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Abstract

We examine the semicrossed products of a semigroup action by *-endomor-
phisms on a C*-algebra, or more generally of an action on an arbitrary operator
algebra by completely contractive endomorphisms. The choice of allowable repre-
sentations affects the corresponding universal algebra. We seek quite general con-
ditions which will allow us to show that the C*-envelope of the semicrossed product
is (a full corner of) a crossed product of an auxiliary C*-algebra by a group action.

Our analysis concerns a case-by-case dilation theory on covariant pairs. In the
process we determine the C*-envelope for various semicrossed products of (possibly
nonselfadjoint) operator algebras by spanning cones and lattice-ordered abelian
semigroups.

In particular, we show that the C*-envelope of the semicrossed product of
C*-dynamical systems by doubly commuting representations of Z’ (by generally
non-injective endomorphisms) is the full corner of a C*-crossed product. In conse-
quence we connect the ideal structure of C*-covers to properties of the actions. In
particular, when the system is classical, we show that the C*-envelope is simple if
and only if the action is injective and minimal.

The dilation methods that we use may be applied to non-abelian semigroups.
We identify the C*-envelope for actions of the free semigroup F’} by automorphisms
in a concrete way, and for injective systems in a more abstract manner. We also deal
with C*-dynamical systems over Ore semigroups when the appropriate covariance
relation is considered.
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CHAPTER 1

Introduction

The realm of operator algebras associated to dynamical systems provides a
context to generate valuable examples of operator algebras, as well as a method for
examining the structure of the dynamics in terms of operators acting on a Hilbert
space. Our motivation in the current paper is derived from the growing interest in
semigroup actions by (perhaps non-invertible) endomorphisms of an operator alge-
bra and the examination of the algebraic structure of operator algebras associated to
them, e.g., Carlsen-Larsen-Sims-Vittadello [22], Deaconu-Kumjian-Pask-Sims [38],
Donsig-Katavolos-Manoussos [41], Duncan-Peters [45], Exel-Renault [47], Fowler
[48], Laca [65], Larsen [69], Muhly-Solel [76], Peters [87], Sims-Yeend [91], and
Solel [93, 94]. Recent progress [29, 30, 32, 61] shows that nonselfadjoint operator
algebras form a sharp invariant for classifying systems and recovering the dynamics.
Such constructions have found applications to other fields of mathematics. In par-
ticular, ideas and results by the first author and Katsoulis [32] are used in number
theory and graph theory by Cornelissen [24] and Cornelissen-Marcolli [25, 26],
leaving open the possibility for future interaction.

The main subject of the current paper is representation and dilation theory
of nonselfadjoint operator algebras associated to actions of a semigroup, namely
semicrossed products, and their minimal C*-covers, namely their C*-envelopes. In
particular we ask for classification of semicrossed products in terms of Arveson’s
program on the C*-envelope [7, 62]. In our context this question is translated in
the following way:

we ask whether the C*-envelope of a semicrossed product associated to a
semigroup action over an operator algebra is a (full corner of a) C*-crossed
product associated to a group action over a C*-algebra.

This question requires an interesting intermediate step, which may be formulated
in terms of classification of C*-algebras:

given a (generally non-invertible) semigroup action on an operator algebra,
construct a group action over a (generally larger) C*-algebra such that the
corresponding semicrossed products have strong Morita equivalent minimal
C*-covers.

As a consequence of this process we may think of the C*-envelope as the appropriate
candidate for generalized C*-crossed products. Since this is related to a natural
C*-crossed product of a dilated dynamical system, we can relate the infrastructure
of (non-invertible) dynamics to the structure of the C*-envelope. In particular, we
seek a connection between minimality and topological freeness of the dynamical
system and the ideal structure of the C*-envelope. In a sequel to this paper, we
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will examine the connection between exactness and nuclearity of the ambient C*-
algebra of the dynamical system and exactness and nuclearity of the C*-envelope,
as well as the existence of equilibrium states.

For this paper, a dynamical system over an abelian semigroup P consists of a
triplet (A, «, P), where a: P — End(A) is a semigroup action of P by completely
contractive endomorphisms of the operator algebra A. When A is a C*-algebra we
refer to (A, «, P) as C*-dynamical system; in particular when A is a commutative
C*-algebra, we refer to (A, «, P) as classical system. A semicrossed product is an
enveloping operator algebra generated by finitely supported A-valued functions on
P such that a covariance relation holds:

(1.1) a-ts =ts-as(a) forallae Aand se P.

Some changes have to be made for this to be sensible for non-abelian semi-
groups. For the free semigroup I’} , where there are canonical generators, this issue
can be handled easily by asking for the covariance relations only for the generators.
In other words, a dynamical system over the free semigroup I’} can simply be given
by a family {a;}"_; of endomorphisms on A; and the semicrossed product will be
defined accordingly by the covariance relation

(1.2) a-t;=t;-a;(a) forallae Aandi=1,...,n.

Variants of semicrossed products depend on extra reasonable conditions on the
representation t,, as we explain below.

The class of all semigroups is too vast, and too pathological, for a reasonable
study of the dynamics of all semigroups. All of our semigroups embed faithfully
into a group. In particular, they will satisfy both left and right cancellation laws.
Even in the case of abelian cancellative semigroups, where the enveloping group is
the Grothendieck group, there are many difficulties in the study of their dynamical
systems. We will find that the lattice-ordered semigroups offer extra structure
which allows us to consider the Nica-covariant representations [79, 66].

We shall assume that P is a subsemigroup of a group G; and that G is gen-
erated by P as a group. Given an action of P on an operator algebra A by com-
pletely isometric endomorphisms, we may search for an automorphic action of G on
some C*-algebra containing A so that the semicrossed product of A by P embeds
naturally into a C*-crossed product. We seek to identify the C*-envelope of the
semicrossed product in such a manner. We will explore how well we can do in a
variety of settings. We also consider certain non-injective actions.

Operator algebras and dynamics. The roots of nonselfadjoint operator
algebras associated to dynamical systems can be traced back to the seminal work
of Arveson [6], where the one-variable semicrossed product was introduced in a
concrete representation. Later, Peters [85] described an abstract, representation
invariant definition which is close to the definition used today. This and related
work has attracted the interest of operator theorists over the last 45 years. For
example, see [2, 11, 19, 20, 39, 44, 53, 67, 68, 71, 72, 73, 77, 80, 86, 90, 92].
When the semigroup is I} with n > 1, and the t; form a row contraction, then
the resulting operator algebra is the tensor algebra related to a C*-correspondence.
This very general construction was introduced by Muhly and Solel [76] based on
a construction of Pimsner [88]. Examples include Popescu’s noncommutative disc



1. INTRODUCTION 3

algebra [89], the twisted crossed product of Cuntz [27], and handles multivariable
non-invertible C*-dynamical systems as well.

Significant progress on Arveson’s program on the C*-envelope has been estab-
lished for P = Z.. The problem was fully answered in [56] for unital C*-dynamical
systems. Dynamical systems over nonselfadjoint operator algebras have appeared
earlier in separate works of the first and third author with Katsoulis starting with
[31], put in the abstract context later in [59], and further examined in [33, 34].
The dilation theory even for this one-variable case relates to one of the fundamental
problems in operator algebras, namely the existence of commutant lifting theorems
(see [33] for a complete discussion).

For tensor algebras of C*-dynamical systems, the question of the C*-envelope
was fully answered by the third author with Katsoulis [60]. However, in the
language of C*-correspondences, 7 is viewed as the non-involutive part of the
Toeplitz-Cuntz algebra 7T, rather than as a subsemigroup of IF*. Operator alge-
bras associated to actions of I} (as a subgroup of ™) on classical systems were
examined by the first author and third author with Katsoulis [32, 61]. In particu-
lar dilation results were obtained for systems over metrizable spaces [32, Theorem
2.16, Proposition 2.17, Corollary 2.18]. These results make extensive use of spectral
measures, a tool that is not applicable in full generality. Moreover, even though
the maximal representations are identified [32, Proposition 2.17], a connection with
a C*-crossed product is not established even for homeomorphic systems. In fact
the authors point out that the complicated nature of the maximal representations
“makes it difficult to describe the algebraic structure of the C*-envelope of the free
semicrossed product” [32, Remark at the end of Example 2.20].

Another approach was discovered by Duncan [44] for C*-dynamical systems
over . The free semicrossed product can be identified as the free product of
semicrossed products over Z, with amalgamation on the base C*-algebra A. The
main result [44, Theorem 3.1] then asserts that in the case of injective dynamical
systems, the C*-envelope of the free semicrossed product is the free product of
C*-crossed products with amalgamation A. Unfortunately there is an oversight in
his proof that requires some work to complete. We do this, and adapt Duncan’s
methods to the non-commutative case.

A moment’s thought hints that the copy of P inside the semicrossed product
cannot be simply contractive and still hope to answer our main question. Indeed
the famous counterexamples of Parrott [82] and Kaijser-Varopoulos [96] of three
commuting contractions that cannot have unitary dilations shows that the answer
is negative even for the trivial system (C,id,Zi). Therefore the representation
t of P should satisfy additional conditions, for example, we can demand that t
be isometric, regular, Nica-covariant, etc. Representations of the isometric semi-
crossed products of abelian semigroups P were examined by Duncan-Peters [45]
for surjective classical systems. The algebra examined in [45] is the norm-closure
of the Fock representation, and provides less information for the universal isometric
object of [45, Definition 3] in which we are equally interested. Their examination
is restricted to classical surjective systems. We will extend these results in several
ways.

Nica-covariant semicrossed products were examined by the second author [51]
for automorphic (possibly non-classical) dynamical systems over finite sums of to-
tally ordered abelian semigroups. In the current paper we continue this successful
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treatment. We mention that Nica-covariant semicrossed products are examples of
tensor algebras associated to product systems examined by various authors, e.g.,
[38, 45, 48, 93, 94].

One of the main questions in such universal constructions is the existence
of gauge-invariant uniqueness theorems. For C*-correspondences, Katsura [64]
proves gauge-invariant uniqueness theorems for the Toeplitz-Pimsner algebra and
the Cuntz-Pimsner algebra, extending earlier work of Fowler and Raeburn [50,
Theorem 2.1], and Fowler, Muhly and Raeburn [49, Theorem 4.1]. In contrast
to C*-correspondences, the absence of a gauge-invariant uniqueness theorem for
Toeplitz-Nica-Pimsner and Cuntz-Nica-Pimsner algebras makes the examination of
tensor algebras of product systems rather difficult.

One major difficulty is the absence of a notion analogous to the Cuntz-Pimsner
covariant representations of C*-correspondences introduced by Katsura [64], that
would give the appropriate concrete picture of a Cuntz-Nica-Pimsner algebra. Nev-
ertheless substantial results are obtained by Carlsen, Larsen, Sims and Vittadello
[22], building on previous work by Sims-Yeend [91], Deaconu-Kumjian-Pask-Sims
[38], and Fowler [48]. The authors in [22] prove the existence of a co-universal
object in analogy to the Cuntz-Pimsner algebra of a C*-correspondences [22, The-
orem 4.1]. They exhibit a gauge-invariant uniqueness theorem [22, Corollary 4.8]
and in many cases it coincides with a universal Cuntz-Nica-Pimsner algebra [22,
Corollary 4.11]. However, the abstract nature of their context makes the sug-
gested CNP-representations hard to isolate in concrete examples like the ones we
encounter. The authors themselves mention this in [22, Introduction]. In particu-
lar the suggested CNP-condition is not related to ideals of A, in contrast to Cuntz
covariant representations of C*-correspondences in the sense of Katsura [64]. More-
over a faithful concrete CNP-representation of an arbitrary product system is not
given in [22, 38, 48, 91].

In the closing paragraph of their introduction the authors of [22] wonder
whether there is a connection between their co-universal object and the C*-envelope.
This remark has multiple interpretations: firstly it suggests a generalization of the
work of Katsoulis and Kribs [63] on C*-correspondences, secondly it fits exactly
into the framework of nonselfadjoint algebras, and thirdly it fits in Arveson’s pro-
gram on the C*-envelope [7, 62]. It seems that this is a nice opportunity for a
solid interaction between nonselfadjoint and selfadjoint operator algebras.

Before we proceed to the presentation of the main results we mention that
there is a substantial literature on the examination of semigroup actions that in-
volves the existence of transfer operators, e.g., the works of Brownlowe-Raeburn
[17], Brownlowe-Raeburn-Vittadello [18], Exel [46], Exel-Renault [47], an Huef-
Raeburn [55], Larsen [69], and a joint work of the third author with Peters [62].
Unlike these papers, we are interested in general dynamical systems where such
maps are not part of our assumptions (and may not exist). Nevertheless, whether
such additional data contributes to a satisfactory representation and dilation theory
is interesting.

Main results. We manage to deal successfully with C*-dynamical systems of
semigroup actions of Z7 and IF”}. Our theorems show that the C*-envelope of the
semicrossed product is a full corner of a natural C*-crossed product for:

(i) arbitrary C*-dynamical systems by doubly commuting representations
of Z7 (Theorem 4.3.7);
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(ii) automorphic unital C*-dynamical systems by contractive representa-
tions of F% (Theorem 5.3.8).

The case of injective unital C*-dynamical systems by contractive representations
of % is also considered (Corollary 5.3.22). Not surprisingly, en passant we settle
several of the questions, and resolve several of the difficulties aforementioned. We
accomplish more in two ways: firstly in the direction of other semigroup actions
on C*-algebras (where the set of generators may be infinite), and secondly for
semigroup actions over non-selfadjoint operator algebras. Each one of them is
described in the appropriate section.

Case (i) is closely related to the representation theory of product systems.
The semicrossed products of this type can be realized as the lower triangular part
of a Toeplitz-Nica-Pimsner algebra N7 (4, ) associated to a C*-dynamical sys-
tem (A,«,Z7%). We show that a gauge-invariant uniqueness theorem holds for
NT(A,a), which will prove to be a powerful tool for the sequel (Theorem 4.2.11).
Furthermore we construct an automorphic dilation (§ , B , Z™) of the (possibly non-
injective) system (A, «,Z7 ) which can be viewed as a new adding-tail technique.
The usual C*-crossed product B x 5 Z" is then the one appearing in case (i). Our
methods are further used to examine a Cuntz-Nica-Pimsner algebra NO(A, ) (Sec-
tion 4.3). In particular we prove the existence of a faithful concrete Cuntz-Nica-
Pimsner representation (Proposition 4.3.11) and a gauge-invariant uniqueness theo-
rem for NO(A, a) (Theorem 4.3.17). As a consequence NO(A, ) is also identified
with the C*-envelope of the semicrossed product for case (i) (Corollary 4.3.18).
These results provide the appropriate connection with the work of Carlsen-Larsen-
Sims-Vittadello [22]. However the analysis we follow is closer to the approach in
C*-correspondence theory by Katsura [64] since our CNP-representations are based
on relations associated to ideals (Definition 4.3.16).

In case (ii), we construct minimal isometric and unitary dilations of n contrac-
tions. The usual Schaéffer-type dilations cannot be used beyond trivial systems
(Remark 5.3.15). This is surprising since (non-minimal) Schaéffer-type dilations
are considered to be rather flexible in dilation theory because of the extra space
their ranges leave. As a consequence we show that the algebraic structure of the
C*-envelope can be fairly simple, in contrast to what we believed a few years ago
[32, Remark after Example 2.20]. We were not able to achieve a similar result for
non-surjective C*-dynamical systems, mainly due to the lack of a particular com-
pletely isometric representation. This difficulty is strongly connected to Connes’
Embedding Problem for which we provide (yet another) reformulation (Corollary
5.3.16).

In the case of injective unital C*-dynamical systems over F7, we find a de-
scription of the C*-envelope, but this description does not look like a C*-crossed
product of an automorphic C*-dynamical system that extends (A, o, 7). We fol-
low the approach of Duncan [44] and examine free products with amalgamation.
However the proof of [44, Theorem 3.1] has a gap. It is not established that the
natural embedding of the free product of the nonselfadjoint operator algebras with
amalgamation over D into the free product of the C*-envelopes with amalgamation
over D is a completely isometric map. We provide a proof of this fact, and explain
how Duncan’s approach applies in the non-commutative case as well. Secondly we
make use of [58, Theorem 3.5] which corrects [44, Proposition 4.2] and extends
it to the non-commutative setting (see also [44, Example 3.4]). Corollary 5.3.22
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also provides an alternative proof of Theorem 5.3.8 for automorphic actions. For
general injective actions, the free product of the C*-envelopes is not a C*-crossed
product in any sense we can determine that fits into the philosophy of this paper.
That connection remains to be found.

