal to the proof of Lemma 17.16.

Consequently, og([A(E)]) = o5([E]). Since og is an isomorphism,
[A(E)] = [E]. The part of D, corresponding to infinite atoms has trivial
Ky by Lemma 19.22. So it follows that [E] = [A/(E)]. This completes the
proof. |

19.26 Corollary. Let N be a nest on a separable space. Let A; denote
the set of finite rank atoms of N. Then KT (N)) ¢s isomorphic to

{9:A; — Z: sup dotA)| < oo}

A€A; dim A
+f Ay is nonempty, and 0 otherwise.

The proof is left as Exercise 19.7. Note that if there are n finite
atoms, then K(T (N))= Z". Also if there are countably many atoms
and the dimensions of the atoms are bounded above, then KT (X)) is all
bounded sequences of integers. In general, the sequence is bounded by
(Cdim A:A € A;) for some constant C.

Notes and Remarks.

Theorem 19.1 and Corollary 19.2 are due to Christensen [2], as is
Lemma 19.4 and Theorem 19.7. Theorem 19.10 is due to Wagner [2].
Proposition 19.11 is again due to Christensen. Theorem 19.12 is in
Christensen and Peligrad [1]. Theorem 19.14 is a combination of Peligrad
[1] and a special case of a theorem of Akemann and Wright [1]. Theorem
19.15 is also due to Peligrad. Lemma 19.16 is due to R. Phillips [1].
Theorems 19.18 and 19.20 are due to Akemann and Johnson [1]. Theorem
19.21 is due to Johansen [1].

We now present a brief outline of cohomology. There is an extensive
literature about cohomology of Banach algebras and C*algebras. In par-
ticular, see Johnson (2] and Ringrose [7].

Let A be a Banach algebra and let M be a Banach A bimodule. The
space O"(A,M) of n-cochains is the space of all bounded n-linear maps of
A®) into M. By convention, C%A,M) = M. A coboundary operator 8, is
defined from C"(A,M) into C"*(A,M) by
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(an¢)(A0))An) = A0¢(A1:'"7A~n)

+ E (_1)j¢(A0)-";AJ'—Q)AJ'—IAj:Aj+1,'--7A1L)

J=1

+ (1" H(Ag,.. Au))A,

The 8, map on C%A,M) is given for M in M by the inner derivation
OM(A) = AM—MA. By convention, we use O instead of 8, since n is
usually clear in context. A routine but tedious computation shows that
8% =10. For n > 1, the space Z"(A,M) of n-cocyles is the kernel of d,.
The space B"(A,M) of n-coboundaries is the image of 9,_;. Since
8% = 0, it follows that B"(A,M) is a subspace of Z"(A,M). The nth coho-
mology space of A with coefficients in M is

H(A,M) = Z*(A,M) /B"(4,M) .

When A is a dual space, one naturally considers dual normal bimo-
dules M and restricts attention to bounded multilinear maps which are
also weak*-weak* continuous. In this way, one obtains the cohomology
spaces Hy(A,M). An algebra A is called amenable if H*(A,M) = 0 for
every dual normal bimodule M.

Consider n = 1. If ¢ belongs to Z'(A,M), then ¢ is a linear map of
A into M such that

0 = 8¢(A,B) = A$(B)—$(AB)+4(A)B .

This is precisely the condition that ¢ can be derivation. The coboundaries
are precisely the inner derivations. So H(A,M) = 0 is a reformulation of
the statement that every derivation of A into M is inner.

We now state some of the important results for C*-algebras and von
Neumann algebras. The first three are taken from Johnson, Kadison and
Ringrose [1].

Theorem. Let A be a C*-algebra, and let M be an A" dual normal bimo-
dule. Then

H"(A,M) = Hy(A,M) = H*(A",M) = HL(A" M) .

Theorem. FEvery AF wvon Neumann algebra A is amenable. ( i.e.
H"(A,M) = 0 for all n > 1 and every dual normal bimodule M. )

Corollary. Every type I von Neumann algebra is amenable.

The celebrated derivation theorem of Kadison [1] and Sakai [2] can
be reformulated as:
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Theorem. For every von Neumann algebra A, H'(A,4) = 0. ( i.e. Every
derivation of A into itself is inner. )

The main result for nest algebras is due to Lance [2].

Theorem. Let N be a nest, and let M be a weak* closed unital subspace
of B (X) which is a T (N) bimodule. Then H"(T (N),M) =0 for all
n>1.

This theorem was used to prove the perturbation result Corollary
18.5. The idea was to prove it first for finite subnests. Then if A and M
- are close nests, a limit procedure produces an invertible linear map of
T (N)onto T (M) close to the identity map. The trivial cohomology

0=HY(T(N),B (X)) =HXT(X),8 (X))
= H(T (N), T (N)) = H(T (N),T (X))

is required to apply two perturbation results of Raeburn and Taylor [1] to
modify this map to produce an invertible S near I so that Ad S takes
T(N)onto T(M).

Exercises.

19.1 Let a;, t > 0 be a norm continuous semigroup of automorphisms of
a Banach algebra A. For t >0, define elements of B(A) by
6, = t™(ay—ag) and g, = ¢t 7! [ {a, du.
(a) Prove that 6,u, = p,6, for s,t >0. Hence deduce that
= linhé ; exists.
t—

(b) Prove that 6 is a derivation, and o, = €*® for ¢ > 0.

19.2 (Christensen) A weak* closed algebra A has the automorphism
tmplementation property AIP(r,s) for r,s >0 if every automor-
phism o in Aut A such that ||a—id || < r is of the form o = Ad A for
some A in A with ||A—I|| < s||la—id||. Show that every derivation
of such an algebra is inner.

19.3 An alternate proof of Phillip’s lemma: Let P be the projection of £%,
onto £, given by P¢ = ¢ [co. Show that if ¢, is a sequence in £
converging weak* to 0, then P¢, converges weakly to 0 in £,.
Hence deduce that lim [|P¢, || = 0.

7l —Co

19.4 Extend Theorem 19.20 to all type I von Neumann algebras.
19.5 Show that the only compact derivation on B (X ) is zero.



19.6 (a)

(b)
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Let A, and Az be the algebras of Exercise 17.5. Show that
these algebras have derivations which are not inner. Compute

HY(A,4).

Let A, be the algebra of Exercise 17.5 (c). Show that &,
defines a continuous derivation which is not inner.

19.7 Consider the von Neumann algebra D = Y, @ M,,k.

(a)

(b)

(c)
(d)

E>1
Show that if E is an idempotent in M, (D), then

E= ), ®E, where E, is an idempotent in
E>1
Mu(M,, ) = M, Hence ni rank Ej is bounded.

Let F be another idempotent in M,,(P) such that
rank Fy, = rank E} for all k. Show that F is similar to E in
M, (D).

Hence deduce that § (P) is isomorphic to {g:IN — IN; such
that sup n;lg(k) < oo}.

Compute K (D). Hence prove Corollary 19.27.






20. Representation and Dilation Theory

The purpose of this chapter is to analyze the structure of contractive
representations of nest algebras. This generalizes the classical dilation
theory for contractions of Sz. Nagy-Foias and Ando. For motivation, we
develop this briefly first. The key tool is the notion of completely positive
maps and the dilation theory due to Arveson. This will be developed in
the second part of this chapter. Then we develop the nest algebra theory.

21.A Dilation Theory for Single Operators.

Given an operator A on a Hilbert space ¥, we say that an operator
T on a Hilbert space K containing ¥ is a dilation of A provided
A" = PJ)T" |} for all n > 0. When A is a contraction, we consider, in
particular, unitary dilations of A.

20.1 Theorem. Let A be a contraction on a Hilbert space . Then A
has a unitary dilation U on a Hilbert space K. Moreover, if U is
[o0]

minimal in the sense that K= \/ U"J, then U is unique (up to uni-

n=—00
tary equivalence fizing X ).
Proof. For any contraction 7T, let Dy= (I-T*T)%. Form
K= 2 @ N, where each X, = ). Define a unitary from X_; @ ¥, to

n =—0c0
D, A
HoD Hy by | A* D, | Extend this to a unitary U on K by setting U to

be the shift of X, onto X, for n # 0,~1 given by
UE @h”=2 @hn—l' |
n#—1,0 n 0,1
It is clear that this is unitary. Moreover, the matrix of U is lower triangu-
lar with respect to the decomposn;lon of K with A as its (0,0) entry.
Hence the (0,0) entry of U” is A®. That is,
PXo)U™ |My = A" forall n >0 .
o0
This may not be minimal, but K, = \/ U™ My is the smallest reduc-

ing subspace for U containing ¥;. The restnctlon Uy = U |K, is a minimal
unitary dilation. Suppose that U, is another minimal unitary dilation on

289
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K,. Forn > m and =, y in H,
(Use Upy) = (U3 ™2,y) = (T"™a,g) = (U1 "zy) = (Ule,UTy) .
By taking conjugates, this follows for n < m as well. Hence
N N
W( Z ngn) = Z Ulz,
n=—N n=—N

is isometric from a dense subspace of K, to a dense subspace of K,, and
thus extends to a unitary (also denoted by W). Clearly, W |¥ = I and
WU, = U,W which establishes the desired equivalence. u

20.2 Corollary (von Neumann’s Inequality). Let A be a contraction
on a Hilbert space, and let p be a polynomsial. Then

(A < llplleo= Ste, lp(2) | .

Thus the contractive representations of the disc algebra are parametrized

by by(B (X))
Proof. Let U be a unitary dilation of A. Then
lp(A)| = |1PONp) X < Nlp@)] = lp lloo -

If ¢ is a contractive representation of the disc algebra, then A = ¢(z) is a
contraction. The inequality shows that every A in the unit ball of B (X)
leads to a contractive representation. u

The disc algebra A(D) is a unital subalgebra of C(T), the continuous
functions on the unit circle. A C(T) dilation of a representation p of A(D)
on X is a * representation 7 of C(T) on K and an isometry V imbedding X
in K such that

p(f)=Vn(f)V for all f in A(D) .

20.3 Corollary. Every contractive representation p of A(D) has a
C(T) dilation.

Proof. Let A = p(z) and let U be a unitary dilation of A on K. Define
7(f) = f(U) for f in C(T) by the functional calculus. Then the proper-
ties of the dilation imply that

p(p) = PO)p(U) | X = V*z(p)V for every polynomial p ,

where V' is the natural imbedding of X into K. By continuity, « is a C(T)
dilation of p. |
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Now, consider two commuting contractions, or equivalently, two
commuting representations of the disc algebra.

20.4 Ando’s Theorem. Let A, and Ay, be commuting contractions.
Then they have commuting unitary dilations on a Hilbert space K such
that

POOUUR | X = ATAD forall n,m >0 .

Proof. The main step is to dilate A; and A, to commuting isometries.

Let K= ), P M, where X, = ¥ and X is identified with ¥,. Let
n >0
D; = Dy, and define isometries V; on K by

Vid) @by =Ahg® D DOD Y, Dhyy .
n =0 n >3
Note that, although V| and V;, do not commute,
P)VIVY [Hy = ATAT forall nm >0 .
Also
ViVed) @hy = A1Asho®D AR BOD Dok HOD Y, Db,y
n =0 n>5
and
VaV1d) @hy = AjAho® DA RBODD heBOD Y, Bhyy
n =0 n25
However,
1D 1Ak [+ Dok P = | Agh P~ A; Ak |+ ]| Db |1
= || A |*~]| AAh |2
= || A1k |P=|| A2Ask |P+]| DR |?
= || D2AR|P+|| DR .
Hence there is a unitary W of X% onto itself such that
W(DAsh @ 0D Doh P 0)= DAk DOPH DR PO
for all A in X. Let W act on K by

WY, @hy=ho® 3 Whyy ® harso D Pagpss D hapys) -

n 20 k>0
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Then 171 = WVI and ‘72 = VIW" are isometries. Now VQVI = VoV, and

VivL)) @ by = WVVW'Y) @b,
=0 n2>0
= W(AAzho @ (D1Asho B 0 @ Dhy @ 0)

D D Wlhys® haps D hary © b))

E>1
= A1Asho @ W(D1Aho D OP Dho BO)D D, Db,y
n2>5
=V Y, Dh, .
n2>0

So ‘71 and ‘72 are the desired isometric dilations of A; and A,. In particu-
. A0
lar, they have the form V; = | =~ lon X D (K S X).

v ol |ro0o0
- o~ ~ K=
]__.VIV; VI * Al 0 on K @

* % 0%

Define T, =

K@ HP(KES A). This is unilt(Jary and dilaf,\;,es A;. Extend V, to an
isometry T, as follows. Set Ty, T "k, = ET{”(T;;IC,,). This is well

N n =0 n =0
defined since Y, T "k, = O implies
n =0
N - N - - N
DT (Vaka) = TIVL VY Vok, = TVVLIV Y Tk, = 0
. =0 n=0 n =0

N N
- Moreover, Y,Ti"%, = Ty¥Y, V¥ ™k, has the same norm as
=0 =0

-~ N
Tr¥,3 Vi ™k, and thus T, is isometric on this set. Extend Ty by con-
n=0

tinuity to an isometry on \loTl'"K = Ky @ K. Define T, |Kg P 0 to be

the identity. Then T} is an isometry on K @ K. Since Kg- @ 0 is invari-
ant for T} and 75, it is clear that they commute.

Now dilate 7} to U; = T{* on (K @ K)(™, and dilate T, to U, on
(K @ K)* as in Theorem 20.1:

00

Uy}, ©z,=) Dy P (D:,;x_1+T2:v0)
7 =—C0 n<0
D (DT2~’1’0—T5I—1) DY Dzasy -
n>1

By Fuglede’s Theorem, T, commutes with T3; and hence U; commutes
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x 0 0
with Uy. By construction, U; and U, have the form |+ A; 0] with
* ¥ %
respect to the decomposition
(LOKDKOKDHD(KSNB X & (KDK) .
n<0 ) n>1
From this, the identity P(X)UTUZ |} = ATAD for n,m > 0 is immediate ™

We remark that the lower triangular form of U; with respect to
some decomposition is a consequence of the theorem even if it is not in evi-
dence in the proof. To see this, note that one obtains a representation 7
of the bidisc algebra A(D?) by sending a polynomial p(z1,25) to p(U;,U).
This is contractive because U; are commuting unitaries. The compression
of this representation to X is still a representation. Hence X is semi-
invariant for # by Theorem 2.16. This argument also yields the generali-
zation of von Neumann’s inequality:

lp(AnA2) ]l < llplle

for commuting contractions A;, A, and polynomials p in A(D?). This ine-
quality fails for commuting triples.

20.5 Corollary (Sz. Nagy-Foias Lifting Theorem). Let A and X be
commuting contractions on M, and let U be a unitary dilation of A on K.
Then X has a dilation Y on K commuting with U such that ||Y|| = || X||
and

POOY'U™ [ ¥ = X"A™ forall n,m >0 .

Proof. Normalize X to have || X || = 1. Let

* 0 0 * 0 O
Uy=|[+ AO| and Uy = [+ X 0
* % * * %

be a commuting unitary dilation. The minimal unitary dilation U, of A is
equivalent to the restriction of Uy to Ko=(VUIH) D X P (\>/OUX)(),
n<0 n

and Uy & U, P U,. Since Uy commutes with U,, the compression Y, of

Ux to Ky commutes with U,. Moreover, because of the structure of Uy
*0 0

and Ky, it follows that Y has the form {* X 0{. The identity
ok *

POOYRUG |H = X*A™ for all n,m >0

is now immediate. In general, U = U, €D U, and the desired dilation can
be taken to by Y = Y, p 0. [
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20.B Completely Positive Maps.

Let B be a C*algebra. A closed subspace S of B is an operator sys-
tem if it contains the unit and is adjoint closed. For any closed subspace
A of B, let M,(A) denote the subspace of the C*-algebra M, (B) consisting
of all nXn matrices with coefficients in A. If § is an operator system,
then M, (S) also has an order structure from the order in M, (B). Suppose
that ¢ is a linear map of A into a C*algebra C. Define ¢, from M, (A)
into M,(C) by ¢™)([A;;]) = [6(A;;)]. The map ¢ is completely bounded if

Helle = nsuzplllfﬁ(")ll < oo .

In particular, ¢ is completely contractive if ||¢||, < 1. When A = Sis an
operator system, say that ¢ is completely positive if ) is positive for all
n > 1. The connection between these two notions is quite strong.

20.6 Lemma. Let ¢ be a completely positive map on an operator sys-
tem S. Then

ellee = I8l = lIe()I] -

Proof. Clearly, ||¢(1)]| < ||¢]l <|i¢lles- Let S = (S;;) belong to M,(S)
with || S]] < 1, and let X = ¢{*)(S). Note that the nXn identity matrix I,

I, S
belongs to M,($), and P = ¢)(I,) = $(1)". Since | . , | is positive,
n
on) L, S P X
O2n S ¢ S* In = * p
Thus
) P x| x
On S [X _”X”In] X* P _”‘X'”I'l
= X*PX + || X|]PP — 2| X|IX*X .
Hence 2IX|P<2XIPIP, o |IX| <[Pl =4 Thus
16™)]] = 16(1)]] for all n > 1. "

20.7 Lemma. Let A be a unital subspace of a C*-algebra B. Let ¢ be a
unital contraction from A into a C*algebra C. Let S= A+A* and
define ¢ on S by

$(A+B*) = $(A)+4(B)* forall A, Bin A .

Then % is a well defined positive map.
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Remark. It is easy to see, then, that 55 is the unique positive extension of
¢ to A+ A

Proof. To show that ¢ is well defined, it suffices to show that if A and
A* belong to A, then ¢(A*) = ¢(A)*. By considering Re A and Im A, it
suffices to consider A = A*. Let ¢(A) = X = U+iV where U and V are
self-adjoint. Now,

max{||V+eI |L|V=¢I|]} = [|[Vil+t .

Since ||A + tI|]? = ||A|[%+t%

(LAIP+E) 2 (A £ itD)|| = [|[U+i(V £ tD)[| 2 ||V 2 I -
Thus, ||V]|+¢ < (J|A|>+t%)* for all ¢ > 0. In the limit as ¢ increases, one
obtains || V]| = 0. Hence ¢(A) is self-adjoint, and ¢ is well defined.

In fact, ¢ is positive on AN A* For if A = A* is positive, let
U= ¢(A) and € = inf{\:\ €0(U)}. Fort > ||A],

t 2 |[A=tl|| > l$(A—tD)|| = |[U=tI|| = t—¢ .

Thus € > 0 and U is positive.

Now let S be a positive element of S. To show that ¢(S ) is positive,
it suffices to show that f(#(S)) >0 for every positive state f on C.
Clearly, F' = fo ¢ is a norm one linear functional on A with F(1) = 1. Let
F be any Hahn-Banach extension of F to all of B. The previous para-
graphs applied to F instead of ¢ shows that F is a state on B. In particu-
lar, it is positive. So for all A and B in A,

F(A+B*) = F(A)+F(B) = [(¢(A)+7(4(B))
= f($(A)+4(B)) = f($(A+BY) .
Thus, f((S)) = F(S) > 0 as desired. ]

20.8 Corollary. Assume the hypotheses of Lemma 20.7. Then ¢ is
completely contractive if and only if ¢ is completely positive.

Proof. If ¢ is completely positive, then ¢~5 is completely contractive by
Lemma 20.6. So ¢ is completely contractive. Conversely, if ¢(") s comn-
tractive, then since (S) = M, (A)+M,(A), it is easy to see that
") = (¢("))~ Thus zf)("Sl is positive by Lemma 20.7. So ¢ is completely
positive. u

Now we require a Hahn-Banach theorem for completely positive
maps. First, we do the matrix case.

20.9 Lemma. Let S be an operator system tn a C*-algebra B, and sup-
pose that ¢ is a completely positive map of S into M,,. Then there is a
completely positive map ¢ of B into M,, extending ¢.
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Proof. Let ey,....e, be the standard basis for ©". Let £ = ¢; D...D e, be
a given vector in €* P...o C". Define a linear functional ® on M,(S) by

o([S;,)) = (6™[S;,168)
This is the composition of two positive maps, and thus is positive. Let ¥
be any Hahn-Banach extension of ¢ to M,(B).

It is a well known result of Krein that ¥ is positive. To see this,
note first that ||®|| = |®([,)]. For if S = S* is self-adjoint, norm one,
then

<I)(_In) < CI)(S) < (I)(In) .

Thus |®(S)|< [®(J,) ] If S is an arbitrary norm one element, multiply
it by a_scalar X\ of modulus one so that ®(A\S)>0. Then since
®(S*) = ®(S5), one has

[2(S) | = [2(ReAS) | < |2(L) ] -
Thus || V|| = |¥(Z,)| as well. By Lemma 20.7 applied to ¥(I,)"'¥, one
sees that ¥ is positive.

Now define ¢ from B into M, as follows. Let E;; be the matrix
units for M, with respect to the standard basis. Then B ® ij Tepresepts
the nXn matrix with B in the (7,7) entry and O, ’s elsewhere. Set

WB) =3 D¥(BQ Ep)E;y
il gmsl
A routine computation shows that for S in §,
n n
WS) =3 D®(S ® E;j)E;;
i=1 j=1

n

=23 2i((S)esei)Eiy = 4(S) .

t=1 j=1
So 1 extends ¢.

We now verify that ¢ is completely positive. Let [B.,] be a positive
element of M,,(B). Let z = z; P...D z,, belong to C"™ =C" P...HT",
n

and write x, = Zx,n-e,-. Then
(#N([By.))e,z) = zzl(’/)(Bkl)“’lrzk)
tf)_ fz V(B ® Eij)ze;m4 = ¥((Cy])

m
where C;; = Y, 7 :z:kJ-B“. To prove that this is positive, it suffices to

k=1
show that C = [C};] is positive. Let y =y, @..Dy, be a vector in



Representations and Dilations 297

¢ =" @..0T". Then

(Cyy) = 33 (Coyyiwi) = 3 Y (Breme;95%m9:)

i,5=1 i,7=1 kL=l
= ([Bye]z,2) 2 0

n

where z = 2, ... 2, belongs to C*™, and z; = Y, zx;y;. So wm) is posi-
=1

tive for all m > 1, and the lemma follows. |

20.10 Arveson’s Extension Theorem. Let S be an operator system in
C*-algebra B, and suppose that ¢ is a completely positive map of S into
B (N ). Then ¢ has a completely positive extension v of B into B () ).

Proof. Fix an increasing sequence P, of projections of rank n with
supP, = I. Define ¢,(B) = P,¢(B)|P,}. This is a completely positive
map of S into B (P, ) which is * isomorphic to M,. So by Lemma 20.9,
¢, has a completely positive extension ¥, of B into B (F,)). Since
¥ lles = |9 (D]l = 1P ¢(1)P, || < |]$(1)]], this is a bounded sequence of
c.b. maps. It remains to take a limit point in some appropriate topology.

The topology we use is the pointwise weak* topology (PW*) on linear
maps of B into B (X ) given by pointwise weak* convergence. That is,
converges PW* to @ if

w*~1lim® (B) = ®(B) for all Bin B .

As in the proof of the Banach-Alaoglu theorem, the map taking the unit
ball of B (B,B (X)) into [] (b5 (B (¥)),w*) is a homeomorphism from
Bes

o

the PW* topology to a closed subset of a compact Hausdorff space. Hence
the unit ball is PW* compact.

It will be shown that the set of completely positive maps is PW*
closed. To this end, suppose that @, are completely positive and & is the
PW*limit of ®,. Let [B;;] be a positive element of M,(B). Then

®™)([B]) = wlim®¢)((B;,)) >0

since the positive operators are weak* closed. Hence the c.p. maps of
norm at most ||¢(1)]| forms a compact set in the PW* topology.

Let 4 be any PW” cluster point of the sequence 9,. Then ¥ is com-
pletely positive. Since ¢ is the PW* limit of ¢,, it follows that ¢ is an
extension of ¢ as desired. |

20.11 Corollary. Let A be a unital subspace of a C*-algebra B, and let
¢ be a unital complete contraction of A into B (U ). Then there exists a
completely positive map ¢ of B into B (M) extending ¢.
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Proof. By Corollary 20.8, ¢ extends to a completely positive map 55 of
A+ A% into B (X). Apply Theorem 20.10 to ¢. =

The next step is a basic structure theorem for unital completely posi-
tive maps. This theorem shows that completely positive maps dilate to *
representations. Equivalently, it says that all c¢.p. maps are corners of
representations.

20.12 Stinespring’s Dilation Theorem. Let B be a C*-algebra, and let
¢ be a unital completely positive map of B into B (X ). Then there exists
a unital * representation © of B on a Hilbert space K and an isometry V.
of A into K such that

#(B) = V*r(B)V forall Bin B .

Proof. Consider the algebraic tensor product B ® X, and define a
sesquilinear form by

<AQz,BQ y>=(8(BA)z,y)
and extend by linearity. This is positive semidefinite since

<A @3 A ® 7> = 3 DHAMA)e;)

i=1 i=l i=1 j=1
= (4" )z,2) > 0

where z = z; ...P z,,. Thus this satisfies the Cauchy-Schwartz inequal-
ity. So

N={u€eBR A:<u,u>= 0}
={u €BQ N:<u,v> = 0 for all v}

is a subspace. The induced form on B ® X /N is thus positive definite.
Let K be the Hilbert space completion of this quotient.

For A in B, define a linear map wyA) on B@ N by
T(A)B @z = AB @ z and extending linearly. This is an algebra
homomorphism such that

<u,m(A)v> = <mo(A%u,v> .

Hence for each u in B Q X, p,(A) = <mo(A)u,u> is a positive linear func-
tional. Hence

<mo(A)u,mo(AJu> = p,(A°A) < ||A"Allp (1)
= [|AlP<u,u> .

So my(B) leaves N invariant, and the induced map
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T(A)(u+N) = mo(A)u+ N
defines a contractive * representation on the quotient. Hence it extends by
continuity to a * homomorphism into B (K).
Next, define V from X into K by Vo = I ® 2+ N. Then

IV = (6(D)z ) = ||=]* ,
so V' is an isometry. Finally, for A in B and z, y in X,
(V'r(A)WVz y) = <r(A)] @ z,] Q y>
=<AQRQzJQy>=((A)r,y) .
Thus, ¢(A) = V*r(A)V as required. u

Let A be a unital subalgebra of a C*-algebra B, and let ¢ be a unital
homomorphism of A into B (X ). Say that ¢ has a B-dilation if there is a
#~homomorphism 7 of B on a Hilbert space K and an isometry V of X into
K such that ¢(A) = V*r(A)V for all A in A. Clearly, ¢ is contractive.

20.13 Corollary (Arveson’s Dilation Theorem). Let A be a unital
subalgebra of a C*-algebra B. Let ¢ be a unital contractive representation
of A into B (X ), and let ¢ be the positive extension of ¢ to A+A*. The
following are equivalent.

(i) ¢ has a B-dilation.
(ii) ¢ is completely contractive.

(iii) tZ 18 completely positive.

