OPERATOR ALGEBRAS WITH UNIQUE PREDUALS
KENNETH R. DAVIDSON AND ALEX WRIGHT

ABSTRACT. We show that every free semigroup algebras has a
(strongly) unique Banach space predual. We also provide a new
simpler proof that a weak-* closed unital operator operator algebra
containing a weak-* dense subalgebra of compact operators has a
unique Banach space predual.

1. INTRODUCTION

A famous theorem of Sakai [21] showed that C*-algebras which are
dual spaces are von Neumann algebras, and the techniques showed in
addition that the predual of a von Neumann algebra is unique (up to
isometric isomorphism). This generalized a result of Grothendieck [14]
that L>°(u) has a unique predual. Ando [1] showed that the algebra
H® of bounded analytic functions on the unit disk also has a unique
predual. More recently, Ruan [20] showed that an operator algebra
with a weak-* dense subalgebra of compact operators has a unique
operator space predual. He points out that some general Banach space
methods of Godefroy [10, 11] in fact imply that such algebras have a
unique Banach space predual. Also, Effros, Ozawa and Ruan [8] have
shown that W*TROs (corners of von Neumann algebras) have unique
preduals as well.

In this note, we show that every free semigroup operator algebra has
a unique predual. A free semigroup algebra is the woT-closed unital
algebra generated by n isometries with pairwise orthogonal ranges. The
prototypes are the non-commutative analytic Toeplitz algebras, £,,
given by the left regular representation of the free semigroup F of
words in an alphabet of n letters [18, 19, 5]. The case n = 1 is just
H> which follows from Ando’s Theorem. Our proof deals with n > 2.
Once the result is established for £,, the general case follows from
the Structure Theorem for free semigroup algebras [4] and the result
mentioned above of Effros, Ozawa and Ruan.

2000 Mathematics Subject Classification. 47L50, 46B04, 47L35.
Key words and phrases. unique predual, free semigroup algebras, CSL algebras.
First author partially supported by an NSERC grant.

1



2 K.R.DAVIDSON AND A WRIGHT

It is an open problem whether H*°(2) has a unique predual when
is a domain in C", even for the bidisk D? or the unit ball B, of C2. In a
number of ways, the algebras £, have proven to be more tractable that
their commutative counterparts when it comes to finding analogues
of classical results for H* in dimension one. This predual result is
another case in point.

A weak-x closed operator algebra 2 is called local if the ideal of
compact operators in 2 is weak-* dense in 2. We also provide a new
simpler proof that a local operator algebra has a unique predual which
is inspired by Ando’s proof for H*. For B(H), the manipulations
involving approximate identities can be omitted. So this provides an
alternative to invoking Sakai’s Theorem in this case. However we also
provide another very simple proof for B(H) which relies neither on
positivity (like Sakai) nor on the density of the compacts.

In Banach space theory, there is an extensive literature on the topic
of unique preduals. We refer the reader to a nice survey paper of
Godefroy [10]. For example, if X is a dual space which does not contain
an isomorphic copy of £, then the predual is unique. Also smoothness
conditions on the predual X, such as a locally uniformly convex norm
or the Radon—Nikodym property imply that it is the unique predual of
X. These properties do not often apply to algebras of operators.

Another observation due to Godefroy and Talagrand [13] is that
Banach spaces with property (X) have unique preduals. This technical
condition will be defined in the next section. In the proofs of Sakai
and Ando mentioned above, it is a property very close to this which
is exploited to establish uniqueness. It implies, for example, that if
X is an M-ideal in X**, then X* is the unique predual of X** [15,
p.148]. This is the case for operator algebras with a weak-+* dense
ideal of compact operators. Recently, Pfitzner [17] has has generalized
this by showing that if X, is a separable L-summand in X*, then X,
has property (X) and so is the unique predual of X. Another basic
class with unique predual are the spaces of operators B(X,Y") where
X and Y are Banach spaces with the Radon—Nikodym property due to
Godefroy and Saphar [12]. This includes spaces which are separable
dual spaces, and all reflexive Banach spaces.

Nevertheless, in operator algebras, the literature on unique preduals
is rather limited, and the main results have all been mentioned above.