Our investigation is focussed on working within the framework of Arveson’s pro-
gram on the C*-envelope. Following the meta-Proposition 2.4.10, the “allowable”
contractive representations of a semigroup P (for this paper) must be completely
positive definite (Definition 2.4.4), and depend on the structure of the pair (G, P)
where G is the group that P generates. There is an extensive literature concerning
dilations of completely positive definite maps of spanning cones, which includes
regular, isometric and unitary representations of P. To this we add a study of
the regular contractive representation over lattice-ordered abelian semigroups. We
show that a regular representation is contractive and Nica-covariant, i.e., it satisfies
a doubly commuting property (see Definition 2.5.8), if and only if the isometric co-
extension is Nica-covariant in the usual sense (Theorem 2.5.10). If the semigroup
is an arbitrary direct sum of totally ordered semigroups, then the contractive Nica-
covariant representations are automatically completely positive definite (Corollary
2.5.12). This improves on the second author’s result [51, Theorem 2.4].

Then we proceed to the examination of semicrossed products relative to isomet-
ric covariant pairs and unitary covariant pairs. These results hold for semicrossed
products over arbitrary abelian cancellative semigroups. Restricting ourselves to
abelian semigroups which determine an abelian lattice-ordered group we take our
results further. In particular we are able to show that the C*-envelope of a semi-
crossed product is a natural C*-crossed product for:

(iii) automorphic dynamical systems by unitary representations of spanning
cones (Theorem 3.2.1);
(iv) automorphic dynamical systems by isometric representations of spanning
cones (Theorem 3.3.1);
. . . . 2
(v) automorphic C*dynamical systems by contractive representations of Z+
(Corollary 3.4.1);
(vi) arbitrary C*-dynamical systems by unitary representations of spanning
cones (Theorem 3.2.3);
(vii) automorphic C*-dynamical systems by regular representations of lattice-
ordered abelian semigroups (Theorem 4.1.1);
(viii) injective C*-dynamical systems by regular Nica-covariant representa-
tions of lattice-ordered abelian semigroups (Theorem 4.2.12).

All representations of the semigroups above are completely positive definite. Let
us comment further on some of the above cases.

For case (v) recall that the class of contractive representations of Z is patho-
logical. The Parrott [82] and Kaijser-Varopoulos [96] examples show that these
representations are not always completely positive definite for n > 3. On the other
hand, they are completely positive definite when n = 2 by And6’s Theorem [3].
Hence, it is natural to ask what is the C*-envelope for C*-dynamical systems over
contractive representations of Z%. A generalized version of Ando’s Theorem for
automorphic C*-dynamical systems over Z% was given by Ling-Muhly [71]. A
generalized Ando’s Theorem that concerns isometric dilations of contractive rep-
resentations was later given by Solel [93] in the context of product systems over
Zi. In Theorem 3.4.2 we provide a new approach that is independent of both [71]
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and [93]. We write down the dilation of contractive covariant pairs to isometric
covariant pairs explicitly. This is achieved without assuming invertibility or non-
degeneracy of the system. We mention that non-degeneracy plays a central role in
the representation theory produced by Muhly and Solel, e.g., see the key result [76,
Lemma 3.5]. Whether isometric covariant pairs dilate to unitary covariant pairs
in the case of injective C*-dynamical systems is unclear to us, and it remains an
interesting open question. Note that if this is true, then the contractive semicrossed
product will coincide with the unitary semicrossed product, for which we compute
the C*-envelope in Theorem 3.2.3.

For case (vi) we mention that the original system is not always embedded
isometrically inside the semicrossed product. This happens because the represen-
tations do not account for x-endomorphisms with kernels. In general the actual
system that embeds inside the semicrossed product is an appropriate quotient by
the radical ideal (see the definition before Lemma 5.2.1). For injective systems (and
exactly in this case) the radical ideal is trivial.

The Nica-covariant semicrossed product over Z’ is an example of a product
system, and the tools that we produce may well find applications in this more
general context. From one-variable C*-dynamical systems, graph algebras and C*-
correspondences to multivariable semigroup actions, k-graphs and product systems,
there are several similarities in the techniques and the arguments used, yet we
show that the objects are different. First we note that the operator algebras we
examine cannot be encoded by a C*-correspondence except in the trivial case of
the disc algebra (Proposition 4.5.2). Thus the classes of product systems and C*-
correspondences do not coincide, with the first being a proper generalization of
the second. This discussion was motivated by an error in [45, Section 5], where
a C*-correspondence structure is given. They have corrected this in their current
version.

The main result of [45, Theorem 3] is superseded by our Theorem 3.5.4. In
particular we extend the notion of the Fock algebra from [45] to include non-
classical systems. This is given by a specific family of covariant representations,
i.e., the Fock representations, which are central to our analysis (Example 3.1.5).
We show that the C*-envelope of the Fock algebra is a C*-crossed product for:

(ix) injective C*-dynamical systems over spanning cones (Theorem 3.5.4);
(x) automorphic dynamical systems over spanning cones (Theorem 3.5.6).

We mention that Fock representations play a crucial role in our analysis as in
most of the cases they are completely isometric representations of the semicrossed
products. In the case of classical systems over Z”, Donsig-Katavolos-Manoussos
[41] describe rather successfully the ideal structure of the nonselfadjoint operator
algebra generated by a Fock representation. Obviously this description passes to
the semicrossed products of classical systems over Z that we examine here. It is
tempting to ask for similar characterizations for non-classical (possibly non C*-)
dynamical systems, even over arbitrary spanning cones.

In this paper we carry out a description of the ideal structure for the C*-algebras
which relates to the infrastructure of the dynamics. For classical systems over Z7,
we deduce that the semigroup action is minimal and injective if and only if the
Cuntz-Nica-Pimsner algebra is simple (Corollary 4.4.9). As a consequence, any ideal
in any C*-cover of the semicrossed product by doubly commuting representations
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of Z% is a boundary ideal. Similar results are obtained for the Nica-covariant
semicrossed product of C*-algebras by spanning cones (Proposition 4.4.3).

Spanning cones are examples of the more general class of Ore semigroups. Our
methods also work in this context after a suitable adjustment. The careful reader
may have already noticed that the covariance relation (1.1) is only compatible
with the system when P is abelian. This form no longer holds for non-abelian
semigroups, since the multiplication rule may not be associative. For dynamical
systems (A4, «, P) over (possibly non-abelian) Ore semigroups, we examine the uni-
versal object relative to the dual covariance relation of (1.1), that is, we consider a
right action rather than a left action:

(1.3) ts-a=as(a) ts forallae A and se P.

Following the C*-literature on non-unital dynamical systems, we can declare the
unit of A to be the unit of the universal object or consider the universal object
to be generated by A and P separately (see [62] for a discussion). In all of these
cases, we show that the C*-envelope is the full corner of a C*-crossed product for:

(xi) C*-dynamical systems by isometric representations of Ore semigroups
(Theorems 5.2.3, 5.2.4 and 5.2.5).

These results cannot be generalized to merely contractive representations because
of [82, 96]. Once again the nature of the representations enforces an embedding
of the actual system inside the semicrossed product by an appropriate quotient by
the radical ideal. This quotient is trivial if (and only if) the system is injective.
The dilations of the C*-dynamical systems (A, v, P) to automorphic C*-dyna-
mical systems (E , 5 , G) that are used and/or established herein satisfy certain min-
imality properties. Moreover in most of the cases the original system extends to
a semigroup action of the semigroup over P on the C*-envelope. For example the
isometric representations of Ore semigroups and equation (1.3) imply that

(1.4) apla) =t,-a-t; forallae Aandpe P,

which extends to the x-endomorphism ad¢,. One can then apply the minimal
automorphic dilation to adg,. In a recent work on Ore semigroups Larsen-Li [70]
show that the resulting C*-crossed product of this dilation is nothing else than the
C*-crossed product B x 5 G. In a sense dilating and then forming the C*-algebra is
essentially the same as forming the C*-algebra first and then dilating. It is natural
to ask whether the same holds for the various automorphic dilations we construct
here.

Finally we remark that the connections between our results and product sys-
tems apply only to the Nica-covariant semicrossed products and not to the semi-
crossed products over free semigroups. Indeed, the representation theory of product
systems prevents the existence of unitary representations for non-directed quasi-
lattice ordered groups. For example any isometric Nica-covariant representation of
" must be a row-isometry and hence can not be unitary [66, Section 5]. However,
unitary representations are central to our analysis being the maximal dilations of
the completely positive definite representations of the semigroup. Moving outside of
this framework would instantly put us outside the context provided by Proposition
2.4.10. Such a situation may be an interesting (yet different) story.
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CHAPTER 2

Preliminaries

2.1. Operator algebras

A concrete operator algebra A will mean a norm-closed subalgebra of B(H),
where H is some Hilbert space. The reader should be familiar with the operator
norm structure an operator algebra carries, dilation theory, and the terminology
related to the subject (for example, see [83]). An abstract operator algebra is a
Banach algebra with an operator space structure which is completely isometrically
isomorphic to a concrete operator algebra. We will not require the Blecher-Ruan-
Sinclair characterization of unital operator algebras. Our operator algebras need
not be unital, but will always come with a family of representations that provide
a spatial representation. All of our morphisms between operator algebras will be
completely contractive homomorphisms. In particular, we will write A ~ B to
mean that they are completely isometrically isomorphic.

A representation of an operator algebra will mean a completely contractive
homomorphism p: A — B(H), for some Hilbert space H. A dilation of p means
a representation o: A — B(K), where K > H and Pyo(a)|g = p(a). A familiar
result of Sarason shows that K can be decomposed as K = K_ @ H @ K, so that
there is a matrix form

*= 0 0
ola)=|=* pla) O for all a € A.
* * *
The dilation is called a co-extension if K_ = {0} and an extension when K, =

{0}. A representation p is called mazimal provided that the only dilations of p
have the form ¢ = p@® ¢’. A dilation o of p is a mazimal dilation if it is a
maximal representation. There are analogous definitions for maximal extensions
and maximal co-extensions.

If A is an operator algebra, there may be many C*-algebras that it can generate,
depending on how it is represented. If C is a C*-algebra and j: A — C is a
completely isometric map such that C = C*(j(A)), then we call (C,j) a C*-cover
of A. The C*-envelope of an operator algebra A is the unique minimal C*-cover
(C* ,(A), 1), characterized by the following co-universal property: if (C,j) is a C*-
cover of A, then there is a (unique) #-epimorphism ®: C — C¥ (A) such that
Poj=1

The existence of the C*-envelope can be verified in two ways. The earliest
description is given by Hamana [54] as the C*-algebra generated by A inside its
injective envelope, when the latter is endowed with the Choi-Effros C*-structure.
Simplified proofs are given in [83, 57]. A modern independent description is given
by Dritschel and McCullough [42] as the C*-algebra generated by a maximal com-
pletely isometric representation of 4. A simplified proof is given in [9]. When A

11
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is unital, a completely contractive unital map ¢: A — B(H) is said to have the
unique extension property if it has a unique completely positive extension to C*(.A)
and this extension is a x-homomorphism. Dritschel and McCullough prove their
result by establishing that every representation of A has a maximal dilation; and
that every maximal representation has the unique extension property.

Both approaches imply a third way to identify the C*-envelope which goes back
to Arveson’s seminal paper [7]. An ideal J of a C*-cover (C,¢) of A is called a
boundary if the restriction of the quotient map ¢y to A is completely isometric.
Then C* ,(A) ~ C/J, where J is the largest boundary ideal, known as the Silov
ideal. The existence of the Silov ideal can be shown as a consequence of the existence
of the injective envelope or the existence of maximal dilations. A direct proof that
does not depend on the above is not known.

An irreducible #-representation m of C*(A) is called a boundary representation
if | 4 has the unique extension property. Arveson [9] showed that in the separable
case, A always has enough boundary representations so that their direct sum is
completely isometric. This was established in complete generality, with a direct
dilation theory proof, by the first author and Kennedy [35].

Arveson [10] calls an operator algebra A hyperrigid if for every #-represent-
ation 7 of C¥ (A), m|4 has the unique extension property. Various examples of
operator algebras share this property, for example, see Blecher-Labuschagne [14]
and Duncan [44]. A simple case when this property holds is when a unital algebra
A is generated by unitary elements. A particular class of hyperrigid algebras are
Dirichlet algebras, i.e., algebras A such that A + A* is dense inside C¥_,(A).

We will be constructing a number of different operator algebras from the same
non-closed algebra with different families of representations. Influenced by Agler
[1] and Dritschel and McCullough [42], we make the following definition.

DEFINITION 2.1.1. If A is an (not necessarily normed) algebra, a family of
representations will be a collection F of homomorphisms into B(H), for various
Hilbert spaces H, such that F is

(1) closed under arbitrary direct sums;
(2) closed under restriction to a reducing subspace;
(3) closed under unitary equivalence.

Observe that (1) implies that the norm of any element p(™ ([a;;]) in M, (B(H))
must be bounded above, since the direct sum of any set of representations is a
representation. It is a familiar argument that every representation of A decomposes
into an orthogonal direct sum of cyclic reducing subspaces, and the dimension of
a cyclic reducing subspace is bounded above by the cardinality (of a dense subset)
of A. Therefore we can always fix a set of Hilbert spaces, one for each cardinal
up to this maximum, and consider the set F{ of representations in F into this set
of Hilbert spaces. Then we take the direct sum of this set of representations, and
obtain a single representation my in F with the property that every element of F
can be obtained, up to unitary equivalence, by restricting some ampliation of m( to
a reducing subspace. If J = ker 7y, consider the completion A of A/J with respect
to the family of seminorms on M, (A)

[lais]l 5 = Im6™ ([ass]) | = sup o ([ais])]

By construction, m yields a completely isometric representation of A.
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With a slight abuse of notation, we may write this as a supremum over F,
since even though it is not a set, the collection of possible norms is a bounded set
of real numbers. Note that property (2) allows us to provide an explicit cap on the
cardinality of representations that need to be considered. Strictly speaking, this
condition is not required, if we are willing to take a supremum over all representa-
tions in F. The collection of all possible norms of an element of M, (A) is always
a bounded set because of property (1). So the supremum is defined. We can then
select a set of representations that attains the norm at every element of M, (A);
and use this set Fy of representations as above. As far as we can determine, all of
the families of interest to us do have property (2), which simplifies the presentation.

DEFINITION 2.1.2. If A is an algebra and F is a family of representations, then
the enveloping operator algebra of A with respect to F is the algebra A constructed
above.

This construction yields an operator algebra A containing A (or a quotient
of A) as a dense subalgebra with the property that every element of F extends
uniquely to a completely contractive representation of A. As we will soon see, the
representatlons in F need not exhaust the class of completely contractive repre-
sentations of A. Nor does this property determine A. Among operator algebras
with this property, A is the one with the smallest operator norm structure, as it
is evident that each element [a;;] € M,(A) must have norm at least as large as
H [aij]H F in order to make my completely contractive.

Dritschel and McCullough [42], following Agler [1], define an extended family
of representations to be a collection F of representations of A on a Hilbert space
such that it is

(i) closed under arbitrary direct sums;

(ii) closed under restriction to an invariant subspace;

(iii) ifp: A— B(H)isin F and 7: B(H) — B(K) is a *-representation, then
wp is in F;

(iv) When A is not unital, we also require that if P is a net and m,: A —
B(H,) are representations in F such that whenever p < ¢, H, < H,
and Py, m4(-)|a, = mp(-) (i.e., mq is a dilation of m,), then there is a
representation in the family which is the direct limit of this net.

EXAMPLE 2.1.3. Our families need not satisfy (ii). For example, let A = C|[z]
and let F consist of all representations p such that p(z) is unitary. This is readily
seen to satisfy our axioms. The universal operator algebra relative to F is the disc
algebra A(D). Then p(z) = M., the multiplication operator on L?(T), has H? as
an invariant subspace; but the restriction to H? is a proper isometry. This family
does satisfy (iii) and (iv).

Our families also need not satisfy (iii) or (iv). Let A = C[z] and let G be the
family of representations which send the generator z to a pure isometry. Again
this clearly satisfies our axioms. The universal operator algebra relative to G is the
disc algebras A(ID) represented as the Toeplitz algebra on H?; and its C*-envelope
is C(T), the universal C*-algebra generated by a unitary. This family satisfies
condition (ii), but not (iii) or (iv). Indeed, if p(z) = T, on H? is the unilateral shift,
then composing this with any s-representation that kills the compacts will send z to
a unitary operator, which is not in our family. Likewise, the representations of A(ID)
on K_,, =span{z": —n <k} < L?(T), for n > 0, are unitarily equivalent to the
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representation on H2. However their direct limit yields the maximal representation
which sends z to the bilateral shift, which is not a pure isometry. Nevertheless, this
yields a completely contractive representation of A(ID). Thus F is not an extended
family, and does not contain all completely contractive representations of A(D).