Proof. (ii) and (iii) are equivalent by Corollary 20.8. By Theorem 20.10,
¢ has a completely positive extension to all of B. Hence by Stinespring’s
Theorem 20.12, ¢ has a B-dilation. The converse is immediate since
+-representations are contractive, whence ¢(*) = V*¥®)z()) is contractive
for all n > 1. u
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20.C Representations of Nest Algebras.
By a finite dimensional nest algebra, we shall mean a nest subalge-

bra of some M,. The contractive representations of these algebras are
simple and explicit; and are the key to the general analysis.

20.14 Theorem. Let A be a finite dimensional nest algebra in M,,.
Let E;; be the matriz units of M, relative to a basis that puts A in block
upper triangular form. Let p be a representation of A on X such that
p(Ei))l <1 for every matriz unit in A. Then p has an M, dilation.
1.e. There is a * representation = on a space K containing X such that

p(A) = PO)m(A) X for all A in A.)

Remark. This shows that if ||o(E;;)|| < 1 just for the matrix units alone,
then p is completely contractive.

Proof. First, assume that A = T,, is the upper triangular algebra in M,,.
The operators P, = p(E;) are norm one idempotents which annihilate
each other. Thus they are pairwise orthogonal projections. So

n

p(1) = Y, F; is an orthogonal projection. Since p(A) = p(1)p(A)p(1), we
i=1

may as well assume that p(1) = I. The ranges of F; decompose X as

D Hy P... B H,. Now
P(E-'j) = p(EiiEijEjj) = PiP(Eij)P J
Let T; = P;p(E; i 41) [Hi41- Then
Pip(Ey) [H; = Pop(E; i 1 EiqriveEjmr ;) 1)
= DTy Ty -

Thus p is determined by ¥ = }; @... X,, and {T},...,T,_,}; and any set of
contractions T1,...,T,, yields a representation p with |[p(E;;)|] <1 for all
1 < 7.

Let us identify X, ..., ¥, with a fixed Hilbert space R. If any X;
are finite dimensional, we can dilate p to the representation p P § where
§(E;;) = E,-(;x’) is infinitely many copies of the identity representation. Now
each T} is a contraction in B(R). By Theorem 20.1, each T; dilates to a

o0
unitary U; on Kp= Y, @ R, with R, = R so that each U; is lower tri-

7 =00

angular and the (0,0) entry is T;. Identify R, with R. Note that
Tij = TiTi+1~-~Tj—-1 = P(R)UiUi+1---Uj—~1 IR
Now define a unitary operator
W = I @ Ul @ U1U2 @@ Ul---Un—I

on K = K&"). Let m be the * representation of M, on K given by infinite
inflation conjugated by W:
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m([ag;]) = Wag; [IW = [a;;U;]

where Uy; = U;U; ..U if 1 < 5, Uy = I, and Ui = U for i < j. Now
H= R("S, so from the formula of the previous paragraph,

p(A) = P()m(A) | X
as desired.

Now consider a general finite dimensional nest algebra A. It con-
tains a copy of T,. Restrict p to T, and dilate as above. Then
p(A) = P()n(A) [X is a completely positive extension of p |T, to all of
M,,. But since T,+T; = M,, it is clear that the positive extension of p to
M,, is unique. Now consider any matrix unit £;; in A with ¢ > 5. Then
the identities p(E,])p(E],) = p(E“) and p(EJl)p(E:]) = p(E“) together
with the fact that these operators are contractions yields that p(E’,-j) and
p(Ej;) are partial isometries with

P(Ey) = p(Eg) = p(ER) = b(Ey) .

The matrix units span A, whence p |A = p; and 7 dilates p as desired. ™|

20.15 Corollary. Every homomorphism p of a finite dimensional nest
algebra A onto B (N ) is similar to a completely contractive representa-
tion, and hence 1s completely bounded.

Proof. By Corollary 17.2 and Exercise 17.1, the restriction of p to
AN A* is similar to a * representation. So replace p by po=Ad Syo p
which is contractive on A N A*. Let Fy,...F}, be the projections onto the
atoms of A with F; < F;,,. Let

k
Sy = 7T p(F)+p(D)L
7=l
and let p;=Ad S, 0 py for t >0. Then p(E;y) = tpo(Eiy) if
L = FiEy0Fyiq and || p (B yy)|| = 1 if Eyyy = FjEy 1 Fy. So for suf-
ficiently small ¢, ||p,(E;;)|| <1 for all matrix units in A. Thus p, is a
completely contractive representation by Theorem 20.14. It is routine to
verify that (Ad S)™ = Ad S® is bounded by [|S||||S7![. Hence
p = Ad(5;S¢)™" o p, is completely bounded, and

e llee < 1SeSoll 11(S:eSo) I - u

The next step is to show that general nest algebras can be approxi-
mated by subalgebras isomorphic to finite dimensional nest algebras in
such a way that the identity operator approzimately factors through these
algebras. By analogy to the corresponding property for von Neumann
algebras, this property will be called semidiscreteness. The precise defini-
tion is the conclusion of the following theorem.
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20.16 Theorem. FEvery nest algebra T (N) is semidiscrete: There exist
finite dimensional nest algebras A,, weak* continuous completely con-
tractive maps ¢,:T (N)— A,, and weak* continuous completely
tsometric homomorphisms v, :A, — T (N) such that v, o ¢,(A) con-
verges weak*to A for all A in T (N).

Moreover, it can be arranged that K = lim ¢, (¢,(K)) in norm for
n —oo

every compact operator in T (N).

Proof. Let N be order isomorphic to a subset w of [0,1], and let z be a
Borel measure on [0,1] mutually absolutely continuous to the spectral
measure E'y of N. By the results of Chapter 7 (Theorem 7.14 and Corol-
lary 7.16), N is unitarily equivalent to the canonical nest on

H=L%p,)) LY py) D ...

where p; = XJ b and Jy is a decreasing sequence of Borel subsets of w.

Fix an integer N. Construct a partition of [0,1] into disjoint inter-
vals Iy,...,I, (in that order) and integer k; in [1,N] for 1 < ¢ < p such that

1) g(I;) < N!or I, is a singleton,
i) e (f) > (=Nu(l;) for 1 < i < p, and

i) (U LLks 2 k) > (1N g |l

This is possible since each g is regular, and hence one can find finitely
many disjoint intervals such that i) holds, pn([;) > (1-N"Y)u(l;), and

UL N Jy) > (1=N"Yu(Jy) .

These intervals will have k; = N. Now expand the set of intervals so that
ii) and iii) hold for N—1. Proceed in this way until the entire partition is
defined.

For 1<:¢<p and 1<k <k;, let ef be the positive multiple of
X1, n g, of norm one in L*(ug). For convenience of notation, set ef = 0 if
L3

k; <k <N. Let Ky = span{ef:1 <i <p,1 <k < N}. Let Ay be the
finite dimensional nest algebra acting on Ky given by atoms
A; = span{ef:1 <k < k;} with the order A; K Ay <K..<K A,. It is
clear that the map ¢ n(T) = P(Kn)T |Kyy maps T (N ) into Ay. Since this
is just a compression map, it is completely contractive. We may also
assume that the (IN+1)st partition is a refinement of the Nth partition.
Unfortunately, this does not imply that the subspaces Ky are nested; but
this is not crucial.

Now we construct ¥5. Note that Ay is spanned by the matrix units
Eff =ef®ef", 1<k, £ <N, 1<i<j<p. Define py(ELf) = E}
for 1 < j. For i =jand 1<k, £ <k, let U,-",-l be the canonical partial
isometry from L2(I; N Jk) C L¥{py) to LAL N Ji) € L%(p;).  Set
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'l/JNSE-.-l ) = ULf. Extend Yy to all of Apx by linearity. Note that
UE e,-l = ¢f, and that {UE:1 <k, < k;} form matrix units for an algebra
* isomorphic to B(A;). Moreover, Eff = UFESUY for all i < j,
1< k,s,t, <N. It is now apparent that ¥, is a representation of Ay
which takes the matrix units to contractions. By Theorem 20.17, ¥ is

completely contractive.
It is clear from the construction that ¢ o 9, is the identity on Ap.

Let us examine ¢,y o ¢5. Properties i), ii) and iii) guarantee that
dist (z;,span {ef:1 < i < p}) tends to 0 for all z; in L%p;) as N tends to
infinity. Thus dist(z,Ky) tends to 0 as N tends to infinity for all z in X.
Hence P(Ky) converges strongly to I. Thus for any T in T (N), the
sequence P(Ky)TP(Ky) converges weak* to T. The point is that

¥ o dn(T)—P(Ky)TP(Ky) = P(Kn)l9no o n(T)P(Kn)t
because the only error occurs because EEf = Uk, and
Ul ~Bf = P(Kn)HUK -BE)P(Ky)L

Since this difference is uniformly bounded by ||T||, it tends to O in the
weak* topology. Thus,

W limy(gn(T)) = T
for every T'in T (N).

Now consider finite rank operators. Let P, be the orthogonal pro-
jection onto L%(u,) ... L¥u,). Let R = z ® y* be a norm one, rank
one operator in T (N) with R = P,RP, and fix ¢ > 0. By Lemma 3.7,
there is an element N in N such that z = P(N)z and y = P(N_)1y. If
A= N© N_ is a proper atom, choose an integer N, > s so that A
corresponds to a singleton in the partition of [0,1] for Ay, N > N, Oth-
erwise, choose Ny > s sufficiently large that the partition I 1]y 18 suffi-

r

ciently fine that there is an r with [|EJL)1z||<e¢ and
=1

NEM{JL)yll < e In either case, one uses the fact that step functions are
i=l1

dense in L*u) to choose N; >N, so that |[P(Ky)lz| <e and

|P(Kn)ty|l < € for N> N,. Now for N > N,, one can find an integer

m, and constants af and bf so that

m [ 8
lz=3] 3 akef|| < 2¢ and ||y— }E‘_J Sibfek]| < 26

i=1 k=1 f=m! k=1
where m' = m+1 unless I, is a singleton in which case m' = m. Then let
zn and yy be the above approximates in K. Note that x5 & yp belongs
to Ay and Yn(zy @ yy) = 2y @ ya. Indeed, this is immediate except for
the terms akb.E5L.. But since I, is a singleton, On(EEL) = EEL. | and all
is well. Moreover,
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lz @ y*~any @ vill < llz—zn|l [y
+ llzn|l Hy—ynll < 5e .

Consequently, R is the limit of (rank one) operators Ry in the range of
Pn. Thus

<2||R-R,| .
Hence ¢, o ¢,(R) converges to R in norm.

Clearly, every rank one operator in T (N) can be approximated by
those of the form F,RP, for some s. So by Corollary 3.13, ¥, o ¢,(K)
converges in norm to K for every compact operator in T (N). =

We are now ready to apply Arveson’s dilation theory.

20.17 Corollary. Every weak® continuous, contractive representation
of a nest algebra is completely contractive.

Proof. Let p be a weak™ continuous contractive representation of T {N),
and let ¢; and ¥, be given by Theorem 20.16. Then p o 1, are contrac-
tive representations of A, and thus are completely contractive by
Theorem 20.14. Hence p o 9, o ¢, are completely contractive. But p is
weak* continuous and ¥, o ¢, converges to the identity in the pointwise
weak* (PW") topology. So p o ¥ o¢, converge to p in the PW* topology,
and thus p is completely positive. u

20.18 Theorem. Let N be a nest on a Hilbert space R. Let p be a
weak* continuous contractive representation of T (N) on a Hilbert space
M. Then there is an isometry V of X into R such that

p(A) = V' AV forall Ain T (N) .
The range VN is a semi-invariant subspace of T (N)(“’.

Proof. Let K; denote the wunital C*algebra K+@I, and let
A= T(N)n K;. By Corollary 20.17, p is completely contractive. By
Corollary 20.13, p |A has a K dilation. Namely, there is a representation
7 of K; on a Hilbert space X' and an isometry V mapping ¥ into X' such
that

p(K) = Vr(K)V for all K in K; .

The representation decomposes as 7 = 7, @ 7, on K, @ K, where 7, is
faithful on K and =, annihilates K. The range VX is contained in K,. To
see this, let I}, be a sequence of finite rank projections tend weak* to the
identity. Since p is weak* continuous,
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h = w—lim p(Ey)h = lim V*=(E,)Vh
k—rc0 k —+o0

= V*P(K,)Vk forall h €X .

Thus, 7 can be replaced by 7x,. The only representations of K are the
ampliations 7,(K) = K®) and there is no loss of generality in assuming
that n = co. Thus p(K) = VK™V for K in A. Since both sides of this
identity are weak™ continuous, and A is weak* dense in T (N) by
Theorem 3.11, the identity extends to all A in T (N).

Since p is a homomorphism, Theorem 2.16 shows that the range V¥
is semi-invariant for «(T (N)). m

20.19 Proposition. Let N be a nest on a Hilbert space R, and let p be
a weak* continuous contractive representation of T (N) on . Then p
has a minimal B(R) dilation w, and 7 is unique up to a unitary
equivalence which fizes M.

Proof. Consider the dilation of Theorem 20.18. Identify ¥ with V¥ and
let K be the smallest reducing subspace for B(R) obtained by restriction to
K. Clearly, this is a minimal dilation of p. If m, is another minimal dila-
tion of p on a space K, define a map W from K to K; as follows. Let p be
the unique completely positive, weak* continuous extension of p to B(R)
(given by p(T1+T3) = p(T1)+p(T,)* and extending by continuity). For
operators T3,...,T,, in B(R) and vectors hy,...,h, in X,

DI

J=1

3

M=

(”(Tﬁj)hj':hk)

<,

i
A
*

J
L

(6 (TiT;)h )

]
g
M=

[
i
LA
=
|
=

(m(TET)hjhe) = | 37 TR, -

g=1
Thus there is an isometry W from K = span {r(T)h:T € B(R),h € X}~
onto K; = span {m(T)h:T € B(R),h € H}~ such that

Wx(T)h = ny(T)h forall T€B(R), heN .
Thus W is unitary, Wh = h for all A in X, and
Wa(T)x(S)h = =(TS)h = ny(T)m(S)h
= 71 (T)W=(S)h
Thus 7,(T) = Wr(T)W*. n

I
M
M=

w

]
LN
ax

I
LA
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20.D Lifting Theorems for Nest Algebras.

In this section, we develop analogues of Ando’s Theorem and the
Sz-Nagy-Foias Lifting Theorem for representations of nest algebras.

20.20 Theorem. Let A be a finite dimensional nest algebra in M, .
Suppose that p is a unital contractive representation of A on X commut-
ing with a contraction X. Then there is an M, dilation 7 of p, and a
commuting unitary dilation U of X on a space K such that

PONU™T(A) ¥ = XA forall n >0,A€A .

Proof. First take A = T,, the upper triangular algebra. Consider the
explicit dilation of p constructed in Theorem 20.14. First P; = p(E;;) are
pairwise orthogonal projections. We can assume that these are all the
same rank, for otherwise replace p by p @ § and X by X @ 0 where 6 is
infinitely many copies of the identity representation. Any dilation of this
new pair yields a dilation of (p,X). So ¥ decomposes as ¥ = X; P..D A,
where each X;= R, a fixed space. Since X commutes with p,
X=X®.DX,. As before, let T;=PFp(E;;1;)|N;y;- Then
X;T; = T;X; 4, for 1 < ¢ < n—1. By Theorem 20.1, each T} has a unitary
o0
dilation U; on Kg= Y, P R, where R, = R, X; is identified with R,
n=—00
and U; is lower triangular with (0 0) entry T;. Now K = K(S"), and
=1QU, eUU, H..D (UU,..U,_,) is a unitary operator on K. ¥
is 1dent1f1ed with R(S % in K. The representation  is given by

m([a;;]) = Wa ; [IW = [a;;U]

where Uy; = U;..U;_, for i < 3, Uy = I, and Uj; for i > j. Because each
U; is a lower triangular,

P(Bo)"(Eij) [Ro = P(R )U'Ui+1~-~U'—1 [Rq
=TT +1—PP(Ez)|){j .

Now X commutes with A = p(Ep+Eo+..+FE,_;,). This latter
operator has a unitary dilation on K given by

r0U10 0 0

0 U, 0 0
0 0 0 0

(=2 ]

0 0 0 0U,_
U 0 0 0 0

where Uy is the shift mapping R, onto R, ., for all n. (Note that Uy is
strictly lower triangular.) Apply the Sz. Nagy-Foias Lifting Theorem
(Corollary 20.5) to obtain a dilation Y of X on K with ||Y]| < 1, YU = UY,
and
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POOY"U™ |H = X"A™ for n,m >0 .

Now Y has an matrix form (Y;;), and the commutation relation becomes

Y;;U;j = Ui1Yit1,541- In particular, the diagonal part D = Y;; §..P Y,

of Y also commutes with U. Moreover, X is semi-invariant for both Y and
*x 00

U, and thus Y and D both have the form [* X 0 and U has the form

X % %
+ 00

* A 0f for the appropriate decomposition of K. This shows that D also
* kX
satisfies the dilation identity. So we assume that Y=Y, D..PY, is
already diagonal.

Next, notice that ¥ commutes with 7. Indeed Y now commutes with
each 7(Ej;) as it is diagonal, and with each n(E; ;) since Y;U; = U;Y; .
This identity implies that ¥ = W*Y?”W which clearly commutes with .
The rest is easy. Dilate Y to a lower triangular unitary V on K as in
Theorem 20.1. Dilate 7 to 7(*. Since 7 is self-adjoint, it commutes with
Y* as well, and hence 7(* commutes with V. The original space X is semi-
invariant for both V and #(* simultaneously because of the lower triangu-
lar forms. Thus the dilation identity holds.

Finally, consider a general nest algebra A in M,,. This contains T,,.
Restrict p to T, and dilate (p | T,,,X) to (x,V) as above. By the argument
in the proof of Theorem 20.14, 7 dilates p. If E;; belongs to A for ¢ > j,
then Tj; = p(E;;) and Ty = p(Ej;) satisfy T;;T; = P; and T;T;; = P;.
Hence T;; = T} is a partial isometry. Now the compression of 7 |A to X is
a homomorphism, and thus X is semi-invariant for 7(A). Thus, it is a
reducing subspace for #(E;;) and #(E;;)*. It is also semi-invariant for Y,
thus they have the form

x 0 =% * 0 0
m(E;;) =10 T;; Of and Y= [x X 0
* 0 % * % %

from which it is evident that P(X)Y"(E;;) | = X"T;;. Since the matrix
units span A, (7,V) is the desired dilation. u

20.21 Corollary. Let A be a finite dimensional nest algebra. Suppose
that p:A — B (N} and 0:A(D) — B (1) are commuting contractive
representations. Then the representation p Q o of A & A(D) given by

R U([fij]) = Za(fig')p(Eij)

is completely contractive.
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Proof. This is just a reformulation of Theorem 20.20 since o is deter-
mined by the contraction X = o(z). The dilation obtained is completely
positive and unital, hence completely contractive by Lemma 20.6. Thus,
the compression to ¥, p Q) o, is completely contractive. n

Now we extend this result to arbitrary nest algebras.

20.22 Theorem. Let N be a nest on a Hilbert space R. Suppose that p
18 a weak™® continuous contractive representation of A on N which com-
mutes with a contraction X in B (A ). Then there i3 an isometry V of )
into R©Y and a unitary U in B(R™) commuting with m(A) = A® for
all A in B(R) such that

VU n(A)V = X"p(A) forall n >0A€T(N) .

Proof. Let K; be the C*algebra K+TI, and let A = T (N) N K;. Let
A,, ¢, and ¢, be given by Theorem 20.16. The representations 7, of
A, ® A(D) given by

T.([fi]) = 2 Fii{(X)p ($u(E;5))

is completely con%‘active by Corollary 20.21. Define a representation of

A® AD) by 7(3K: ® £) = 32 £:X)p(Kz). (The norm on 4 ® A(D)
is given by the u’n__i—zlue C* norm :;11 K, ® C(T).) Now K = lim¢,(¢,(K))
for K compact by Theorem 20.16, and p(%,(4,(1))) = p(I). Thus

N N
f(UK ® f)= lmt, 0 (6, RiANLK @ fi) -
i=1 - i=1
Now ¢, & id is just a compression to Ky and thus is completely contrac-
tive, and 7, is completely contractive, hence 7 is completely contractive.
So 7 extends to all of A & A(D).

By Arveson’s Dilation Theorem 20.13, 7 has a K; @ C(T) dilation 7
given by a * representation 7 of Kj, and a commuting unitary operator
U = 7(#) such that

POOUn(K) |H = X"p(K) forall n >0, and K € 4 .

The representation =, splits into a direct sum 7 =7, @ 7, on N, P X,
where 7, is faithful on K and 7, annihilates K. Since U commutes with ,
it decomposes as U = U, @ U,. The weak* continuity of p implies that X
is contained in ¥,. For if E, is an increasing sequence of projections in K
tending weak* to the identity, then for A in X,

h = w-limp(E,)h = w—LmP(X)r(E, )k
= P(X)P(},)h



Representations and Dilations 309

Thus, by restricting to X,, we may assume that 7 is faithful on K and this
is an ampliation 7(K) = K®). If n < oo, this can be trivially dilated to
n = oo by setting U = I on the extra summands. Thus ¥ is identified via
an isometry V with a subspace of R(*d such that

PONUn(K) | X = X"p(K) for n >0K €4 .

Now both sides are weak* continuous and A is weak* dense in 7 (N) by
Theorem 3.11, so this dilation identity extends to all Tin T (N). L]

This analogue of Ando’s Theorem yields the corresponding version of
the Sz-Nagy-Foias Lifting Theorem.

20.23 Corollary. Let N be a nest of subspaces of R. Suppose that p is
a weak™* continuous contractive representation of T (N) on X, and let =
be a weak* continuous dilation to B(R) on K. If X is an operator on X
commuting with p, then there is an operator Y on K commuting with =

such that |Y|| = || X|| and
POOY*n(A) [¥ = X"p(A) forn >0and Ain T (N) .

Proof. Normalize so that || X|| = 1. Let (7,,U;) be the dilation of (p,X)
provided by Theorem 20.22. Let K; be the smallest reducing subspace for
m; containing ¥. Then my = m |K, is, by Proposition 20.19, the unique
minimal dilation of p. Let Y be the compression of U to K. Clearly, Y,
is a contraction commuting with 7y, and P(X)U | X = X.

Now, X is semi-invariant for (7(T (N)),U). Let Kt denote the smal-
lest subspace of K containing X and invariant for (T (N)) and U. Simi-
larly, let K~ denote the smallest subspace containing ¥ invariant for
(T (N))* and U*. Let ¥* and ¥~ be the smallest subspaces of K+ and K~
respectively which contain X and are invariant for #(7 (N)). Then

* 00 x 0
7| T (N) has the form |* p 0| and U has the form |+ X 0| with respect
% % % % % %

to the decomposition (K*)L @ ¥ @ (KT © X).

We wish to show that Ko= (" S ) B X D H*. To this end, it
suffices to show that ¥4+ X% is m-invariant. As 7 is weak® continuous, it
suffices to show that ¥~+X™* is invariant for #(F) where F is finite rank.
Let #(T)h, for T in T (N) and h in X, be a typical element in the span-
ning set of XT. Then FT is finite rank and thus splits as a sum
FT = K,+Kj; where K; are compact operators in T (N) (Theorem 4.10).
So

2(F)r(T)h = n(K )h+r(K3h € XY+ X~ .

So Ky decomposes as claimed.
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This decomposition implies that we have the lower triangular forms

* 00 + 00
| T(N)= |+ p 0| and Yy= |* X 0
* % % % %

Hence the dilation identity holds:
POOY n(A) [ M = X"p(A) for n >0 and Ain T(N) .

For the general case, decompose 7 as 7y O 7' where 7 is the minimal dila-
tion of p. Dilate X to Y, €5 0. This completes the proof. u

20.24 Remark. A simple but useful trick generalizes this theorem to the
case of an operator X in B (My,);) intertwining two representations p; on
H;, 1=1,2 (ie. p1(A)X = Xpy(A) for all A in T (N). Suppose that 7; is a
dilation of p; on K;, 1=1,2. Then p, @ p, is a representation of T (N) in
- 0 X
H; € My with dilation 7y @ 7, on K; @ K,. The operator X = 0 0

commutes with p; & p,, and thus there is an operator Y on K, D K,
which commutes with 7, ) 7, and dilates X. Clearly, there is no loss in

~ ~ 0Y
compressing Y to its (1,2) entry, so we may suppose Y = o ol Thus, ¥

intertwines m; and 7, in that 7;(B)Y = Yny(B) for all B in B(R). The

triangular form obtained in the proof above shows that each K; decom-

poses as K @ X; B Ki" so that m; | T (N) is lower triangular, and Y has
*x 0 0

the form |*x X 0| in B (KyK,). This decomposition is canonical if we

ok %
insist that Kif € X; be the smallest w; | T (N) invariant subspace contain-
ing ;.

Now we turn to commuting representations of nest algebras.
20.25 Theorem. Let A; and A, be nest subalgebras of B (R,) and

B (Ry). Let py and py be weak™* continuous contractive representations of
Ay and Ay on a common space X such that

Pi(A)Po(Ag) = po(Ag)pi(A;) for all A, € A, Ay €A, .

Then there 1s a Hilbert space K containing M, weak® continuous B (R;)-
dilations m; of p; on M, 1=1,2, such that

PO)my(A)7o(Ag) |X = pi(Ay)pg(Ag)  for Aj € Ay, Ay € A,
and

my(B1)7y(Bg) = my(Bg)my(B,) for By €B(Ry), B,€B(Ry) .
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Proof. Assume first that A, is the upper triangular algebra T, contained
in M,. Let the standard matrix units for M, be E;;. Now p; commutes
n

with P; = n(E};) for 1 < j<n. This decomposes p; as ¥, D r1,; on

J=1
n it
H= PN Let 7, =Y, @ m; be a weak* continuous B (R,) dilation
j=1 Jj=1
n
of pyon K= 3] @ K;. Now Ty= PjpoE; ;) | ¥4 intertwines p, ; and

=1
p1j+1- By Re;nark 20.24, there are contractions Y; in B (K;4;,K;) which
intertwine m, ; and ;4 and dilate X;. The triangular form of Y; is cru-
cial. Each K; decomposes as K; @ X; P K;-" where }; D K]'-" is the smal-
lest subspace containing ¥; invariant for |A;. Considering Y; as an
operator from K;,; to K; and «; ; |A; as a representation on K; with this
decomposition, we obtain the triangular forms

Yi= 1|« T; 0| and m;[A;= |+ p;; O
% % % * * *

Now consider each Y; as an operator on K. The triangular form
implies

P(){)Y:'Y;'_*_l...Y}_l |){ = p2(Ei ) for 1 S ) < j S ng .

Thus, Yj,...,Y, ; determine a representation 7, of 7, on K which dilates po
commutes with the representation 7, of B (R;). As usual, it is now easy to
dilate the rest of the way up. Let oy be the M,, dilation of 7, constructed
on K as in Theorem 20.14. Since T, is a * representation, it commutes
with 7y T,)* also, and hence oy = x{* is an B (R,) dilation of =, commut-
ing with oo, It is clear that 0; & o, dilates p; & p, and thus the dilation
identities hold.