A Banach space X has a strongly unique predual if there is a unique
subspace E of X* for which X = E*. All known examples of Banach
spaces with unique predual actually have a strongly unique predual
[10]. This is the case in our examples as well.

We thank Gilles Godefroy for some helpful comments on this paper.
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2. BACKGROUND

If X is a dual Banach space, then any predual E sits in a canonical
manner as a subspace of the dual X*. Let o(X, E) denote the weak-*
topology on X induced from E. E has two evident properties which
are characteristic:

(1) E morms X: sup{|p(z)] : ¢ € E, [lpl| <1} = [|]].
(2) The closed unit ball of X is compact in the o(X, E) topology.

The latter property is a consequence of the Banach-Aloaglu Theorem.
Conversely, if E is a subspace of X* with these properties, then
X sits isometrically as a subspace of E* by (1). By (2), the closed
ball by (X) := b;(0) of X is weak-x compact in E*. Therefore by the
Krein—-Smulyan Theorem, X is weak- closed in E*. However, as F is
a subspace of X*, the annihilator of X in F in {0}. Hence X = E*.
Thus we see that these two properties characterize the preduals of X.
In any weak-*x topology on X, closed balls m are compact for
x € X and r > 0. Also, addition is always weak-* continuous. So
finite sums of closed balls are also universally weak-x compact. This
can sometimes be used to show that certain functionals are universally
weak-+ continuous, meaning that they belong to every predual of X.

Example 2.1. It is very easy to see that /> has a unique predual,
namely /1. Let e,, denote the sequence with a 1 in the nth coordinate,
and 0 elsewhere. And let §,, be the element of ¢* which evaluates the
nth coordinate. Observe that

bl(en) N bl(—6n) = bl (ker 5n))

Hence by (ker d,,)) is universally weak-* compact. By the Krein—Smulyan
Theorem, ker d,, is universally weak-* closed. So 9,, lies in every pre-
dual of ¢>. But these functionals span ¢!, and hence it is the unique
predual.

Example 2.2. A similar, but somewhat more involved, argument
shows that B(H) has a unique predual. Let H be an infinite dimen-
sional Hilbert space, and consider unit vectors z,y € ‘H. Write zy* for
the rank one operator zy*(z) = (z,y) x. Observe that

Cy = bi(zy*) N by (—zy*)
={T eB(H):Ty=T"2=0and ||T|| <1}.

Indeed, Ty € by(x)Nby(—x) = {0} and similarly, 7%z = 0; so the result
follows. Pick a unit vector z orthogonal to both x,y. Then a simple
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calculation shows that
(CY+CY+C)N0(BH)) ={T € B(H): (Ty,x) =0 and ||T|| < 1}.

Arguing as before, the functional (yz*)(T) = (Ty,z) is universally
weak-* continuous. But these functionals span the trace class operators
S;, the standard predual of B(H). Therefore &; is the unique predual
of B(H).

Example 2.3. There are woT-closed operator algebras which do not
have unique preduals. The basic point is that being an operator algebra
is not restrictive. If we put any woT-closed subspace of B(H) in the 1,2
entry of 2 x 2 matrices over B(H), then we have an operator algebra.
Adding in the scalar operators (on the diagonal) will not essentially
change the Banach space characteristics, but will yield a unital algebra.
In particular, let’s put ¢> into B(H) as the diagonal operators, and
place it in the 1,2 entry. Every dual space X* with separable predual
can be isometrically imbedded into ¢*° as a weak-x closed subspace.
The weak-x and WoOT-topologies coincide on ¢*°. So this procedure
yields a woT-closed algebra. If we do this for X* = ¢!, we obtain the
desired example.

A series (x,) in a Banach space X is universally weakly Cauchy if
Y st l@(zs)] < oo for every ¢ € X*. If X = E*, define C(E) to be the
set of all functionals ¢ € X* = E** with the property that for every
universally weakly Cauchy series (x,) in X,

¢ (w*—lim Z T;) = Z o(zn).

Evidently this contains E. But Godefroy and Talagrand [13] show that
C(F) contains every predual of X, and this space does not depend on
the choice of the predual E. They say that X has property (X) if
C(FE) = E. Evidently this immediately implies that X has a unique
predual.