Even though a family need not satisfy (ii), the restriction to an invariant sub-
space will always yield a completely contractive representation of A. Property (iii)
is stronger than (3), and this may not keep the representation in our family. Never-
theless, we have the stronger property that if p € F and we take any - representatlon
7 of C*(p(A)), then 7p will extend to a completely contractive representation of A.
Dritschel and McCullough note that property (iv) is automatic in the unital case if
(i)—(iii) hold. This property ensures the existence of maximal dilations of A in the
extended family. Again there is no assurance that maximal dilations remain in our
family, but again such a direct limit of representations in F will yield a completely
contractive representation of A. So it follows that if we define a family in our sense,
and consider the larger family of completely contractive representations of E, then
this will be an extended family.

EXAMPLE 2.1.4. Let A = C[z1, 22, 23] and let F; denote the family of represen-
tations that send the generators z; to commuting isometries. A classical result of
Tto [95, Proposition 1.6.2] shows that every family of commuting isometries dilates
to a family of commuting unitaries. Evidently three commuting unitaries yield an
element of F7; and it is readily apparent that these representations are maximal. It
follows that A is the polydisc algebra A(D?), considered as a subalgebra of C(T?),
which is the C*-envelope.

However the example of Parrott [82] shows that there are three commuting
contractions which yield a contractive representation of A(ID?) but do not dilate to
commuting unitaries. This shows that the class F» of contractive representations
of A(ID3) yields a different (larger) operator norm structure on A(ID3), say A,, with
the same Banach algebra norm. It also has the property that every representation
in F7 extends to a completely contractive representation of A. So A(]D3 ) is isomet-
rically isomorphic to Ag, but is not completely isomorphic; and A, has completely
contractive representations which are not completely contractive on A(ID3). Since
the base algebra is the same, A(ID?) is not a quotient of Ay. As a set, M, (A(D3))
and Mn(ﬁg) are the same, and the norms are comparable with constants depending
on n. It is a famous open question whether there is a constant independent of n.

Finally an example of Kaijser and Varopoulos [96] shows that there are three
commuting contractions such that the corresponding representation of the algebra
A = Clz1, 29,23] does not extend to a contractive representation of A(D?). So
the family F3 of all representations of A sending the generators to commuting
contractions yields a larger norm, and the completion ﬁg of A for this family may
be strictly smaller than A(D?). (Whether it is the same set depends on whether
there is a von Neumann inequality in three variables with a constant, another
open problem.) Again any representation in F; or Fy will extend to a completely
contractive representation of As. So the universal property of these algebras is not
readily expressed in terms of extensions of representations. We need to define the
norm explicitly.



2.2. SEMIGROUPS 15

There is an alternative approach, the notion of the enveloping operator algebra
relative to a set of relations and generators, in the sense of Blackadar’s shape theory
[13] (appropriately extended to cover the non-separable case). Given such a set of
relations and generators, one first constructs the enveloping C*-algebra for these
relations, and then takes a suitable nonselfadjoint part.

2.2. Semigroups

A semigroup P is a set that is closed under a binary associative operation.
In this paper, we will restrict our attention to semigroups which are unital, i.e.,
monoids, and embed into a group G, which we shall assume is generated by P. The
group G may be specified by the context or may arise as a universal object. Since
groups satisfy cancellation, a subsemigroup of a group must satisfy both left and
right cancellation (i.e., sa = sb implies a = b and as = bs implies a = b). If P is
a cancellative abelian semigroup, then one can construct the Grothendieck group
G of P as a set of formal differences, and it satisfies G = P — P. For non-abelian
semigroups P, left and right cancellation is necessary but not sufficient for such
an embedding. The additional property that G = P~!'P determines a special class
called the Ore semigroups. We will be interested in abelian cancellative semigroups,
especially lattice-ordered abelian semigroups, as well as Ore semigroups and free
semigroups.

Spanning cones and lattices. Let G be an abelian group with identity el-
ement 0. A unital semigroup P € G is called a cone. A cone P is a positive cone
if Pn—P = {0}. A (not necessarily positive) cone P is called a spanning cone if
G=P-P.

In a spanning cone P, we can define the pre-order s < tif and only if s+ 7 =1t
for some r € P. If in addition P is a positive cone, then this order becomes a partial
order that can be extended to a partial order on G. Conversely, given a partially
ordered abelian group G, we get the positive cone P := {p € G: p = 0}.

When any two elements of G have a least upper-bound and a greatest lower-
bound, then (G, P) is called a lattice-ordered abelian group. If P n (—P) = {0} and
P U (—P) = G, then we say that (G, P) is totally ordered.

In the following proposition, we note some facts about lattice-ordered abelian
groups which will be useful in the sequel. We refer the reader to Goodearl [52,
Propositions 1.4, 1.5] for proofs.

PROPOSITION 2.2.1. Let P be a spanning cone of G. If the least upper bound
svt exists for every pair s,t € P, then G is a lattice-ordered abelian group. Moreover

(g1 vg2)+ (g1 Age)=g1+g2 forallg,gs€G.

When (G, P) is a lattice-ordered abelian group, there is a unique decomposition
of the elements g € G as g = —s + t where s A t = 0. First note that every g € G
has such a decomposition, since we can rewrite g = —s+t € G as

g=—(s—snt)+(t—snt),
with s —sAtandt—s Ate P, and
(s=sAt)A(t—sAnt)=sant—sart=0.
Now assume that g = —s +t with s A ¢ = 0 and let
g-i=—(gAr0)=—((—s+t) A0)=—(tArs—s)=s
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and
g+ i=gv0=(—s+t)v0=tvs—s=s+t—sAt—s=t.

Therefore s and ¢ are uniquely determined.

There are positive spanning cones such that (G, P) is not a lattice, as the
following examples show. By Proposition 2.2.1, the only obstruction is that the
least upper bound may not exist.

EXAMPLE 2.2.2. Let G = {(2,0),(0,2),(1,1)) as a subgroup of Z2. Let P be
the unital subsemigroup of G generated by {(0,0), (2,0),(0,2),(1,1)}. Then (G, P)
is not a lattice. Indeed, the elements (2,0),(1,1) € P are both less than (3,1)
and (2,2) but there is no element (m,n) in P such that (2,0),(1,1) < (m,n) <
(3,1),(2,2). Hence a unique least upper bound of (2,0) and (1,1) does not exist.

Lattice-ordered semigroups are unperforated: if ¢ € G and n > 1 such that
ng € P, then g € P [28, Proposition 3.6]. This property excludes examples such as
the following.

EXAMPLE 2.2.3. Let P = {0,n: n = 2} = {0,2,3,4,5,...} endowed with the
ordering m < n if n — m € P. Then 2 and 3 are both less than 5 and 6, but there
is no n greater than both 2 and 3 and less than both 5 and 6. Hence P is not a

lattice-ordered abelian semigroup. This semigroup is perforated because 1 + 1€ P
but 1 ¢ P.

Ore semigroups. We now discuss an important class of semigroups. An Ore
semigroup is a (left and right) cancellative semigroup P such that Ps n Pt #
@ for all s,t € P. Without loss of generality, we may assume that P is unital.
Every spanning cone is an Ore semigroup because in this case, s + ¢t always lies in
the intersection. A result of Ore [81] and Dubreil [43] shows that this property
characterizes semigroups P which can be embedded into a group with the additional
property that G = P~!P. Laca [65, Theorem 1.2] shows that any homomorphism
of P into a group extends to a homomorphism of G. We sketch an alternative proof.

THEOREM 2.2.4 (Ore, Dubreil, Laca). A semigroup P can be embedded in a
group G with P~'P = G if and only if it is an Ore semigroup. In this case, the group
G is determined up to canonical isomorphism by the following universal property:
every semigroup homomorphism ¢ from P into a group K extends uniquely to a
group homomorphism § from G to K such that 3(s~t) = p(s)"Lp(t).

Proof. We only sketch the embedding into a group with the desired proper-
ties. To construct the group G, first note that it suffices to embed P inside some
group H, and then define G := P~'P < H. To see that G is a group, note that it
is closed under inverses; so it suffices to show that it is closed under products. Let
s,t,x,y € P. We will show that (s7t)(x~'y) belongs to P~1P. For the elements
t,x, there are 1,79 € P such that r1t = rox. Since we are working inside a group
H, we can use invertibility and write tz~' = 7 'ry. Therefore

sTHaly = sty = (r8) troy € PP

In what follows, we construct an injective semigroup homomorphism from P
into the group of bijections of a set. Define the (right) ordering in P by

s<t<=te Ps<=1t=rsforsomercelP.
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The cancellative property of P implies that the choice of r is unique. Let P, = P
for s € P, and for s <t in P, define connecting maps

Yt Py — Pyt h—>rh  where t = rs.

Since P is cancellative, these maps are injective. Consider the direct limit set
Py = lim(Ps, Yt). For each h € P, let [h]s denote its image inside P,,. Now for
t € P, define L;: Py, — Py by the rule

Li[h]s = [ph]q where ps = g¢t.

The verification that the mapping ¢t — L; is an injective semigroup homomorphism
of P into the group of bijections on Py, is left to the reader. ]

We will focus on (non-abelian) Ore semigroups in Section 5.2. Apart from
abelian semigroups, other examples of Ore semigroups include directed subsemi-
groups of quasi-lattice ordered groups and normal semigroups. More examples are
mentioned by Laca following [65, Remark 1.3].

2.3. Completely positive definite functions of groups

Let G be a discrete group with unit 1 (or 0 when the group is abelian). We
denote by cpo(G) the involutive #-algebra of finitely supported scalar functions on
G with the ¢1-norm. Let C*(G) be the enveloping C*-algebra (group C*-algebra)
of ¢go(G). The representations of C*(G) are determined by the #-representations
of coo(G). These are in a natural bijection with the unitary representations of G.
We will use the notation C[G] for the image of ¢oo(G) inside C*(G). That means
that C[G] inherits an operator structure from C*(G). The norm on C*(G) will be
simply denoted by |-|. By definition C[G] spans a |-|-dense subspace of C*(G). It
is easy to see that the unitary representations of G coincide with the contractive
representations of G.

If H is a Hilbert space, coo(G, H) will denote the space of finitely supported
functions on G with values in H, and a typical element will be written as h =
dec hgg. A unital map T': G — B(H) is called completely positive definite if

D1 {T(g; ' gj)hg, g,y =0 forall b= > hyg € coo(G, H).
9i»gj geG
Equivalently, the matrix [T'(g; ! 9i)]nxn is positive semidefinite for any finite subset
{g1,...,9n} of G. Applying this to the vector h = h11 + hgg, we obtain that
I T(g)
Thus T(g7 %) = T(g)* and |T(g)| < 1 for all g € G.

Given a completely positive definite map T': G — B(H), we form the Hilbert
space H®r G as follows. Let Ky = coo(G, H) equipped with the semi-inner product
(holly = > {T(g" " g)hg, iy

g9,9'eG
Let N = {h € ¢po(G, H)|{h,h) =0} and H ®r G := Ky/N.

A map T: G — B(H) extends linearly to a map defined on C[G], which we
will denote by the same symbol. When T': C[G] — B(H) is bounded, it extends
by continuity to a map defined on C*(G) which again we will denote by the same
symbol.
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The basic result on completely positive definite functions on groups is [95,
Theorem 1.7.1].

THEOREM 2.3.1 (Sz.-Nagy). Let G be a group, and let T: G — B(H). Then
the following are equivalent:
(i) T:G — B(H) is unital and completely positive definite.
(ii) T: C*(G) — B(H) is unital and completely positive.
(i) T dilates to a unitary representation U: G — B(K).

Moreover, the unitary dilation can be chosen to be minimal by choosing K =
Veq U(9)H. We note that this minimal dilation can be realized on H ®r G [95,
Theorem 1.7.1].

Let G1 and G2 be two discrete groups. Two completely positive definite maps
T;: G; — B(H) are said to commute if T1(s)T2(t) = To(t)T1(s) for all s € G; and
t € Gy. Equivalently, T1(C*(G1)) € To(C*(G2))’, since C[G;] is a dense subspace
of C*(G;). Therefore we can define the map

T10Ty: Gi®Gy — B(H): (s,t) — T1(s)Ta(t).

THEOREM 2.3.2. Let G, G5 be discrete groups and Ty, To commuting completely
positive definite maps. Then the mapping T1 ©Ts of Gy @® G2 has a unitary dilation.
Consequently Ty © Ty is a completely positive definite map of G1 ® Ga.

Proof. Let Vi: C*(G1) — B(K) be the minimal Stinespring (unitary) di-
lation of the unital completely positive map Ty: C*(Gy1) — B(H). Since V; is
a =-representation, the restriction Vj|g is a unitary representation. By Arve-
son’s Commutant Lifting Theorem [7, Theorem 1.3.1], there is a #-representation
p: T1(C*(Gy)) — Vi(G1)' € B(K) which dilates id: T1(C*(G;)) — T1(C*(Gy))'.
Then V5 := p o Ty defines a unital completely positive map of C*(G3) that dilates
Ts. Repeat for V5 to obtain a unitary dilation Uy of V5, hence a dilation of T5, and
let o be the dilation of the identity representation id: V2(C*(Gs)) — Va(C*(G2)) .
Then U; = 0 o V; is a trivial dilation of V7, thus a #-representation. Then U; and
Us; commute, hence Uy ® Uy defines a unitary dilation of T7 ® T5. ]

REMARK 2.3.3. By considering 71 ® (7> ® T3) and inductively one can obtain
the same result for any number of commuting positive definite maps.

2.4. Completely positive definite functions of semigroups

Fix a unital subsemigroup P of a discrete group G. We will now explore the
representation theory for P.

DEFINITION 2.4.1. Let P be a semigroup. A homomorphism p: P — B(H) is
called a contractive representation (respectively isometric) if p(s) is a contraction
(respectively an isometry) for all s € P.

We make coo(P) into an algebra with the usual convolution product: a typical
element is a finitely non-zero sum ] _p Ass and (As)(ut) = (Ap)st. It is clear
that the contractive representations of P are in a natural bijective correspondence
with the representations of c¢oo(P) which send the generators to contractions. If
one desires, one can put the ¢1-norm on coo(P); and then these are precisely the
contractive representations of (coo(P), | - [l1)-

Blecher and Paulsen [16] introduce a universal operator algebra O(P) of a
semigroup P. We use the notation C[P] for the image of coo(P) inside O(P).
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We will consider a variety of universal operator algebras for different families of
representations. When all contractive representations are used, this reduces to their
definition. We note that, since the unitary representations of a group G coincide
with the contractive representations of G, it follows that C*(G) = O(G).

DEFINITION 2.4.2. Let F be a family of contractive representations of P. Then
O(P, F) denotes the enveloping operator algebra of cog(P) with respect to the fam-
ily F. The enveloping operator algebra with respect to the family of all contractive
representations of P will be denoted by O(P).

REMARK 2.4.3. By definition, the contractive representations in F are unital
completely contractive representations of O(P, F). But an isometric representation
of P may not yield a completely isometric representation of O(P,F). Again, a
counterexample is provided by Parrott [82] for O(Z3)) since isometric representa-
tions of Zi have unitary dilations, but there are contractive representations which
do not.

If P is an abelian subsemigroup of a group G, it need not be true that O(P) sits
completely isometrically inside O(G) = C*(G). Indeed, Parrott’s counter-example
[82] shows that there are contractive representations of Z3 which are not com-
pletely contractive. Therefore the O(Z3 ) norm on co(Z3 ) is strictly greater than
the one induced from C*(Z?) ~ C(T?). Hence O(Z3 ) does not embed completely
isometrically into O(Z3). One can characterize the representations of P which do
extend.

DEFINITION 2.4.4. Let P be a unital subsemigroup of a discrete group G.
A representation T: P — B(H) is called completely positive definite if it has a
completely positive definite extension T': G — B(H).

ProproOSITION 2.4.5. Let P be a unital subsemigroup of a discrete group G.
ThenT: P — B(H) is a completely positive definite representation of P if and only
if there is a unitary representation U: G — B(K) such that T(-) = PgU|p(-)|x-

Proof. Suppose that T is a completely positive definite function on P. By
Theorem 2.3.1, T has a unitary dilation U: G — B(K). Hence T(:) = PgU|p(-)|x.
The converse is immediate. ]

We can always co-extend a completely positive definite representation of P to
an isometric representation.

PROPOSITION 2.4.6. Let P be a unital subsemigroup of a discrete group G, and
let T: P — B(H) be a completely positive definite representation of P. Then T
co-extends to an isometric representation of P which is completely positive definite.