Next, suppose that A, is a general nest subalgebra of M, containing
7,. Dilate p; @ (p2|T,) to a B(R,) ® M, representation o; Q ¢, The
compression of o; &) o4 to X is the unique (completely) positive extension
of p; @ (p2|T,) and hence agrees with p, @ p, on A; @ A,. The restric-
tion of py to Az N AJ is a % representation with dilation o5, and hence X is
invariant for oy(f; N A3). So as in the proof of Theorem 20.20, we see
that o |A; and o5 [A; N A3 have the forms

* 00 * 0 =%
Ullﬂ1= * Py 0 and azlﬂzn ‘ﬂ‘;: 0 Po 0
*x k% * %k %

Hence the dilation identity follows for each matrix unit E;; in A with
1> 7.
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Finally, let A; be a nest algebra T (N) and proceed as in Theorem
20.22. Let K; = K+0I, A = T(N) N Ky; and let A,, ¢, and ¢, n > 3,
be given by Theorem 20.16. The representations p; ® (pyo ¥,) of
A; @ A, have dilations and thus are completely contractive. Every K in
A has the property that po(K) = lim py(¥,(4,(K))) and all maps are com-

n ~00

pletely contractive. Thus, it follows that p; ® (pg|A) is completely con-
tractive. By Theorem 20.13, this has a B (R;) ® B (R,) dilation m; & .
As before, the weak* continuous part is itself a dilation of p; ® (pg|A).
The weak* continuity shows that it is a dilation of g, & ps. =

20.26 Remark. Proceeding as in the proof of Theorem 20.23, we can
establish a Sz. Nagy-Foias Lifting Theorem for nests. Namely, if p, and p,
are commuting, weak® continuous, contractive representations of T(N;)
and T (M) on X, and if = is a B (R) dilation of p; on K, then there is a
weak™ continuous contractive representation ¢ of T(N,) on K commuting
with m such that

POU)r(A)o(Ag) [ = pi(A)po(Ag) for A, € T(Ny), Ay € T(Ny) .

20.27 Examples. We finish this chapter with examples of Parrott and
Paulsen which demonstrate that the dilation theorems do not work for tri-

ples. Let
10 01
U= 0 —1 and V= 1 0ol »

and note that UV4+VU = 0. Consider the three commuting 4X4 contrac-

tions
0 I, oU oV
00| T2=|p o] adTs=|g ¢

If (T',,T2,T3) had a commuting unitary dilation (U,,U,,Us), then the associ-
ated representation p;  py & p5 of A(D®) would be completely contrac-
tive. Consider the matrix function

Tl =

Zl 22 0
F(21;22;23)= zz 0 2z

0 23 —Ry

Then
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270 o J[t1 o|lft o o]
WF(zy,2023)]| = ]| [0 23 O 10 1[[022 0
0 0 23292, (01 —1| {0 0 zgz,

The first and third matrices are unitary on the Shilov boundary T2, and
hence

I'U 0 I 0o 0 I 10|10 0
FIUV)=|Vo Ul=10V 0 Ioryiou o
0V ~J 00 WVWW]i0IIj|0o 0 VU]
Again, the first and third entries are unitary, so
110
IFT Tl = IFGU = (1|1 0 1| =2> V5 .
011
Hence ps & ps & ps is not completely contractive.

It is true that ||p; ® py Q ps|| = 1. To briefly outline this, note
that all pgoducts of any two of T\ T,Ts is in 0. Thus, if

f(z) = ag+)] a;2;+r(z), where r(2) has no constant or linear terms, then

i=1 ,
CloI a1[+a2U+a3V
f(T, T, Ts) = 0 agl .
B I T
Computing ( f(T,75,T5) 25" v ) and straightforward estimates yields
3
lag| 33 la; |
i=1
IFTTTM < o e, |Il -
This is a compression of the Laurent operator

3
9(z) = |ag H (3] la; [)z2+h(2)2% to a 2x2 block, and hence

i=1

3
/(T T T) < inf || lag 433 la; [e+R(2)2%] < I f oo -
h €A(D) )

Now we will use this example to construct three commuting, contrac-
tive, unital representations of the triangular algebra T; which do not dilate
to commuting M, representations. These representations will be unitarily
equivalent to
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ab aly bT;
%iflo df| = | o dI,
For economy, we mark the non-zero entries of a typical element A of

A=T17 T, ® T, and a representation o of A given by Schur multiplica-
tion ([a;;] o [b;;] = [a;;b;;]) by an operator matrix T.

4

i ] I, T, T, 0 T, 0 0 O]
RN EEERE
Tk ok % - % L Ty - Ty 0 0
ok % % % Iy T, - - T3 0
. . oI, - T
A= ¢ x % 4| 20dT= I, T, T, 0O
x % I, - T,
* % I, T,
* I,

The fact that T;T; = 0 for all 4,5 leads to the fact that o is multiplicative.
The three copies of Ty occur in A as

ab..;....a.b.7a'nd....d

respectively. The representation o; are all contractive. To show that the
o; do not jointly dilate, it suffices to show that ¢ is not contractive. To
this end, we define the following element A, in A.

000000 0 O 000000 0 O
000101 0 0 000T,0T;, 0 O
000100 1 O 0007T,0 0 T3 O
000000 0 O 000000 0 O
A=1000001 -10pM)=1]o00 0 071 -T, 0
000000 0 O 000000 O O
000000 0 O 000000 0 O
000000 O O 0000 0O0C O O
Then as before, we obtain || Ao|| = V3 and ||o(Ay)|| = 2. n
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Notes and Remarks.

Classical dilation theory is developed in detail in the book by Sz.
Nagy and Foias [2], and in the briefer monograph by Sz. Nagy [2]. A nice
treatment of completely positive maps and the algebraic approach to dila-
tion theory is in Paulsen [1]. Theorem 20.1 is due to Sz. Nagy [1].
Theorem 20.4 is taken from Ando [1]. Corollary 20.5 is a strengthened
form of Sz. Nagy and Foias [1] due to Parrott [2]. Completely positive
maps are introduced in Stinespring [1], where Theorem 20.12 is proved.
This theory was developed extensively by Arveson [4,5]. In particular, he
proves 20.7, 20.8, Theorems 20.10 and Corollary 20.13. The proof of
Theorem 20.10 based on Lemma 20.9 is taken from Paulsen [1].

The material on representations of nest algebras is taken from Paul-
sen, Power and Ward [1]. However, Theorem 20.14 was known, and is a
special case of results of McAsey and Muhly [1]. They investigate certain
non self-adjoint subalgebras of crossed products of C*algebras and von
Neumann algebras. (For more information in this direction, see papers in
the references by McAsey, Muhly, Saito and Solel.) The lifting theorems
for nests are due to Paulsen and Power [1]. The finite dimensional case of
Corollary 20.23 is due to Ball and Gohberg [2] who exhibit all operators Y
commuting with 7 such that ||Y]| = ||X|| and P(X)Y |¥ = X. Example
20.27 is due to Parrott [1]. The extension of this example to commuting
representations of Ty is due to Paulsen.

Exercises.

20.1 Verify that the unitary dilation of A constructed in Theorem 20.1
also satisfies P(X)U™ | ¥ = A*™ for n > 0.

20.2 (a) There is a notion of isometric dilation of a contraction. Show

that there is a unique minimal isometric dilation of A, given by
restricting its minimal unitary dilation U to K¥ = \; U™ .
n >0

(b) Prove the analogue of the Sz. Nagy-Foias lifting theorem for
isometric dilations.

20.3 Suppose A; are contractions on X; with unitary. dilations U; on K;.
If X is a map in B (My,X;) such that A;X = XA,, show that there is
a map Y in B(KgK;) such that U,;Y = YU,, ||Y]| = ||X|], and
POL)YY My = X.

20.4 Prove that if ¢ is a completely positive map from a C*algebra A
into a C*-algebra B, then

#(A)'d(A) < §(A*A) forall Ain A .
Hint: Dilate ¢ using Stinespring’s Theorem.
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20.5 Prove that there is a unique minimal Stinespring dilation of a com-
pletely positive map up to the natural unitary equivalence.

20.6 Let ¢ be a map from a C*-algebra A into M, such that ) is posi-

tive. Show that ¢ is completely positive. Hint: Examine the proof of
Lemma 20.9.

20.7 Prove the lifting theorem for commuting representations of nests
outlined in Remark 20.26.

20.8* If ¢ is a bounded representation of a nest algebra, is ||¢[|; = || ]|



21. Operators in Nest Algebras

In this chapter, we survey two aspects of single operator theory
related to nests. The first concerns the structure of unicellular operators.
The second concerns which operators are unitarily equivalent to (small)
compact perturbations of a fixed nest algebra. This does not contain a
complete account of either topic, but should serve as a useful introduction
to the ideas involved.

21.A Unicellular Operators. An operator T is unicellular if Lat T is a
nest. It is an open problem to discover which maximal nests are the
invariant subspace lattice of a single operator. (Such lattices are called
attainable.) Theorem 5.5 shows that the Volterra operator V is unicellular.
Thus the Volterra nest is an attainable lattice. By the Similarity Theorem,
every continuous nest is attainable as the lattice of an operator similar to
V. The simplest case is an atomic nest of order type w+1 = IN U {od} or
(w+1)* = {—~oc} U —IN.

21.1  Proposition. Let S be a backward shift on a basis {e,,n > 0}
given by Seq = 0 and Se, = w,e,_; for n > 1. Suppose that w, are posi-
tive, monotone decreasing, and belong to £° for some p < co. Then S is
unicellular, and

Lat S = {M, = span{ex,k <n}:n >0} .

Proof. It is clear that each M, is invariant for S. Also, if

n—1
z = Y, a;e;+e,, then the cyclic invariant subspace of S generated by z is

{=0
precisely M, . As U M, is dense in N, it suffices to show that if
n >0
£ = Y a,e, does not belong to any M,, then L(z) = span{S™z,n > 0}
n >0
equals X.

First we show that ey belongs to L(z). Fix an integer ny > p; and

no n
define w,g%) = JJwi4;. This is summable, so let O = Y, w,g J Given

J=1 k>0
€ > 0, pick n > ng so that w, < eC_lw((,"°+l) and |a, | > sup lay | Then
>n

317
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n 7 .
(@ TJw;) 'S —eg= Y, —M]_—Imek .

j=1 E>1 O oy Wy
Now for all k > 1,

n (no) n—1
11 Witk W 11 Witk Wnik

. n .
J=1 wJ wf 0) J=ngy+1 w,1+1 wn0+1

(ng) Wy, 41 € (ng)
< wk (n0+1) < Owk
Wo

Hence

l(awf)) 78" —coll < 5 3 w0y <e .
Ci3i
Suppose M, is contained in L(zy). Write ¥ = M, @ M and
L(z) = M, & L,(z). Then L,(z) is invariant for the compression S, of S
to M;L. Since S, satisfies the same hypotheses as S, L,(z) contains e, ;.
By induction, L(z) contains all {¢,,n > 0} and hence equals X. u

To build more complicated unicellular operators, one requires a
method for gluing them together. This is provided by the following
theorem. By the ordinal sum L+ M of two subspace lattices L and M, we
mean {L. O:L € LIU {X D M:M € M}.

21.2 Theorem. Suppose S is an operator with cyclic vector g such
that for some s >0, ||S"||=0O((n!)""). Let A be any unilateral
weighted shift with weights w, monotone decreasing and in £° for some
p < oo such that

IS || = O(J|A™**||) for all k >0 .

Then there tis an operator T of the form [g Z] such that
LatT = Lat S+(w+1)*, and T has a cyclic vector.
21.3 Remarks. This condition can be achieved by choosing 0 < r < s
and taking w, = n™", so that || A" || = (n!)™. From Stirling’s formula
(n))°) = O(((n+k)) ™) for all k >0 .
This norm condition implies a stronger version of itself, namely
[|S*|| = O(n7Y|A"**||) for all &k >0 .
To see this, note that because w? is a monotone decreasing summable

sequence, lim nw? = 0. Hence
n —+Co
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A || < wll| A+ ]| = O(n Ml AM])
Consequently,
181l = O(lA*****||) = O(n M| A™**])) . (21.2.1)
In fact, this shows that [|S™|| /]| A"**|| = O(w?). Hence
YIS N/IA* || < oo forall k>0 .
n>1

To set the stage for the proof of Theorem 21.2, we describe the con-
struction of C'. For convenience, normalize S, A and g to have norm one.
Choose a summable sequence ¢, of positive real numbers such that

lime, (Y c)=0 .
n -+00

m>n

For example, one could take ¢, = (n!)™'. Now choose an increasing
sequence of positive integers k, such that

lime,lw, =0 and  Lim ek, ||S™ 7 A™ | =0 .
o0 ” n —00

n —

This choice is made inductively. The first condition follows if k, is large
enough. The second also follows because of condition (21.2.1). Now define
C by

C=g® Ecmel:m

m>1
S C
21.4 Lemma. Let T = 0 A be defined as above. Let
M = (callA™IN and  let D= 3 ||A"| S g ®er.  Then
n >0
lim \, 77" = D.
n —00
Proof. Write
k1
\ gt _ A, S X,
n 0 XnAkn-H
Then
lim [\ A" | = lim e lw, 4, =0 .
n—00 n —00 "
. k,+1 R+l . k41 .
Since [|\,S™ ||=O0M\[lA™ " ]]), Em[|X\,S™ || =0 also. A routine
kn n —0oo )
computation shows that X, = )\,,ZS]'O'A’C"—J. Set Cp, = g Q ¢,y c,:‘m and
7=0

k

X = 2 2159C, A7, Clearly, 0= 3} G, and X, = 3 X,
=0 m >1 m2>1
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Moreover,

§9C A" = ¢, 57 @ (A" e, ) .

Thus if m < n, then A"e,,"l = 0 for y < k,—k,,. Thus

k
m k. —7 o
[ Xamll = Xneml| 3289 @ (A%es )|
F=0

ky—Fp
< Xaem(kn+1)[1S™ " gl

_ bk Ky 11—
<emlen kS AT

Hence

: = o : -1 ky—kp_y Fy =1
lim 3 (| X, ol < (3 em) lim ¢k, 1S A== =o0 .
=0 =1 m==1 n—o0
Next, we have [|A*|| = [|A*e,||. So [[A™||™ |A" ¢, || = [|A7|| . Thus
if m >n,
k

ki . sk, —7
1 m Il < M ST gl AT e |
=0
k

< elen 2SN AT
=0

Hence
. 2 . 1 s . . 1
im 3 || X, < lim (30 en) LS JATIT =0 .
=0 p=n+1 n—>o0 m>n 7=0
Finally, for m = n, ||4; [|A" e, = ||A9] ;. So

E E
L k —3 . L C . .
Xn,n = xnanS’g ® (A " Jﬁ],n) = E”AJ” ISJg ® €5 -
J=0 =0
Since Y [|A7]|™ ||S$7]| < o0, lim X, , = D, and the lemma follows.
i>o0 n —o0

Proof of Theorem 21.2. Let M be an invariant subspace for 7. Let
My= M N (¥ @ 0). This is invariant for 7', and hence (as a subspace of
X) is invariant for S. Thus if M = M,, then M belongs to Lat S+(w +1)*
If M # M,, it must be shown that My= ¥ ® 0. For then, M = X P L
where L belongs to Lat A which is isomorphic to (w+1)* by Proposition
21.1. Whence LatT = Lat S+(w+1)*

Let L be the closure of P(0 D ¥)M. Then M v (X DO0)= DL
is invariant for 7', and thus L is a non-zero invariant subspace of A. By
Proposition 21.2, there is an integer ng so that L = span {e, ,n > ny}. By
Lemma 21.5, the operator D belongs to the norm closed algebra generated
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by T, and therefore D leaves M invariant. For each n > n,, choose z; in
M such that klim P(0 & M)z, = e,. Then

|4 |[78"g = De, = lim Ds,
—00

So M contains span {S"g,n > ny} which has finite codimension in ¥ & 0.
As L has finite codimension in 0 @ X, it follows that M has finite codi-
mension itself.

Let B be the restriction of 7% to M-, which is invariant for T*. Now
T, and hence T, is quasinilpotent. Since M- is finite dimensional, B is
nilpotent; say of order g. Then 7* annihilates M-, whence the range of
T? is contained in M. Choose m so large that k,, >n, and
ky—k,_1 > q. Then M contains

=1
q - AY 3) Jo A1
T ekm_q'H' = A Ckm_q+1+ S CA Ckm_q+1
=0

-1 .
= O‘Ckm+l+53 S]Caj'ekm—j = € 41+0g ,
J=0
where o and &, are non-zero constants. Hence M contains g which is
cyclic for S. So M contains ¥ €D 0 and equals X @ L as claimed. =

21.5 Corollary. For any finite non-negative integers m and n, the
lattice wm+1+4(wn)* is attainable.

Proof. Choose real numbers p; > py > ... > puym > 0. Let A, be the
unilateral weighted shift with weights n %, so that ||A}|| = (n!) **. By
induction, Theorem 21.2 provides operators C}, so that

A C, 0 0 0
0 A, C, 0 0

0 0 A,
S =
0 Am-—l Om-—-l
0 0 0 A,

has LatS = (wm+1)*, and S has a cyclic vector. The norm condition is
verified in Exercise 21.1. Continue to use Theorem 21.2 to produce
Cins--sCn —1 50 that
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s+ ¢, o
0 Apyi Cpta 0
T=
0 0 0 A Gy
0 0 0 0 A,
has LatT = Lat S+(nw+1)" = wm+1+(wn)* |

A quite different approach is needed to produce an operator with
lattice isomorphic to {—oc} U Z U {+od} = (w+1)*+(w+1). Like the last
proof, it is computationally technical.

21.8 Theorem. Let X be a bilateral .slhz'ft with weights w, > 0 given
n— n

by Se, = wye,qy forn €Z. Let w, = [Jw, forn >0 and 7, = 11 w,

k=0 k=1
Jor n <0. Assume that {w,,n >0} and {w,,n <0} are monotone
decreasing, and that

. _log Ty
lim sup——— > v > log3
n

n —+o0

and

—log 7
lim inf—® 55 >0 |

In | [n |

Then LatS = {M, = span{e,:k >n}:n € Z} U {0,)}.

Remark. One can take w, = 10~ I ¢o satisfy the hypotheses of this
theorem.

Proof. For convenience, normalize S to be norm one. Since
N={M,,n € Z;0,)} is a complete lattice, it suffices to show that every
cyclic invariant subzspace for S is in N. The conditions on the weights
show that 7, < e™° for |n |large. Since w, is monotone,

wnSﬂ"%/lﬂ|<e—"‘s

for |n | large. Hence the weight sequence is summable. By Proposition
21.1, Lat(S|M,) = {M,:k >n} and Lat(S*|ML)= {Md:k <n}.
Hence if z € M,,, then the cyclic subspace L(z) belongs to N. Likewise, if
y € ML, then the largest S invariant subspace orthogonal to y is in N.

Now suppose that a unit vector = = Y, a,e, generates a cyclic sub-
space which is not in N. Let y = Y,b,e, be a unit vector orthogonal to

L. Then a, # O for arbitrarily large negative n and b, # 0 for arbitrarily
large positive n. Define
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o, = Tpa,, n <0 and B, = W;lf-—; n <0 .
To'dy, n >0 Taby, n >0
Then for £ > 0,
o0
0= ?y) E (Hwn-H)an n+k = E anﬂn+k .
n=-—00 =0 n=—00

Let Ay =1 and define A, >0 for n <0 so that {logA,,n < 0} is
the least convex majorant of {0,log |, |n < 0}. That is, (n,logA,) lies on
the boundary of conv{(0,0),(n log|a, [),n < 0} Clearly, |o, | < A, for all
n < 0. Since (|, |) = o(7,) and logr, < —n?6 for large n, it follows that
A, = |o, | infinitely often. Similarly, let By = 1 and define B, >0 for
n >0 so that {logB,,n >0} is the least convex majorant of
{0Jog|B, ln > 1}. Again E = {n:B, = |8, |} is infinite. The log convex-
ity condition guarantees that B;'B,,, and AZlA_,_, are monotone
decreasing to 0 as n tends to infinity. Furthermore, the rapid growth con-
dition implies that for infinitely many integers n,

Bn_an +1 S 6_2737;—11315
To see that, note that if B;'B,,, > ¢ 2B 1B, for all n > ng, then
BBtk = ¢ BB, .

Hence
—1
Busp > B, 11 BB, 1 = e #1BIB1

k=0

Taking logs yields
—logmy, 4, < —logB, 4, < (p*—p)7+(p—1)logB, —plogB, ; -

Divide by (n+p)? and take the limit as p — oo, and
—logm, 4,

lim su
noo P (n+p)?

This contradicts the hypotheses, so our claim is valid. Take a large integer
n so that

L =B;'B,;1 <e¢™B4B,
Then choose a negative integer m so that
M= A A, <L < AL A,

This implies that logA,, changes slope at m, hence A,, = |o,, |. Likewise,
. = 1B, |. Set p = n—m. Then
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00 0
0=0on'8" Y aiBiyy, = 0B + )) + )% Bras

k=—00 k<—p k=—p k>0
These three terms, denoted S}, S, and S, will be estimated separately.
Fork >0, |8, | < By,. Whenk = n+s

8—1
By ys = n]_—IBr:ll»iBn+i+1 <L°B,, s >0 .
£=0
Similarly, if k = n—s,

s
B, = Bn(HBrrliBn—i+l)_l < e_zqsL_an; 1<s<n

i=1

Likewise, for k < 0, |a; | < Ag; and
Am—e S MsAm S e’anAm’ $ 2 0

and
Am+e S M_aAm S e_qsL—sAmy 1 S 8 S lm | .

Hence for —n < s < |m |,

<evllplel=2vlelp—lol _ o=vlel _, <5 <4

An'B A 4o Brys 1= 1 s5=0
< eTLTL? = ¢ 1<s < |m|
Consequently,
a 0
1521 = lo'8" 35 awBry | 2 1= 35 AZ'B A4 Bys,
k=—p k=—p
k#m
= 1—3¢™7
>1-2) e = ——-"-=->0 .
- > 1—e™?

g=1

This term is bounded below independent of the choice of n. So a contrad-
iction will be obtained if the other two terms can be made arbitrarily small
for n large.

The estimates above yield as special cases:
AD'BT'A_Bo<e™™ and  A;'B'AGB, <eviml
Hence
AZ' B < min{e™ AL eI By

Since B, By 4 is monotone decreasing, B, B, ,; < B™'B,,,. So,
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1S5 ] = |47 B S By, | < e B |y |y,
k>0 k>0

< el IBFIE lag [Beyr -
k>0

It remains to show that Y, oy |By,; < oo. But logm, is a convex
E>0
majorant of {log |B; |} since w; is monotone. Thus Byt < 7pyq. There-

fore,
loe 1By < 7t lag gy = wylag | < wy

This is summable, so |S3| can be made arbitrarily small by a sufficiently
large n (and hence |m [). Similarly, |S,| can be made small. This con-
tradicts §;+S,+S3 = 0, and hence L(z) must belong to N. n

21.B  Unitary Orbits of Nest Algebras. Let N be a nest. Let U(N)
denote the norm closure of {UTU*:T € T (N), U unitary}. Similarly, let
U,(N) = {UTU*+K:T € T (N), U unitary, K compact}
= {UIU*:T € QT (N), U unitary}
and
UYN)={A €B (X): for all € > 0, there are T'in T (N),
U unitary, and K compact such that ||K|| < ¢
and A = UTU*+K} .
Note the easy relations UX(N) C U(N) C U(N) and U(N) C U,(N). The

analysis of these sets requires detailed information about the structure of
operators which cannot be dealt with in this book. A good reference for
this material is Herrero [2].

Recall that an operator A is quasitriangular if there is an increasing
sequence P, of finite rank projections with \>/ P, =1 such that
n2>1
lim || P-AP, || = 0. Let QT denote the set of quasitriangular operators.
n —o0

It is an easy exercise (Exercise 12.1) to show that every quasitriangular
operator A can be expressed as A = T+ K, where T is triangular and K,
is compact with ||K || < e. Since QT is norm closed, it follows from this
simple observation and its converse that if N is a nest of order type w-+1
with only finite dimensional atoms, then

U(N) = UYN) = Uy (N) = QT .
Likewise, if N has order type (w+1)* with finite rank atoms, then
UN) = UX(N) = U, (K) = QT" .
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Let oo(T) denote the isolated eigenvalues of T of finite multiplicity.
If X belongs to o(T), let Ep{\} denote the Riesz projection corresponding
to the eigenspace for \. When X is a compact subset of the plane, let X*
denote the polynomially convex hull of X. The complement T\ X has a
unique unbounded component O, and X" =€\ O,, Thus the components
of X are always simply connected. Define

BM),={TeB(XN): 3 rank Ep{\} < d} .
X €og(T\o ()

We can now state the main theorem.

21.7 Theorem. Let N be a nest on a separable space.

1) If N is well ordered with finite dimensional atoms, then
U(N) = U(N) = Uy(N) = QT .

2) If Nt is well ordered with finite dimensional atoms, then
U(N) = U(N) = U(N) = QT* .

3)  If neither (1) nor (2) holds, let d = Y, dimA, where A denotes the
AEA
set of atoms of N. Then
300) when d = oo U(N) = UN) = U (N)=B (X);

3d) when d < oo U(N) = UXN) =B (X)y and U,(N) = B (X).

We now state without proof some results that are required. A few of
the easier results will be included in the Exercises.

21.8 Lemma. Let T be a bounded operator on X with matriz (T35
Suppose T is block upper triangular (T;; = 0 if j < i) and Ty is quasitri-
angular for all i > 1. Then T is quasitriangular.

21.9 Theorem (Apostol, Foias, Voiculescu). An operator T in B (X )
ts quasitriangular <f and only if {N:T-\I 4s semi Fredholm,
ind(T—X\I) < 0} is empty.

21.10 Theorem (Weyl-von Neumann-Berg). Let N and M be nor-
mal operators such that o,(N)= o,(M) and oyN) = oo(M) including
multiplicity. Then N 2 M.

21.11 Theorem (Voiculescu). Let T be any operator in B (X ). Sup-
pose p is a representation of CT)+K/K and A = p(T). Then
TET G A,
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The following lemma is an easy step in the proof of Theorem 21.9.

21.12 Lemma. Let T be an operator in B (X). Given ¢ > 0 and nor-
mal operators M, and M, such that o(M,) C 04,(T) and o(M,) C o,.(T)
(the left and right essential spectrum of T, respectively), there is a com-
pact operator K such that || K|| < € and

M]. * *
T-K={0 % =«
0 0 M,

(Eiither M, or M, may be absent.)

21.183 Corollary. If N has an infinite dimensional atom, then

UNN) = U(K) = Uy(N) = B (X) .