A similar property was established by Sakai for a von Neumann
algebra 9. He shows that a state ¢ on 91 belongs to 9, if and only
if it satisfies: whenever (P,) are pairwise orthogonal projections in
M such that sor—y_ P, = I, then > p(F,) = 1. In Section 4, we
use a similar property to establish unique preduals for algebras with
sufficiently many compact operators.
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3. FREE SEMI-GROUP ALGEBRAS

A free semigroup algebra is a wWoOT-closed unital operator algebra
generated by n isometries Sy, ...,.S, with pairwise orthogonal range.
We allow n = oco. The prototype is obtained from the left regular
representation of the free semigroup F of all words in an alphabet of
n letters. The operators L,, for v € F7 act on the Fock space £2(F;),
with orthonormal basis {{,, : w € F}, by L,&, = . The algebra £,
generated by Lq, ..., L, is called the noncommutative analytic Toeplitz
algebra because the case n = 1 yields the analytic Toeplitz algebra
isomoetrically isomorphic to H*°, and because these algebras share
many similar properties (see [18, 19, 5, 6]). The standard predual of
£, is the space £,, of all weak-* continuous linear functionals on £,.
See [3] for an overview of these algebras.

Let |w| denote the length of the word w. Note that the operators
{L, : |w| = k} are isometries with pairwise orthogonal ranges. Thus
span{L, : |w| = k} is isometric to a Hilbert space.

An element A € £, is determined by Ay = > a,L,. We call
the series ) a, L, the Fourier series of A. As in classical harmonic
analysis, this series need not converge. However the Cesaro means
do converge in the strong operator topology to A [5]. The functional
ow(A) = (Ay, &) reads off the w-th Fourier coefficient, and it is
evidently weak-* continuous. The ideal £2 = ker ¢y consists of all
elements with 0 constant term, and is the woT-closed ideal generated
by Li,...,L,. The powers (£) are the ideals of elements for which
a,, = 0 for all |w| < k.

We first deal with the noncommutative analytic Toeplitz algebras,
L, for n > 2. This first lemma is motivated by the fact that for a
vector v in a Hilbert space H, (¢ bw(kv) = Cvt Nby.

Lemma 3.1. For n > 2 and k > 0, the ideal (£2)* is universally
weak-* closed in £,

Proof. Fix a word w € F}. Define C,, = (,c¢ b\/W(ALw). By the

remarks in the previous section, this is universally weak-* compact.
We will first establish that
Co={Ac L, ||A]| <1and L; A=0}.

That is, a contraction A belongs to C, if and only if A and L,, have
orthogonal ranges. Observe that a contraction A lies in C,, if and only
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if for all A € C and all £ € (*(F}) with [[£]|| =1,
L4 A > [[ALwE — A¢|
= [IALuE]* — 2Re(AE, ALyE) + || AE]J?
= |A* — 2Re(AL;, AL, &) + | A¢|1%.

If L7 A =0 this inequality is clearly satisfied, so A belongs to C,,.
Conversely, if A € (), by picking the sign of A\ appropriately, we
obtain that

L (A = A + 2IA[[(L}, A8, )] + [l AE])”.

Letting |A| tend to oo, we see that (Lf A¢, &) = 0 for all . By the
polarization identity, L} A = 0.

It follows that Dy ; = ﬂ‘w‘:k_l C;i is universally weak-+* compact
for any i. If A € £, has a Fourier series A ~ ) a,L, and lies in Dy,
then we claim that a, = 0 if |[v| < k or if v has the form wiv’ for
|lw| = k — 1. Indeed, if |v| < k, choose any word v’, possibly empty, so
that |vv'i] = k. Then since the range of A is orthogonal to the range
of va’ia

0= <A€v’i7 va’i€®> = <Z avgvv/i, gvv’i> = a,.