Proof. With the notation of Proposition 2.4.5, let K, = \/peP U(p)H; and
define V(p) = U(p)|x for each p € P. Then V is an isometric representation of P
that co-extends T. Moreover V is a completely positive definite map of P since it
is a compression of a unitary representation. [ ]

REMARK 2.4.7. Similar to the group case, given a completely positive definite
representation T: P — B(H), we form a Hilbert space H ®7 P. To this end, let
T be the completely positive definite extension of T to G. Let Ky = coo(P, H)
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together with the semi-inner product

by =3 <T(fls)h(s), h’(t)>.
s,te P

As before, we let N = {h € coo(P,H)|{(h,h) = 0} and define H ®r P as the
completion of Ky/N. Note that H®r P embeds isometrically into H (S G because
the definition of |h|? for h € H @ P is independent of whether it is considered in
this space or in H ®3 G. With a simple modification of the proof of [95, Theorem
1.7.1], one can realize the dilation V of T in Proposition 2.4.6 on the Hilbert space
H®r P.

On the other hand, for Ore semigroups, isometric representations are automat-
ically completely positive definite. Laca [65] establishes this by constructing the
unitary dilation. Here is an alternate argument.

PROPOSITION 2.4.8 (Laca). Let P be an Ore semigroup and let T: P — B(H)
be an isometric representation. Then T is completely positive definite.

Proof. By Theorem 2.2.4, P embeds into a group G such that G = P~!'P.
We will extend T to a completely positive definite function on the group G by
setting
T(g) = T(s)*T(t) for g = s 't.
We first show that this is well defined. Suppose that g = s~'t = v~ 'v for s,t,u,v e
P. Since Ps n Pu contains an element 7, there are elements x,y € P so that
r =xs = yu. Then

rlzt=sle et = st =ulo = u_ly_lyv = r_lyv.

Therefore xt = yv. We compute
T(s)*T(t) = T(s)*T(x)*T(2)T(t) = T(xs)*T(xt)
= T(yu)*T(yv) = T(u)*T(y)*T(y)T(v) = T(u)*T(v).

If g1,..., g are elements of G, we can use the argument above to show that

there are elements r,s1,...,5, in P so that g; = r—'s;. It follows that g;lgj =

s;'sj. Let X = [T(s1) ... T(sn)]. Then for h = (hi,..., hy,) in H™),
T (57" s5)]h, by = {[T(s:)*T(s;)]h, h) = (X*Xh, by = | Xh|? = 0.

K3

Hence T is a completely positive definite function on P. [

ExXAMPLES 2.4.9. There are many other cases where representations of cer-
tain semigroups are completely positive definite. The first two are special cases of
Proposition 2.4.8.

(1) Isometric representations of spanning cones (see [83, Theorem 5.4]).

(2) Contractive representations of totally ordered lattices (G, P), Mlak [75].
(3) Contractive representations of (Z?,Z?% ), Ando [3].

(4) Doubly commuting contractive representations of (Z",Z"). However, it is

not true that 7 is completely positive definite for all contractive represen-
tations of (Z",7Z%) if n > 3, as Parrott’s example [82] is a contractive
representation of Zi with no unitary dilation.
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(5) More generally, if (G;, P;) are totally ordered abelian groups for i € I,
and T: P = @;e;P; — B(H) is a contractive representation such that
T(s;)T(s;)* = T(sj)*T(s;) for i # j, (Proposition 2.5.6).

(6) Contractive representations of the free semigroup (Remark 5.3.15).

Now we have set the context in order to argue for the advantage of completely
positive definite representations. Following Arveson’s program on the C*-envelope,
one tries to associate the C*-envelope of a nonselfadjoint operator algebra to a
natural C*-object. For a subsemigroup P of a group G generated by P, let Fepq
denote the family of completely positive definite functions on P. Assume that G is
discrete, and let F,, denote the family of restrictions to P of unitary representations
of G. If the goal is to prove that the C*-envelope of O(P, F) is C*(G), then there
is only one way to go.

PROPOSITION 2.4.10. Let P be a subsemigroup of a discrete group G, such that
P generates G, and let F be a family of contractive representations of coo(P). Then
the following are equivalent:

(i) F S Fepa and every p € Fyuy defines a completely contractive represen-
tation of O(P, F);
(ii) the inclusion P — C[G] lifts to a completely isometric homomorphism
of O(P, F) into C*(G);
(i) Cx(O(P,F)) = C*(G).

Proof. Assume that (i) holds. By Proposition 2.4.5, and since the unitary
representations of G define completely contractive representations of O(P, F), we
obtain that O(P,F) embeds in C*(G) via a unital completely isometric represen-
tation that sends the generators indexed by P to unitaries. This embedding is a
maximal representation because unitaries have only trivial dilations. Since P gen-
erates G, the C*-algebra of the range of O(P, F) contains the generators of C*(G).
Therefore C*(G) is the C*-envelope.

Assume that (iii) holds. First note that O(P, F) embeds in C*(G) completely
isometrically. Therefore the unitary representations of GG define completely contrac-
tive representations of O(P,F). Now let p € F, and let ¢ be a maximal dilation
of p. We may assume that p is completely isometric by taking the direct sum
with a maximal completely isometric representation. Therefore C*(a(O(P, F))) ~
C* (O(P, F)) ~ C*(G), by a unique #-isomorphism ®: C*(a(O(P, F))) — C*(G)
such that ®(o(s)) = U(s) for every s € P, where U denotes a universal unitary
representation of G. Thus o(s) is a unitary for every s € P. Hence p has a uni-
tary maximal dilation o and Proposition 2.4.5 shows that p is completely positive
definite.

Now, the equivalence of (ii) and (iii) is immediate, since unitaries have trivial
dilations. ]

We note the following corollary of Proposition 2.4.10 for the special case when
(G, P) is totally ordered. In this case, the positive spanning cone P satisfies
P U —P = G. As noted above, Mlak’s Theorem [75] shows that all contractive
representations of P are automatically completely positive definite.

COROLLARY 2.4.11. Let P be a spanning cone of G that defines a total ordering
on G. Then O(P) is a Dirichlet algebra.
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Proof. By [75] we obtain that O(P) ~ O(P, Fepda), where Fepq is the class
of completely positive definite maps. In Proposition 2.4.10, we proved that the C*-
envelope of O(P, Fepa) is C*(G). Hence C[P] < O(P) embeds in C[G]. Moreover
we see that C[P]+ C[P]* spans a dense subset of C*(G), since Pu P~! = G. Thus
it is a Dirichlet algebra. [ |

2.5. Lattice-ordered abelian groups

Let (G, P) be a lattice-ordered abelian group. By the uniqueness of the de-
composition g = g1 — g—, we can extend a representation T': P — B(H) to a map
T: G — B(H) such that

T(g) := T, T, forg=g,—g €G.

This extension is called the reqular extension of T. In the literature this appears
in the following form.

DEFINITION 2.5.1. A contractive representation T: P — B(H) is called reqular
if there exists a unitary representation U: G — B(K) with H € K such that

PuUgla = T;fT

g+>
for all g € G. Equivalently, a representation T is regular if and only if its regular
extension T is completely positive definite.

REMARK 2.5.2. Note that isometric representations are automatically regular.
Indeed, if V' is an isometric representation of P on H then V is completely positive
definite by Proposition 2.4.8. If U is a unitary extension of V' then

PHUg|H = PHU;_U9+|H = PHU;_PHUg+‘H = Vg*_vg+
Thus V is regular.

REMARK 2.5.3. The unitary representation in the definition of the regular
representation above can be chosen to be minimal, i.e., \/geG UsH = K. Indeed,
if T is regular by a unitary U acting on L that contains H, let K = \/geG UsH.
Then K is a reducing subspace for U, hence we get the unitary representation
U: G — B(K) with U = Ul|g. Since H € K < L it is easy to check that T is
regular by U.

Moreover, when T is regular by a minimal unitary representation U, then U is
unitarily equivalent to the dilation U’ of T acting on H ®1 G. This comes from the
fact that the unique minimal Stinespring dilation of the compression (Pym(-)|g, H)
of a s-representation (m,K) with [7(A)H] = K is unitarily equivalent to the -
representation .

As pointed out in Proposition 2.4.8, the only obstruction to a unitary dilation is
the inability to co-extend to an isometric representation. This implies the following
characterization of regular representations.

PROPOSITION 2.5.4. Let (G, P) be a lattice-ordered abelian group. A represen-
tation T of P is regqular if and only if it co-extends to an isometric representation
V' such that

PuVy Vo lu =T, Ty,

forallge G.
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Proof. Suppose that T: P — B(H) is regular, and hence completely pos-
itive definite. Let U: G — B(K) be the minimal unitary dilation of T. Set
L =V ,epUpH. Then V), = Up|r, is a minimal isometric dilation of 7". For each
g€ G, write g = g+ — g—. Then

T;,Tsu = PHU;: Ug,|u
= PuyPLU; Uy, PLln
= PuyPLU; P U, PL|lu
= PuV) Vg, lu.
Conversely if T' co-extends to an isometric representation V: P — B(K), then

V is regular by Remark 2.5.2. Let U be a unitary dilation of V. Then Ul|p is
necessarily an extension of V', and thus a unitary dilation of T. We compute

PHU9|H = PHU;_U9+|H
= Py PLU; Uy, PL|n
= PHVg”ng+ |l = T;T%.
Therefore T' is regular. [ ]
In contrast to the group case, tensoring representations of semigroups requires

extra caution. In fact this boils down to one of the fundamental questions in dilation
theory, the existence of commutant lifting theorems (see [33] for a full discussion).

DEFINITION 2.5.5. Let P; be unital semigroups and T;: P; — B(H) be con-
tractive representations, for i = 1,2. We say that 71,75 doubly commute if for all
SGPl andteP2,

Ty (s)Ta(t) = To(t)T1(s) and Ti(s)Ta(t)* = To(t)*T1(s).

For a possibly infinite family {(G;, P;)}cs of lattice-ordered abelian groups, we
can define the lattice-ordered abelian group (G, P) where G = ®;G; and P = @&; P;,
with

(9:) v (fi) = (gi v fi), and (g:) A (fi) = (9i A fi)-
Note that the elements (g;) € G are finitely supported.
PROPOSITION 2.5.6. Let {(G;, P;)}ier be a possibly infinite family of lattice-

ordered abelian groups. Suppose that T;: P, — B(H) are regular representations
which pairwise doubly commute. Then the representation T: @®; P; — B(H) given

by T((p:):) = 11, Ti(ps) is regular.

Proof. First we show that T7 ® T is completely positive definite. Then
induction finishes the proof when || < o0. A direct computation shows that

T1(91)T(g2) = Ti(—g1 A 0)*Ta(—gs A 0)*T1 (g1 v 0)T2(g2 v 0)
= Tm2(91,92)-

Similarly T;(gg)ﬁ(gl) =T O (g1,92) for all g; € G;, i = 1,2. Hence by Theorem
2.3.2 we obtain that TTB_TQ = T{@E is a completely positive definite function on
G1 @ Gs. R

Now assume that I is infinite. Let T': G — B(H) be the regular extension
of T on the group G = @1 Gi, with G; = —F; + P;, and let (p(-l)), cey (pgn)) be

K2
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finitely many points in P. By definition the elements (pl(.k)

Hence they all belong to a subsemigroup P’ of P of the form P’ = (—Bi{:’:ile.

) are finitely supported.

Consequently the elements —(pl(.k)) + (pl(»l)) are in the subgroup G’ = @f,LiIGm of

G. It is easy to check that the regular extension of T|ps coincides with T'|¢r. By the
finite case, the mapping T'|¢- is completely positive definite. Therefore the matrix

[T(-®M) + "N = [Te (-0) + )] = o.

This is true for any n elements in P, and therefore T is regular. [ ]

Mlak’s Theorem [75] shows that if (G, P) is a totally ordered abelian group,
then every contractive representation of P is regular. Thus we obtain the following
corollary of Proposition 2.5.6.

COROLLARY 2.5.7. Doubly commuting representations of Z'. are regular.

We want to examine semigroups of lattice-ordered abelian groups by considering
representations which exploit this structure. The notion of doubly commuting
representations of Z” can be extended to lattice-ordered abelian groups in the
following form.

DEFINITION 2.5.8. Let (G, P) be a lattice-ordered abelian group. A contractive
representation T: P — B(H) is called Nica-covariant if

T*T, = T, TF for all s,te P with s At =0.

This definition generalizes the notion of isometric Nica-covariant representa-
tions initiated by Nica [79]. Isometric Nica-covariant representations can also be
characterized by properties of their range projections.

PROPOSITION 2.5.9. Let (G, P) be a lattice-ordered abelian group and let V' be
an isometric representation of P in B(H). Then the following are equivalent:

(i) V' is Nica-covariant.
(11) V;*V;i = szs/\tv* = Vvsvtfs‘/s*vt,t fOT all S7t e P.

s—sAt
(i) V,VFVVF = Ve, V&, forall s,t e P.

\%

Proof. The proof is immediate since (s —s At) A (t—sAt) =0and VFV, =
V¥ Viesat Tor all s,t € P. -

THEOREM 2.5.10. Let (G, P) be a lattice-ordered abelian group. Then a regular
representation T: P — B(H) is Nica-covariant if and only if its isometric co-
extension to H @ P is Nica-covariant.

Proof. Since T is regular, it is completely positive definite. Let V': P — B(K)
be the isometric co-extension to K = H ®7p P. For simplicity, we will denote by
the same letter the extension of T" and V to G. We will show that V is also
Nica-covariant.

First we show that V*Vi|g = V;V*|g when s At = 0. It is enough to show
that

(VFVih®eo, Vok ®ep) e = (ViVFh ® e, Vok ®@ €0) 5
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for any pe P and h,k e H, since K =\/ _p V,H. We compute

peP
(VFVih® eo, Vok ® eg) e = <Vp*‘/;*vth ®ep, k® 60>K
= (Viaipy Vies ) h @0k @eo )

B <T<§fsfp>7T(t—s—P>+h’ k>H ’

with the last equality coming from the regularity of the dilation. Since s A t = 0,
then

s<tv(s+p —t=(0t—s—p)_.

Moreover, it follows that ¢ A (s + p) =t A p. Indeed, it is immediate that ¢ A p <
t A (s+p). For g =1t A (s+p), we get that ¢ < t,s+ p, and so

g—p<({t—-p As<trs=0.

Hence ¢ < p which yields that ¢t A (s +p) <t A s. Therefore t v (s+p)—s=1tvp.
Consequently

(t—s—p-—s=tvp—t=(—p)_.
Similarly, (t — s —p)y+ = (t — p)+. Hence

Tspy Tt—s—p)y = T(—p) T—p), TS
Putting all this together we have

<V9*‘/th ® eo, Vpk ® 60>K = <T(>l;_p)7T(t7p)+ Te*ha k>H
- <PHV(?;7P)7‘/(15—P)+PH‘/S*I7‘®607 k‘®60>K

= <V(1‘_p)7 Viep) Vih ®eo, k® 60>K
- <Vp*VtVS*h®eo,k®eo>K
= (ViVFh®eo, Vok ® gy -
We will now extend this result to all of K. Once again, it suffices to show that
ViViVola = ViVFV,|a for pe P, since K = \/pep VpH. We compute
Vs*Vth|H = Vs*V;fH?|H
= ‘/.StSA(t+p)‘/t+p73A(t+p)|H
= ‘/75+p*5/\(t+p)‘/s*—s/\(t+p)|H7
by the first part of the proof. Since s A t = 0, then s A (t + p) = s A p. Therefore
Vs*Vth|H = ‘/terfsA(ter)‘/S*_s,\(t.g.pﬂH
= Vt+p—sAst*—SAp|H
= W‘G)_SAPVS*—S/\le
= ViV o pVo—sapla
= V;tVs*Vp|H-

Thus V is Nica-covariant.
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Conversely, suppose that the isometric co-extension V' of T is Nica-covariant.
Let V' be the extension of V' to G such that V(—s+t) = V*V,. Then for g = —s+1
with s A ¢ = 0 we obtain that T'(g) = 7T}, hence

TFTy = T(g) = PuV(9)|lu = PuViVilu = PuViVi¥|u = TiTY,
where we used the fact that V is a co-extension of T'. [}

QUESTION 2.5.11. Is the regular extension of a Nica-covariant representation
always completely positive definite?*

We were unable to resolve this in general. It does have a positive answer in
some cases. For example, we have the following generalization of [51, Theorem
2.5].

COROLLARY 2.5.12. Let (G, P;) be a possibly infinite set of totally ordered
groups, and let P = @ P;. If T: P — B(H) is Nica-covariant, then it has a
regular isometric Nica-covariant co-extension.

Proof. The proof follows by Proposition 2.5.6 and Theorem 2.5.10, since the
Nica-covariance condition is equivalent to doubly commuting 7. [ ]

ExXaMPLE 2.5.13. Let i, for 1 < i < n, denote the standard generators for
77 . A representation of Z’ is Nica-covariant if and only if it doubly commutes
in the usual sense, ie., T;*T; = T3T;* for 1 < i,j < n. By both Corollary 2.5.7
and Corollary 2.5.12 we can dilate doubly commuting contractions to commuting
isometries. We can, however, prove this directly.