Proof. Let the atom be A = Ny & N;. Given T in B (¥), pick a con-
stant X in o,(T), and set M; = X\I |N; and M, =\I |[Ns. By the previous
lemma, there is a compact operator K so that ||K || < ¢, and

N

T-K= 10 x =*

0 0 X\
acting on N, @ A @ Ng-. Clearly, this belongs to T(N). Hence
UYN) = B (X), and the lemma follows. u

21.14 Lemma. If N has an increasing sequence of atoms, then UE(N)
contains QT.

Proof. It clearly suffices to show that QT is contained in UJ(Ny) where
Ny is a larger nest containing N. So it may be assumed that there is an
increasing sequence A, = N, & M, of one dimensional atoms. Let T be a
quasitriangular operator. Let p be any representation of C’*(T), and let
A =p(T). By Voiculescu’s Theorem, T £ T @ Al ~ T g (AI),
Now if A—X\I is right invertible, then T—\[ is semi Fredholm and hence
has ind(T—XI) > 0. Thus (T—XI)~ is left invertible in the Calkin algebra,
whence A—XI is invertible. Thus

(A = 5,(A™) = 0,,(A9) .

In particular, z'nd(A(°°)—)\I) = 0 or +o0o. By Theorem 21.9, A s quasi-
triangular.

Pick X in ¢(A®), which is contained in o,(T). Let N, = ¥1Nn.

Define normal operators Jo= X [Nt and J, =\ |[M, & N,_, for
n > 1. By Lemma 21.12, given € > 0, there are compact operators K,
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n > 0 such that || K, || < 27" !¢ such that

BO E3
T-Ko (g .

Jo o+
and A(°°)—K,, = o B

Moreover, it follows that B, are quasitriangular. Hence we can assume
that an additional compact perturbation has been included in K,, n > 0
so that B, are triangular with respect to bases {e, ;:k > 0,n > 0}.

Let K= Y, @ K,. Since ||K|| <, there is a compact operator
n >0
K' with || K'|| < € such that
T-K'>*T-K,® Y, @ AY-K,

n>1
[BO * ] Jﬂ *
= e Y =T -
0 Jy S 0 B,
It remains to show that T} is unitarily equivalent to an operator in T (N).
Let f, be a unit vector in the atom A,. Let U be a unitary such that
Uen,l: = f2”+2"+1k n 2 07k 2 07
U(dom Jy) = N,
U(dom J,,) M, SN, n>1.

Then UTU* is scalar valued on the intervals M, © N,_; and N2, and is
upper triangular with respect to the nest

{0= No,My,Ny,...,Ny, 1} .
Thus UToU* belongs to T (N). ]

21.15 Corollary. If N is well ordered with only finite dimensional
atoms, then U(N) = UYN) = U, (N)= QT.

Proof. By Lemma 21.14, UE(N) contains QT. Clearly, it suffices to show
that T (N) is contained in QT. This will be shown by induction on the
ordinal type of N (always a successor ordinal o+1 since ¥ is always the
largest element of N). This result has already been noted for the first case
w+1. If @ = f+1 and it holds for nests isomorphic to 8+1, then every T
in T (N) has the form

T=

T, K,
0 K,

where T belongs to a nest order isomorphic to 841, and K, acts on a fin-
ite dimensional space. Thus 7; is quasitriangular by the induction
hypothesis. Clearly, T is also quasitriangular. So the result follows for
a+1.
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The other possibility is that o is a limit ordinal. Since o is count-
able, there are ordinals oy < a such that a = Y] @;. So every T in
E>1
T (N) where N has order type a+1 decomposes as

T, = = *
Ty, = *
T =~ T3 *
0 ..
.J

where T belongs to T{N;) where N, has order type a;+1. By the induc-
tion hypothesis, each T} is quasitriangular. Then Lemma 21.8 implies that
T is also quasitriangular. Hence the result follows for «. The induction is
complete and the corollary follows. -

21.16 Corollary. If N1 is well ordered with only finite dimensional
atoms, then

U(N) = UYN) = U(N) = QT" .

To progress further, we need more structural lemmas. These are
proved using the techniques developed for Theorem 21.9. They will be
stated here without proof. Caveat: Lemmas 21.17 and 21.18 are different.

21.17 Lemma. Let T be an operator in B (}) and let ¢ > 0. Then
there is a compact operator K with ||K || < ¢, and there are quasitriangu-
lar operators T) and Ty in B (X ) so that

Tl *

IT-K= 0T

Furthermore, it may be arranged that either oo(T}) or o((T,) is empty.

21.18 Lemma. Let T be an operator in B (X), and let € > 0. Then
there is a compact operator K with || K|| < ¢, and there are quasitriangu-
lar operators Ty and Ty in B (M) such that

TP =

T-K =g g

Furthermore, it may be arranged that either oo(T)) or oo(T,) is empty.



330 K.R. Davidson

21.19 Corollary. If N has both an increasing sequence of atoms and a
decreasing sequence of atoms, then U(N) = U(N) = U, (N) = B (X).

Proof. N must contain an element Ny such that Ny = {N € N:N < Ny}
and Np = {N & Ny:N € N,N > Ng} are infinite nests, one containing an
increasing sequence of atoms and the other containing a decreasing
sequence of atoms. By Lemma 21.14, one of T{N;) contains QT and the
other contains QT*. So UJ(N) contains either

QT QT*
0 QT " | 0o QT
Hence Lemma 21.17 or Lemma 21.18 implies that UJ(N) = B (X). L]

21.20 Lemma. Let T be an operator in B () ), and let € > 0. There is
a compact operator K with ||K|| < €, an operator R such that

0(R) = 04o(R) = 0,(R) = 0(T) and oo(R) = o(T)\e.(T) ,

and bounded analytic functions h, in H® corresponding to Toeplitz
operators Thn on H? such that

S end . .

n>1
T-K = 0 R *
0 oY &n™
n2>1

21.21 Lemma. Suppose that T is a bigquasitriangular operator
(T € QT N QT*) such that oy(T) is empty. Let € >0 be given. Then
there is a compact operator K with ||K|| < € and there are normal opera-
tors N; and block diagonal operators D;, 1<35<4, such that
U(Dj) - G(N.’i) = ae(Nj) = ae(T) and

N, @ D, * * *
0 Ng@Dz * *
T-K=1 0 N,®D; x

0 0 0 N,® D,
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21.22 Lemma. Let D= Y, @® D, be a direct sum of finite rank
n>1

operators, and let N be a normal operator such that

o(D) C o,(N) = o(N). Given ¢ > 0, there is a compact operator K with

[| K|} < € such that

NGD-K=

where the matriz acts on N,

Proof. Put each D, in triangular form with diagonal entries
A1 <5< 7} Then o(D) contains J (Dx), and thus so does o(N).

n>1
By the Weyl-von Neumann-Berg Theorem,
N2& Y, D il D Y, P upl where {u,,k > 1} is a dense subset of
n2jg n>1
o(N). Hence
I“nI iun,l
. Ao od 0 Ap o *
NHD R
®DLY & Ml @
0 )\n’jn 0 L
Bl
Xﬂ,ll %
~ . n
”2231 @ >‘n,21
0 ”J}.I

21.28 Corollary. Let N be a continuous nest. Then UJN) contains
B (M)o. Hence U,(N)= B (}).

Proof. Let T be an operator in B () ) such that oy(7T) is contained in
o,(T). Given € > 0, apply Lemma 21.20 to produce a small perturbation
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Y eTd

n>1
T-K = 0 R *
0 0 Y @71
n>1 "

and o(R) = 0,(R) = 0,.(R) = 04,(R) = 0,(T). Theorem 21.9 implies that
R is biquasitriangular. Thus an application of Lemmas 21.21 and 21.22
produces a small compact perturbation R, of R with an upper triangular
form on H(® G H (9 b H (E") &EH (*d with scalar entries on the diagonal.

Split the continuous nest N into three intervals, each of which is a
continuous nest N;, 1 <47 < 3. The nest N, can be decomposed into inter-
vals order equivalent to w+w+w+w. Let U, be a unitary carrying
H® ¢ H @ H™ @ H® onto the domain of N, matching each copy of
H to the corresponding interval. Then since the diagonal entries of R, are
scalar, UpRyU; belongs to T{Ny).

Let S denote the unilateral shift of infinite multiplicity. Let M be
any continuous nest, and partition M into intervals {E;k > 1} with
Ei < E;. Then 59 s unitarily equivalent to any strictly upper tri-
angular isometry that carries each F} onto Fj,;. So 59 belongs to T(Mo)
where M, is unitarily equivalent to M. Hence so does every operator in
the WOT closed algebra generated by S(°°), which includes T,£°°) for every h
in H™. Now split N into countably many intervals F,. By the above
remarks, an operator unitarily equivalent to T,S:q belongs to T(F, Ny).
Hence Y, @ T;E:") is unitarily equivalent to an operator in T{N,).

n>1
Since T(Ny)* = T{Ng) is also a continuous nest algebra, 3. @ T,fffq

n>1
is unitarily equivalent to an operator in T{Ng). Putting all the pieces

together demonstrates that T belongs to UJ(N).

Every operator T has a compact perturbation with no isolated eigen-
values of finite multiplicity. Hence U,(N) = B (X). =

21.24 Corollary. Let N be a nest such that neither N nor NL is well
ordered. Then U(N) contains B (X ), and hence U,(N) = B (X). If the
span of the atoms is in finite dimensional, then

UgN) = UN) = U (W)= B () .

Proof. First assume d = oo. If N has an infinite dimensional atom, apply
Corollary 21.13. If N has both an increasing sequence of atoms and a
decreasing sequence of atoms, apply Corollary 21.19. Otherwise, the atoms
of N are either well ordered or those of Nl are. Assume the former.
Since N is not well ordered, it must have a continuous part. As the atomic
part is well ordered, N contains an interval E, on which N is continuous.
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This splits N into intervals E;, F, Ej3; One of E, or Ej; contains an
increasing sequence of atoms. For definiteness, say F5 has this property.

By Lemma 21.18, for every operator T in B () ) and € > 0, there is a
compact operator K, with ||/ || < € such that

TP *
where T is quasitriangular and oy(77) is empty. Let A be any point in
0.(T1), and let M, = \I |E;. By Lemma 21.12, a second small compact
perturbation yields

Ml * *
T—KI—K2 = 0 B *
0 0 T,

where oo(B) = oo(T}) is empty. By Corollary 21.15, T, belongs to
UX(NE;). By Corollary 21.23, B belongs to UXNE,). Clearly, M, belongs
to T(NE,). Hence T belongs to UJ(N); and UY(N) = B (X).

If d < co(i.e. N has finitely many, finite rank atoms), then N has an
interval £ on which N is continuous. As in the proof of Corollary 21.13,
every operator T has a small compact perturbation of the form

M o+ %
T—'K =~ 0 To *
0 0 X

If oo(T)\o.(T) is empty, the same follows for T;. Then by Corollary 21.23,
T belongs to U(NE,) and hence T belongs to UY(N). Hence U(N) con-
tains B (A )g and U,(N) = B (X). L

The full Theorem 21.7 has been proven except for the following:

21.25 Lemma. Let N be a nest with finitely many finite atoms of
total dimension d. Then UJ(N) = U(N) = B (X ),.

Proof. Let T belong to B (X ), and let

p = 3 rank Er{\} .
X €0gTI\o (1Y

If p > d, there is a finite subset S = {X\,...,\,,} of oo(T)\o (T)* with rank
Er{S) > d. The characteristic function of {\,,...,\,} can be approximated
uniformly in a neighbourhood of ¢(T) by polynomials (Runge’s Theorem).
Hence E7{S) belongs to the WOT closed algebra generated by T. Conse-
quently, if T belongs to T (N), so does E{(S). By Ringrose’s Theorem 3.4,
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the atoms of N have total dimension at least rank E'7{(S), contrary to fact.
Moreover, B (X ), is closed because every operator sufficiently close to T
will have isolated eigenvalues near S of the same dimension. Hence U2(N)
is contained in B (X )y, as is U(N) since it is contained in UJ(N).

On the other hand, suppose p < d. Then there is an invertible
operator S so that

SIS '~ AT,

where A acts on €7 and T, belongs to B () );. Clearly, T belongs to UZ(N)
if and only if STS™ belongs to UX(SN). But SN has precisely the same
atoms, so we may assume that T'= A @ T;,. Since A can be put in tri-
angular form, A is unitarily equivalent to an operator B in T (N) where
B = P(E)BP(E) and E is the sum of all the atoms of N. Since NP(E)L is
a continuous nest, Corollary 21.23 shows that T}, belongs to UJ(NP(E)L).
Hence T belongs to UJ(N) as desired. =

Notes and Remarks.

Proposition 21.2 was proven for w, = 2™ by Donoghue [1], and in
this generality by Nikol’skii [1]. Nikol’skii also showed that the monotoni-
city is essential. Yakubovic [1] showed that w, monotone decreasing to 0
is sufficient for unicellularity. Harrison and Longstaff [1] constructed a
unicellular operator with lattice w+w+1. Corollary 21.6 is in Barria [1].
Theorem 21.3 is taken from Barria and Davidson [1]. They prove a+1+8*
is an attainable lattice for all countable ordinals @ and 8. Theorem 21.7 is
due to Domar [1}. He also shows that bilateral weighted shifts are not uni-
cellular if

ogT
lim inf ——log|n | > —oco .
|n —+00 In I

Other nests which are attainable are constructed in Barria [2] and
Rosenthal [1].

Theorem 21.7 is due to Herrero [3] and [4] and answers a question
raised by Arveson in 1981. The reader should consult these papers for
proofs of Lemmas 21.17, 21.18 and 21.20 which are omitted in our text.
The other omitted material can be found in Herrero’s monograph [2], or in
its original sources. Lemma 21.8 is due to Douglas and Pearcy [1]. (See
Exercise 21.4). Theorem 21.9 appears in a long series of papers by Apos-
tol, Foias and Voiculescu [1]. The Weyl-von Neumann-Berg Theorem was
first proved by Berg [2]. (See Exercises 7.1 and 7.2). Theorem 21.11 is
due to Voiculescu [2], and is related to the proof of Andersen’s Theorem
presented in Chapter 12. Lemma 21.21 is contained in Voiculescu [1].
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Exercises.
21.1 Suppose that ||Al|] = O((n!)™?) for ¢ = 1,2, and let
A, C©
T=1o AQ]
Use Stirling’s formula to show that ||7%| = O((n)™®~9) for all
€>0.

21.2 Construct a unicellular operator with lattice isomorphic to
w+(w+1)+w+14w* Hint: Apply Theorems 21.3 and 21.7.

21.3* Is the canonical nest on £%®) attainable?

214 (a) Let

T=

Ty Ty
0 Ty

act on ¥ P M, and suppose T;; and Ty, are in QT. Prove that
T is quasitriangular. Hint: Suppose that T}; are triangular with
respect to {F,} and {@,} respectively. Show that given ¢ > 0,
there are integers n; so that Y, |[P,;‘,:T12Qk | <e.

k2>1

(b) Prove Lemma 21.10.

21.5 (a) Suppose T is semi Fredholm of negative index which is
bounded below by one on (ker T)L+. Let M be a finite dimen-
sional subspace of (RanT)Ll such that dim M > null(T).
Show that if N is any subspace containing M V (ker T), then
IP(NATP(N)|| > 1.

(b) Show that if T is quasitriangular, then whenever T'—\I is semi
Fredhbolm, ind(T—X\I) > 0.
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22. Commutative Subspace Lattices

In this chapter, we will examine the class of reflexive algebras with
commautative subspace lattice, meaning a complete lattice of subspaces L
such that {P(L):L € L} is abelian. This includes all nest algebras, and
some of the results of this chapter are not much easier in the nest case. It
will be shown that L is reflexive (Theorem 22.9) and that there is a smal-
lest weak* closed subalgebra of Alg L containing a maximal abelian von
Neumann algebra, denoted A;,, with the property that Lat Ay, = L
(Theorem 22.16). In the case of a nest and in many other cases, one has
Apin = Alg L (22.19-22.25). This generalizes some of the results of
Chapter 15.

22.1 Example. Let (X,m) be a compact metric space with a finite reg-
ular Borel measure m. Let a pre-order < given by a countable family f,
of continuous real valued functions by the rule z < y if f,(z) < f,(y) for
all n. This may fail to be a partial order since # < y and y < £ may not
imply £ = y. Such a pre-order will be called a standard pre-order.

A Borel subset E of X is increasing if z €E and z <y implies
y €EE. Let L(X, < ,m) denote the set of subspaces of L X ,m) of func-
tions supported on increasing sets. This is in fact a complete lattice. For
if A and B are increasing sets, so are A N B and A U B. Let the sub-
space corresponding to A be denoted by L, and P(L,)= P,. Then
LyVLg=Lsypand Ly ALg=Lynp. If {Ay:X €A} is a collection of
increasing sets, let s be the supremum of m( U A,) as F ranges over fin-

A EF

ite subsets of A. One can choose a countable subset {4,} such that

o0

A = [ JA, has measure s. Clearly, A is increasing. It will be shown that
n=]

L, = )\\e/ALA*' Denote the closed span of {La,:A €A} by M. Since M

contains L, for each A,, M contains L, = \! LAn' On the other hand,
n n>1

suppose that for some X, L is not contained in L,. Then
Ay, A

m(A U A)) > s which contradicts the definition of s. So M = L,. Simi-
larly, L (X, < ,m) is closed under arbitrary intersections.

339
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22.2 Lemma. [(X, < ,m) is closed in the strong operator topology.

Proof. The space LHX ,m) is separable, and hence the strong operator
topology is metrizable. The set of projections is strongly closed, as is
L®(X,m). So if A, are increasing sets, and P, converges strongly to P,

then P = P, for some Borel set A. Let 1 denote the constant function.
Then
0= lim ||PA—-PA,‘1H2 = limm(A A A4,)
n —+00 n —oo

(where A AB denotes the symmetric difference (A\B) U (B\A).) Drop

o0

to a subsequence so that m(A A A4,) < 2™". Let B = M U As. Thisis
n=1l k2>n
an increasing set. Moreover,

m(A\ | A) < lim27* =0
E>n k—o0
for all n, so Pg > P. Also

m(|J A\A) < 3] 27F =2t
k>n k>n

Thus m(B\A) = 0 and P < P. So P = Pp belongs to L(X, < ,m). n

It is always possible to find a countable family {E, n > 1} of closed
increasing sets so that

zr<yifandonlyif {n:x €E,}C{n:y €E,} .
For example, let r;, be an enumeration of the rationals and let

Eop={z:falz) 2 e} .
On the other hand, if E, is such a collection, then the complete lattice
generated by {PE'”;" > 1} is all of L(X, < ,m). At this point, we prove
this only in a special case.
R
Let X = 2°° be the space of sequences (x;) of zeros and ones with
the product topology. The sets F, = {z = (2;):2, = 1} are closed and
open, and {F,,F;,n > 1} is a sub-base for this topology. The “even pre-
order” is given by
g <y {n €Nz €Fp} C{n €Ny EFy,}

4=’x2nsy2nr nZI-
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8
22.83 Lemma. Let (X, <) be 2 ° with the even pre-order, and let p be a
regular Borel measure on X. Then the complete lattice generated by
{Pr, :n €IN} is precisely L(X, < ).

Proof. Let C* be the smallest increasing set containing a set C. It will
be shown that C7 is closed if C is closed. The graph of the pre-order,

G ={(zy) X’y <z}

is closed because X?\G = J F5n X Fy, is open. Let 7; and 7, be the
n>1
two coordinate projections. Then

o* = m(r7%C) N G)
is the continuous image of a compact set, and hence is closed.

Now let P be a projection in L (X, < ,u), and let A be an increasing
Borel set such that P = P,. By the regularity of u, there is an increasing

sequence of closed sets Cp contained in A such that p(A\ [ C,) = 0.
n2>1
Hence C,f is an increasing sequence of closed increasing sets contained in

A such that \! P,+= P,. So it suffices to prove that Py belongs to the
n>1 "n

lattice generated by {PFm,n € N3} for every closed increasing set O.
Let F{U = F,, F(-U = F¢, and F® = X. For each finite sequence

e={e,,1 <n <2N}of +1%, let

N ()

Fo=NF" .

n =1
These sets form a base for the topology. Since C is closed, X\C is the
union of & = {F:F, C X\ C}. Since C is increasing, it follows that if F, is
disjoint from C, then the decreasing set

Fe={z €X:x9, < (e20+1)/2,1 <n < N}
is also disjoint from C. Now, X \F; = U {Fon €90 = —=1}. So

C = N(X\F?)
£
belongs to the complete lattice generated by {Fy,,n > 1}. u

22.4 Theorem. Let L be a commutative subspace lattice on a separ-
able Hilbert space. Then L is unitarily equivalent to some L (X, < ,m)
of Ezample 22.1 where X is a compact matric space, m is a regular
Borel measure on X, and < is a standard pre-order.

Proof. Let L” denote the abelian von Neumann algebra generated by
{P(L):L € L}. Let M be any maximal abelian von Neumann algebra con-
taining L". Since B (X ) is separable and metrizable in the strong operator
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topology, one can choose countable families of projections {F,,n > 1} and
{Qn:m > 1} which are strongly demse in {P(L):L € L} and Proj(M)
respectively. Let

(23
A=)Y,39""P,+9Q,

n=1

Since each P, and @, can be recovered from the spectral projections of A,
it follows that C*A) = O*{P,,Q,,n > 1} and WA) = M. Let X be the
spectrum of A. By Theorem 7.8, there is a finite regular Borel measure m
on X such that M is unitarily equivalent to L°(X,m) acting on L%X,m)
by multiplication, and A corresponds to M,.

The projections P, and (), correspond to multiplication by the
characteristic functions of closed and open sets, which we denote E,, and
Ey,_1 respectively. Since {F,,Q,} generate C*A), the functions
{XEn:" > 1} separate the points of X. Define a pre-order < by

r<y if {n:z €Ey}C{n:y €EE,} .

Then each set F,, in an increasing set. The unitary equivalence carries L
onto the strongly closed lattice generated by {PE%,n > 1}. This will be

shown to be all of L(X, < ,m).

Define a map ® from X onto ¥ = g0 by ®(x)(n) = 1 if and only if
z €F,. Clearly, 7Y(F,) = E, and ®{(F¢) = ES. As these sets are a
sub-base for the topology of Y, & is continuous. Since {E,} separate
points, ® is a homeomorphism onto its image ®(X). The order on ®(X)
induced from X is precisely the restriction of the even pre-order to ®(X).
Let p be the regular Borel measure on Y given by

wA) = m(®7H(A N o(X))) .

There is a natural unitary equivalence of L%(X,m) and L¥Y,s). Let C be
an increasing set in X, and let D = ®(X). Let D* be the smallest increas-
ing set in Y containing D, namely {y €Y:3z € D,y > z}. Since D is
increasing in the relative order on ®(X), it follows that D = Dt n ®(X).
On the other hand, if A is an increasing set in Y, then ® (A N ®(4)) is
an increasing set in X. This establishes a unitary equivalence between
{Po:CeL(X,<,m)} and {Py:A€L(Y,< p)} This  unitary
equivalence takes {PE%:n > 1} onto {Ppm:n >1}. By Lemma 22.3,
{Pr,,m 21} generate L(Y,<,u) as a complete lattice. Hence
{PE%,n > 1} generate L (X, < ,m) as a complete lattice. -

Contained in this proof is the fact that if {F,,,n > 1} is a collection
of increasing sets which determine the order on (X, < ), then {PEm,n > 1}

generates L (X, < ,m) as a complete lattice. Just insert PE% for P, in the
proof above. The proof establishes a unitary equivalence between the
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complete lattice generated by {Pg, m > 1} and L(Y, < ,u), and hence
with L (X, < ,m).

Unlike the nest algebra case, there is no longer an abundance of rank
one operators in Alg L to prove reflexivity. A substitute is needed. Let u

be a finite positive regular Borel measure on X2 The marginal measures
are the measures on X given by

Bi(A) = p(A X X) and py(A) = p(X X A) .

Let A(X,m) denote the linear space of signed regular Borel measures g on
X? such that |p [, and |u |, are absolutely continuous with respect to m
and

lu l;

ll#ll = max| floo < 00 .

If < is a standard pre-order on X, let G(<)={r,y) eX?y <z} be
the graph of the pre-order. We construct certain “pseudo integral” opera-
tors in Alg L.

22.5 Theorem. Let p belong to A(X,m). Then there is a unique
operator T, acting on LQ(X m) such that

(Tuf9) = [ [ xef (v)3(@)dp

Jor all f, g in L¥X,m). Moreover, |T,|| <||u||. The operator T,
belongs to Alg (X, < ,m) if and only if
suppp C G = {(z,y) € X*:y < z}.

Proof. Define a bilinear form on L% X,m) by

<fig>=[[xf(¥)i=Ndn .
Then by the Cauchy-Schwartz inequality,
|<f9> < [ [yl f@)] lg(z) 1d lu ]
S el f W) Pl DA [ xlg(e) ld i D)
= ([x /() Pd le )*([ xlg(2) Id [n |))*
<IN Halt el
Thus there is a bounded operator T), with ||T,|| < |[#]| such that
(T.f,9) = <f,g>forall f,gin LY{X,m) .

Suppose that supp 4 is contained in G. Let E be an increasing set,
let f,g belong to L(X,m) so that f = xgzf and g = Xgeg- Then
J(y)g(z] is supported on E° XE which is disjoint from . Hence
E° X E N G is empty, so
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So T, belongs to Alg L(X, < ,m).

Conversely, suppose that T, belongs to Alg L (X, < ,m). For every
increasing set E, f = xgf, and g = XE,9 in L2 one has

0= (Tuf8) = [ J o o W)TT&Td -

Hence |p[(E° X E) = 0. There are countably many increasing sets E,,
n > 1 with the property that 2 > y if and only if y € F, implies ¢ € E,
for all n > 1. Reformulating this, one obtains

X\G = (J E; X B,

n>1

Hence |p(X?\G) = 0, whence suppy is contained in the closed set G. ™

It can be shown that there is a convolution type multiplication on
A(X,m) so that T,T, = T,,,. Thus {Ty:p € A(X,m)} is an algebra. We
will not require this fact at this stage. The proof will be delayed until
Appendix 22.31.

In order to prove reflexivity, we will show that A(X,m) is rich. A
Borel subset K of X? will be called marginally null if there are sets N
and M with m(N)=m(M)=0 such that K is contained in
N XX U X X M. Such sets obviously cannot support a non-zero meas-
ure in A(X,m). We require the converse.

22.6 Lemma. Let S be a subspace of Cr(X) containing the constants.
Let ¢ be a linear functional on S such that 1 = ¢(S) = ||¢|| and let M,
denote the set of Hahn-Banach extensions of ¢ to Cr(X). The for every
u in Cpr(X),

sup{o(u):0o €My} = inf{¢(f):f > u,f €S} .

Proof. Let o denote the right hand side. For any o in My, and f in §
with f > u,
o(u) <o(f)=¢(f) .

Hence the left hand side is dominated by «. On the other hand, one can
define ¢g on S+IRu by ¢o( f+ru) = #(f)+ra. Suppose || f+ru|| <1 and
r >0. Then f+ru <1, whence u < r(1—f). So

a<r(1-¢(f)) or  ¢(f+ra)=¢(f)+ra<1 .
On the other hand, if o is any element in My
1< o(f+ru) = 8(f)+ro(u) < ¢(f)4+ra = ¢o(f+ru) .