Similarly if v = wiv’ for |w| = k — 1, then since the range of A is
orthogonal to the range of L.,

0= <A§61sz’§v’> = <ZGU§U7§’U> = Qy-

Conversely, it is evident that any such A has range orthogonal to all
ranges L,,; for lw| =k — 1. So if it is a contraction, it will lie in Dy.
Since addition is always weak-* continuous, we obtain that

Dy, = b:(£,) N (Dya + Dy2)

is also universally weak-* compact. We claim that Dy = b1((£2)¥). For
A to lie in either Dy, the Fourier coefficients a, = 0 for |v| < k. So
this persists in the sum, and hence Dy, is contained in by ((£9)).
Conversely, if A € b;((£2)%), by [4, Lemma 2.6] there is a factoriza-
tion A = Z‘w‘:k LA, where A, € £,. Moreover, this factors as LC
where L is the row operator with coefficients L, for |w| = k and C' is

the column operator with coefficients A,,. Since L is an isometry, we
have ||C|| = ||A]| < 1. Define

B1:Z Z LAy and By = Z Loy A

122 |Jw|=k—1 |w|=k—1
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Then it follows that both B; are contractions in (£2)*. Moreover,
B, € Dy, and By € Dys. Therefore A = By + B, belongs to Dy, as
claimed.

We have shown that b;((£2)*) is universally weak-* compact. Thus
by the Krein—-Smulyan Theorem, (£0)* is universally weak-* closed. m

Corollary 3.2. The functionals ¢, for w € Bt are universally weak-
x continuous for all n > 2.

Proof. If £, = E*, let E; = ((£2)*), be the annihilator of (£2)* in
E. Since (£2)* is 0(L£,, F) closed, (£2)F = Ei- and (£0)F ~ (E/E)*.
Therefore (£2)%/(£9)k+! ~ (Ey/Ej11)*.

Now (£9)k/(£9)%+1 is isometrically isomorphic to the subspace
span{ L, : |w| = k}. Indeed, the elements of this quotient have the form
> jwfk Gl + (£0)¥1. So the norm is bounded above by

I Z Lo || = [|(@w )= l2-

|lw|=k

On the other hand, it is bounded below by

aeial I wZ::k Ly + A) ol = || MZ:k o] = 1(@w) ikl
Hence this quotient is a Hilbert space.

Since a Hilbert space is reflexive, its dual is Ej/FEk;;. Therefore
£,/(L£2)*1 s reflexive with dual E/Ej,;. Since the functionals ¢,
for |w| < k are continuous on this quotient, they are all o(£,, E)
continuous. n

Theorem 3.3. £, has a unique predual for n > 2.

Proof. Recall that the standard predual £, of £,, consists of the weak-
* continuous linear functionals of the form [zy*]. Clearly taking = and
y to be in the algebraic span of {, : w € F} is norm dense in the
predual. However, [£,£5] = [£5(Li€y)*]. So the span of the functionals
[€x&5] is norm dense in the predual. Since [£z€f] = ¢, is universally
weak-* continuous by Corollary 3.2, it follows that the standard predual
is universally weak-* continuous.

No two preduals are comparable; so it follows that £, is the strongly
unique predual of £,,. [

To deal with the case of a general free semigroup algebra, we require
a simple lemma. The dual space of an operator algebra 2l is a bimodule
over 2 with the natural action (ApB)(T) = p(BTA).
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Lemma 3.4. Let P be an orthogonal projection in an operator algebra
A. Then for p € A*,

lell* > 1 Poll* + 1P+ ol

Proof. Find A = AP and B = BP* in 2 of norm 1 so that ¢(A) and
©(B) are real, and we have the approximations

p(A) = (Pp)(A) = |Pyll and ¢(B) = P*o(B) = || P
Consider T' = cos#A + sin #B. Note that

|T||*> = ||TT*|| = || cos> AA* + sin®? BB*|| < 1.

Compute

©(T) = cosOp(A) +sinbp(B) = (cos,sinb) - (p(A), o(B)).
Choosing 6 so (cosd,sin ) is parallel to (p(A), ¢(B)), we obtain

loll> > [o(T)|* = p(A)? + o(B)* = ||Pol|* + || P> n

Now the general free semigroup algebra case follows from the struc-
ture theory of these algebras.

Theorem 3.5. Fvery free semigroup algebra & has a strongly unique
predual.

Proof. We invoke the Structure Theorem for free semigroup algebras
[4]. If & is a von Neumann algebra, then the result follows from
Sakai’s Theorem [21]. Otherwise, the woT-closed ideal &, generated
by {Si,...,S.} is proper. Let J = (),»; ©F. This is a woT-closed
ideal of &, and is a left ideal in the von Neumann algebra 20 generated
by {Si1,...,S,}. There is a projection P € & so that J = 2P, PYH
is invariant for &, and &|pi4 is completely isometrically isomorphic
and weak-+* homeomorphic to £,.