There is a standard method for dilating a Nica-covariant representation of
7 to a unitary representation, which amounts to dilating the Tj’s to commuting
unitaries. The Schaéffer dilation of Ty on @ H is

n=—0u0

1
Dy T
Ur= _Tll* DT1

1

For 2 < i < n, dilate T; to (—Bf:_oo T;. These n operators still *-commute because
the coefficients of Uy belong to C*(7T7). Moreover any 7; which is already unitary
remains unitary on amplification. Dilate each T; to a unitary in turn to obtain the
desired unitary dilation.

Alternatively, one can dilate doubly commuting contractions simultaneously.
Let K = H®(*(Z") and define the isometries

E®egyi when i € supp(z)
Ti®ey + D1 ®egyyi  when i ¢ supp(z),

for all z = Y1 | xii € Z', where supp(z) = {i : z; # 0}. We leave the details to
the interested reader to check that the V; form a family of commuting isometries.

Vi(f®e£) = {

LAt the time our paper was accepted for publication, this question had recently been resolved
positively by Boyu Li in arXiv.1503.03046v1[math.OA].



CHAPTER 3

Semicrossed products by abelian semigroups

3.1. Defining semicrossed products by abelian semigroups

Let P be a spanning cone of an abelian group G. A dynamical system (A, a, P)
consists of a semigroup homomorphism «: P — End(A) of P into the completely
contractive endomorphisms of an operator algebra A. When A is a C*-algebra, we
will refer to (A, «, P) as a C*-dynamical system. The system (A, a, P) will be called
automorphic (respectively injective, unital) if a is an automorphism (respectively
injective, unital) for all s € S.

DEFINITION 3.1.1. Let (A, «, P) be a dynamical system. A covariant pair for
(A, a, P) is a pair (m,T) such that

(i) m: A— B(H) is a (completely contractive) representation of A;
(i) T: P — B(H) is a (contractive) representation of P;
(i) 7(a)Ts = Tymas(a) for all se P and a € A.
If the representation T of P is contractive/isometric/regular/Nica-covariant we call
the covariant pair (7, T) contractive/isometric/reqular/Nica-covariant.

REMARK 3.1.2. Our main objective is to relate a crossed product to the C*-
envelope of a semicrossed product. Since we would like this to work at least for
A = C, by Proposition 2.4.10 we have to require that T in a pair (7,T) must be
a completely positive definite map of P. The Parrott counterexample implies that
(m,T) cannot be merely contractive.

We will define a universal algebra with respect to a family of covariant pairs.
Given (A, «, P), define an algebraic structure on cgg(P, A) by

(es®a) - (e:®b) = es4t ® (ar(a)b) for all s,t € P and a,b e A.

Call this algebra coo (P, a, A). Commutativity of P makes this rule associative. Each
covariant pair (7,7 of (4, «, P) determines a representation (T x ) of coo(P, v, A)
into B(H) by the rule

(T x7)(es ®a) =Tgm(a) forallae A and se P.

A collection of covariant pairs F will be called a family provided that the corre-
sponding collection of representations {T" x 7: (w,T) € F} is a family in the sense
of Definition 2.1.1.

DEFINITION 3.1.3. Given a family F of covariant pairs for (A, «, P), the semi-
crossed product A x P of A by P with respect to F is the operator algebra com-
pletion of ¢go(P,a, A) (or a quotient of it) with respect to the matrix seminorms
determined by the covariant pairs in F. That is, if > _pes ® A, is an element of

27
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M, (coo(P,a, A)), where A, € M,,(A) and A, = 0 except finitely often, the norm is
given by

| Z es ® A = sup {| Z (Ts ® Iy)w™ (AS)HB(H(")): (m,T) e F}.
seP seP
As we argued in Section 2.1, every covariant pair will be unitarily equivalent
to a direct sum of covariant pairs from a set Fy, where the range is restricted to a
fixed set of Hilbert spaces of bounded cardinality. So the supremum can be taken
over the set Fy. However, even though F is not a set, the collection of norms is a
set of real numbers; and the supremum is finite since

| Y (T @ L)r™ (AL < Y Asl-
seP seP
When (7, T) € F, it is clear from the definition of the seminorms that this extends
to a completely contractive representation of A x7 P, which is also denoted by
(T x ).

DEFINITION 3.1.4. Let (A, «, P) be a dynamical system. We will consider the
following semicrossed products:

(i) A xq P is the semicrossed product determined by the contractive covari-
ant pairs of (A, a, P);
(ii) Ax!Pis the isometric semicrossed product determined by the isometric
covariant pairs of (4, a, P);
(ili) A x% P is the unitary semicrossed product determined by the unitary
covariant pairs of (4, a, P).
When (G, P) is a lattice-ordered abelian group we will also consider

(iv) A x28 P is the regular semicrossed product determined by the regular
covariant pairs of (4, «, P);

(v) A xZ° P is the Nica-covariant semicrossed product determined by the
regular! Nica-covariant covariant pairs of (4, «, P).

These choices do not always yield an algebra that contains A completely isomet-
rically. However we normally seek representations which do contain A completely
isometrically. When it does not, it is generally because the endomorphisms are
not faithful, but the allowable representations do not account for this. This would
happen, for example, if we restricted the covariant pairs so that T" had to be unitary
while some « has kernel.

However, the Fock representations in Example 3.1.5 show that the contractive,
isometric and Nica-covariant semicrossed products do always contain such a copy
of A.

ExaMPLE 3.1.5. (Fock representation) Let m: A — B(H) be a representation
of A and let H = H ® (?(P). Define the orbit representation 7#: A — B(H) and

~

V: P — B(H) by
T(a)f ®es = (mas(a)f) @es and Vi(E®es) =R epys

for all a € A, £ € H and s € P. The pair (7, V) satisfies the covariance relation
since

T(a)Vi(E®es) = (rasai(a)f) @ errs = Vitau(a) (€ @ es),

INica-covariant pairs are automatically regular. See Boyu Li: arXiv.1503.03046v1[math.OA].
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for all a € A and s € P, where we have used that P is abelian. Moreover,

\\m(gfs@)es) ;= ‘;58@)68“‘;

- Vlel? = | Y @

Hence V is an isometric representation with adjoint

2
ﬁ.

ERey ifs=s +1
0 otherwise.

Vt*(§®ee) = {

Therefore V;V*(£ ®e,) = £ ® e, when ¢t > p. Thus, if (G, P) is an abelian lattice-
ordered group,

E®ep when s,t < p
0 otherwise

sts*‘/:‘«‘/;s*(f ® ep) = {

_)E®ep when svit<p
0 otherwise

= svtvs*vt(f ®P>~

Hence, by Proposition 2.5.9, the Fock representation is a Nica-covariant isometric
representation of (A, «, P).

Moreover V' x 7 is faithful on the (dense) subset of polynomials on P with
co-efficients from A whenever 7 is a faithful representation of A.

When (4, «, P) is an automorphic dynamical system, with the appropriate
modifications to the Fock representation, we obtain a unitary covariant pair (7,U)
on H = H®(? (G). We will call this representation the bilateral Fock representation,
for distinction.

In particular, when (A4,«, P) is a C*-dynamical system, the bilateral Fock
representation is the restriction of the (dual of) the left regular representation of

(4, a,G).

REMARK 3.1.6. For C*-crossed products of automorphic C*-dynamical systems
a: A — Aut(A), one considers unitary pairs (m,U) that satisfy 7o, = ady, 7 for
all g € G. Equivalently Uym(a) = may(a)U, for all a € A and g € G. This is the
dual of the covariance relation that we use.

Nevertheless, when the group G is abelian and because the U, are unitaries,
the C*-crossed product can be defined as the universal C*-algebra with respect to
unitary pairs (w, U) such that 7(a)U,; = Usmay,(a) for all a € A and g € G. Indeed
it is easy to see that Uym(a) = may(a)Uy is equivalent to w(a)Uy = Ujfragy(a) for
all a € A and g € G. The tricky part is to see that since G is abelian, U is a unitary
representation of G if and only if U* is a unitary representation of G.

In this setting (the dual of) the left regular representation is defined on H ®
22(G) by

T(a)f®ey = (mag(a)l) ®e, and Uy(E®en) = E® egin,

for all a € A and g € G, where 7: A — B(H) is a faithful representation of A. Since
G is amenable, the pair (7, U) defines a #-isomorphism of the C*-crossed product
A x4 G. Notice that we do not require 7 to be non-degenerate; the standard gauge
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invariance argument does not require non-degeneracy to obtain that the canonical
s-epimorphism ®: A 1o G — C*({U,7(a): g € G,a € A}) is injective.

3.2. The unitary semicrossed product

The unitary covariant representations can only exist in abundance when the
action is completely isometric. For otherwise, there will be a kernel that cannot
be avoided. However when unitary covariant representations do exist, it is very
useful. So we begin with an analysis of this semicrossed product. Our objective is
to examine two cases of dynamical systems (A, a, P), where P is a spanning cone
of a group G and:

(i) s are completely isometric automorphisms of A;
(ii) s are x-endomorphisms of a C*-algebra A.

Completely isometric automorphisms. Let (A, «, P) be a dynamical sys-
tem where the a, are completely isometric automorphisms of an operator algebra
A. Then the action a: P — Aut(A) extends uniquely to an action of the group G
on A by the rule

ag(a) = a;tay(a), when g = —s + .
Thus we can and will write a_s = a; ! for all s € P. Moreover, every completely
isometric automorphism « of A extends to a necessarily unique *-automorphism of
C¥.,(A) [7, Theorem 2.2.5], which we will denote by the same symbol a. Therefore
we obtain an action a: G — Aut(C? ,(A)) that extends a: P — Aut(A).

Furthermore we note that a unitary representation U: P — B(H) extends to
the whole group G by defining U(g) := U¥U; for g = —s + t.

THEOREM 3.2.1. Let P be a spanning cone of an abelian group G which acts
on an operator algebra A by completely isometric automorphisms. Then

Cr (A Py~ CE (A) x, G.

env env

Proof. We first observe that A sits completely isometrically inside A x" P.
This follows by taking a faithful representation of C%,,(A) % G. The restriction
to A is completely isometric and the restriction of the unitary representation of
G to P yields the required unitary representation of P satisfying the covariance
relations.

We construct another automorphic C*-dynamical system (B, 8, G) that extends
(A, o, P). Let (p,U) be a completely isometric unitary representation of A x2* P in
B(H). Then B := C*(p(A)) < B(H) is a C*-cover of A because p|4 is completely
isometric. As noted prior to the proof, we can extend U to a representation of G
which implements completely isometric automorphisms of p(A). Therefore they also
implement completely isometric isomorphisms of p(A)*. Consequently each adU;e
, = iy
of B. Let 3, = adU;e. Since A x2* P is represented completely isometrically
in B(K), we obtain that the automorphic C*-dynamical system (B, 8,G) extends
(4, a, P).

Next we show that the embedding of A x3" P into B xg G is completely
isometric. By the universal property of B xg@G, it has a «-representation into B(H)
extending the covariant pair (idp,U). Thus the A x2" P norm on coo(P, a, A),
which coincides with the norm under U x p and hence with the norm in B(H),

implements a #-endomorphism of B. As ad; + = ad these are #-automorphisms
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is completely dominated by the norm on B xg G. On the other hand, since G
is abelian, the norm on B xg G coincides with the left regular representation on
H=H ® %(G). Let p denote the representation of B on H and let V, denote the
bilateral shifts. Then (p|a,V|p) is a unitary covariant pair for (4, «, P). Hence
the B xg G norm on cyo(P, o, A) is completely dominated by the A x" P norm. It
follows that they coincide.

Let o be a maximal dilation of p on a Hilbert space K. Since p is a complete
isometry, o extends to a faithful #-representation of C¥*  (A). Therefore the left
regular representation (3, W) on K = K ® (%(G) is a faithful *-representation of
C* ,(A) x4 G. Restrict this representation to coo(P, a, A) and compress it to H.
Notice that this is the restriction of the left regular representation of B x5 G to
coo(P, o, A), which was shown to be a complete isometry in the previous paragraph.
Therefore the C¥, (A) X G norm on coo (P, o, A) completely dominates the A x* P
norm. Conversely, the restriction of W x & to coo(P, o, A) is a unitary covariant
representation. And thus the C* (A) x,G norm on coo(P, o, A) is completely dom-
inated by the A x2"* P norm. Therefore they coincide, and A x 3" P sits completely
isometrically 1n51de C*  (A) x4 G.

It must be shown that A x4 P generates Ck (A) x, G as a C*-algebra, so
that it is a C*-cover. This C*- algebra contains C*(A4) = C;“nv( ) as well as terms

of the form W 5(a) for s € P and a € A. Let b € A such that |5(b)| < 1, hence
Iz —&(b) is invertible in B(K'). Then the elements

cn = We(a)*(Iz — (b i

converge in norm to the element W5 (a)*. However since, for all a € A, Wso(a)* =
oa_g(a)*Ws,

¢n = Wa(6(a)* - 3(a)*5(0)) Y 5(b)"
k=0

n
= (Ga_s(a)* — Ga_(a)*Ga_.(b) - W, Y. 5
k=0
Hence, each ¢, is in the C*-cover of A x" P. Therefore the C*-cover of A xi" P
contains elements of the form

W6 (a1)*a(by)* -+ 0(an)a(bn)*d(ant1)%?,

for all a;,b; € A and 1,22 = 0,1. Consequently it contains the monomials W5 (x)
for all se€ P and x € C¥ ,(A). For g € G let s,t € P such that g = —s + ¢; then

env
Wyo(z*y) = WIW,o(a*y) = (Webaiis(x))™ - Wia (y).

Thus the monomials of the form W,o(x) are in C*(¢(A x3" P)), for all g € G and
x € C% ,(A). These are the generators of the crossed product C% ,(A) x,, G, which

shows that it is a C*-cover. §
Finally to show that C* (A) x4 G is the C*-envelope. Suppose that the Silov
ideal J is non-trivial. There is a gauge action {'yg}geé of the dual group G on

Ck . (A) x4 G given by v43(Uga) = (g, 9)Uga. The subalgebra A x2" P is invariant

env

under 74. Therefore the same is true for J. A standard argument shows that if
J # {0}, then J has non-trivial intersection with the fixed point algebra C¥*  (A).

env
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Let 0 # 2z € C¥

env
of zin C¥ (A) %, G. Since I) € I, = J we get that

(A) nJ and let I; be the ideal of z in C¥

env

(A) and I be the ideal

lall = ll5(a) + T < [6(a) + La|| < [6(a) + L] < [al,

for all a € A. Similar arguments for the matrix levels show that I; is a boundary
ideal of A in C¥* ,(A), thus I; = (0). In particular = 0 which is a contradiction. m

env

C*-dynamical systems. We will calculate the C*-envelope of A x'™ P when
(A, «, P) is a C*-dynamical system. First we will assume that «y are injective.
Then we will explain what happens when we drop that assumption. The price paid
for this is that the unitary semicrossed product only contains a quotient of A.

Let (A4, a, P) be a C*-dynamical system. As each a; is completely contractive,
it is a *-endomorphism of A. When « is injective and P = IN, Peters [85] showed
how to extend this to an automorphic C*-system. Then the third author and Kat-
soulis [59, Theorem 2.6] identify the C*-envelope of A x$ Z as a crossed product
C*-algebra. Laca [65] showed that injective systems over any Ore semigroup P can
be extended to an automorphic system. We first explain his construction.

Let (A, a, P) be an injective C*-dynamical system. Set A; = A for each s € P;
and define connecting maps ay_4: Ay — A; for s < t. Let A = lim (As, ap—s)
be the direct limit C*-algebra. There are *-homomorphisms ws: A, — A so that
ws = wyay_g for s < t. Moreover, since each o is injective, the w; are also injective;
and | J,cp wi(A¢) = A. The commutative diagram for p, s, t € P

Qt—s Wt ~
A, ——= A —— A

J

Qt—s Wi ~

A ——= A, —— A

defines a map @, € End(A) so that &,ws = wsa,. Since ay, is injective, so is &p.
However one can also see that for a € Ay p,

Apwitp(a) = wirpap(a) = wi(a).

Thus the image of &, contains | J,.p we(A¢) = A. Therefore &, is an automorphism.
Furthermore it is easy to check that this is a semigroup homomorphism. As usual,
we can extend this to a homomorphism of G into Aut(ﬁ) by setting a_ 44 = a5 L 0y.
The C*-dynamical system (A, &, Q) is called the automorphic extension of (A, a, P).