So ||¢ol| £ 1. By the Hahn-Banach Theorem, ¢, has a norm one extension
oo on Cr(X) and oy(u) = a. =
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Each ¢ in My is given by a measure o(f) = [ fdo. Thus it extends
to all bounded Borel functions on X.

22.7 Corollary. Let S and ¢ be as in Lemma 22.6, and let K be a
compact subset of X. Then

sup{f xdo:0 € My} = inf{g(f):f € 5,f > xx} -

Proof. As before, the right hand side is the larger of the two terms. Let
the left hand side be &, and fix € > §. Then since ¢(1) = 1,

[x\kdo >1-6 > 1—¢

for every o in My. By the regularity of o, there is a compact subset C' of
X\K with ¢(C) > 1—e. By Urysohn’s lemma, there is a continuous real
valued function u, with xo <u, < xx\x- Thus o(u,) >1—c. Let
0, = {o' € My:0'(u,) > 1—¢}. The collection {O,:0 € My} is an open
cover of the weak* compact set M. Let 0"1’ .. .,O,,n be a finite sub-
cover, and let

u = ma.x{u,,l,...,u,,"} .
Then u < xx\x and o(u) > 1—¢ for all o in My. By Lemma 22.7,
inf{g(f):f € S,f > xx} < inf{¢(f):f € $,f > 1—u}
= sup{o(l—u)ic E My} <e .
As € > § is arbitrary, the nontrivial half of the inequality follows. L

22.8 Theorem. Let K be a compact subset of X? which is not margi-
nally null. Then there is a non-zero measure p in A(X,m) with supp(p)
contained in K.

Proof. Let S={h € Cr(X?):h(z,y) = f(z)+9(y),f,g ECR(X)}. Let
¢(h) = [hdm® The set M. ¢ is precisely the set of positive measures such
that |p |y = |p |, = m. It suffices to show that

sup{[ xdo:o € Mg >o0 .
For then, one takes ¢ in My with [,do > 0 and sets p(4) = o(4 N K)
to obtain the desired measure.

Otherwise, one applies Corollary 22.7 to obtain a sequence h, in §
with h, > xx and ¢(h,) <2™. Decompose h,(z,y)= fn(z)+9.(y)-
Make this decomposition unique by stipulating that min f,(z) = 0. Choose
zqo with f,(zg) = 0, and note that g,(y) = h,{(zq,y) > 0 for all y. Then
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27 > ¢(ha) = [ S0 I 1gn ldm
Let A, ={z €X:|f.(z)+]|ga(2)|>%} and B, = U A¢- Then
m(Ag) < 2'7F, whence m(B,) < 2°™"; and te
KC(AXX)UXXA)C(B, xX)U (X XB,) .

Hence if B = (M B,, one has m(B) = 0 and

n21
KCNBXX)UXXB,)=(BXxX)U(XXB) .
n>1
Consequently, K is marginally null, contrary to hypothesis. u

The set {T,;:p € A(X,m), suppp C G( <)} contains the multiplica-
tion algebra M = {M,:h € L*(X,m)} and is an M bimodule. To see this,
define a measure p; supported on the diagonal A = {(z,2):x € X} by

Br(A) = f«l(A n ayhdm

The marginal measures are |u, |, = |p, b= |h |[dm. So u, belongs to
A(X,m). For any f and g in L% X<m), one has

(Tphf’g) = fff(y)Mdﬂ

= [ /(2)5@)h(z)dm(z) = (M, f g) .

Let p be any measure in A(X,m). The measure v = h,(z)hy(y)p has sup-
port contained in suppp, and marginals |v | < hy||hy|| |#]; and
[v lo < ||Aillh2le |2 Again, for f and g in L% X,m), compute

(Tu1.9) = [ [ f()a(@Thy(z)holy)dn
= (Tuhof h1g) = (M, T,M, f,9) .
So M, T,M,, = T,.
Let Ayin(X, < ,m) be the weak* closed algebra generated by
{Tu:n €A(X,m), suppp CG(L)} .

This is, in fact, the weak* closed linear span (see Appendix 22.31). The
previous remarks show that A;(X, < ,m) contains the multiplication

algebra M. The notation min will be justified in Theorem 22.16.
22.9 Theorem. Lat A,;,(X, < ,m)= L(X, < ,m).

Proof. Let P be a projection onto an invariant subspace of A;,. This is
also invariant for M, and thus P belongs to M; so P = P(E) is multiplica-
tion by the characteristic function of a Borel set E. Choose an increasing
sequence K, of compact subsets of E so that m(E\( JK,) = 0. Likewise,
choose an increasing sequence C, of compact subsets of E° with
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m(E°\| JC,) = 0. For every T, in A,
0 = P(C,)(P(E)T,P(E))P(K,)
= PC)TPK,) = T,
where p,, = p |C, X K,,. Thus there is no non-zero measure g in A(X,m)

supported on (C, XK,)N G( < ). By Theorem 22.8, this set is margi-
nally null. Now, E° X En G( <) is contained in

ENYG)XXUXX(E\|U K, U U @G X K,)NnG(L)

n2>1 n2>1 n>1

which is a countable union of marginally null sets, and thus is marginally
null.

Let N be a Borel set with m(/N) = 0 so that
EEXENG(L)C(NXX)U (X XN) .
Let m; be the coordinate projections of X2 onto X. Define
F = (E\N)* = {z:3y € E\Ny < 2}
= m{r(E\N) N G(< )}
=(E\N)U n{E°U N) X (E\N)n G <}
CE\NUN=FEUN .

Thus F is an increasing set such that m(FAF) = 0, whence P(E) = P(F)
belongs to L (X, < ,m).

The inclusion of L (X, < ,m) in Lat A, is immediate from Theorem
22.5, so the theorem follows. ]

22.10 Corollary. L(X, < ,m) is reflezive.

Proof.
L(X,<,m)C Lat Alg L(X, < ,m)
gLatAmin(XJS)m)= L(X7S’m) . u

22.11 Corollary. FEvery commutative subspace lattice on a separable
Hilbert space 1s reflexive.

Proof. Apply Theorem 22.4 and Corollary 22.10. u

We now turn to the consideration of M bimodules, where M is a
masa containing L" = {P(L):L € L}", which have L as its lattice. Two
such modules are Alg L and Ay (L). As in Chapter 15, we will use the
infinite ampliation S @ I of a weak* closed module S in order to work
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with reflexive subspaces (Lemma 15.4).

Given a commutative subspace lattice L of ¥; consider two lattices
of d; @ X. Let L & Proj()) denote the strongly closed (complete) lattice
of projections generated by {P(L)® Q:L € L,Q €Proj(X)}. Let
L & Proj(}) denote the lattice of projections P in Proj(¥; @ X) such

cony

that (I @ E)P(I @ E) belongs to the closed convex hull
conv{P(L) @ E:L € L} for every rank one projection E in Proj(}). It is
not immediate that this latter set is a lattice, but it is strongly closed and
contains P(L) ® @ for all L in L and @ in Proj(X). So once it is shown
to be a lattice, it will follow that it contains L & Proj(}).

By Theorem 22.4, we can identify L with L(X, < ,m) acting on
L¥X,m). By Lemma 15.3, L%X,m) ® ¥ is naturally identified with
L%(X,},m), the space of square integrable functions on X with values in
N. This identification takes L(X,m) & B (¥) onto L™(X,B (X)m).
For example, if E is an increasing set and Q is a projection in B (X ), then
P(E) @ Q is identified with the function f = Qxp which is an increasing
function into B (X), in the sense that z >y implies f(z)> f(y). A
function f is essentially increasing if it agrees with an increasing function
a.e.(m).

22.12 Lemma. The closed convex hull of L(X, < ,m) is weak* closed,
and coincides with the set of operators M, for ( essentially ) increasing
f in L®X,m) such that 0 < f < 1.

Proof. Each xg for P(E) = M, in L(X < ,m)is an increasing function
with 0 < xg < 1. Thus the same holds for the weak* closed convex hull.

Conversely, if f is increasing, then E, = {z: f(z) > r} is an increasing set.
The operators

1 n
M/,, = -77 P(Ek/n)
k=1
are in conv(L(X,<,m)), and 0K f—f, <1/n. So M, is in the norm
closed convex hull of L(X, < ,m). n

22.13 Corollary. L(X, < ,m) @ Proj(}) consists of all ( essentially )

cony
increasing, projection valued functions in L°(X,B (X)m). Conse-

quently, i1t forms a complete lattice.

Proof. Let P be an increasing projection valued function in
L*(X,B (X),m) and let E be the rank one projection onto ©€in ¥. Then

(I ® E)P(I ® E)(z) = EP(z)E = (P(z)€E .

As P(z) is increasing, f(z)= (P(z)&¢€) is an increasing function with
0< f <1 So f(z)E = M; ® E belongs to conv{P(L) ® E:L € L} by
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Lemma 22.12.

Conversely, if P is a projection on L*(X,B () )m) such that
(Il @ E)P(I @ E) belongs to conv{P(L) ® E:L € L} for all rank one
projections E, one deduces as above that f{z)= (P(z)¢) is increasing
for every £ in X. Thus z >y implies (P(z)£€) > (P(y)&¢) for all ¢
whence P(z) > P(y). So P is an increasing projection valued function.

It is not difficult to see that this forms a complete, strongly closed
lattice where the lattice operations are performed pointwise. (If one wishes
to pick an arbitrary representing function instead of an increasing one,
then one must deal with “almost everywhere”, which is a technical nui-
sance but not a serious difficulty.) ]

22.14 Lemma. Let p belong to A(X,m), and let F, G belong to
LAX },m). Then

(Tw @ DF.G) = [ [ xdF(y),G(2))dn(z,y) -

Proof. Since |(F(y),G(z)) | <||F|| |IG]|, the right hand side is integrable
uniformly on the unit ball. Suppose F = Zf,- & u; and G = Egj & vy

i=1 g=1
where f;, g; belong to LZ(X,m) and u;, v; belong to X. Then

(T, ® DF,G) = 3 ST, fir0)(us ;)

i=1g=1

= D0 [ ef )T @) ) s ;)

= ffXQ(F(y)»G(m))d/‘(w;y) .

Such vectors are dense in L% X,X,m) and both sides converge uniformly.
Thus the formula is valid in general. =

22.15 Lemma. Lat(An,(L) ® I) contains L & Proj(X).
conv

Proof. By Theorem 22.4, we may assume that [ = L(X,<,m). Let T,
belong to Apy,(X, <,m) and fix P in L ® Proj(}). Let F = PF and

conv

G = PLG be vectors in the range of P and Pl respectively. Then for all
(z,9) in G( <), y < = whence P(y) < P(z); so P(z)1P(y) = 0. Thus
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(Tu @ DF,G) = [ [ 3o F(y),G(2))du(z,y)
= [ Jo(<)(PW)F(y),P(z)LG(2))du(z y)
= [ [a(<)(PE)*PY)F(y),G(z))du(z,y) = 0 .
Consequently, PL(T, ® I)P = 0 as desired. L

The stage is now set to prove the minimality of A,.

22.16 Lemma. Let A be a weak* closed algebra containing a masa M
with Lat A = L. Then Lat A @ I is contained in L @ Proj(X).

conv

Proof. Let P be a projection onto some element of Lat A ® I. This is, a
fortiori, invariant for M @ I. So by Theorem 15.1, P belongs to
M ® B (}). Also note that M commutes with L, and hence contains L.
Let E' be the projection of X onto ©¢ for a given unit vector & Then
I QEYIQE)=MQE, where M is a positive contraction in M.
Let A belong to the unit ball of A, and let ¢ be a vector.

(AMA*z,2) = (AQ NI Q E)PI Q E)A* Q@ Nz @ &z @ &)
= [|PA*® Nz @ ¢
= |P(A* ® DPz @ §|I*
< |IP(z @ 9IF
=({QEPIQRE) Q& ® & = (Mz,z) .
Thus AMA* < M.
Let E, = Ey[r,1] denote the spectral projection of M for the inter-
val [r,1], and let P, be the least projection in L dominating FE,. This is
the projection onto JlE M If F is any projection in M with F' < P,, there is

an operator A in A so that FAE, # 0. Normalize so that B = FAE has
norm one. Then

rBB* = B(rE,)B*< BMB*< M .

Hence ||FM|| > r||[FBB'F||=r for every F < P,, and thus M > rP..
This implies that E, > P, > E,; that is, F, belongs to L for all r > 0.
Thus M = [(E,dr belongs to conv(L) Therefore, P belongs to
L @ Proj(3).

conv

22.17 Theorem. Let A be a weak* closed algebra containing a masa M
with Lat A = L. Then Au;,(L)C AC AlgL. Conversely, every weak*
closed algebra in this interval has Lat A = L, and contains L'
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Proof. By Lemmas 22.15 and 22.16, Lat A ® I is contained in

Lat A, @ I. By Lemma 15.4, both inflated algebras are reflexive. Hence

Amin(L) is contained in A, which is in turn contained in Algf. By

Theorem 229, LatA,;, = L. Lemma 2215 and 22.16 show that

Lat Ay @ I equals L @ Prog(X) which is contained in L" @ B (¥ ). By
conv

Theorem 15.1, the commutant of L" Q B (X)is L' ® I. Another appli-
cation of Lemma 15.4 shows that A contains L’. So the converse fol-
lows. n

22.18 Corollary. If A is a weak* closed algebra containing a masa
such that Lat A = L, then the diagonal AN A*= L.

Proof. L'C Apu(L) N Apn(L) CAN A*CAlgL N (AlgL) = L' =

The methods used above are closely related to the results of Chapter
15, part B. However, in the case of nests, we avoided the measure
theoretic difficulties. Also, we still have not recovered the results of that
chapter for two reasons. One is that we have only considered algebras,
not general M bimodules. But more importantly, we have not discussed
when Ap (L) = Alg L, even for nests.

22.19 Theorem. Let M be a masa, and let L be a commutative sub-
space lattice. Suppose that S is a weak* closed M-bimodule such that

Sz = (Alg L)z for all z in M. Then § contains Aminl(L).

M, §
Proof. Form the algebra B (S) of all operators of the form 0 M,

’

where M, M, belong to M and S belongs to §. This is weak* closed and
contains the masa M €5 M. A simple computation shows

LatB ()= {L; @ Ly:L; € Lat M,L; D SL,}
= {LI @ L2:Li ELat M,Ll 2 (AlgL)Lz} = L2 .

By Theorem 22.17, B (S§) contains Ay,(Ly). From Theorem 22.9, it fol-
lows that Ap;,(L) satisfies the hypothesis of this theorem. So B (A(L))
also contains A, (L,).

By Theorem 224 and its proof, we may suppose that
L=L(X,<,m)and M =L%X,m). Let X = XU} denote the dis-
joint union of two copies of X =Y. Denote the elements of X by
z,2,,25 . and the elements of Y by y,y,,ys,.... Define a partial order < on
X by
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T, K2 8T =2,y ,
Ny S Y1 =92 ,
v &y
y<<zeay<z in X .

One readily verifies that Ly=L(XO <« mD m) and
MBM=LXAm @ m). By Corollary 22.13, L, Q Proj(}) consists

of all projection valued functions P= P, @ P, in L°°(X(2) B ())) such
that

Pz) > Pyy) if 2>y .
M, A

Consider an operator T = 0 M,

] in Alg(Ly). Then

0 PHA ® I)P,
P{T Q® I)P = [0 0 ]

If A=T,for pin A(X,m, <), let F = P,F and G = PG in L¥X,m).
One obtains by Lemma 22.14

(T, ® DF.G) = [ [(F(y),G(z))dn
— [ [(P-()Poy)F ()G (z))dn = O .
M, T,
Thus 0 M, belongs to A (L,). By the Appendix 22.31, these opera-

tors are weak™® dense in B (Ay;,(L)). Hence Apy(Lo) = B (Apw(L)). Con-
sequently, S contains A ;,(L). ]

A commutative subspace lattice is called synthetic if
Anin(L) = Alg(L). By Theorem 15.11 (or Proposition 22.23 below), every
nest is synthetic. A lattice L is complemented if L € L implies L1 € L.
The lattice is atomic if L" is atomic. A lattice L will be called finite
width if it is generated as a lattice by finitely many commuting nests. It
will be called width n if n is the least number of nests required to gen-
erate L as a lattice.

22.20 Proposition. Every complemented CSL is synthetic.

Proof. If L is complemented, then Alg L = L'is a von Neumann algebra.
The proposition is immediate from Corollary 22.18. -
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22.21 Lemma. FEvery Hilbert-Schmidt operator in Alg(L ) belongs to
mln(L)

Proof. Represent L as L(X, <,m) by Theorem 22.4. Each Hilbert-
Schmidt operator K on L%(m) has an L? kernel y = k(z,y)dm X m. This
operator belongs to Alg L if and only if u is supported on the graph of the
pre-order G( <) (compare with Theorem 22.5). The marginal measures
are bounded if k(z,y) is bounded. So let k, = x, o k where X, is the
characteristic function of {#: |z | < n}. Clearly, k, converges to k in L2
Thus, K, = Tk"dm xm belong to A (L) and converge in norm to K. So

K belongs to A (L). =
22.22 Proposition. Every atomic OSL is synthetic.

Proof. If L is atomic, then L' contains a sequence of finite rank projec-
tions F, converging strongly to the identity. For each T in Alg(L), TP, is
a sequence of finite rank operators in Alg(L ) converging strongly to 7.
By Lemma 2220, TP, belong to Ap,(L). Thus T does also. So
ﬂmin([—) = A-lg(L ) u

22.23 Proposition. Every nest is synthetic.

Proof. By the Erdos Density Theorem 3.11, the finite rank operators in
T(N) are strongly dense. By Lemma 22.21, these finite rank operators
belong to Ap;,(N). Whenee Ay, (N) = T(N). ]

22.24 Lemma. Let L be a synthetic CSL and let N be a nest commut-
ing with L. For every N in N, P(N)Alg L P(N)l is contained in
Amin(L V N).

Proof. By Theorem 22.4, we may assume that L Vv N = [_(X < ,m) act-
ing on L (X m). Let T, be a pseudo-integral operator in AlgL. Then
since P(N) belongs to (L V N} C L®(X,m), and the pseudo-integral
operators form an L°(X,m) bimodule, P(N)T,P(N)' is a pseudo-integral
operator T,. Furthermore, T, belongs to Alg(L )N T (N) = Alg(L v N).
By Theorem 22.5, T, belongs to Ay, (L V N). Since L is synthetic, each T
in Alg(L) is the weak* limit of a net T,, in Alg(L). Thus if

P(N)T, PNt =T,, P(N)TP(N)L = w ——hmT,,a belongs to
mm(L A -N) ]

22.25 Lemma. Let L be a synthetic CSL, and let N be a nest commut-
ing with L. If L v NV N1 is synthetic, then L v N is also synthetic.
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Proof. Let {INy,k > 1} be a strongly dense subset of N. For each n, let
E{™,..,E{*) be the atoms of the finite nest %, consisting of {0,X,N,,....N,}.
Fix T'in Alg(L v N), and define R, = Ay (T) and

S, = T-R, = 3, EMTEM .
is]
Now EMTE{ %0 only if EM™ <« E[, so E[TEM belongs to
Amin(L V N) by the previous lemma. Thus S, belongs to A, (L V N).

Since ||R,|| <||T|l, we may drop to a subsequence so that
R = w*—limRnk exists. Clearly, R commutes with N and belongs to

Alg(L v N), and hence belongs to
Alg(LV NV Ny = A (L v Nv ML),  This is  contained in
Apil L V N). Also, $S=T-R = w'—limS,  belongs to Ayu(L V N),
whence T does. But T is arbitrary, so L V N is synthetic. |

22.26 Theorem. Fuvery finite width CSL lattice is synthetic.

Proof. We show that if L has finite width and B is a Boolean algebra
commuting with L, the L V B is synthetic. The special case B = {0,/}
yields the desired result. Proceed by induction on n, the width of L. For
n =1, L is a chain. So B and BV L VvV L1 are Boolean algebras, and
hence are synthetic by Proposition 22.20. Hence BV L is synthetic by
Lemma 22.25. Now assume the result for width n, and let L have width
n+1. Write L = L,V N where L has width n and N is a nest. Then B
and BV NV Nl are Boolean algebras. By the induction hypothesis, both
LoV B and LyV BV NV NL are synthetic. Hence by Lemma 22.25,
Lyv BV N= L Vv B is synthetic. L]

There are examples of lattices L which are not synthetic. The
known examples are all related to sets of spectral synthesis in commutative
harmonic analysis. A discussion of this is contained in the notes at the end
of this chapter.

We now consider the question of generators, and extend the result
for nests (Corollary 15.17) to arbitrary CSL’s.

22.27 Theorem. Let L be a commutative subspace lattice, and let M be
a masa containing L". Then Ay, (L) is singly generated as an M bimo-
dule.

Proof. By Theorem 22.4, we may represent L as L(X, < ,m) and M as
L*(X,m). The unit ball of B (X) in the weak* topology is metrizable and
hence separable. So one can choose pseudo-integral operators {T,,n,n >1}

in the unit ball of A,;(L) which are weak* dense in the ball of Ay (L)

Ly
(because of Appendix 22.35). Let p= >, 27"—0

. This is a finite
w1 leall
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measure in A(X, < ,m). It has the property that if £ and F are measur-
able subsets of X such that (F X F) 0 G( <) is not marginally null, then
WE X F)>0. To see this, note that pu(E X F)=0 forces
|, (E X F) =0 for all n, whence P(EYT, P(F)=0 for all n. From

their density, we deduce that P(E)Ay;,(L)P(F) = 0. From Theorem 22.8,
we get that (£ X F) N G( <) is marginally null.

For any vector z in X, let P(E) be the projection onto Mz, and let
P(L) be the projection onto MT,SMz. Since P(L)1T,P(E) = 0, we have
P(L)+A4,(L)P(E) = 0. Hence

P(L)X D Apin(L)e D MT Mz = P(L)X .

By Theorem 22.19, the weak* closure of MT,M contains Ay (L). The
reverse inclusion is obvious. So T, generates A;(L) as an M bimodule. ™

22,28 Corollary. Let [ be a commutative subspace lattice. Then
Anin(L) is doubly generated as a weak* closed algebra.

Proof. Take M to be any masa containing L”. Take A to be a self-
adjoint generator of M, and take T, as above. Then {A,T,} generate
Amin(L) as an algebra. |

We wish to define the notation of support of an operator acting on
L*X,m). Then we will relate this to certain L*(X,m) bimodules. The
support of T is the (closed set) of points (z,y) in X X X such that for
every neighbourhood U X V of (z,y), P(U)TP(V) # 0. Equivalently, the
complement of the support is the union of all open sets U X Vof X X X
such that P(U)TP(V) = 0.

Given a closed subset F' of X X X, let A, (F) denote the weak* clo-
sure of {T,:supp(u) C F}. Let

Amal F) = {T € B(L*(m)):supp(T) C F} .

Recall (15.B) that a subspace S of B (X ) is called reflezive if Tz € Sz for
all # in X implies that T belongs to S. The reflexive hull of S, denoted

ref(S), is the smallest reflexive subspace containing S. This is precisely
{T€B (M):Tx € Sz for all x € H}.

22.29 Theorem. Let F be a closed subset of X X X. Then
ref (Apn(F)) = ApalF). If S is a weak* closed L®(X,m) bimodule such
that Sz = A, (F)a for all @ in N, then Ay (F) C S C Apaed F).

Proof. Suppose T belongs to A, (F)z for every « in ¥. Let U X V be
an open set disjoint from F. Then for u supported on F, f, g in L%m),
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(PUYTPV9) = [ [uxvarfgEldr =0 .

Thus P(U)T,P(V)=0 for all such g, hence P(U)TP(V)=0. Thus
supp(T) is contained in F. Hence ref (Ay;,(F)) is contained in A, (F).
Now suppose that supp(7) is contained in F. For any closed set
A X B disjoint from F, a standard compactness argument produces a fin-
ite open cover {U; X V;:1 < ¢ <n} of A X B disjoint from F. Thus it
follows from P(U;JTP(V;) =0, 1 <1 <n, that P(A)TP(B) = 0. Next,
suppose that A X B is a Borel rectangle disjoint from F. By the regular-
ity of m, one can choose increasing sequences of closed sets A,, B, such

that m(A\| JA,) = 0in (B\|JB,). Thus
P(A)TP(B) = s lin P(4,)TP(B,) = 0 .

Fix a vector z in ¥. Let Lo(X,m)x = LYB), A,(F)z = L¥A)),
and A (F)z = L¥Ay); and set A = A;\A,. Since P(A)T,P(B) =0 for
every p in A(X,m) supported on F, it follows that (A X B) N F does not
support any non-zero measure in A(X,m). If A, and B, are compact sets
as above, Theorem 22.8 shows that (A, X B,) N F is marginally null for
all n. Hence (A X B) N F is marginally null. Let N and M be null sets
so that

AXBINFC(NXX)U (X X M) .

Then F is disjoint from (A\N) X (B\M). By the previous paragraph,
P(A)TP(B) = 0 for all T in A, (F). This occurs only if P(A) =0. So
Apax(F) is contained in ref (Ayu(F)), and equality follows.

We will now make use of Theorem 22.19 and its proof. As before,
let B (S) denote the algebra of all operators of the form

M, S
0 M| Mi€L¥(Xm), S€S .

This is weak* closed and contains the masa L™(X,m) @ L°(X,m). Let
X® = X UY denote the disjoint union of two copies of X = Y. Denote
the elements of X(Y) by z,7,,%5 (y,y1,y2). Define a pre-order < on X
by

1 KTy S T = 29 ,
N<Yy2 S Y1 =19y ,
z ¥y,
y<Lz =(zy)eF .
It is immediately apparent that the graph of this pre-order is
{(z,2):z €eX}U {(y9):y €EYIU {(z,9):2 €EX,y €Y (z,y) EF} .
Consequently, Ap(L(X®, < ,m P m)) = B(Ayp(F)).



Commutative Subspace Lattices 357

By the proof of Theorem 22.19, if S is a weak* closed L*(X,m)
bimodule such that Sz = A (F)r for all z in X, then
LatB (§)= L(X® < ,m @ m). Hence S contains Anin(F) and is con-

tained in ref (A (F)) = ApalF). L

22.30 Corollary. Alg(L(X, < ,m)) consists of all operators supported
on G( ).

22.31 Appendix.

This section is devoted to the proof that there is a multiplication x
on A(X,m) such that T,T,= Ty, Hence it will follow that
Amin(X, < ,m) equals the weak* closed linear span S, of {T,:u € A(X,m),
supp(u#) € G( <)}. The proof is long and technical, and we feel that a
simpler proof should be possible. Indeed, the proof of Theorem 22.19
shows that S; comnsists of all operators T such that Q—L(T &® I)P = 0 when-
ever, P, @ are projections in L*(X,B (})) such that = <y implies
P(z) < Q(y). Whereas Lemmas 22.15 and 22.16 show that A, (X, < ,m)
consists of all operators T such that RL(T ® I)P = 0 whenever, P, R are
projections in L°(X,B (X)) such that = < y implies P(z) < R(z) < R(y).
Since L @ Proj(X) is a complete lattice, there is a least projection R

conv ]
with this property, namely the projection onto (A, ® I)Ran(P). If it
were shown that there is a set N with m(/N) = 0 so that for = ¢ N,

= P
R(z) , S (v)

then it follows that every @ as above satisfies Q@ > E. Hence A,;, equals
So-

To prove this directly, we require a formula for T,f. The following
theorem is taken from Dunford and Schwartz [1], Theorem VI.8.6.