Now, define Cpr = (¢ \/W(APL) We claim Cpr = b,(J). By

the calculation of Cy in £, in Lemma 3.1, P*Cp. P+ = Cy = {0}. So
Cpr CINBL(L ) = bl( ). Conversely,

|IfA o] [A* B
B )\I - M0 N
A 0] [4* B* 0 0
S oHo o”*H[o MH
A ol
B 0

+ AP
Thus, we see that C'p1 contains b1(J). Whence Cpr = b1(J).

S
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Now C'p. is universally weak-* compact. By the Krein-Smulyan The-
orem, J = span Cp. is universally weak-closed. Note, J is a W*TRO,
and therefore has a strongly unique predual [8].

Let E be a predual of &. Then the predual of &/J is

EOZ{(,OEEQO’;]:O}

Since &/J is isomorphic to £,,, Theorem 3.3 implies that Ey coincides
with the weak-* continuous functionals on £,. Because the isomor-
phism of &|P+H to £, is a weak-* homeomorphism, Fy coincide with
the weak-* continuous functionals on &|piy.

The predual of J is E/Ey. If ¢ € E, then |+ Eo|| = ||¢l;ll = | Pell-
Clearly every functional v € Ej has ¢ = P1¢). Therefore by Lemma
3.4, we see that

1Pol* = Il + Eoll* > [[Poll* + dist(P~ g, Eo)*.

Hence Pty € Ey and so Py € E. It follows that £, = P'E and
E/Ey ~ PE. Hence GP* = (PE)* is also (6, E) closed.

As PFE is the unique predual of &P and P+ E is the unique predual of
G P+, both consisting of the weak-* continuous functionals, we deduce
that E necessarily coincides with the weak-*x continuous functionals on
G. So there is a strongly unique predual. n

4. OPERATOR ALGEBRAS WITH MANY COMPACT OPERATORS

Suppose that 2 is a local weak-* closed unital sub-algebra of B(H),
meaning that AN K is weak-x dense in 2A. We will provide a new proof
that 2 has a unique predual using an argument modelled on Ando’s
argument [1] that H* has a unique predual.

Observe that the weak-* density means that (2N &)+ = 2, in the
space &, of trace class operators. Thus (AN K)* ~ &, /A, ~ A,; and
hence (AN K)* = 2A. Thus there is a canonical contractive projection
P of the triple dual, 2*, onto the dual space 2, given by restriction to
20N K, and considered as a subspace of 2A*. For ¢ € A*, we will write
Py =: ¢, and (id —=P)p =: @;.

In fact by [7], 2N K is an M-ideal in . Therefore P is an L-
projection, meaning that ||| = ||@all + ||s]]. We will not require this
fact in our proof.

By Goldstine’s Theorem, the unit ball of (N K is weak* dense in the
unit ball of . Since the closed convex sets in WOT and SOT* topologies
coincide, the ball of compact operators is also SOT* dense in the ball
of . In particular, there is a net (a sequence when H is separable)
K, € AN K with | K,| <1 and soT*-lim K,, = I. Evidently, this is a
contractive approximate identity for 2l N K.
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We require a somewhat better approximate identity. It is shown
in [7] that the existence of a bounded one-sided approximate identity
implies the existence of a contractive two-sided approximate identity
C,, with the additional property that limsup ||l — C,|| < 1. What we
require here is similar, and the argument follows from tricks using the
Riesz functional calculus.

For various interesting examples such as B(H) and atomic CSL alge-
bras (see the end of this section for definitions), the compact operators
in the algebra have a bounded approximate identity consisting of finite
rank projections {P,}. In this case, one may take S, = C, = P, in
Lemma 4.1, and avoid all of the tricky calculations.