Now suppose that (A4, «, P) is a C*-dynamical system over a spanning cone P

which is not injective. Define

R, = U ker a.

seP

Since the kerne.ls are directed, i.e., ker ag c ker oy when s < t, it is clear that R, is
an ideal. Let A = A/R, and let ¢: A — A be the quotient map. It is easy to see
that as(Rs) € R, and hence there is an induced action & of P on A by

as(a) = g(as(a)) forae Aand se P.
It is a standard argument to show that

lg(a)| = inf |la + ker a|| = lim [l (a)],
seP seP
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where the limit is taken along P considered as a directed set. It follows that for
a=q(a) € A,

Jé (@) = lim s e(@)] = lall

Thus (A7 &, P) is an injective system. This injective system embeds into its auto-
morphic extension (A, a,G). Let wy: Ay — A be the corresponding #-embeddings
of At into A.

We can also define a direct limit system given by A; = A and connecting maps
ay_g: Ag — Ayg. Tt is not difficult to see that this system has the same direct limit;
and the maps factoring through A are commutative:

Qt—s we ~
Ay ——= A, ——= A

o

Qpos - Wy ~
A, —= A, —— A

So we call (/T, &, @) the automorphic extension of (A, a, P) as well.
The crucial observation is the following:

LEMMA 3.2.2. Every unitary covariant pair for (A, «, P) factors through the
quotient by Ry. Hence A x2* P ~ A xi* P.

Proof. Let (m,U) be a unitary covariant pair for (A, a, P). Then

|m(a)]| = lim ||m(a)Us|| = lim |Usrarg(a)| < lim [as(a)| = [q(a)].
seP seP seP

Thus 7 factors through the quotient to A, say 7 = n’q. Hence (7', U) is a covariant
representation of (A, &, P). Therefore A xj* P ~ A x3" P. [ |

THEOREM 3.2.3. Let (A, a, P) be a C*-dynamical system over a spanning cone

P of an abelian group G. Let (A, &, G) be the automorphic direct limit C*-dynamical
system associated to (A, «, P). Then

C*

env

(A X" P) ~ A xsG.

Proof. By Lemma 3.2.2, we may assume that (A, a, P) is injective. First we
show that A x2" P embeds in AxzG. Let (m,U) be a unitary covariant pair. We
will extend 7 to a representation ¥ of A such that (7,U) is a unitary covariant pair
of (4,d,Q).

To this end, we define Tws(a) = Usm(a)U¥. Observe that 7 is well defined.

S

Indeed, let s,t € P and a € A;. Then ay_4(a) € Ay and
Uiy _s(a)U = Ugm(a)Uy_sUS = Ugm(a)UZ.

This defines a =#-representation on a dense subalgebra of ﬁ, and so extends by
continuity to a representation 7 on A.

Next we extend the unitary representation of P to a unitary representation of
G by setting Us_y = U U;F. The details are routine.
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Now we show that U; implements &; for t € P. Let s € P and a € A, then we
have

Fws(a)Uy = Usn(a)UZU; = Ugn(a)UUF
= UUirray(a)UF = UUgmay (a)UF
= Urwsay(a) = Upmdiy (ws(a)).
By continuity, we obtain the covariance relation
F(b)Uy = UpFdy(b) forallbe A and t € P.

Since each U; is unitary, this extends to a covariant representation of (;L&,G).
Therefore (7,U) defines a representation of the crossed product A xg G. So the
norm on A x5 G completely dominates the norm on A xan P

Conversely, any unitary covariant pair of (ﬁ, &, G) defines a unitary covariant
pair of (A, «, P) by restriction. Hence the norm on A x2* P induced from AxzGis
completely dominated by the universal norm. Therefore the embedding of A x"* P
into A xg G is completely isometric.

Now we show that A x5 G is a C*-cover of A xat P. Recall that A is the
closed union of ws(A) = &;'(wo(A)) for s € P. For simplicity of notation, we
suppress the use of wy and consider A < A. Let (p,U) be a faithful representation
of A xz G. We need to show that the monomials Uip(a), for t € P and a € A,
generate the monomials Ugp(x) for g€ G and z € A. First note that for s € P and
x = a;t(ab*) € a;1(A), we obtain

Up(x) = Uppds (ab*) = (Ursap(a)) (Usp(b))™ € C*(A x22 P).

Thus Uip(x) € C*(A x2" P) forallt € P and z € A. Now notice that for g = —s+1¢
and z = y*z € A, we can write

Ugp(x) = UZUsp(y)*p(2) = pdis—i(y)*UkUsp(2) = (Uspdis—i(y)) " (Usn(2)).

This shows that A x5 G is a C*-cover of A x P.

As in the proof of Theorem 3.2.1, we make use of the gauge action {’)/g}geé of
the dual group G on A x5z G given by v5(Uga) = {g,9)Uga. Let J be the Silov
ideal J in A x5 G for A x ot P. The subalgebra A x2* P is invariant under v4; and
therefore the same is true for J. A standard argument shows that if J # {0}, then
it has a non-trivial intersection with the fixed point algebra A. Hence there would
be an s € P such that J n pa_4(A) # {0}. Consequently, there would be an a € A
such that Usp(a)U¥ € J, whence p(a) € J. However J n p(A) = {0} since the
quotient by J is completely isometric on A x P. Therefore J = {0} and A x5 G
is the C*-envelope of A x3* P. [

3.3. The isometric semicrossed product

Laca [65, Theorem 1.4] shows how to dilate an isometric representation (with
a cocycle) of an Ore semigroup to a unitary representation. This includes the case
of any spanning cone. A combination of the techniques of the third author with
Katsoulis [59] and the second author [51] allows us to dilate isometric covariant
representations to unitary covariant representations. Our objective is to prove the
following theorem.
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THEOREM 3.3.1. Let P be a spanning cone of G that acts on an operator algebra
A by completely isometric automorphisms. Then every covariant isometric pair
(m, V) dilates to a covariant unitary pair of (A, a, P). Consequently

AxBE P~ Ax"P,

and therefore

Co (A X3 P) ~ C,

env

(4) x4 G.

Proof. Let (w,V) be a covariant isometric representation of (A, «, P) acting
on a Hilbert space H. Let H be the direct limit Hilbert space associated to the
directed system Hg = H with connecting maps

vé: Hy;,—> H; by &—V,_sh when s<t.

Let ws: Hy — H be the associated maps into the direct limit. Since each v’ is an
isometry, each w; is also an isometry.

For every p € P, we define an operator Up: H — H such that Upwsh = wsVph.
To show the U, are well-defined, let u;,: H; — Hj such that u;§ = V,§. Then for
s < t, the diagram

t

HS;A>Ht
H, H,

is commutative. Therefore the family {u;} is compatible with the directed system
and define an operator U, in B (ﬁ[ ). Since Up|w, m is an isometry, U, is an isometry.
Moreover for every y = w,§ € H,, there is a © = wsyp€ € H), such that

Upﬂf = Upws+p§ = ws+pvp§ = wsg =Y.

Therefore the restriction of U, to a dense subspace of H is isometric and onto.
Thus U, is a unitary in B(H).

In fact, {Up} is a unitary representation of P. For pi,ps € P and for every
s€ P and &£ € H, we obtain

Upl UPQWSS = Uplwsvzlmg = wSVP2+P1£ = UP1+P2WS£~

Additionally, Upwoé = woV,&, for all £ € H and p € P. Therefore the representation
U: P — B(H) is a unitary extension of the isometric representation V': P — B(H).
Now we extend the representation 7: A — B(H) to a representation p: A —

~

B(H). To this end, fix a € A and define p§(a): Hy — H, such that
po(a)é = mas(a)s.

The family {p§(a)} is compatible with the directed system, since the diagram

H, = H;
py(a) J{ po(a)

H,—— H,

»
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is commutative. Therefore it defines an operator p(a) € B(H). Since p is a com-
pletely contractive representation of A on every Hg-level, it follows that p is a
completely contractive representation of A.

It remains to prove that (p,U) defines a covariant unitary representation of
(A, a, P) and that U x p is a dilation of V' x m. The second part is immediate since
both p and U are extensions of m and V respectively. For the first part it suffices to
prove that (p,U) is a covariant pair on every Hg-level. For £ € H, we obtain that

p(a)Upwsé = pla)wsVpé = wsma_s(a)Vpé = wsVpymapa_s(a)§
= Upwsma_sa,(a)é = Uppap(a)wsé.

The last statement of the theorem follows from Theorem 3.2.1. "]

REMARK 3.3.2. We observe that the argument used in the proof of Lemma 3.2.2
requires only for Uy to be co-isometries. Thus every co-isometric covariant pair for
a C*-dynamical (A, «, P) also factors through the quotient by R,. That is, if
A x> P i the universal operator algebra relative to co-isometric covariant pairs,
then our arguments show that A xS P ~ A xgo‘is P. In fact, with some work,
one can show that

A XS P a A XN P,
and hence
C* (A XS P) ~ A xs Gl

To this end we will show that a co-isometric covariant pair (7, V') dilates to
a unitary covariant pair of (4, «, P). Without loss of generality we may assume
that (A, «, P) is injective. Since A is selfadjoint, the covariance relation 7(a)Vy =
Vras(a) implies that VF*r(a) = mas(a)VF for all a € A and s € P. Note that
commutativity of P implies that V*: P — B(H) is a semigroup homomorphism
by isometries. Therefore it suffices to show that a pair (7, V'), such that V: P —
B(H) is an isometric representation with Vim(a) = was(a)Vs for all a € A, s € P,
extends to a pair (p,U) such that U: P — B(K) is a unitary representation and
Usp(a) = pas(a)Us for all a € A, s € P.

Let H be the direct limit Hilbert space and U: P — B(}NI ) be the unitary
representation as constructed in Theorem 3.3.1. We define the =-representation
p: A— B(H) by the rule

pla)ws§ = wsmas(a)g.
It is well defined since for s <t we obtain
wima(a)Vi—s€ = wiViosmay_ gy (a)§ = wiVi_smas(a)§ = wsmas(a)é.

Now to show that (p,U) satisfies Usp(a) = pas(a)Us for all a € A and s € P, let
¢ e Handte P. Then

Usp(a)wi€ = Uswimay(a)é = wiVsmag(a) = wimas Vi,
and
pas(a)Uswtf = pas(a)wt‘/sg = wtﬂ'at(as(a))‘/sg = wtﬂ'at-‘rs(a’)‘/sfv

and the proof of our claim is complete.
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3.4. The contractive semicrossed product by Zi

One of the famous interesting pathologies in dilation theory is that one can
dilate two commuting contractions to commuting unitaries by Anddé’s Theorem
[3], but not three or more [82, 96]. Therefore the contractive representations of
Z? form an interesting family of completely positive definite functions. We can
treat automorphic C*-dynamical systems in this case. The following corollary to
Theorem 3.3.1 is known to experts.

COROLLARY 3.4.1. If (A, a,Z2) is an automorphic C*-dynamical system, then
Cr (A xq Zi) ~ Ax, 7%

env

Proof. The proof is immediate by Theorem 3.3.1 once we demonstrate that
A xo 7% ~ A x$ 7% This follows from a result of Ling and Muhly [71], who
prove that a contractive covariant pair of an automorphic C*-dynamical system
co-extends to an isometric covariant pair. [

A generalized Andd’s Theorem is established for product systems over Zi by
Solel [93, Theorem 4.4]. In [93, Corollary 4.6] Solel applies his result to C*-
dynamical systems (A,«,Z?2) where the action a extends to an action on the
multiplier algebra M(A). It is shown that any contractive covariant pair (m,T)
for (A, a,Z?%) can be dilated to a covariant pair by commuting partial isometries.
When the system is in particular unital (or non-degenerate) then the partial isome-
tries turn out to be isometries.

We mention that a non-degeneracy assumption is central to the representation
theory produced by Muhly and Solel, starting with their seminal paper on tensor
algebras of C*-correspondences [76]. For example, see the key result [76, Lemma
3.5]. However, there are interesting degenerate C*-correspondences, such as C*-
correspondences arising from non-surjective C*-dynamical systems.

Below we provide an alternative approach to finding a version of Andé’s The-
orem for contractive covariant pairs. We show that any contractive covariant pair
(m,T) of an arbitrary C*-dynamical system (A, o, Z2 ) can be dilated to an isomet-
ric covariant pair. We manage to do so without any assumption about extensions
to M(A), and without assuming that the system is automorphic. In this way we
provide an alternate proof of Corollary 3.4.1 that bypasses [71] and [93]. Our
method is based on the proof of an Andé-type result in [36] for row-contractions
satisfying certain commutation relations.

THEOREM 3.4.2. Let (A, a,Z%) be C*dynamical system. Let (w,T) define a
contractive covariant pair of (A,a,Z2) on a Hilbert space H. Then (7, T) co-
extends to an isometric covariant pair (o,V) of (A,«,Z?). Hence

2 is 72
Axaly ~AXFLY.
Proof. For simplicity we will use 1 = (1,0), 2 = (0,1) and 0 = (0,0). An
arbitrary element of Z? will be denoted by m = (my,ms). Also we write Zig for
the non-zero elements in Zﬁ_.

Let (7, T) be a contractive covariant pair acting on a Hilbert space H. Define
the Hilbert spaces N = H(®*) and L = N ® (*(Z2,), and set

K=H®L=H® Z®Nﬂ.

2
mEZ>g
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We can view K as a direct sum over the grid of Z2 where H sits on the 0-position,
and N sits on every other position. We will use the notation £ ® eg for £ € H to
represent a vector in the 0-position and use n®e,, with 7 € N to represent a vector
in the copy N, of N in the m-th position.

We define the #-representation 7(*): A — B(N) by

() (a)(&) = (m(a)ér),
for every a € A and & € H. Moreover we define the #-representation 7: A — B(L)
by
T(a)(n®em) = (ﬂ(w)am(a)n) ® em,
for every a € A, n € N and m € Z2,. Therefore the mapping o := 7 @ 7 defines a
s-representation of A in B(K). -

We will first dilate Ty and T separately, before creating a joint commuting
dilation of T and T». Let D1 be the defect operator (I — Tl”‘T;L)l/2 for Ty. We will
consider Dy as an operator from H into the first copy of H in N in the (1, 0)-position
in L, ie.,

D]_(f@@g) = (D]_§,0,0,...)®€1.

Define V7 as
T 0
Vi=||D
1 [ 01] I

where L is the shift operator on L sending the m-position to the (m + 1)-position,
e.g.,

Li(n®emm) = 1® emi1n)-
Similarly, we view the defect operator Dy = (I — T;Tz)l/ 2 as an operator from H
into the first copy of H in N in the (0, 1)-position in L. We define V5 as

T, 0
Vo= |[D
2 [02] L

where Lo is the operator on L that shifts the second coordinate:

La(n @ €(my,ms)) = 0@ €(my,ma+1)-
Note that V3 and Vo are isometric dilations of 77 and T, respectively, and that
LiLo = Laly.
Claim. With this notation, we have
(3.1) o(a)V1 = Vicas(a) and o(a)Va = Vaoaz(a) for all a € A.
Proof of Claim. For a € A and £ € H we obtain
o(a)V1(€®ep) = o(a) ((Tlf) ®eo + (D1£,0,...)® el)
— (m(a)Th€) ® eq + (w@o)al(a)([)lg,o, S )) ®er
= (Thimaq(a)€) ®eg + (maq(a)D1€,0,...) ®eq
= (Thmaq(a)é) ®eg + (D1maq (a)€,0,...) ®ex,
where we have used that m(a)Ty; = Thiwa(a), and therefore

Wal(a)Tile = Tile’]TCk]_(a)
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and maq(a)D1 = Dimag(a). Moreover, the claim holds for vectors in H since

Vicai(a)(E®ep) = V1 ((77@1(@)5) ® eQ)
= (Thra1(a)é) ® e + (Dimar(a)€,0,...) ®ex
= 0(a)V1({ ® ep).

In addition, for every a € A and n € N, we obtain

o(@)Vin®em) = o(a)(n®emi1) = (W(Oo)aerl(a)n) ® em+1,

and
Vicai(a)(n®em) = V1 ((W(Oo)amal(a)ﬂ) ® em)

= (W(Oo)aerl(a)n) ® em+1-
Therefore o(a)V; = Vioas(a), for all a € A. A similar computation shows that
o(a)Va = Vacaa(a), for all a € A, and the proof of the claim is complete.
The isometries X = V3V and Y := V,V; are both dilations of the single
contraction T1T2 = T(; 1) = T2T1. Then
X =X @ Xo, and Y =Y, ® Yo,

where X, and Y,,, are minimal isometric dilations of 7}, ;) on the spaces
o o
My = \/ X"H, and My = \/ Y"H,
n=0 n=0

respectively. Note that by the covariance relation (3.1), Mx and My are invariant
subspaces for o(A), hence reducing. Consequently Kx = K © Mx and Ky :=
K © My are also reducing subspaces for o(A).