22.32 Theorem (Dunford-Pettis). Let B be a separable Banach space,
and let (X,;m) be a o-finite measure space. Let T be a bounded linear
operator from Ll(m) into B*. There 15 an essentially unique Borel func-
tion B:X — B* such that ess.sup||B(z)|| = ||T||, and for each f € L'(m)
and b € B,

(TF)(b) = [<B(2)b>f(z)dm(z) .
This is the key ingredient in the following “disintegration of meas-

ures” theorem. For greater detail and greater generality, consult Bourbaki
[1] Book VI, Chapter. 6, §3, Theorem 1.
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22.33 Theorem (Disintegration). Let X and Y be compact metric
spaces, and let p be a finite regular Borel measure on X X Y. Let pq be
the marginal measure on X given by p(A) = p(A X Y). There 1s a Borel
map x — p° of X into the regular probability measures on Y such that

1(S) = [x([yxs(z,y)du®(y))dp(z) .

Sketch of proof. Define a linear map T from L(y,) into C(X X Y)* by
(Tf)g) = [g-(fom)du

where 7, is the first coordinate projection. One has

NIl =1l fomdpll= [|fomldp = [|f ldn, = ||| -

So by the Dunford-Pettis Theorem, there is a Borel map B of X into
C(X X Y)'= M(X X Y) such that

(Tf)g) = [<B(z),g>f(z)dp(z)

Now B(t) is integration with respect to a measure v* on X X Y, so we
obtain

Ja(z ) f(@)du = [ [g(zy)dvi(e,y)f(t)du(t) .
If f and g are positive, the left hand side is positive, hence
fgdvt >0 (a.e.dp). Whence v’ >0 (a.edp;). Similarly, one obtains
vt < 1 (a-edpy).

Let D be a disc of positive radius € on X. If f has support in D and
g vanishes on 77!(D), then

0= [(Jglzy)dvi(zy))f(t)dp(t) -

Hence [g(z,y)dvi(z,y) =0 for almost all ¢ in D. Since C(X XY) is
separable, choose a dense set g, in {g:g |7(D) = 0}. Then one obtains a
set N of measure zero so that supp(v*) C n7(D) for ¢ € D\ N. Utilize a
countable collection of discs D, with the property that for any e,
{D, :diam (D,)) < €} covers X to deduce that supp(v') C ={\(¢t) (a.e.dp,).
Thus there is a measure u' on Y such that [gdv' = [g(t,y)du‘(y).
Hence, one has

Jolzy)f(z)dp = [ [g(z,y)dp®(y)f(z)dp(z)

for all ¢ in C(X X Y). This extends to all bounded Borel functions by
Egoroff’s Theorem and the Lebesgue Dominated Convergence Theorem.
Uniqueness is easy. ]
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22.34 Corollary. Let X be a compact metric space with a finite regu-
lar Borel measure m. Let p belong to A(X,m). Then there is a Borel
map x — p° from X into the regular Borel measures on X such that

#(S) = [(f xs(z,y)dp*(y))dm(z)
and ess.sup||p®|| < ||p]l-

Sketch of proof. Apply the theorem to |g|. Then by the Radon-
Nikodym Theorem, there are bounded Borel functions so that dy = hd |u |

and d |p |, = kdm. Putting these together yields the corollary. u
22.35 Corollary. = [ f(y)du®(y) (a.e.m).
Proof.

JTuf(2)g(@dm(z) = (Tuf,9) = [ [ F(y)q(@)du(z)
= J([1(y)dp*(y)gla)dm(z) .

This holds for all g in L%m), whence the result. ]

Naturally, one also deduces the existence of a Borel map y — By
such that

#(8) = [([xs(zy)dp,(z)dm(y)
and

(Tag)y) = [9(z)dn,(z) (a.e.m)
where p(A) = m is the conjugate of u.

22.36 Theorem. For y, v in A(X,m), the measure pxv given by
pv(S) = [(n, X v*)(S)dm(z)
belongs to A(X,m), and T, T, = T,,.

Proof. Since ||p”|| < ||#|| and ||v®|| < ||v|], p#v is a finite Borel meas-
ure. Moreover

(p))(A) = (p)(A X X) = [p,(A)l|v*" |ldm ()
< iwlles(A) < vl lulim(A)

Similarly, (gxv), < || #|| “V”m So [|uv || < [|#]] ||¥]], and p*v belongs to
A(X,m). For f, gin LHm),

(TuT.f,9) = (T.f Tag) = [T, f(z)T,g(z)dm(z)
= [([ f()av () [ q@Jdpe(w))dm(¢)
= [ [ 1 7(@)a@d(v* X pe)(y,z)dm(¢)
= [fy)g@)dpw = Ty f 9) - =
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22.37 Corollary. A,;,(X,m, <) is the weak* closure of
{Tu:n €A(X,m), supp(p) CG(L)} .

Proof. It suffices to show that if g, v have support in G, so does psv.
For then, {T,:supp(s) C G} is closed under multiplication, and thus so is
its weak* closure. We claim that g, is supported in {z:2 > y} (a.e.m)
and v? is supported on {y:z > y} (a.e.m). For

0= fXGCfd” = f(fX{z:zi y}f(xry)d“y(m))dm(y)

for all f in C(X X Y). Hence X524 4}d#ty = O (a.e.m) as claimed. The
same holds for »®. Thus, p, X v® is supported on {(y,z):y > 2z > z}
which is contained in G for almost all z. Consequently, p*v supported in
G as desired. n

Notes and Remarks.

The entire content of this chapter is contained in Arveson’s seminal
paper [6]. A shorter proof on reflexivity (Corollary 22.10) valid for non-
separable spaces as well is contained in Davidson [1]. It avoids the use of
pseudo-integral operators, but does not yield the full strength of Theorem
22.9. This argument is outlines in the Exercises.

Arveson constructs a CSL L which is not synthetic based on failure
of spectral synthesis in IR%. Froelich [1] makes the connection even more
explicit. Let G be a locally compact abelian group. The maximal ideal
space of L (G') is naturally homeomorphic to the dual group G and the
Gelfand map is the Fourier transform. Given a closed subset E' of G’
form two ideals in L(G). Let

k(E)={f €LY G):f |E = 0}
and
I(E) = {f €LYG):E C int{(0)}

(i.e. the functions f such that f vanishes on F, or in a neighbourhood of
E, respectively). A set E satisfies spectral synthesis if I(E) is dense in

L. Schwartz showed that S®~! is not a set of spectral synthesis in
IR" for n > 3. It is this example that Arveson uses to construct his exam-
ple. Malliavin constructed Cantor sets in any nondiscrete locally compact
abelian group which fail to admit spectral synthesis. This is a difficult
area of harmonic analysis, and a characterization of sets with spectral syn-
thesis would seem to be well beyond present day capability.

Let E be a closed subset of a LCA group G. Form the algebra Ag
M, T,
of all operators of the form 0 M, where M; belong to L™(G), and p
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is a measure in A(G,m) supported on {(z,y):z—y €E}. Let
Lg = Lat Ag. Clearly, Lgis a CSL and Ag = A (Lg).

Theorem (Froelich [1]). Lg is synthetic if and only if E is a set of
spectral synthesis in G.

Froelich also translates other peculiar phenomena in harmonic
analysis to produce CSL algebras with interesting properties. For example,
he constructs algebras which contain operators in C, for p > 2, but not C,
operators; and an algebra which contains compact operators but no opera-
tors in any C, class. See the end of Chapter 23.

Arveson’s paper also contains a section devoted to lattice theoretic
invariants of commutative subspace lattices. He uses this to distinguish
lattices in some special classes.

Exercises.

22.1 (Davidson) Let L be a finite CSL with atoms A4;, 1 <7 <n. Let «
be the partial order on the atoms induced from L. Show that
Lat (Alg(L) @ CI) consists of the ranges of

{P= iP(A,) ® F;:A; < A;implies P; > P;} .

i=1
22.2 (Davidson) Let L be a finite CSL. Let R = u & v* be a rank one
operator with |lu|=|lv]|=1. Let = dist(R,AlgL) and
p = sup||P(LARP(L)||

(a) Show there exists a unit vector e in the range of a projection
P of the form given in Exercise 22.1 such that
d = ||PLR ® I)Pe||.

(b) Let P, be the projection onto Cv. Define ¢t > 0 and a unit vec-
tor y by (P, @ I)Pe = t(v @ y). Prove tha
d < |IPHu @ y)I| |1 Plv @ v)Il -

n
(c) Let a;, b;, t; belong to [0,1], 1 <1 < n such that »,¢; = 1 and

i=1
a;b; < ~. Show that (f} t,-a,-)(zn] t;b;) < (1+4%) /2.
i=1 j=1
(d) Apply (a), (b) and (c) to obtain d? < (1+5?) /2.
22.3 (Davidson) Let L be a CSL and let M, be the kXk matrices.
(a) Show that Alg(L QTF) = Alg(L) ® M, and
Lat (Alg(L) @ My) = K QC*.
(b) Since L is closed in the strong operator topology, show that if

P is any projection in L' not in L, then thre are unit vectors
z, y in ¥ QT* (for some k) such that (P @ [)z = z and
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(PL® L)y =yand suwp [|P(L)y|l||P(L)z] < 1.
L €LQT

(c) Suppose P belongs to Lat(Alg(L)) but is not in L. Use (b) to
construct a CSL L, and a projection P; in Lat{Alg(L,)) and a
rank one operator R such that dist(R,Alg(L,)) =1 but
sup |P(L)ARP(L)|| < 1.

1

22.4 (Davidson) Let L be a CSL and let ¥ denote an arbitrary finite sub-
lattice of L.
(a) ForTin B (M), dist(T,AlgL) = ;él;[)-dist (T,Alg 7).

(b)  Use Exercises 22.2 and 22.3 to show that every CSL is reflex-
ive. '



23. Complete Distributivity
and Compact Operators

In this chapter, we explore the relationship of compact operators in
Alg(L ) to the lattice structure of L. The main theorem is the equivalence
of complete distributivity of L and the weak* density of the finite rank
operators in Alg(L ).

An abstract lattice L is distributive if
x V(yAz)=( VvV y Az Vv z)forallz,y,zin L (D)
g Ay V)= Ay)V ( A z)foral z,y,zin L (D¥)

The two distributive laws (D) and (D*) are equivalent (Exercise 23.1) so
only one need be checked. If L is a CSL, then the identities

P(L A M) = P(L)P(M) and
P(L v M) = P(L)+P(M)-P(L)P(M)
readily yield both (D) and (D¥).

A complete lattice L is completely distributive if it has a distributive
law for arbitrary sets. Let {$y:X\ € A} be a collection of subsets of L, and
let II®) denote the collection of functions F:A — U<I>>‘ such that
F(\) € . The distributive laws becomes

)\/E\A(vq))‘) = Fe\I/I‘b)‘()\/e\AF(X)) for all {®, C L:X\ €A} (CD)

x\E/A(/\q)x) = e/}léx(x\e/AF()\)) for all {®) C L:X\ €A} (CD¥)

A complete lattice is completely distributive if both (CD) and (CD*) hold.

The reader can easily verify that every complete sublattice of the
lattice of subsets of a set is completely distributive. On the other hand,
the Boolean algebra of idempotents in L*(m) for a non-atomic measure m
is not completely distributive. To see this, consider L*(0,1). Identify each
x in (0,1) by its binary expansion @ = .€€,... (which is a uniquely deter-
mined a.e.m.). Set L, = {z:¢, = 0}, and let A consist of all infinite sub-
sets S of IN. It is easy to verify that /E\SL" = 0 and \e/sL" = 1. Thus

n n

N L)=1.

s EA(n\éS )

But the range of any function F in [] S has infinite range, so
S EA

363
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Vs (S/E\ALF(S))= U

So L*(0,1) is not completely distributive.

Let L be a complete lattice. A semi-ideal of L is a subset M of [
which is decreasing (i.e. ¢ € M and y < « implies y € M). For z in L, let

¢(z) = {semi-ideals M of L:2 < VM} .
Define K(z) = (M ¢(z). Also, define

e_=V{yeLl:zfy} and zy4=Vi{yz £y} .

23.1 Lemma. For any lattice L, K(z)={0}U {y e L:x £y_}.
Hence

ry = VK(z)< =z

Proof. For each y in L, {#:y & 2} is a semi-ideal which does not contain
y. If y 5 0 belongs to K(z), then y belongs to every semi-ideal M with
VM > z. Hence y_= V{z:y £ 2} $ «. Conversely, if z £ y_, suppose
that M is an order ideal such that # < \/M. Then M is not contained in
{z:y £ z}. So M contains some z > y and hence contains y. But M was
arbitrary, so y belongs to K(z). Since M = {y € L:y < z} is a semi-ideal
with VM =z, 24 = VK(z) < VM = z. n

23.2 Theorem. For a complete latiice L, the following are equivalent:
(i) L is completely distributive.

(ii) L satisfies (CD).

(ii*) L satisfies (CD¥).

(iii) L ¥s a complete homomorphic image of a complete lattice of sub-

sets.

(iv) L has the splitting property: If z,y € L and z £ y, then there exist
p,g €L with pky and zkgq such that
{z:2 2ptU{s:z<q}= L.

(v) @ ==xy4 foreveryz € L.

Proof. Since (OD) and (CD*) are preserved by a complete lattice
homomorphism, it follows that (iii) implies (i). Clearly, (i) implies (ii) and
(ii*). For any complete lattice L, let § (L) denote the collection of all
semi-ideals of L. Then $ (L) forms a complete lattice of subsets of L
under intersection and union. Define a map 6 from S (L) into L by
9(M)= VM. The map ¢ is onto since 0{y € L:y <z} = x. This map
preserves arbitrary joins because
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(UM, = V(XLEJAMX) = X\E/A(VM)‘) = X\E/A(’(Mx) .

Now consider (7} My. This will be shown to equal {x/\AFO\):F €IIM,}.
NeA €

Clearly, )\/\AF(X)SF(X)GMX for each M); and hence belongs to
€

() M. On the other hand, if  belongs to (T} M), then F(\) = z for all
NEA AEA
X has AF(\) = 2. Now suppose that L has (CD). Then

0 M,) = F(\) = M,) = 0{M,) .
(Xre]A ») FE\I'/IM)‘(X/E\A ™) x/e\A(V 9] x/e\A (M)
Hence 0 is a complete lattice isomorphism of $ (L) onto L. So (ii) implies
(iii). Consequently, (ii) implies (ii*). These two notions are dual, so inter-
changing the role of meet and join shows that (ii*) implies (ii) as well.

Now consider (iii) = (iv). If L is a complete lattice of subsets, and
A and B are sets in L with A { B, let a be any element of A\B. Let P
be the least element of L containing a, and let @ be the largest element of
L not containing a. Clearly, P& B and A Q. If C belongs to L,
either a € C, whence PC C or a ¢ C, whence ¢ C Q. So L has the
splitting property.

Now suppose L is a complete homomorphic image ¢(M) of a com-
plete lattice M of sets. If =, y belong to L and = £ y, let A = ﬂ¢_l(x)
and B = | Jé™(y). So #(A) =z and ¢(B) =y, and A(B) is minimal
(maximal) with this property. Let P and Q be obtained in M as above.
Let p = ¢(P) and ¢ = ¢(Q). Since ¢ is surjective, L equals the union
{z:2 2 p}U {z:2 < g¢}. Suppose p <y. Then ¢(PVB)=pVy=y.
By the maximality of B, one has P C B contrary to fact. Sop £ y. Simi-
larly ¢ # z. Thus (iii) implies (iv).

Assume (iv) holds. If @ # x4 for some z in L, then z4 <z by
Lemma 23.1. So z £ zg. By the splitting property, there exist p, ¢ in L
with p £ z4 and ¢ $ « such that {y:y > p} U {y:y < q}= L. Thus

p-=V{yy:p}<V{yy<qgt=qta

As p_} z it follows from the definitions that p < z4. This contradiction
establishes (v).

Now suppose (v) holds. Define the map ¢ as in the first paragraph.
It suffices to show that 6 preserves meets. Given a set of semi-ideals

{My:\ €A}, let = = )‘/\Aﬂ (M)). Then each M) belongs to ¢(z). Hence
€
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@ = N0(M)) 2 M&(ﬂﬂ(M)

>0( () M)=0(K(z)) =24 =2

M €é(z)
Thus
z= NAO0(M)=20(N M)20K(=) =2
AEA X EA
So 6 preserves meets, establishing (iii). n

Now, consider subspace lattices again. First, we obtain an easy gen-
eralization of Lemma 3.7.

*

23.3 Lemma. Let L be a subspace lattice. A rank one operator x X y
belongs to Alg(L ) if and only if there is an L in L such that x € L and
y €(L)t

Proof. Suppose ¢ & y* belongs to Alg(L ), and let L be the least ele-
ment of L containing . If M belongs to L and is not orthogonal to vy,
then,

e QYIM)C M,

hence M > L. Consequently, L_= \ {M € L:M } L} is orthogonal to
y.

Conversely, if ¢ €L and y € (L_)1, then for each M in L, either i)
M > L whence 2 @ y(M)C L CM,orii)) M} L, whence M < L_ so
z @ y{(M) = {0} C M. Hence z Y y* belongs to Alg(L ). ]

Let R;(L) denote the algebra generated by the rank one operators
in Alg(L ). Note that R;(L) is a two sided ideal in Alg(L ).

23.4 Lemma. For each vector u in ), let L(u) denote the least element
of L containing u. Then R (L)u = L(u)g.

Proof. Let M belong to L. If u ¢ M_, then there is a vector y in
(M_)t such that (u,y) # 0. By Lemma 23.3, it then follows that R (L )u
contains M. Moreover, that lemma shows that these are the only vectors
which are the image of u under a rank one operator in Alg(L ). Thus

Ri(Du = V{M:u ¢ M_}
= V{M:L(u) & M} = L(u)y . "
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23.5  Corollary. LatR(L) consists of {K:Ly <K <L for some
L € L}. In particular, every completely distributive lattice is reflexive.

Proof. Let K be invariant for R (L), and let L be the least element of L
containing K. Then since L = VKL(u),
u €

KDR(DOK = V Ri(Du = V Liu)y

=V VIM € L:L{u) £ M.}

=V{Mel:LkM}=1Ly .

Conversely, if Ly <K <L, then Ry(L)K CR(L)L =Ly CK. If Lis
completely distributive, then I = Ly so Lat Ry(L) = L. u

23.6 Corollary. If R\(L) is weak* dense in Alg(L ), then L is com-
pletely distributive.

Proof. By Lemma 234, Ly = R,(L)L = (AlgL)L =L. Thus by
Theorem 23.2, L is completely distributive. =

Let Co(L) denote C,N Alg(L ), the Hilbert-Schmidt operators in
Alg(L).

23.7 Theorem. Let L be a commutative subspace lattice. The the fol-
lowing are equivalent.

i) L s completely distributive.

ii) Ry(L)is weak* dense in Alg(L ).

iif) Cy(L) s dense in Alg(L ) in the weak operator topology.

iv)  For every non-zero progection P in L', PCyL)P # 0.

v)  For every non-zero progection P in L", PR (L)P # 0.

iv') If L = L(X, <,m), then iv) can be replaced by: For every subset A
of X with m(A) >0, m¥AX An G(<L))>0.

Proof. i) = ii). If L is completely distributive, Lemma 23.4 shows that
Ri(L)u_ = Alg(L)u for every vector u in X. Since the weak* closure of
Ry(L), R{(L)"* is an ideal of Alg(L ), it is an Alg(L ) bimodule. Thus by
Theorem 22.18, R,(L)"* contains A, (L). In particular, it contains the

identity operator. So it equals all of Alg(L ).

Clearly, ii) implies iii) implies iv). By Theorem 22.4, [ can be
represented as L(X, <,m). Since L*(X,m) is contained in L’ one
obtains P(A)Co(L)P(A) % 0 whenever P(A) # 0 (ie. m(4)>0). So
A X AN G( <) supports a Hilbert-Schmidt operator, and hence has posi-
tive m? measure. This established iv').
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Suppose iv') holds, and fix a set A with m(A) > 0. Then by Fubini’s
Theorem,

0<mY(AXANG)= [,m{z €A:x > yldm(y) .

Let E, ={z:z >y}. Then B={y €A:m(AnN E,) >0} has positive
measure. Likewise

0<m¥BXBNG)= [gm{y €B:y < z}dm(z) .
Let F, ={y:y <2}, Then C = {z € B:m(F, N B) >0} has positive
measure.  Choose any @ imm C. Then m(F, N B)>0 and
m(A N E, ) > 0. Hence

(E,on A) X (F,oﬂ B)={(z,y):z €Ay €Bandz >2z,>y} .

Thus  this rectangle is contained in G(<), and hence
P(E, N A)B (X)P(F, N B) is contained in Alg(L). Thus
P(A)R,(L)P(A) # 0. This proves v).

Now assume v) holds. For any L in L, one has by Lemma 23.4,

(L—Ly)R(L)L—Lg)=0. Hence L =Ly for all L in L. By Theorem
23.2, L is completely distributive. |

A simple reworking of the proof above yields:

23.8 Proposition. Let L be a commutative subspace lattice. Then
KN Alg(L) s weak* dense in Alg(L) if and only if
P(K N Alg(L))P # 0 for every non-zero projection P in L".

Proof. The “only if”’ direction is obvious. Conversely, the weak* closure
A of KN Alg(L) is an _ideal in Alg(L ) and hence a bimodule. If z
belongs to ¥, and L = Alg(L)x and M = 7z, one sets P = P(L)—P(M).
Then P(K N Alg L)P = 0 and thus P = 0. By Theorem 22.18, A contains
Ain(L ) including the identity. Since A is an ideal, # = Alg(L ). ]

23.9 Corollary. Every completely distributive CSL is synthetic.
Proof. Immediate from Theorem 23.7 and Lemma 22.20. n

There is a simple application of complete distributivity to tensor pro-
ducts of CSL algebras. As in Section 15.A, let Alg L; & Alg L, denote the
WOT closed span of the elementary tensors A (9 B acting on X, @ X,.
Similarly, let L; & L, denote the complete lattice generated by
{Ly @ Lg:Ly € Ly,L, € Ly}
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23.10 Corollary. Let L, be a completely distributive CSL, and let Lo be
any complete subspace latice. Then

AlgLy @ AlgLy = Alg(L, ® Ly) .
If Ly is a OSL as well, then

Lat (Alg L1 ® Alg Lz) = Ll ® Lz .

Proof. Since A X B leaves each L; & L, invariant, one always has
AlgLy ® AlgLy C Alg(L; ® L) .

By Theorem 23.7, R (L) is weak* dense in Alg(L ). By Exercise 11.4, it

follows that the unit ball of R;(L) is strong* dense in the ball of Alg(L ).

Let R, be a sequence of contractions in R;(L) converging strong * to I.
m

Let S, ; be rank one operators in R;(L) such that R, = ES,, Let us

write S, ; = ,,y,, P (suppressmg the & which plays two roles here). Fix
any operator T in Alg(L; ® Ly). Then (S,; ® NT(S, ; @ I) has the
form z, ;y, ; BI" for some B % in B (X,). Moreover, smce this belongs
to Alg(L1 X L), B( *) belongs to Alg(L,). Further, if B(”) # 0, then
Ty, ;Yn,; belongs to Alg(L ). Thus

(Ra @ TR, @ 1) = 3 33 (Sas ® NT(S,, @)
iml j=1

belongs to Alg(L;) & Alg(L,). This sequence converges to T in the weak*
topology, and thus T belongs to Alg(L;) & Alg(Ly). So equality holds.

If L, is also a CSL, then by Theorem 22.11,
Li® Ly = Lat(Alg(L, ® L) = Lat (Alg(Ly) @ Alg(Ly)) . ®

Finally, we introduce one more lattice theoretic property with con-
nections to CSL lattices. By Exercise 23.4, every CSL lattice is in finitely
distributive. Say that a complete, infinitely distributive lattice is A-distri-
butive if for every subset {L,,n €IN} of L, A = {S CIN:|S | = oo}, one
has

L,)= .
sLALAL) = V(A Lrs)
If L fails to be A-distributive, then the left hand side, say F, is

strictly greater than the right hand side, . Let M, = (L, VE) A F.
Then it is easy to verify that for every infinite subset S of IV,

V M, = F and /\M =F .
nEesS
Conversely, the existence of such M, contradicts W-distributivity because

E A( VsM ) = F, while every function F' in I1S has infinite range so
€ €
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V (A Lps)=VE=E .

FellS S eA

As we saw at the beginning of this chapter, the projection lattice of
L°0,1) is not A-distributive.

23.11 Lemma. Suppose E, F, P,, n > 1 are commuting projections
such that E <X P, <F for all n > 1, and w—limP, = Q exists in the
weak operator topology. Then the following are equivalent.

1) E = Plker(I-Q)) and F = P(Ran(Q)).
2)  For every infinite set S of positive integers, VSP,, = F and

n €
AP, =E.
n €S

Proof. Assume 1) holds, and fix a set S. Then /\ P, > E is the projec-
tion onto {z:FP,z = z for n € S}. Since hm (P,,:c,:r) (Qz,z), this set is

contained in {z:Qz = ¢} = ker (I—-Q). Hence /\SP" < F and equality
n €
follows. The identity F = \/SP” is similar.
n €

Conversely, one has E < @ < F so
E < Plker(I-Q)) < P(Ran Q)< F .

Suppose, Plker @)+ = P(Ran Q) < F. Then there is a unit vector = such
that Fr = 2 and Q2 = 0. Thus lim(P,z,r) = 0 and (Fz,z) = 1. Pick a
subsequence S = {n; s > 1} with (P ,x) <37, Then

1= (Fz,2) = (VP z,) < E(P,,',a:,m) < —;— .
i=1

This is contradictory, so F' = P(Ran Q). Similarly, £ = P(ker (I—-Q)). m

23.12 Theorem. Let L be a commutative subspace lattice. Then
{P(L):L € L} is compact on the strong operator topology if and only if L
18 A-distributive. In particular, this holds if KN Alg(L) is weak*
dense in Alg(L).