Lemma 4.1. Let 2 be an operator algebra with a contractive approz-
imate identity {K,}. Then 2 has a contractive approximate identity
{S.} and a bounded approzimate identity {I — C,,} so that

hmH[S C’] ‘1—hmH{ ]H

Proof. It is easy to see that for any fixed i, {K’} is a contractive
approximate identity. So if p is a polynomial p with p(0) = 0 and
p(1) =1, then {p(K,)} is an approximate identity. By von Neumann’s
inequality, it is bounded by ||p[lc = supj,<; [p(2)|. Now if f € A(D)
satisfies f(0) = 0 and f(1) = 1, then it can be uniformly approximated
by such polynomials. So again von Neumann’s inequality shows that
{f(K,}) is an approximate identity bounded by || f]|c-

Now sin(7z/2) is analytic, and takes (—1, 1) into itself. It is easy to
check that there is a convex open set U containing (—1,1) on which
|sin(mz/2)| < 1. Let U. = U N{x+1iy : ly| < €}; and let f. be the
conformal map of D onto U, such that f.(0) = 0 and f.(1) = 1. We
define

g=(2z) = sin (gfe(z)) and h.(z) = cos (gfg(z))

Define S,, = ¢g.(K,) and C,, = h.(K,). Then {S,} is a contractive
approximate identity, and {I — C,} is a bounded approximate identity
for A. By the matrix version of von Neumann’s inequality,

I8 I < o Al = IV IaP+ TR < (1425 ()

Similarly,
S, ) 1/2
H {CJ H (1 + 2sinh ( 5 )) .
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Now use a diagonal argument to let £ go to 0 slowly relative to n
so as to still be an approximate identity and obtain the desired norm
limit. [

We can now prove the uniqueness of preduals.

Theorem 4.2. Let A be a weak-* closed unital subalgebra of B(H) with
a weak-+ dense subalgebra of compact operators. Then A has a strongly
unique predual.

Proof. By the remarks at the beginning of this section, 2 N K has a
contractive approximate identity. So by Lemma 4.1, we obtain approx-
imate identities {S,,} and {I—C,,} for ANK as described. In particular,
S, converges SOT* to I and C,, converges SOT* to 0.

Let E be a subspace of 2* which norms 2, and so that the closed
unit ball of 2 is ¢(2, F') compact. Fix A € A with ||A|| = 1. Then the
sequence C, AC, is bounded, and converges SOT* to 0. Since this is a
bounded net, it has a subnet C, AC,, which converges in the o(, E)
topology to some element B in the ball of 2. That is,

lim p(CLAC,) = ¢(B) forall ¢e€E.
We will show that B = 0. Fix n > 1. Then for ¢ € F with [|¢|| = 1,
|¢(Sy £ B)| = lim |¢(S, £+ CLAC,)|

= i 2 (2]

<1+1im||Sy — SuSuSall = 1.

‘ + 1S = 508, Sal

< lim
«

Since E norms 2, we conclude that ||S, &+ B|| < 1. Letting n go to
infinity, this converges woT to I + B. Hence ||I £ B|| < 1. Therefore
B =0.

Fix ¢ € . We have the decomposition ¢ = ¢, + ps. Note that
A—CAC, = (1—-C,)A+C,A(1 —C,) is compact because 1 — C,, is
compact, and this net converges WOT to A. Hence

¢(A) = (A - B) =limp(A - C,AC,)
= lim ¢, (A — C’aACa) = pa(A).
It follows that ¢ = ¢,. This shows that E is contained in 2. Since it
separates points, F = 2,. n

A nest algebra is the set of all operators that are upper triangular
with respect to a fixed chain of invariant subspaces. All nest algebras
have a dense subalgebra of compact operators [9]. More generally, a
CSL algebra is a reflexive algebra of operators containing a masa. The
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lattice of invariant subspaces is a sublattice of the projection lattice of
the masa, hence the name commutative subspace lattice (CSL). The
compact operators are weak-* dense precisely when the lattice is com-
pletely distributive [16]. When the masa is atomic, one can find an
approximate identity for & consisting of finite rank projections in the
masa. So in particular, the compact operators in atomic CSL algebras
are weak-* dense. See [2] for more details. So we obtain:

Corollary 4.3. Every completely distributative CSL algebra has a unique
predual.

The algebra L>°(0, 1) is not completely distributive. But it still has a
unique predual by Grothendieck’s Theorem. We do not know whether
every CSL algebra has a unique predual.
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