Since X,, and Y,, are minimal isometric dilations of the same contraction, they
are unitarily equivalent by a unitary W, defined by

Wi X"(§®e) = Y"({®eg)
for all £ € H. For every a € A and £ € H a repeated application of (3.1) gives
o(a) W X" (E®ep) = Wio(a) X (E®ep).

Thus WmU(')‘MX = U(')Wm|MX .
We aim to show that X, and Y; are also unitarily equivalent via a unitary that
commutes with o(A). First note that

Xo = X|gx = (X|uo)[kx = (L1l2)|xx

Similarly, Yy = (L1L2)|k, - It is not hard to see that X, and Yy are shifts of
infinite multiplicity, and hence they are unitarily equivalent. We will give an explicit
description of a unitary implementing this unitary equivalence. The unitary we
construct will commute with o(A). To this end, let Wx denote the kernel of X,
and let Wy denote the kernel of Y;*. Then

Wx=(H®Nq1,0)®Na,1)®No1)©H v XH))®(PD Nimoy®Nom)
m=2

and

Wy =((H®Nu,0)®N11)®No1)©HVYH))® (D Nm,oy ® Nom))-

m=2
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As X, and Y are pure isometries, Wx and Wy are wandering subspaces for X
and Yy, respectively. Further

o0 o0
Ky = \/ XiWyx = \/ X"Wy,
n=0 n=0

and
0 e 0]
Ky = \/YgWy = \/ Y"Wy.
n=0 n=0

We will construct a unitary U: Wx — Wy that intertwines o(-)|w, and
o(-)lwy .- First we let U be the identity on N(,, o) and N for m,n > 2. The dif-
ficult part is to define the unitary on the parts sitting inside N1 0y ®N(1,1)® N(o,1)-
Let

W =Wx 0 (N1,0)® N1y @ Nooiy)
and
Wy = Wy 0 (N1,0) @ N1,1y @ Neo,1))-

Since N = H(®) we re-arrange N1,00® N1,1) ® N(o,1) along the copies of H,
i.e.,

N0y ® Na) @ Ny ~
~ (Hy o @H\ ) ®Hjy,)® (Hp o ®HY y®HYG ) D,

where H(11,0) denotes the first copy of H in N(; o) etc. The computation

X(¢®ep) =V1Va(E®ep)
= Vi((T2§) ® eg + (D2¢,0,...) @ e2)
= (T1T2§) ®6Q+ (D1T2€707 .. ')®el + (D2€703 .. ')®6(1,1)7

for € € H, shows that WY is of the form
Wi =Ux® (H(21,0) ®H ) @H(QOJ)) D...
—Ux@HoHoH) " @ HoHOH) " ®...,
where Uy is a subspace of H ® H @ H. Similarly Wy, is of the form
Wy =Uy ® (wa) ®HY ) @Hfo,l)) ®...
=Uy®HOHoH) " oHoHOH) "®...,
with Uy being a subspace of H @ H @ H. Therefore we can write W as
Ux® (Ux@Ux)®UxoUz)® )@ (Uy@Us) @ (Uy @UF) @+ )
and Wy, as
Uy ® (Ux@Ux)®Ux@Ux) @)@ (Uy ®Uy) @ (Uy @Uy) @ -).
We define U by the rule
U (80, (§m+8m) o (6ot G) psy) = (S0 (Ema1+€0) sys (Grrr1 +C0) 0s)-
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where &, € Ux, &/, € Us, ¢, € Uy and (], € Us- for each non-negative integer n, m.
That is, the operator U is defined by the diagram

Ux @ (Ux & U}(w (Uy ® Uf) @ )
Uy ® (Ux ® Ux) @ ) © (Uyr ® Uy) & ).
Thus, U is a unitary. Recall that the restriction of o to N(1,0)@N(1,1)®N(q,1) is the
ampliation of may gy @ w11y @ mao,1)- Therefore, a straightforward computation
shows that U intertwines with o[y, and ofw, .

Consequently, we have constructed a unitary operator U: Wx — Wy that
intertwines o(-)|wy and o(:)|w, . Moreover UXok = YUk, for all k € Wx, since
Xo and Yy are shifts on the €2(Z2>Q)—grading and U preserves this grading. Recall
that Wx (resp. Wy) is an X-cyclic space (resp. Y-cyclic space) for Kx (resp.

Ky). Therefore we can extend the operator to a unitary from Kx to Ky, which
we denote by the same symbol U, by the rule

UX"k = Y"UFL,
for every k € Wx. Consequently UXgy = YyU. Moreover, we have that
oc(a)UX"k = o(a)Y"Uk
=Y"oa(mn) (a)Uk
=Y"Uoa(y,n)(a)k
=UX"00(,n) (a)k
=Uoc(a) X"k,
foralla € Aand k € Kx. Therefore U: Kx — Ky intertwines o(-)|x, and o(-)| k5 -
For the final part of the proof, let W be the unitary on K given by W = W,,,@U.

By construction we have that W XW?* =Y and that W commutes with 0. We are
now ready to define our isometric dilation of the representation 7. Let

V{ = VAW, and V§ = W*Va.

Note that, as W leaves H fixed in K, V] is an isometric dilation of 77 and Vj is an
isometric dilation of T5. In addition we obtain

o(a)V] = o(a)V1W = Vioai(a)W = V{ioas(a),
and
o(a)Vy = c(a)WVa = Wo(a)Va = Vyoaz(a),
for all a € A. Finally we have that
VIV) = ViWW* Vs
— X = WHYW
— WA = VIV

Thus V{ and Vj define an isometric representation V of Z2. Hence (o,V) is an
isometric covariant representation of (A4, o, Z2 ) which dilates (m,T). [ |
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REMARK 3.4.3. Of course we cannot replace A by a nonselfadjoint operator
algebra in Corollary 3.4.1. If A is the disc algebra then this leads to a contradiction
by Parrot’s example [82]. Nevertheless, we wonder whether Corollary 3.4.1 holds
for injective C*-dynamical systems, since the intermediate step, Theorem 3.4.2,
works for such systems.

3.5. The Fock algebra

In this section we turn our attention to an algebra closely related to the semi-
crossed product: the Fock algebra. This is the universal algebra for Fock represen-
tations. We will see that the methods we have used to calculate the C*-envelopes
of semicrossed products can be readily adapted to this setting. Again, we will find
that the C*-envelope is a group crossed-product C*-algebra.

Fock algebras have previously been studied by Duncan and Peters [45] in the
setting of classical dynamical systems. In the general setting this translates in the
following definition.

DEFINITION 3.5.1. Let P be an abelian semigroup. We define the Fock alge-
bra A(A, «, P) be the universal algebra relative to Fock pairs (7, V') associated to
completely contractive representations 7 of A.

We will show that we can in fact define the Fock algebra for (4, «, P) using
just one Fock representation. Recall that the C*-cover (C¥_. (A),j) of a non-
selfadjoint operator algebra A is defined by the following universal property: every
completely contractive representation 7: A — B(H) lifts to a (necessarily unique)
x-homomoprhism 7': C¥__(A) — B(H) such that 7’j = 7 (see [15, Proposition

2.4.2]). Therefore the system a: P — End(A) lifts to a C*-system a: P —
End(Cf.x(4)).

PROPOSITION 3.5.2. Let (A, «, P) be a dynamical system over a spanning cone
P of G. Then

A(A, a, P) <> A(C*

maX(A)’a’ P)
and the Fock pair (7u, V) associated to a universal representation (my, H,) of

C# (A) defines a completely isometric representation of the Fock algebra.

max

Proof. By the universal property of C¥ _(A) a Fock pair (7, V) of (A, a, P)
extends to a Fock pair (7/,V) of (C*, (A),a, P). Conversely, every Fock pair
(7, V) of (C¥.(A),a, P) defines a Fock pair (7|4, V) since A embeds completely
isometrically in C¥_ . (A). Therefore A(A, o, P) — A(C} . (A4),«, P) completely
isometrically.

Now without loss of generality assume that (4, «, P) is a C*-dynamical system.
Then the norm obtained by (7, V4,) where (m,, H,) is the universal representation
of A is dominated by the norm of the Fock algebra. Conversely every Fock pair
(7, V) is unitarily equivalent to a direct summand of (7, V4,), since 7 is unitarily
equivalent to a direct summand of m,. Therefore the norm obtained by (7, V4,)
dominates the norm on the Fock algebra. Similar arguments apply to every matrix
level and the proof is complete. [ |

REMARK 3.5.3. The previous proposition shows that the Fock algebra coincides
with the object examined by Duncan and Peters [45]. In [45] this operator algebra
goes by the name of the left regular algebra.
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THEOREM 3.5.4. Let P be a spanning cone of an abelian group G that acts on
a C*-algebra A by injective =-endomorphisms, and let (ﬁ, &, G) be the automorphic
direct limit C*-dynamical system associated to (A, o, P). Then there is a natural
completely isometric isomorphism

A(A, 0, P) ~ A xn P

and therefore
C*

env

(A(A, o, P)) ~ A x5 G.

Proof. Let 7 be any #-representation of A on H. By [40, Proposition 2.10.2],
there is a representation 7 of A on Hilbert space H > H so that the restriction
to A is a dilation of . Then the norm on the Fock representation (m, V') is dom-
inated by the norm for the Fock representation for (%|4,V) on H ® (2(P). This
in turn is bounded by the norm of the left regular representation of A xg G on
H ® (2(G) associated to %; and hence this is dominated by the norm of A x5 G.
By Theorem 3.2.3, the same embedding of cyo(P, a, A) into A Xy G is completely
isometric with respect to the A x2™ P norm. Therefore the Fock representation
norm is completely dominated by the A x5* P norm.

On the other hand, since G is abelian and thus amenable, the crossed prod-
uct A x & G coincides with the reduced crossed product. So if 7 is any faithful
representation of Aon H , then the corresponding left regular representation of
A xz G on H®Z(G) is faithful. The restriction to coo(P,a, A) yields a unitary
covariant representation which is completely isometric by Theorem 3.2.3. The sub-
spaces K, := H ® (2(—s + P) are invariant for coo(P, o, A); and the restriction to
this subspace is a Fock representation. The direct limit of these Fock represen-
tations yields the restriction of the left regular representation. It follows that the
norm on coo(P, o, A) by this representation is dominated by the Fock representation
norm. Hence A(A, «, P) is completely isometric to A x2" P; and the embedding
of A(A,a, P)) into A x5 G is completely isometric. (This latter statement can be
deduced without reference to A x4 P.)

The final statement is now immediate from Theorem 3.2.3. ]

COROLLARY 3.5.5. If P is a spanning cone of an abelian group G that acts on
a C*-algebra A by injective x-endomorphisms, then there is a Fock representation
that is completely isometric on A x2" P.

THEOREM 3.5.6. Let P be a spanning cone of an abelian group G that acts
on A by completely isometric automorphisms. Then there is a natural completely
isometric isomorphism

A(A,a, P) ~ A x5 P
and therefore
C*

env

(A(A, o, P)) ~ C*

env

(A) x4 G.

Proof. Every Fock representation is an isometric covariant representation.
Thus the A x P norm on cgo(P, a, A) completely dominates the A(A, a, P) norm.
On the other hand, by Theorem 3.3.1, C¥ (A x P) ~ C* (A) x, G. So A x$ P

env env
embeds completely isometrically into C* (A) x, G. Since G is abelian, whence

env
amenable, if 7 is a faithful representation of C* (A) on a Hilbert space H, this

env

crossed product is faithfully represented on H ® £2(G). As in the proof of The-
orem 3.5.4, the restriction of this representation to coo(P, o, A) is the direct limit
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of the compressions to the invariant subspaces H ® ¢*(—s + P), which are unitar-
ily equivalent to Fock representations. Therefore the A(A, o, P) norm completely
dominates the A x'¥ P norm. Hence the natural map of A x P into A(A,a, P)
is a completely isometric isomorphism. The last statement follows from Theo-
rem 3.3.1. |

COROLLARY 3.5.7. If P is a spanning cone of an abelian group G that acts on
A by completely isometric automorphisms, then there is a Fock representation that
is completely isometric on A x5 P.



CHAPTER 4

Nica-covariant semicrosssed products

Not surprisingly, to get stronger results we need stronger assumptions. We now
focus on the case of semicrossed products by P where (G, P) is a lattice-ordered
abelian group, and where covariant pairs respect this structure, i.e, they are regular
or Nica-covariant.

4.1. The regular contractive semicrossed product

Recall that the regular contractive semicrossed product A x'& P is the algebra
determined by the regular covariant pairs of a dynamical system (A, a, P).
Our main objective is to prove the following theorem.

THEOREM 4.1.1. Let (A, «, P) be an automorphic C*-dynamical system over a
spanning cone P of G, such that (G, P) is a lattice-ordered abelian group. Then

Ct (Ax'BP)~Ax,G.

env

Theorem 4.1.1 follows from Theorem 3.3.1 and the following proposition.

PROPOSITION 4.1.2. Let (A, «, P) be a C*-dynamical system over a spanning
cone P of G, such that (G, P) is a lattice-ordered abelian group. Then a regular
contractive pair (7, T) dilates to an isometric pair (p, V) of (A, a, P). Consequently

AXBP~AxXSP

Proof. Let (m,T) be a covariant contractive pair for the regular contractive
semicrossed product. We will show that it co-extends to a covariant isometric pair.

Since T is regular we obtain that the extension 7T'(g) := Ty T,, is a completely
positive definite map on G. By Remark 2.5.3, the minimal unitary co-extension of
T can be realized on H = H ®7 G. The minimal isometric co-extension V of T
can be realized on H = H ®7 P by restricting the minimal unitary co-extension
to H. Let H® P be the space of all h € H where h = > hs, ® s, with hy =0
except finitely often, and let 7 be the sesquilinear form on H ® P given by 7(h, h) =
<[1~1(—sZ + 55)|h, h)y. It is immediate that V is a lifting of a representation Vg of P
given on H ® P by

Voo O hs ®06) = 3 he ® G

Moreover we define the diagonal representation of A on coo(P, H) given by
po(a) = diag (Was(a))se p- We will show that po induces a well defined represen-

tation of A on H. To this end fix h = S hs, ® s, € coo(P, H); then T :=
[T(—s; + s;)] is positive by definition. The covariance relation m(a)Ts = Tsmas(a)

45
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implies that Tas(a)TF = T¥n(a) for all a € A. Therefore

T, (a)f(—si + Sj) = Ts;—s;ns; Xs; /\SJ( )Ts*L—s ASj Ts;—s;ns,
- T:z—sl/\s 71-0‘31'/\8]' (a)TS]‘—Si/\Sj

- T;: —SiASj Ts]'fsi ASj 7‘—0451'751' ASj+SiASj (a)
=T(—s; + s5)Tas,; (a).

Hence we obtain that diag(ras,(a))T = T diag(mas,(a)) and consequently the
same holds for T'/? (note that T and diag(ma,(a)) are considered as operators
in B(H™)). For the fixed h = 31" | hs, ® 55, € H™ we obtain

r(po(@)h, po(@)h) = ([T(=s: + ;)] diag(way, (a) b, diag(mas, (@)h )

_ 1/2 3: 1/2
= <T diag(mwas, (a))h, T+ diag(mas, h>H(n)

(n)

= <diag(7rasi (a))TY?h, diag(ras, (a) T1/2h>H( :

< |diag(ray, (@))|* (T"*h.T"h)

< |af? 7 (h, 1).

It now follows that py induces a well defined representation p on H.
A direct computation shows that

PO(CL)VO,p(hs ® 55) = Po(a)(hs ® 6s+p) = 7Tas+p(a)hs ® 5s+p
= mapas(a)hs ® 0s4p = Vo ppo(ap(a))(hs ® ds).
hence

(po(a)Vo,p — Voppoap(a)) h =0, for all h € coo(P, H).

This equation lifts to H which shows that (p, V) is an (isometric) covariant pair. ®

4.2. The Nica-covariant semicrossed product

For this section we assume that (A, a, P) is a C*-dynamical system and (G, P)
a lattice-ordered abelian group. We recall that the Nica-covariant semicrossed
product is the universal operator algebra A x%° P determined by the regular Nica-
covariant pairs of (4, «, P). We will show in Theorem 4.2.12 that the C*-envelope
of A x2¢ P is Axz G A key part of our analysis, which is interesting in its own
right, will be a gauge-invariant uniqueness theorem for this setting.

The next easy proposition allows us to restrict our attention to isometric Nica-
covariant pairs.

PROPOSITION 4.2.1. Let (m,T) be a regular Nica-covariant pair for a C*-
dynamical system (A, a, P). Then (7, T) co-extends to an isometric Nica-covariant

pair (p, V).

Proof. Since T is a regular contractive Nica-covariant representation, it co-
extends to an isometric Nica-covariant representation by Theorem 2.5.10. The proof
is then immediate by Proposition 4.1.2. [
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We denote by C*(m, V) the C*-algebra generated by m(A) and Vim(A) for all
s € P. When (A4, o, P) is unital, C*(m, V') contains 7(14) as a unit. By compressing
to the range of this projection, we obtain a unital representation and C*(m, V) =

C*(m(A), V(P)).