Proof. Suppose L is not compact in the strong operator topology. Then
since the unit ball of B () ) is metrizable in the strong operator topology,
there is a sequence P, = P(L,) with no strongly convergent subsequence.
But the unit ball is WOT compact and metrizable, so we may assume that
w—hmP, = @ exists. If @ were a projection, then this would converge
strongly (Exercise 23.5). So @ is not a projection, whence

E = P(ker (I-Q)) < F = P(Ran Q).
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It will be shown that ker (I—Q) and Ran @ both belong to L. For if
@z = x, then lim P,x =z (as in Exercise 23.5), so for every T in

n —co
Alg(L),
Tz = limTF,z = lim P,TP,z = w—limP,Tx = QTr .

n —+00 n-—o0

Hence Tz belongs to ker(/—Q). A similar computation shows that
T*ker(Q) is contained in ker Q. As Ran(Q) = ker(@)L, it is also invari-
ant for Alg(L ). So both subspaces belong to Lat(Alg(L )) = L by Corol-
lary 22.10. Set

Qn = (P, VE)AF = E+P,(F-E) .

Clearly, @, belong to L and w-lim@, = @. By Lemma 23.10,
\/SQ,, = F and /\SQ" = F for every infinite subset S of IN. By the
n € n €

remarks preceding the theorem, L is not A-distributive.

Conversely, suppose L is not A-distributive. Let @, and E < F be

elements of L such that \e/sQ” = F and /\SQ" = FE for every infinite
n n €

subset S of IN. This still holds if {Q,} is replaced by a subsequence with a

WOT limit @). By Lemma 23.11, ker (I—Q) = EX and Ran(Q) = F}. So

¢ is not a projection. Hence L is not WOT closed, and thus is not com-
pact in the strong operator topology.

Now if L is not compact, let £, F, @, and @, be as above. Let K
be any compact operator in Alg(L ). For each z in X, w—limQ,z = Qz
whence limKQ@,x = KQz in norm. Thus (as in the proof of the
Aronszajn-Smith Theorem 3.1)

KQz = lim KQ,z = lim Q,KQ,x

= lim @, KQz = w—lim Q,KQzr = QKQxzx
n—o0 n—oo

Consequently, K maps Ran(Q) into ker(I—Q). So
(F=E)(K N Alg(L)(F-E) = {0} .
By Proposition 23.8, K N Alg(L ) is not weak* dense in Alg(L ). u

The proof above immediately yields the follbwing corollary.

23.13 Corollary. If L is a CSL containing elements L, such that

\/SL,, = ) and /\SL” = {0} for every infinite subset S of IN, then
n € n €

Alg(L ) contains no non-zero compact operators.

23.14 Example. Let X = 2R°. For 0 < p < 1, let m, be the measure on
{0,1} given by m,({0}) = p and m,({1}) = 1—p. Let p, be the infinite
product of m, on each copy of X. Let < be the partial order
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(z,) < (y,) if and only if z, <y, for alln. Then L = L(X, < Mp) is the
complete lattice generated by the subspaces L, of functions supported on
E, = {z,:2; = 0}. For any finite subset S of IV,

m( B =¥ and (| Bx) = 1-(1-p) 1 .
k€ES k€S

Thus it follows that if S is any infinite subset of IV, then /\SL,, = 0 and
n €

\/SL,, = }d. By Corollary 23.13, Alg(L ) N K = {0}.

n €

Now, we consider briefly the implications of certain compact opera-
tors in Alg(L ). Exercise 23.7 shows that, unlike the nest case, even rank
two operators need not be a sum of rank one operators in Alg(L ). How-
ever, the following theorem shows that finite rank operators in Alg(L )
imply the existence of rank one operators. Exercise 23.8 shows that there
may be Hilbert-Schmidt operators in Alg(L ) but no finite rank operators.

23.16 Lemma. Let L be a CSL lattice. Suppose F is a rank n operator
in Alg(L ) such that PFQ has rank n or 0 for every pair of projections
P, @ in L". Then F belongs to R,(L).

Proof. Write F = },z; ® v, and let P, Q be projections in L". If
i=1
0 # PFQ = Y,Pr; ® Qu/, then {Pr;,1 <i < n} are linearly independent,
i=1
as are {Qy;,1 <¢ <n}. Let L be the least element of L containing «;,
and hence all of {z;,1 <¢ < n}. Suppose M belongs to L and M } L.
Then P(M)1z, # 0 but 0 = P(M)LFP(M). Since {P(M)1z;1 <i < n}
are independent, {P(M)y;,1 < ¢ < n} are not independent and thus are all
zero. So y; belongs to ML, 1 <i <n. So each y; belongs to

ANMLEMELYy= (V{M:M$ LY = (L)L .

Hence F = P(L)FP(L_)t. By Lemma 23.3, each z; ® y’ belong to
Alg(L). Consequently, F'is a combination of n rank ones in Alg(L). =

23.16 Theorem. Let L be a commutative subspace lattice. The norm
closure of Ry(L) contains all finite rank operators in Alg(L ).

Proof. Proceed by induction on n = rank(F). Clearly, if n = 1, then F'
belongs to R,(L). Suppose that every F' of rank at most n—1 belongs to
Ry(L). Fix F in Alg(L ) of rank n. Let P, be the supremum of all pro-
jections P in L" such that rank(PF) < n, and let @ be the supremum of
all projections @ in L" such that rank(Pg-FQ) < n. Choose pairwise
orthogonal projections P, and @, in L" such that rank(PF) <n,
rank(Pg-FQ,) <n and Po= Y, P, and Qo = ) Q4. By the induc-
E>1 k>1
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tion hypothesis, each P,F and Pg-FQ, belongs to R,(L). Since F' is com-
pact,

F-PlFQd = lim P F+PLFQ,
belongs to Ry(L). Now Fy= PsFQg has the property that either
PFy@ = 0 or rank(PFyQ) = n. By Lemma 23.15, F};, belongs to R(L).
Thus, F belongs to R (L). n

We conclude this chapter with some interesting examples of CSL
algebras. The properties of the algebras will be deduced from some results
of commutative harmonic analysis which will be stated without proof. Let
T denote the unit circle with Haar measure m. For any closed subset E
of T, let Gp = {(z,w) €T%2zw €E}. Consider the L°(T) bimodule
Ap = Apna(GEg) defined in section 22.28, and the associated CSL algebra
Bg consisting of all operators of the form

[Ml A

0 ]\42 ’ MI)MZ ELOO(T);A EAE .

Since L*(T) is non-atomic, the compact operators in Bg correspond to the
compact operators in Ag. They are never dense in Bg.

Let g be a finite regular (signed) Borel measure on T (i.e. an element
of M(T) = C(T)"). Define a bounded operator in LT) by

Cuf(2) = frufz) = [pf(zw)dp(w) .

23.17 Lemma. Let p be an element of M(T) with closed support E.
Then O, is a normal operator unitarily equivalent to diag(it(n)), ¢z, and
supp(Cyy = Gg.

Proof. Lete, = 2", n € Z, be the standard basis for L¥T). Then
Cpeals) = J(BP dp(w) = [T du(w)e" = pn)ens) .
For arbitrary f, g in L?

(Cuto9) = [ [ J(z0)dn(w)g(e)dm(z) = [ [ 1of (u)glz)dpu(za)dm(2) .

The measure dp(zu)dm(z) has closed support Gg. Thus, if f(u)g(z] is
supported on U X V disjoint from Gg, (C,f,9) = 0 whence supp(C,) is
contained in Gg. On the other hand, if U X V is open, and meets G,
then xy « ydu(zu)dm(z) is a non-zero measure, and thus does not annihi-
late all of C(T?). Since span {f(u)7(z): f,g € C(T)} is dense in C(T? by
the Stone-Weierstrass Theorem, it follows that P(U)C,P(V)# 0. So
supp(C,) = Gg. u
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23.18 Theorem. Let E be a closed subset of T. Let J be any ideal of
compact operators on L2. If A contains a compact operator in J, then
there is a non-zero normal operator in Ag N J.

Proof. For w in T, let D, denote the unitary operator D, f(z) = f(zw).
(This operator is O5w where §,, is the point mass at w.) We claim that if
supp(A) C Gg, then supp(D,AD;) C Gg. Suppose that U X V is an
open set, disjoint from Gg. Thus U N (VE) is empty. Let f be a function
with support contained in V. Then D f has support contained in Vaw.
Thus AD, f has support contained in VEw, and D,ADgf has support in
VE. This is disjoint from U, whence U X V is disjoint from
supp(D,AD;).

Let M, denote the multiplication operator by the identity function.
Define

2,(A) = [ 1D, MPADgdm (w) .

This converges in the norm of the ideal J, so is an element of Az N J. To
see what this operator is explicitly, express A as a matrix (a,) with

respect to the basis e,. The operator D, is diagonal with matrix
diag(w"). Thus |

(AO(A)en rem) = fTwn—manmdm(w) = 6nmanm

That is, Ag(A) is the diagonal of A with respect to the basis e,. Since M}
is just a shift by n places in this basis, it follows that

An(A) = diag(alc,k—n) .

Since A is non-zero, at least one A,(A) % 0 as desired. L]

This diagonal operator may not be the Fourier series of a measure,
so this may not be some C,. In the terminology of harmonic analysis, this
corresponds to a pseudo-measure. More precisely, the Fourier transform
carries £YZ) onto A(T). The norm on A(T) is precisely
1flla =22 1f(r) = | Ff)|l;. So the dual PM(T) = A(T)* is isometri-
cally isomorphic to £°(Z). In this disguise, the functionals are called
pseudo-measures.

23.19 Theorem (Salem [1]). There is a closed subset E of T of Lebes-
gue measure zero which supports a non-zero measure p such that i
belongs to £? for all p > 2.

23.20 Corollary. There is a CSL algebra which contains no Hilbert-
Schmidt operators, yet contains an operator K belonging to C, for all
p > 2.
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Proof. Let E and p be given by Salem’s Theorem 23.19. Then
0 C,
K = 0 0 belongs to Bg by Lemma 23.17, and K belongs to C, for all

p > 2. On the other hand, m*Gg) = m(E) = 0. So Ag, and thus Bg,
contains no Hilbert-Schmidt operators. u

23.21 Lemma. Let A and B be operators in A and Ap respectively.
Then AB belongs to Agp.

Proof. Let V be an open subset of T. Then BP(V) has support con-
tained in VE, and AP(VE) has support contained in VEF. Thus,

ABP(V) = AP(VE)BP(V) = P(VEF)ABP(V) .

Consequently, if U X V is disjoint from Ggp, then U N VEF is empty and
P(U)ABP(V) = 0. u

The following result is taken from Graham and McGehee [1], Propo-
sition 6.3.13.

23.22 Theorem. There is a closed subset E of T such that
E" = {eey...6, :¢; EE} has Lebesgue measure zero for all n > 1 which
supports a non-zero measure p such that fi(n) belongs to c,,.

23.23 Corollary. There is a CSL algebra which contains a non-zero
compact operator, but contains no operators in C, for any p < co.

Proof. Let E and p be given as in Theorem 23.22. By Lemma 23.17,
0 C,
K = 0 0 is a non-zero compact operator in Bg. On the other hand, if

A
B contains an operator in C,,, it must have the form |0 0] where A

belongs to A N Cy,. By Theorem 23.18, Az N C,, contains a non-zero
normal operator N. Thus N" is a non-zero Hilbert-Schmidt operator. By
Lemma 23.21, N* is supported on G pn which has Lebesgue measure zero.
This is absurd. Hence By N Cy, = {0} for alln > 1. n

Notes and Remarks.

The characterization Theorem 23.2 of complete distributivity is due
to Raney [1, 2]. Lemmas 23.3-23.6 are due to Longstaff [2]. In Theorem
23.7, the equivalence of i), iii} and iv)) is due to Hopenwasser, Laurie and
Moore [1] while the equivalence of i), ii) and v) is due to Laurie and
Longstaff [1]. Corollary 23.10 is due to Kraus [3]. Theorem 23.12 is in
Wagner [3|, which acknowledges joint work with Froelich and Moore.
Froelich [2] had earlier proved Corollary 23.13 directly and gave Example
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23.14. The question remains whether weak* density of K in Alg(L ) or
even the strong compactness of L is sufficient to imply complete distribu-
tivity. If not, what is the lattice condition corresponding to the weak*
density of the compact operators in Alg(L )? Hopenwasser and Moore [1]
show that the existence of finite rank operators in Alg(L ) implies
Ry(L)# 0, and prove Theorem 23.16 in the finite width case without
requiring the norm closure. The general result is new. The examples,
23.17-23.23, are due to Froelich [1]. He also uses the existence of a set E
supporting pseudo-measures on £” for p > ¢ > 2 but not for p < ¢ to pro-
duct CSL algebras with operators in C? for p > ¢ not p < gq. A similar
example gives a CSL with compact operators but no compact pseudo-
integral operators.

Exercises.
23.1 Let L be a lattice satisfying the distributive law (D).
(i) Show that
(tAY)V(EAD)VIA)=(Vy)A(zV)A(yV2)
Hint: substitute (z A y) V (z A z) for z in (D).
(i)  Simplify (i) in the case > y to obtain the modular law
z>yimpliesz A(lyVz)=yV(z Az) . M)
(iii) Prove (D*). Hint: Apply (z V ) to both sides of (i).
(iv) Show that (D), (D*), and (i) are equivalent.
23.2 (Longstaff) If L is a complete lattice, define
ANy—yeLy &z} .
(i) Provethat oy <z <z <zg, <z, forallzin L.

Ty

(i) Prove that L is completely distributive if and only if ¢ = =z,
forall z in L.

23.3 (Raney)

(i)  An element z of a lattice L is join-irreducible if for every sub-
set M of L, z < VM implies there exists y €M, 2 < y. If L
is a complete lattice of subsets of a set S, for each ¢ in S, let
£(s)= A {z € L:s €z}. Show that £(s) is join-irreducible.

(i) Hence show that if L is isomorphic to a complete lattice of
subsets of S, then every element of L is the joint of join-
trreducible elements.

(iii) Prove the converse of (ii).

(iv) Show that [0,1] with the usual order is completely distributive,
but is not isomorphic to a complete lattice of subsets.
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A complete distributive lattice L is called meet continuous if
= for all z,y, in L .
vV ()\\E/Ayx) x\E/A(ar: V yy) for all 2,y in

Show that every complete sublattice of the Boolean algebra of idem-
potents in L°(m) is meet and joint continuous for every measure m.
Such lattices are called in finitely distributive.

Suppose that a sequence P, of projections converges weakly to a
projection . Prove that it converges strongly. Hint: Consider
lim(P,z,z) for Qz = x and Qz = 0.

Show that if KN Alg(L) is weak* dense in Alg(L), then
Alg(L )+K is closed. Hint: Corollary 11.7.

(Hopenwasser-Moore) Let D be the diagonal algebra with respect to
an orthonormal basis {e,,n > 1}. Let A be the algebra on ¥ P X

D, T
consisting of all operators of the form 0 ! D where D; belong to
2

D, T belongs to B (X), and (Te,,e,) = 0 for n > 1.
(i)  Calculate Lat A.

(i) Let z = Y] a,e, belong to X, and let a, # O infinitely often.
n2>1

Let y = Y ,n"la,e,. Let T=2z ® y*~y @ z*. Show that

n>1
[8 ?;] is a rank two operator in A which is not a finite linear

combination of rank one operators.

(iii) Show that the span of the rank one operators of A is weak
operator dense in A, and in fact, the unit ball is the strong*
closure of this span.

(Trent) Let K be a closed nowhere dense subset of [0,1] with positive
measure. Let
G ={z2)0<2s <PU{ey)0<s <% <y<lys k)

Show that G is the graph of a partial order <, and m*G) > 0.
Hence deduce that Alg(L([0,1], < ,m)) contains C, operators. Show

that G does not contain any Borel rectangle. Hence deduce that the
algebra contains no finite rank operators.

Prove that the operator C, of Lemma 23.15 belongs to A;,(Gg).






24. Failure of the Distance Formula

In Chapter 9, distance formulae are established for nest algebras and
for certain von Neumann algebras. These formulae are of critical impor-
tance in the proof of the Similarity Theorem and other results. So it is a
significant obstruction that such a formula fails for certain CSL algebras.
Indeed, there is no nice class of CSL algebras other than the two above
which are known to have any distance formula. In this chapter, the coun-
terexamples will be constructed.

A reflexive algebra A = Alg L is hyperreflexive if there is a constant
K such that for every T'in B (X ),

d(T,4) SKLS?LIIP(LHTP(L)H :

Note that for every A in A and L in L = Lat A, one has
|PILYTPL)|| = |PL)HT-APL)|| < IT-A]l
Taking the infimum over A in A and the supremum over L in L yields

S IP(L)FTPL)|| < d(T,A) -

Let the left hand quantity be denoted as B 4(T), or just B(T) if A is under-
stood.

Theorem 9.5 shows that equality holds for nest algebras. However,
Example 9.7 shows that a constant greater than one is required even for
3 X 3 diagonal matrices. This example is the key to the construction of
worse examples.

It is more convenient to work with bimodules over a masa rather
than algebras. So we define hyperreflexivity for a subspace S. Let

Bs(T) = sup d(Tz,Sz) .

ll=(j=1
Recall from 15.B that S is reflexive if B¢(T) = O implies T belongs to S.

Let
_ d(T,$)
£(S) = g}é}; 54T

Say that S is hyperre flexive if k(S) < oo. The reader should verify that if
§ is a unital algebra, then the two notions of hyperreflexivity coincide
(Exercise 24.1). Moreover, one readily constructs an algebra containing a
masa from § which is hyperreflexive precisely when § is (Exercise 24.2).

379
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If S is a weak* closed subspace of B (X), let S| denote its pre-
annihilator in C;. Then $= (S;)l by the Hahn-Banach Theorem. Sup-
pose $ and T are two such subspaces of B (};) and B (X)) respectively.
Let ST denote the subspace of B (X, Q X,) called the dual product of §
and T given by

={A€B(H@N):r(AX ®Y)=Owhen X €5, YET,} .
These tensor products are spatial, and § | & T, is endowed with the C;

norm in C;(¥; ® M;). For the moment, we consider the special case
T= D,, the diagonal subalgebra of M;. Then

Xl SIZ Sl3

S*D3 = S21 XQ 823 :Xi E B (){ )7Sij e S
S31 S33 X3

24.1 Lemma. LetY, X, X, and X, belong to B (X ). Then

X, Y Y

3
Iy x v 123 .
Y Y X,

Proof. First note that permuting the X;’s does not change the norm.
Thus, the norm of the operator is at least as great as the average
XYY
ITI =11y X Y|
Y'Y X
where X = (X+X,+X,)/3. Fix unit vectors # and y in X, and let P,

and P, be the projections onto Cx PTCz PCx and Cy HTy PPy
respectively. Then

o B p
Tl Z 1FTP | =1l |8 « Bl
o
where o = (Xz,y) and 8 = (Yz,y). This latter operator is normal because
111
it equals 38Q+(a—pB)] where Q = —;— 1 1 1] is a rank one projection.
111
This has spectrum {o—B,a4+28}. Thus its norm is

max{ |a—8 |,|a+28 [} > (3/2)3. Take the supremum over all unit vectors
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z,y to obtain ||T|| > (3 /2)|| Y]l ]

24.2 Lemma. Let S be a proper reflexive subspace of B ({). Then
x(S+Ds) > (9/8)*x(S) .

i
. |TTT
Proof. Fix T in B (X ) and set T = |T T T|. For each unit vector z in
TTT
A,
ez T Tx —_— e
diT0|,5D0; 10|} = d||Tx |, H D Sz D Sz
0 0 Tx

= \/fd(Tx,g) < \/§ﬂ(T) .

Likewise, this obtains for unit vectors in ¥® with one non-zero coordinate.
: 2
Now, if ||, [[*+[|zo|* = 1,

T T
d|T|ay|,5%Ds |5 || = d(T(21+25), 521+ Sz5)
0 0
< d(T(z1+22),S(z 1 +25))
< |lzg+all8(T) < V2B(T) .
Ty

Finally, if = |2,| and all 2; # 0, then S¥Dsz = H®. So one obtains

3
Bsw(T) < V2B(T) .

On the other hand, S+D; is weak* closed; so there is an operator
= (S;;) in S*D; such that |T—S|| = d(T,SDy). Let S, = (So(i)a(y) for o
any permutation in S;. By symmetry, S, belongs to SxD;. Since T = T

d(T,$xDy) = || T-5|| = | T-5,|| > llT—;; > Soll > d(T,$+Dy) .
o €Sy
Thus, S can be replaced by the operator 1/6), ,S~',, which has the form

X s s
S X S| forsome Sin §$and X in B (¥ ). Thus, by Lemma 24.1,
S S X
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. T-X T-S T-S 3 3
T=S|| = 1|T-S T-X T-S||| > I T-S|| > =d(T,S) .
T-8 T-S T-X 2 2
Now it follows that
d(T,S+D,)
sup ————m—
TeEB(X) ﬂS*Ds(T)

3 d(T,S *
Z SR 75(‘# = [5] ~(5) - "

K(S#Dy) <

24.3 Corollary. Let S, denote the dual product of n copies of Ds.
Then £(S,) > (9,/8)"/2.

24.4 Corollary. There is a CSL algebra which is not hyperre flexive.

Proof. Let S, be as above, and set S= Y, P S, to be the weak* clo-

n>1
sure of the direct sum. Let D= Y @ D,n be the diagonal algebra, and
n>1
note that § is a D bimodule. The algebra A consisting of all operators of

D, S
the form 0 D, such that D, and D, belong to D and S belongs to § is

a weak™ closed algebra containing the atomic masa D@ D. Hence
L = Lat Al is an atomic CSL. It is readily apparent that A contains the
rank one operators of the form PKQ where P, @ are rank one projections
in D¢ D and K belongs to A. These are easily seen to span a weak*
dense subspace of Alg L. So A is reflexive, and hence is a CSL algebra.

By the easy parts of Exercises 24.2 and 24.3,
K(4) > K(S) > sup &(S,) = oo .
n>1

So A is not hyperreflexive. L

To widen the class of counterexamples, we show how to embed S,
into certain OSL algebras. Let A, be the 3" X 3" matrix with a;; = 1if
S, has non-zero (i) entries, and a;; = 0 otherwise.

If Ny, ...,Ny are nests on Hilbert spaces X;, let N ®...Q N,

denote the CSL on }; Q... N, generated by the subspaces N; ®...Q N,
for N; in N;.
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24.5 Lemma. Suppose that L = N; ®..Q Ny is the tensor product of
k non-trivial nests. Let A = (a,;) be a k X k matriz of 0’ and 1’s with
distinct columns. Then L" contains two sets {E,....E;} and {F,,..,F}} of
patrwise orthogonal, non-zero intervals of L such that

E‘(AlgL)F] = a,-J-E,-B ()( )F] 1 S Z.,]. S k .

Proof. Since N; is a non-trivial nest, there are intervals E,IO), E,m, F}O)

11
01|
see this, note that if A; can be split into four pairwise orthogonal intervals,
one can choose Ef9 and Ff9 such that Ef < FO <« EM <« FY. Other-
wise, N; conmsists of two or three atoms A4; < A, (€ A3). So one can take
EP = F9 = A, and EfY) = F) = A,

For 1 < i <k, define
E;=EP ®.QEY Q EP) Q@ EfY) ®..® E

and F{Y satisfying the conditions of the lemma for the matrix To

and
_ (“1]') (“2,‘) (“kj)
Fi=F 7V QF% Q.QF " .

The pairwise orthogonality of {F},...,F,} follows since the columns of A are
distinct. Clearly, E;(Alg L)F; = a;;E;B (! )F; as desired. L]

24.6  Theorem. Suppose that N;, 1 < i < 3", are non-trivial nests,
and L'is any OSL. Let L = N; R..Q Ny @ L' Then

K(Alg L) > (8/8)" % .

Proof Let A, be the 3" X3" matrix of 0’s and 1’s determining S,. A sim-
ple inductive argument shows that the columns of A are distinct. By
Lemma 24.5, there are intervals EysEgm  and Fy.Fgn  of
[_0 = Nl ®...® N3n S0 that EI(Alg Lo)E = aijEiB()IO)Fji where
Ho= H; ... Hzn. Choose unit vectors z; and y; in the range of E; and
F}, respectively. The rank one partial isometries Ui; = z; @ y; belong to
Alg Ly precisely when a;; =1. Let P and @ be the projections onto
span{z;,1 <¢ <3"} and span{y;1 < j<3"} respectively. Then
PB(Xy)@ is linearly isometric to M. in such a way that P(Alg Ly)Q
corresponds to S,. The inverse correspondence sends a matrix T = (t;;) to
the operator

Moreover,
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d(T,Alg(Lo)) > d(PTQ,PAlg(Ly)Q) = d(T,S,) .
Now compute By, LO(T). Fix a projection R in L, Let
J = {j:Ry; # 0} and [ = {i :R-la; # 0}. Thus
I'X J={:,7)RLU,R # 0} .

Now if a;; =1, then U;; belongs to AlgL, whence RiU,-jR =0. So
{a;;:1 €1,5 € J} consists of zeros. Let P; be the projection onto
span {z;:¢ €I}, and let Q; be the projection onto span {y;:7 € J}. Then

|RLTR|| = |IRYP, QR < ||PyTQ,|| < B (T) -

Consequently,
d(T,Alg L
k(Alg Ly) > sup -—-(-—g—-:o—)
TeMp  Bay e (T)
d(T;S,) 9]"”
= Tseu}‘)sn ﬂS"(T) K( n) 2

Finally, for L = L & L', consider the operators f‘® I. Now, AlgL is
contained in Alg Lo & B () ), so
AT QLAGL) > d(T ® LAlgL,® B (X)) = d(T,Alg Lo) .

On the other hand, L is contained in L5 ® € where € is the o-com-
plete Boolean algebra generated by L'. A strongly dense subset of L, ® &
is given by the projections of the form

R= YR, ®E,

n>1
for R, in L, and a partition {E,,n > 1} of the identity in & As
2 E, =1,
n>1

Rl= Y I®E-Y R QE = YR QE,

n>1 n2>1 n>1

Hence

PaundTON<  swp IRT® DR

= sup|| ¥} (R ®E,,)(T® )Y R, QE,]|

n2>1 n2>1

= sup|| 3} (RiTR,) ® E, ||

n2>1
RLTR|| = T) .
508 1RATR | = B (T)

Consequently, x(Alg L) > k(Alg L) > (9/8)”/2. -
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24.7 Corollary. The infinite tensor product of non-trivial nests fails
to be hyperreflexive.

We wish to establish a result more general than Lemma 24.2. To do
this, a study of § is required.

24.8 Proposition. Let S be a subspace of B () ), and let R, denote the
set of rank one operators in S| . Then ref(S) = Ri. Thus S is a reflez-
1e subspace i f and only if it s weak* closed and R, spans S.

Proof. Let z & y* belong to R;. Then for all S in S,

0=1tr(Sz @ y*) = (Sz,y) .

Thus y is orthogonal to Sz. If T belongs to ref(S), one has Tz € Sz. So
0 = (Tx,y) = tr(Tx @ y*). Hence T belongs to R{. Conversely, z & y*
belongs to R; for every y in (Sz)L. Hence if T belongs to R, 0 = (Tz,y)
so Tx belongs to Sx. Thus T is in ref(S). The last statement of the pro-
position is a consequence of the Hahn-Banach Theorem. u

24.9 Theorem. Let S be a weak® closed subspace of B (}). Let C
denote the closed convex hull of the rank one elements in by(5)). Then S
is hyperre flexive i f and only if r(S) > 0, where

r(S) = sup{r:b,(S;) C C} .
In this case, k(S) = r(S)™..
Proof. In the previous proof, it is established that # & y* belongs to R,
if and only if y €(Sz)L. Thus for T'in B (¥ ),

sup |tr (TC) | = sup  |trTr Q y*|
cec z®y‘Ebl(21)

= su su Tx,
ilwllgl y_LSz,lE;H=1 |(Z,y) |

= RIS T = ayp d(Te,S2) = A(T)

Also, by the Hahn-Banach Theorem,

d(T,$) = ltr (TC) | .

su
c ebfs 1)
So if C contains b,(S | ), one obtains

B(T) > Ces}:l,{)s_l_) [tr(TC)| > r d(T,S) .

Thus, £($) < #(S)™ and § is hyperreflexive.

Conversely, suppose C does not contain b,($ ) and in particular does
not contain a trace class operator X in b,(S,). By the Hahn-Banach
separation theorem, there is an operator T such that
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[tr(TX) | > guEpCRe tr(C) = sup, [er(TO) | = B4(T) .

Hence
d(T,S) > v~ |er(TX) | > r184(T) .
Thus, £($) > r(S)™ and equality is assured. =

24.10 Lemma. Let SC B (M) and TC B (},) be reflexive subspaces.
Then

S¥T=ref(SQB N )+B MR T) .

Proof. By definition,
($x7), =S, @ T = span{A ® B:A €S, TeT} .

Since §| and T, are spanned by rank one operators, it follows that
$) ® T, is also spanned by rank one operators. Thus by Proposition
24.8, S Tis reflexive. If S belongs to S and X belongs to B (M3), then

tr((S @ XA ® B)) = tr(SA)tr(XB) = 0

for every elementary tensor A X B in § | & T,. Hence S ® X belongs
to SxT. Thus S*T contains § ® B (X,), and also B (¥,) ® T by sym-
metry.

To prove the lemma, it now suffices to show that if 2 ® y* annihi-
lates S & B (X,)+B (X;) @ T, then it belongs to S| ®T,. Now
S@B(Ny) is a_I R B (Hy) bimodule. Thus the projections onto
I ® B (Hy)z and S @ B (My)z are invariant for I ® B (M), and hence
belongs to (I @ B (X3))' = B (;) ® I by Theorem 15.1. Let them be
denoted by @; ® I and P; @ I respectively. Then P, is the projection
onto SQ,X;. Similarly, there are projections @, and P, so that

B (Xy) R Iz=(I @ QH, Plly= TNy and B (M) @ Tz = (! & Po)X.
Consequently,

SQRBHMHBO)Q T =(PLQI)V (I QP))X
= (Pt @ Pyt .

Since = @ y* annihilates $ & B (X3)+B (M) ® T, it follows that
(Pt ® Ps-)y = y. On the other hand,

e=(@ RNz =R Q) =(Q, Q) .

As 5Q, = P,5Q,, it follows that Q,C,(¥,)P{- is contained in S,. Like-
wise, @4C,(¥)P4- is contained in T,. But

Cl()ll) ® CI(CQ) = Cl(){l &® ){2) ’
whence it follows that §| @ T, contains
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(@1 ® Q2)C1(H; ® ¥)(Pf- @ P3-) .
In particular, & y* belongs to $; ® T as desired. This establishes the
lemma. -

24.11 Theorem. Let S and T be proper reflexive subspaces of B ()
and B (M3). Then &($xT) > &(S)&(7).

Proof. Fix Ain B (X,) and B in B (¥,). Compute
dA®BST) = sw _ |/(A® B)|

FEby(S, ®T))

g ® r)A @ B)]

su
g ebl(sl),l?ebl('rl)
= A k(B
, esﬁ&ﬁ lg(A) | \ Esl}lfm |r(B) |

= d(A,S)d(B,T) .

On the other hand, if S € $ and T € T such that ||A—S|| = d(4,S) and
||B=T|| = d(B,T), then S @ B+(A—S) @ T belongs to S*T and

d(A ® B,S¥T) < ||A ® B~(S ® B+(4—S) @ T)||
= [[A=-S|| ||B-T|| = d(A,S)d(B,T) .

Let = be a unit vector in ¥, @ Ny, and define P,, Q,, P, and @, as
in the previous lemma. Then

d((A @ B)z,$+Tz) = d((A ® B)a (Pl @ Pg-)LX)
= ||[(P- ® P )(A @ B)(Q; ® Qo) |
SNPLAQ| | PEBQ,l| < B5(A)B+(B) .
Consequently, fs.4{A @ B) < B5(A)B+B).
Hence

K(S¥T) > d(A Q B,5+T)

A€B (x?},lgea ;) BsalA ® B)

d(A,S d!B Z)
> 2 ; = k(S . =
—AES}}II()XI) Bs(A) Bes};llfxz) B+B) k($)e(D)

It is possible for the inequality in Theorem 24.11 to be strict (See
Exercise 24.6). No upper bound for £($*7) is known (see Exercise 24.10).
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Notes and Remarks.

The usefulness of distance formulae goes back to the results of Arve-

son and Christensen dealt with in Chapter 9. The term hyperreflexive was
coined in the CBMS survey by Arveson [11]; but the notion has existed for
some time. Proposition 24.8 and Theorem 24.9 are contained in Larson [3].
The main results of this section, 24.1-24.7, are due to Davidson and Power
[1]. The notion of dual product and Theorem 24.11 are due to Larson [5].

Exercises.

24.1

24.2

24.3

24.4

24.5

24.6

Show that if a subspace S is hyperreflexive, then

| P(SM)LTP(M)|| < &(8)d(T,S)
for every subspace M and every T in B (X ). Hence deduce that the
two notions of hyperreflexivity coincide for unital algebras.

Let § be a bimodule over a masa M. Let A be the algebra of all
M, S
operators of the form 0 M, such that M{,M, &€ M and S € S.

Show that
k(S) < k(A) < k(S)+2 .

Let § be the weak* closure of ), @ S, where S, are weak* closed
n>1
subspaces. Prove that

S)Y<k(S)< 3 S.) .
nsuzplfc( 2) < K(S) < ”Suzpllc( )

Hint: Note that S is contained in Y, @ B (}), so Lemma 9.8 is
n>1
relevant.

(Davidson-Power) Fix a basis {e,,n > 1} and let S consist of all
operators with zero diagonal. This is a bimodule over the diagonal
algebra D. Construct an algebras A as in Exercise 24.2. Show that
k(A) < 3. Show that 4 is not finite width.

(Larson) With the notation of Theorem 24.11, show that
BsalA @ B) = Bs(A)B+B) .

(Larson) Let § =@ {(1) 8]. Show that £(S) = 1 but £(SxS) > (9 /8)*.
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24.7 (Larson) Let A; be a proper reflexive subalgebra of B (),
1 <17 <n. Let A be the algebra

AR AR..Q 4, Apxfox. x4,
0 4,® A Q. 4,
Prove that A is a reflexive algebra with &(A) > k(A,)x(Ay)...k(A,).

24.8 (Davidson-Power) Let L be a CSL such that Alg L is not hyperre-
flexive. Fix 0<e<1/6, and choose T in B (X) such that
d(TVAlgL)=1and B(T)<e. Set V= I+%T and M = VL.

()  Show that Alg M is similar to L.

(i) Let ©(L) = VL be the natural lattice isomorphism of L onto
M. Show that ||©—id|| < 2e.

(iif) Show that if S is any invertible operator such that SL = M,
then ||S—I|| > %. Hint: Show that S™'V implements the iden-
tity automorphism of L. Hence S™'V belongs to Alg L.

24.9*%  Let P={P,n >1} where P, = span{ey,....e, } in
€2 = span{ez,k >1}. Let P® P be the CSL in £2 ® £2 gen-
erated by the two  nests P ={P, ®£%n >1} and
Py={£®® P,,;n >1}. Does Alg(P® P) have a distance for-
mula?

24.10* If S and Tare hyperreflexive subspaces, is S* T hyperreflexive?






25. Open Problems

The purpose of this short chapter is to collect together some of the
more important open problems in the area. Most of these deal with CSL
algebras. In this subject, we are motivated in large part by the result for
nest algebras. The wonted generalizations to arbitrary CSL algebras are
usually difficult, and frequently not true in full generality. Thus exploring
the fullest extent of these generalizations may lead to a better understand-
ing of the structure of these interesting algebras. Many of these problems
have been mentioned earlier in the text or exercises.

We begin with two questions about nest algebras. Let P denote the
standard nest P, = span{e;:0 <k <n} on an orthonormal basis
{ex,k > 0}.

Problem 1. Is T (P)™! connected?

It is surprising that this problem is open even for such a simple nest.
It is conjectured by many that the invertibles in T (P) are not connected.
The reason is based on an analogy with function theory. The algebra H*
of bounded analytic functions on the unit disk is a commutative Banach
algebra. Hence the connected component of 1 in (H*)™ is

(H?g! = {e*:h €e H™} .

It is easy to construct invertible functions in H* which have an unbounded
logarithm, and hence are not connected to 1 in (H*)™. For example,
h(z) = Ez--log 1+2

T 1—2
Hence e* is invertible in H™ but has unbounded logarithm & (or h+2nm7).
Now the Toeplitz operator T'= T belongs to T (P) if one takes ¥ = H?
and e, = e¢*™ a5 the standard basis. The algebra {T7: f € H*} sits inside
T(P). The discussion here shows that T is not connected to I through
T (P)™ N {Toeplitz operators}. It is a candidate for proving disconnect-
edness.

is a conformal map of the disk onto {z:|Rez | < 1}.

Another candidate is obtained using finite dimensional blocks. There

exist nilpotent matrices V; in M; such that klim [|Vil]| = oo and
- OO

lim ||V,—ReV,|| = 0. For example, take a Toeplitz operator Tj,, where hy

k—o00

is a conformal map of the disk onto the ellipse {(x,y):(z /k)*+(ky)? < 1}

such that hy(0)=0. Then ||T, || =% and | Th,~Re Ty, |l = k™. The

compression V; , of T,,k to P, is always nilpotent (strictly upper triangu-

lar), ||Vy ,—ReV, || < k7%, and for sufficiently large n, | Vo il > k=&
391
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. . . . 17
Put these nilpotent matrices V, in upper triangular form. Set T} = ek

which is invertible in T, the upper triangular matrices in M;. Then

T= Y, @T, is an invertible upper triangular operator. (Indeed, it is
E>1
“almost” unitary.) Suppose T, is a rectifiable path connecting T to I (or

one can even assume a piecewise linear path). Then the compression T}
of T, to the k-th block yields a path from T}, to I with uniform bounds on
T |l 1 T52l, and on the length of the path. The existence of such paths
appears unlikely.

In the finite dimensions, T;! is always connected. If T € T, then T
is triangular with non-zero diagonal entries ¢;. As the diagonal invertible
Di! are connected (uniformly in k), we may assume that t;; =1 for all
1 <1 < n. Furthermore, the existence of a nice path as above yields a
nice path with ones on the diagonal. There are two interesting paths from
T to I. One is the straight line T, = (1—¢)7+tI. This is bounded by ||T|
and short (length [|T-7]||). However, the norm ||77}|| “blows up” as k
increases in the example above. Another path, suggested by Vern Paulsen,
is the path

Tc = (t,-]-s’._'.), 0 S 8§ S 1

The map taking 7" to T, is a homomorphism of T, into itself, and thus
preserves invertibility. It is also the Schur product of 7 with the positive
matrix S, = (s”™Y), and hence the map is contractive. Thus

o~

ITell < IT|| and ||T;'}} <||T7"}. However, the length of this path
“blows up” as k increases.

A third approach involves K-theory. In the appendix to Chapter 19,
we compute Ky of a nest algebra. There is also the K, group of T (X)
which deals precisely with connected components in | J M,(T (N)) where

n>1

A in M, (T (N)) is identified with A @ I, _,, in M, (T (N)). It is not dif-
ficult to show that if K;(T (P)) # 0, then T (P)™" is not connected. How-
ever, this group is unknown. If N is a nest with only infinite dimensional
atoms, then K,(T (N)) = 0. (For example, N = A or N a continuous
nest.) Even in these cases, it is not known if 7 (M)~ is connected.

Problem 2. Is every maximal nest equal to the invariant subspace lat-
tice of a unicellular operator?

This is the subject of the first half of Chapter 21. There are two
basic approaches. One is to construct operators from simple ones, which is
the approach taking in Chapter 21. The other is to use convolution type
integral operators such as the Volterra operator. Let QO be the canonical
nest on £%@®). Since all infinite intervals of O are essentially the same, it
seems futile to try to build a unicellular operator for Q from smaller
pieces. It is a natural test case for Problem 2. On the other hand, the con-
structive techniques may well work for countable nests.
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The remaining problems concern CSL algebras. All lattices L in this
chapter will be commutative subspace lattices.

Problem 3. What is the Jacobson radical of Alg L ?

Ringrose’s characterization of the radical of a nest algebra, Theorem
6.7, is the natural place to start. It is not difficult to define analogous
ideals Iy in Alg L for every ¢ in Hom (L,2), which is homeomorphic to the
maximal ideal space of C(L) = C*{P(L):L € L}. So each condition 1)-4)
of Theorem 6.7 can be reformulated for arbitrary CSL’s. Hopenwasser [1]
and Hopenwasser-Larson [1] prove that conditions 2), 3) and 4) are
equivalent, and imply membership in the radical 1). So the problem
becomes: Is rad (Alg L) = (M {I4:4 € Hom(L,2)}?

Problem 4. Is there a distance formula for Alg(P Q P)?

In Chapter 9, distance formulae for nests and nice von Neumann
algebras are derived. These are crucial for the similarity theory, perturba-
tions, and many other aspects of nest algebras. However, in the last
chapter, we saw that the distance formula fails for arbitrary CSL algebras.
Because these estimates are so powerful, it is important to decide if some
larger class of CSL algebras has a distance formula. For example, is there
a distance formula for finite width lattices? The natural test case for
width two lattices is P& P, the lattice on £%IN%) generated by
{P, ® £(IN),;n > 0} and {£%(IN) ® P,,n > 0}. This can be reformulated
as a problem about a uniform estimate for the analogous finite dimensional
algebras on C" .

Problem 5. Are there examples of close CSL algebras which are not
stmilar? or even not isomorphic?

In Chapter 18, we saw that the distance formulae for nests and type
I von Neumann algebras yield the good perturbation results of Lance and
Christensen. Even for arbitrary CSL algebras, one has Theorem 18.2
which shows that close algebras have close lattices. However, Davidson
and Power [1] use the failure of the distance formula to exhibit similar
CSL algebras with close lattices but the similarity is far from the identity.
Choi and Christensen [1I] have constructed close, order isomorphic C*
algebras which are not unitarily equivalent. Bad behaviour even occurs in
finite dimensions for arbitrary matrix algebras (Choi-Davidson [1]). Infor-
mation about perturbation results for CSL algebras should shed some light
on their classification under similarity or approximate unitary equivalence.
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Problem 8. Classify commutative subspace lattices up to approzimate
unitary equivalence.

The notion of similarity is not a good one for CSL’s since similarity
does not preserve orthogonality. If one wishes to study the similarity
classes of CSL’s, the appropriate class is the set of complete sublattices of
o-complete Boolean algebras of idempotents in B (X ). (See Davidson [7].)
The notion of approximate unitary equivalence is better since it preserves
the class of CSL’s. The Similarity Theorem 13.20 shows that the classifi-
cation of nests up to approximate unitary equivalence is given by dimen-
sion preserving order isomorphisms. On the other hand, Christensen’s
Theorem 18.12 shows that close abelian von Neumann algebras are uni-
tarily equivalent. Now if CSL’s L and L, are complemented, approximate
unitary equivalence yields approximate unitary equivalence of the abelian
von Neumann algebras span(L,) and span(Ly). By Christensen’s
Theorem, these lattices are unitarily equivalent. Even the compact pertur-
bations of abelian von Neumann algebras are rigid because of the
Johnson-Parrott Theorem 10.12. Arveson [10] develops a perturbation
theory for lattices that is valid for certain “homogeneous” lattices which
are compact in the strong operator topology (see Theorem 23.12). In par-
ticular, he gives a different proof of Andersen’s Theorem 13.9.

What we are looking for here is a way of unifying the nest and
Boolean algebra theory.

Problem 7. If KN AlgL is weak* dense in Alg L, is L completely dis-
tributive?

The main thrust of Chapter 23 was an analysis of the relationship
between the lattice properties of L and the density of certain ideals of
compact operators in Alg L. What is missing is a lattice theoretic condi-
tion equivalent to the density of K N Alg L. It is possible that the notion
of A-distributivity is equivalent to complete distributivity in this context,
even though it is formally weaker. If not, any counterexample is likely to
shed a useful light on the differences.
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Problem 8. If L, and L, are commuting synthetic lattices, is L,V L,
synthetic? :

The real problem is to find an operator theoretic approach to syn-
thesis. Problem 8 is one of several test questions. One can also ask if
Lin Ly and L; @ Ly are synthetic. Arveson’s original approach
(Chapter 22) to this problem appears to be mired in measure theoretic
technicalities. Froelich [1] has shown that there is a very tight connection
with spectral synthesis in commutative harmonic analysis (see Notes
22.38). He has shown how certain results in harmonic analysis translate to
exhibit interesting phenomena in CSL algebras. An operator theoretic
result which implied something new about harmonic analysis would be very
interesting.

Problem 9. Does AlgL; @ AlgL,= Alg(L; ® LJ)?

As in Chapter 15, the tensor products here are spatial and act on
H, @ Hy. The AlgL; ® Alg L, is the WOT closed algebra generated by
the elementary tensors A; @ A, where Aj€AlgL,;1<j<2 Sinmilarly,
L;® Ly is the complete lattice generated by the subspaces L, ® L,
where L; € L;,1 < 5 < 2. Clearly, A; ® A, is contained in Alg(L; ® L,);
so the containment

AlgL, @ Alg L, C Alg(L; ® Ly)
is automatic.

If L; and L, are complemented, A; = Alg L ; are von Neumann alge-
bras and L; equals Proj(A';). So the answer to our question in this con-
text becomes a celebrated theorem of Tomita [1]:

A @ Ay = (ﬂlx ® ﬂ'2) .

If L, is completely distributive, equality follows from Corollary 23.10 And
if £, is finite width, equality follows from Gilfeather-Hopenwasser-Larson
[1]. These three cases suggest that if L, is synthetic, then equality should
hold. Kraus [3] has investigated this problem in even grater generality,
and no counter example is known.

Problem 10. Is every contractive representation of a CSL algebra com-
pletely contractive?

This is true for weak™ continuous representations of nest algebras
(Theorem 20.18 and leads to an attractive dilation theory for representa-
tions. Paulsen and Power [1] have generalized this to weak* continuous
representations of completely distributive lattices. Their methods rely on
a nice approximation of Alg L by tractable finite dimensional subspaces.
This kind of approximation may well break down for non-synthetic lat-
tices.
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When weak* continuity is dropped, the problem is open even for
nest algebras. In particular, one could consider representations of a nest
algebra which annihilate the compact operators.

Note. The content of this chapter was the subject of a talk by the
author at the GPOTS meeting in Lawrence, KA. A survey article on
these same problems, Davidson [11], appears in the proceedings of that
conference.
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Absolutely continuous, 166
Alg of a lattice, 25
amenable group, 95
bounded representation of, 233
Andersen’s Theorem, 163
Ando’s Theorem, 291
approximate identity, 131
Approximate unitary equivalence, 141
of continuous nests, 163
Arveson’s Dilation Theorem, 299
Arveson’s Distance Formula, 105, 220
Arveson’s Extension Theorem, 297
Atom, 25
Automorphism,
inner, 243
of N, 243
of T(N), 243
outer, 243

bimodule,

normal dual, 117

over a masa, 198

of T (XN), weak* closed, 202
Boolean algebra, 234

Cohomology, 285
Commutative subspace lattice (CSL), 236, 339
completely distributive, 363
finite width, 352
A-distributive, 369
reflexivity of, 347, 361
SOT compact, 370
spectral representation, 341
synthetic, 352
Commutant of T (N}, 269
completely contractive, 294
completely distributive, 363
completely non-normal, 55
completély positive map, 294
core of T (N), 26
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Decomposition of a trace class operator, 217, 221, 228

exact, 222, 224
not exact, 230
Density
of finite ranks in Cp, 16
of finite ranks in T (N), 37
Diagonal
algebra, 67
ideal, 67
maps, 29, 43
of a nest algebra, 26
Derivations, 115
compact, 274
continuity of, 116, 267
inner, 115
into the compact operators, 120, 122, 272
of AF von Neumann algebras, 119
of CSL algebras, 268
of nest algebras, 270
of quasitriangular algebras, 271
sequential pointwise convergence of, 278, 279
weakly compact, 274
weak* continuity of, 118
Dilation,
C(T), 290
of representations of nest algebras, 305, 310
unitary, 289
to *representation, 298, 299
Disintegration, 357
Distance formula,
Arveson’s, 105, 220
failure for CSL algebras, 382
for abelian von Neumann algebras, 111
for AF von Neumann algebras, 106
for general algebras, 379
for nest algebras, 105, 220
for quasitriangular algebras, 140
for scalars, 112
dual product, 380
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Dual space,

of Cy, 19

of Cy, 19

of Cp, p >1,17

of C,,, 47

of K, 17

of T(N)N K, 220
Dunford Pettis Theorem, 357

Erdos Density Theorem, 37, 220
Essential commutant, 122, 273
Expectation, 91

faithful, normal, 93

onto AF von Neumann algebras, 93

onto the atomic part, 29, 43

Factorization, 177

of arbitrary operators, 188

of invertible operators, 178

of positive, invertible operators, 177

of positive operators, 183, 187

of scalar plus Macaev class, 182
Finite rank operators,

in CSL algebras, 372

in nest algebras, 35, 37

Generators,
for the Volterra nest algebra, 61
of Apn(L), 355
of T (N) as an algebra, 204
of T (N) as left ideal, 206
of T (N) bimodules, 202

Hausdorff distance, 255
Hilbert-Schmidt operators, 11
in CSL algebras, 352, 367

hull class, 87
Hyperintransitive, 165
Hyperreflexive, 379

Ideals,
Cp 11
Macaev, 46
of B (¥), 11,13
of T (N}, weak* closed, 202
radical, 68
R¥(N), 99, 170
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Inner automorphism, 243
of QT (N), 247
of T(N), 244
inner operator, 182
Interval, 28
test, 67
invariant mean, 95
Invariant operator‘range,
of a C*algebra, 211
of a nest algebra, 213
Invariant subspaces,
of a compact operator, 31, 39
of the Volterra operator, 57
Isomorphism,
of algebras containing K, 238
of CSL algebras, 236
of masas, 234
of nest algebras, 241, 243
of quasitriangular algebras, 239

Johnson-Parrott Theorem, 122
join irreducible, 376

K theory, 280
of a nest algebra, 283

L-summand, 125
Lattice,
attainable, 317
completely distributive, 363
distributive, 363
finite width, 352
infinitely distributive, 377
of an algebra, 25
of an operator, 23
of operator ranges, 208
splitting property, 364
synthetic, 352
Lidskii’s Theorem, 38, 221
Lifting Theorem,
for operators, 293
for nest algebras, 307

M-ideal, 125

of a C*algebra, 127
marginally null, 344
Maximal ideal space of C*(N), 65



Nest,
atomic, 25
approximately unitarily

equivalent, 141
compactly perturbed, 141, 147
continuous, 25
finite perturbation of, 141
maximal, 25
non-atomic part, 168
of invariant subspaces for
a compact operator, 32

similar, 141
summands of, 157

Nest algebra, 23
cohomology of, 286
compact operators in, 37, 220
derivations of, 270
distance to, 105, 220
finite dimensional, 299
ideals of, 202
isomorphisms of, 241, 243
K, of, 283
perturbations of, 258
preannihilator of, 220
radical of, 70
representations of, 299
unitary orbit of, 325

operator range, 207
Order,
on a nest, 27
topology, 27, 65
ordinal sum, 318
Outer automorphism, 243
of T(N), 244
of QT (N), 249
outer operator, 182

Partition, 33, 99
Parrott’s example, 312
Perturbation,
of a CSL algebra, 256
of a nest algebra, 258

of abelian von Neumann algebras, 262

Phillip’s Lemma, 275, 286
Preannihilator of T (), 220

Index

Predual,
of B (X) 19
of C,, 17
proximinal, 126
pseudo integral operator, 343
pseudo measure, 374

Quasi-central approximate identity, 159

quasitriangular algebra, 137
characterization of, 139
distance to, 140
equality of, 142

quasitriangular operator, 137, 325

Radical,
Jacobson, 68
characterization, 70
Rank one operators, 11
algebraic characterization, 237
in CSL algebras, 366
in nest algebras, 34, 240
reflexive algebra, 25
reflexive lattice, 25
reflexive subspace, 197
Reflexivity,
of a nest, 26
of a nest algebra, 201
Representation,
topologically irreducible, 72
of a nest algebra, 299
Ringrose condition, 70
Ringrose’s Theorem, 32

g-number, 11
Schatten p-class, 11
semidiscreteness,
for nest algebras, 301
for von Neumann algebras, 101
semi ideal, 364
semi simple, 68, 70
similarity of nests, 141
continuous, 164
characterization of, 169
Similarity Theorem, 169
singular, 166
singular value, 11

Stinespring Dilation Theorem, 298
Sz. Nagy-Foias Lifting Theorem, 293
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Tensor product,
of Hilbert spaces, 193, 196
of operator algebras (spatial), 195

Tomita’s Commutation Theorem, 195, 395

trace, 12, 37, 221
Triangular integral, 44
Triangular truncation,

in M, 41

in T(N), 43

in Cy, 45

in C,, 46, 49

of a rank one operator, 48

of C,,, 50, 52

unicellular operator, 317
unitary equivalence,
of nests, 77
invariants, 85
of multiplicity free nests, 85, 88
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a—Aut (N), 248
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B (X),, 326
C*(N), 65
C,, 11
C,, 46
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Dy, 43
Dy, 67
Hom/(N,2), 65
Inn(-), 243
I,, 67
L, 43
M(-), 145
M”’ 65
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N_, Ny, 24, 25
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vector,
cyclic, 26
separating, 26
support of, 157
Voiculescu’s Theorem, 326
Volterra operator, 55
characterization of, 57
commutant, 60
eigenvalues, 59
invariant subspaces, 57
von Neumann algebra,
approximately finite (AF), 92
classification of abelian, 82
injective, 100
maximal abelian, 79
multiplicity free, 79
semidiscrete, 101
uniform multiplicity, 81
universal enveloping, 117
von Neumann Inequality, 290, 293

Weyl-von Neumann Theorem 89, 326

N, N 26
Out(-), 243
QT, 325
rad(-), 68
R(-), 207
R(N), 99
S*T, 380
T(N), 23
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