LEMMA 4.2.2. Let (m, V) be an isometric Nica-covariant pair for a C*- dynam-
ical system (A,«, P). Then for all a,b € A and s,t,r,p € P, there are c € A and
q,w € P such that

Ve (a)VEVim(b)V,) = Vym(e) V).

p
In particular, Vi (a)VEVim(b)VE = Veym(c)VE L.

Proof. As an immediate consequence of the covariance relation for C*-dy-
namical systems, we see that ma,(a)Vy* = V*n(a) for all a € A and s € P. By the
Nica-covariance condition for the isometric representation V', we obtain V*V; =
Vierat VE Therefore

r—rAat*
V(@) Vi Vir (b)Vi = Ve (@) Vier ae Vi D)V
= ‘/s‘/tfr/\t’fratfr/\t(a)ﬂ_arfrAt(b)‘/r*_r/\tV;*
= s+t—7"/\tﬂ.(at—T‘At(a)aT—T‘At(b))vp*+7"—7‘At'

In particular, when s =r and t = p, then s+t—rAt=svt=p+r—r At, which
completes the proof. [ ]

PROPOSITION 4.2.3. Let (w, V) be an isometric Nica-covariant pair for a C*-
dynamical system (A, o, P). Then C*(m, V) is the closure of the linear span of the
monomials Vim(a)VF* for alla € A and s,t € P.

Proof. Immediate by Lemma 4.2.2. [

Analysis of the cores. We let G denote the dual of the abelian group G. We
say that a pair (m, V) admits a gauge action if there is a point-norm continuous
family {y3},cq of #-automorphisms of C*(m, V) such that

v5(Vs) = 9(s)Vs and ~4(m(a)) = w(a) forallae A and se P.

We write C*(, V)7 for the fixed point algebra with respect to this action, i.e., the
range E(C*(m,V)) where

B(X) = | %(X)ds.
A standard C*-argument yields the following Lemma.

LEMMA 4.2.4. Let (m, V) be an isometric Nica-covariant pair of a C*- dynami-
cal system (A, o, P) that admits a gauge action {’yg}geé. Then the fized point alge-
bra C*(m, V)Y is the closure of the linear span of monomials of the form Vim(a)VyE

forse P and a € A.

A finite subset F of P is called grid if it is v-closed. We write v F for the least
upper bound of all elements of F.
The following Proposition will soon be superseded by Corollary 4.2.8.
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PROPOSITION 4.2.5. Let (7,V) be an isometric Nica-covariant pair for a C*-
dynamical system (A, «, P) that admits a gauge action {fyg}geé. Then the fized

point algebra C*(m, V)7 = UF:grid BT, where
BY =span{V,m(a)V}:a€ A, s e F},
are C*-subalgebras of C*(m,V)7.

Proof. By Lemma 4.2.4, we obtain that C*(m, V)" is the inductive limit
(under inclusion) of BE. where F' is a finite subset of P. When F is not a grid, we
can enlarge it so as to obtain a subset denoted by [F] which is a grid (note that
v(F) = v([F])). Thus it suffices to show that the BT are C*-algebras.

It is clear that B7 is closed and selfadjoint. For s,t € F, s v t belongs to F
since F'is a grid, and

Vam(@)VEVim D)V = Veuam () VS

T
svt € BF7

by Lemma 4.2.2. So BF, is a #-algebra. "]

Fix a faithful representation (w, H) of A. Let the Fock representation be (7, V)
acting on H = H®/?(P). For any § € G, let the unitary operator u; be defined by

ug(§®es) = §(s)§ ®es.
For v := ad,,, it is immediate that
V3(Vs) = 9(s)Vs and  4(F(a)) = 7(a).
Since C*(7,V) is the closure of the linear span of monomials, an &/3-argument
shows that the family {'Vﬁ}geé is a point-norm continuous action, and thus is a

gauge action.
The following proposition asserts that the linear span is already norm closed.

PROPOSITION 4.2.6. Let (7,V) be a Fock representation of (A, «, P) where m
s a faithful representation of A. Then for any grid F,

B = span{V.%(a)V¥: ae A,s e F}.

Proof. We will show that if X = lim; X;, for X; = >, ViT(as,:)V*, then
there are a; € A such that X = > . Vi7(as)V.*. Since F' is finite, it has minimal
elements. Let ¢ be a minimal element of F. Then V*({ ®e;) = 0 for all s € F\{¢}.
Therefore we obtain

VEFEXVilg = lim Vi X Vi g

= lim > Vi*ViR(as:)VEVilu
¢ seF
= limm(ay;).

Therefore (m(a.;));, and consequently (a;;); is Cauchy in A. Thus there is an
a; € A such that lim; a; ; = a;. Hence
X — Vit (a)V,* = lim X; — Vi®(ar,:)Vy* = lim X7,

where

/ ~
Xi= ) Vi(asa)Vi
seF,s#t
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Note that F\{t} is also a grid. Repeat this argument several times until F'
is exhausted. We deduce that lim; as; = as exists for all s € F. It follows that
X =2 cr Vi (as)ViE. [ |

We will write (my, V,,) for a universal isometric Nica-covariant pair for the C*-
dynamical system (A, «, P). Then the C*-algebra C*(m,,V,) has the following
universal property: for every isometric Nica-covariant pair (7, V') there is a canon-
ical #-epimorphism

b: C*(my, Vo) — C*(m, V).
In particular, C*(m,,V,) admits a gauge action {5§}geé' (Again a simple &/3-
argument shows that this family is point-norm continuous.)

PROPOSITION 4.2.7. Let (my, Vi) be a universal isometric Nica-covariant pair
for (A, a, P). Then C*(my,Vi)? = Up. arid BF where

Br = By = span{V, sm,(a)V, ;i a € A, s € F},
are C*-subalgebras of C*(m,, Vi,)?.

Proof. In view of Proposition 4.2.5, it suffices to show that the linear span
coincides with its closure. To this end, let X = lim; X; where

Xi = ). Vaamul(as) Vi,

seF
Fix a faithful representation (w, H) of A and let (%,V) be the Fock represen-
tation. There is a canonical #-epimorphism ®: C*(m,,V,,) — C*(%,V). Therefore
®(X) = lim; ®(X;). By following the arguments in the proof of Proposition 4.2.6
for ®(X), we get that for every s € F', there is an as such that lim; as ; = as. Thus

X - Z Vi, sm(as)VyE li£nXi - 1i£n Z Vau,s(as, ) Vil

73 =
seF seF
= lim X; — Z Vi,sm(as,i) Vi, = 0.
‘ seF

Hence X lies in span{V,, (7, (a)V,};: a € A, s € F}. ]

~—

COROLLARY 4.2.8. Let (mw, V') be an isometric Nica-covariant pair for (A, a, P
that admits a gauge action {vg}, . Then the fived point algebra C*(m, V)Y

UF:grid BT, where
B} = span{Vim(a)V}:a€ A, s € F},
are C*-subalgebras of C*(m,V)7.
Proof. In view of Proposition 4.2.5, it suffices to show that the linear span is

closed. To this end, let {7§}@eé be the gauge action on C*(m, V'), and let {Bfl}@e@

be the gauge action on C*(m,,V,). Then @ intertwines with 4 and 3. Thus
®(Br) = B}, for the cores Bp of C*(w, V). Therefore B}, = span{V,m(a)V¥: s €
F}. Since @ is a *-homomorphism, it has closed range. Thus

B%. = ®(Br) = span{V,m(a)V}: s € F'},

and the proof is complete. [
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THEOREM 4.2.9. Let (%, V) be the Fock representation of (A, a, P) for a faithful
representation m of A. Then the canonical *-epimorphism

O: C*(my, Vo) — C*(7, V)

is a *-isomorphism. Consequently, the Fock representation is a unital completely
isometric representation of the Nica-covariant semicrossed product A x5° P.

Proof. Let {y3},.q be the gauge action on C*(7,V). Then ¢ intertwines
with 85 and ;. Thus by a standard C*-argument, it suffices to show that the
restriction of ® to the fixed point algebra is #-injective. Since C*(m,,V,)? is an
inductive limit, it suffices to show that the restriction of ® to Bg is *-injective,
where F' is a grid.

To this end, let X =] o Vi smu(as)ViE, € Br, such that

3(X) = 3 ViF(a) Vi =0,
seF

If ¢t is a minimal element of F', we obtain

m(ar) = Y VFViR (@) Vi Vil = VFQ(X)Viln = 0.
seF
Since 7 is faithful, a; = 0. Now F\{t} is also a grid; and we repeat the process to
establish that as = 0 for all s € F'. Therefore X = 0.
For the second statement, note that A x2¢ P < C*(m,, V,,) by definition. The
proof is then complete by recalling that injective #-representations are completely
isometric. [ |

A gauge-invariant uniqueness theorem. Following similar ideas, we can
prove a gauge-invariant uniqueness theorem for the C*-algebras C*(w, V) of iso-
metric Nica-covariant pairs (7, V). We will denote by B(g ) the ideal in C*(m, V)
generated by the monomials Vim(a)V* such that s # 0. Also, we will denote by
I(7,v) the ideal of A given by

I(W,V) = {a € A: 7r(a) € B(O,oo)}-

REMARK 4.2.10. For the semigroup S = Z the above relation reduces to the
known property for faithful representations of Toeplitz-Cuntz-Pimsner algebras of
C*-correspondences [50, 64]. The same thing is true here. If I( vy = (0), then 7
is faithful. Moreover if 0, then V.7 (a)V.* ¢ w(A) unless it is 0.

Furthermore (3 vy = (0) for the Fock representation (7,V’). Indeed, a direct
computation gives that V7 (a)V¥|y = 0 for all a € A and 0 # s € P. Hence
Bo,c0)lrr = (0). Thus, if 7(a) = X € B(g o) for some a € A then

71'((1) :%(G)‘H :X‘H =0.

Therefore a = 0, since 7 is faithful.
Consequently, it follows from Theorem 4.2.9 that I(,, v,) = (0), where (7, V.,)
is a universal Nica-covariant representation.

THEOREM 4.2.11. Let (m,, V) be a universal isometric Nica-covariant pair of
a C*-dynamical system (A, «, P). Then (w,V) defines a faithful representation of
C*(my, Vi) if and only if (m, V') is an isometric Nica-covariant pair with I vy = (0)
that admits a gauge action.
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Proof. The forward implication is immediate since (m,, V,,) has all of these
properties by Theorem 4.2.9.

For the converse, it suffices to show that the restriction of ® to the fixed point
algebra is injective. Equivalently that the restriction of ® to the cores Bp, where
F' is v-closed, is injective.

By Proposition 4.2.7, a typical element in Bp n ker ® has the form X =
D seF Vu7s7ru(a5)Vu”js. Consequently we obtain that >, . Vim(as)V* =0. Let t e '
be a minimal element. Then

m(ay) = Vi*Vim(a) ViV,
= = > V*Ver(as)ViVi

Ss#t
* *
== Z Vsesat Vil g ae(as)Vies at Vot g a
s#t
*
= - Z ‘G*SAtﬂ-atfs/\t(a)‘/;fsAt'
s#t

Note that s —s At # 0. Indeed, if s = s At then s < t. Since s # t we get that
s < t, which contradicts the minimality of . Therefore 7(a;) € Bg o), and hence
a¢ = 0. Induction on minimal elements of F' finishes the proof. [

The C*-envelope. Recall that (ﬁ, &, @) is the minimal automorphic exten-
sion of an injective C*-system (A, «, P).

THEOREM 4.2.12. Let (A, «, P) be an injective C*-dynamical system. Then
C*

env

(A X P)~ A xzG.

Proof. Since G is abelian, the crossed product A g G coincides with the
reduced crossed product. That is, the left regular representation of A Xy G is faith-
ful. Fix a faithful representation (p, H) of A. Let (7, V) be the Fock representation
acting on H=H®* (P); and let (p, U) be the left regular representation that acts
on H=Hg* (G). Then (p|a,U|p) is a completely contractive representation of
A x2¢ P which dilates (p|a, V|p). In turn, the latter is a unital completely isometric
representation of A x2°¢ P by Theorem 4.2.9. Therefore there is a canonical unital
completely isometric representation ¢: A x5° P — A g G. The rest follows as in
the last part of Theorem 3.2.3. [

COROLLARY 4.2.13. If (A,a, P) is an injective unital C*-dynamical system,
then A x.°¢ P is hyperrigid.

Proof. Let Ax2P — Ax;G by Theorem 4.2.12. Since (4, a, P) is a unital
system, the embedding maps P to unitaries. Therefore, A x2¢ P is generated by the
unitaries of A (which span A) and the unitary generators of P. Let o Axz; G-
B(H) be a faithful representation; and let v be a dilation of o|axncp. Then o(u)
is a unitary for all unitaries u in A x2¢ P. Hence v(u) must be a trivial dilation
(being a contractive dilation of a unitary). Therefore v is a trivial dilation of . B

A gauge-invariant uniqueness theorem for injective systems. There is
an immediate gauge-invariant uniqueness theorem for injective systems.
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COROLLARY 4.2.14. Let (A, «, P) be an injective C*-dynamical system. Then
C*(m,U) ~ Ck (A x2° P) if and only if (m,U) is a unitary Nica-covariant pair

that admits a gauge action and 7 s injective.

Proof. The forward implication is immediate by Theorem 4.2.12. For the
converse note that a unitary Nica-covariant pair induces a representation of Ax aG,
as in the proof of Theorem 3.2.3. Let ®: A x5 G — C*(m,U) be the canonical -
epimorphism. A standard argument shows that there is a grid F' and an

X =) UA()Uf € A,
sEF
such that ®(X) = 0. Then for ¢t = vF we obtain that U XU, = | _7d;_s(a) €
ker ®. However Y . 7ai—s(a) = X pTou_s(a) € A and ®|4 = 7 is injective.
Therefore U XU; = 0. Consequently X = U,UfXU U} = 0. [

REMARK 4.2.15. The corollary above implies that the C*-envelope in these
cases coincides with Fowler’s Cuntz-Nica-Pimsner algebra [48], and it is in accor-
dance with [38, Theorem 3.3.1].

4.3. The Nica-covariant semicrossed product by Z’

For this section, we fix a C*-dynamical system (A, a, Z'} ) over the usual lattice-
ordered abelian group (Z",Z% ). Recall that Nica-covariant representations of Z7
are doubly commuting representations; hence they are regular by Corollary 2.5.7.
We will show that the Nica-covariant semicrossed product A x%°Z7 is a full corner
of a crossed product (Theorem 4.3.7). When (A, o, Z7 ) is injective, this is contained
in Theorem 4.2.12. The aim here is to deal with non-injective systems as well.

This process will be quite involved. We first construct an injective C*-dynamical
system (B, 8,7 ) that dilates (A, a,Z" ). This process is similar to the adding tail
technique for C*-dynamical systems exhibited in [56, 60]. However, our multi-
variate setting introduces new complications. We will then take the automorphic
extension (E,B, Z") of (B,B,7%). Ultimately, we will show that the C*-envelope
of A x2¢ 7" is a full corner of the C*-algebra B x 5 Z".

We will use some simplifications for the notation. We write e; = i for the
elements of the canonical basis of Z7 . Under this simplification every element x €
7' is written as Y., a;i, for z; € Z,. We write 0 = (0,...,0) and 1 = (1,...,1).
For z = (x1,...,x,) € Z7, define

supp(z) = {i: 2; # 0} and 2" = {y € Z" : supp(y) N supp(z) = J}.

For example, it = {z :2; = 0}. Note 0 € 2zt forall z Z% andie 2t if and only
if i ¢ supp(z).

For each z € Z\{0}, (MNicsupp(a)
largest ideal contained in this ideal which is invariant for a,, when y € x

I, = ﬂ a;l(( ﬂ )kerai)L)

yext iesupp(z

ker oai)L is an ideal of A. We require the

L, namely

Note that Iy = {0}, and I, = I, if supp(z) = supp(y). In particular, I, = I =

(i ker ai)J' for all z > 1.
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Define B, := A/I,; and let ¢,: A — B, be the quotient map. Note that
By = A. We define a C*-algebra

B= > 9B,

gEZi
A typical element of B will be denoted as
b= Z 0z (az) @ €q,

n
gEZJr

where a; € A. We identify A with the subalgebra A ® eg of B.
We record the following useful facts about the ideals I,.

LEMMA 4.3.1. For all x € Z" and for all i € supp(x) we have that:
(i) the ideal I, is az-invariant for allie zt;
(i) I € (ker oy)t;

(iil) Iy S Iy4i for allie zt.

Proof. The items (i) and (ii) above are immediate. For item (iii) note that

supp(z) C supp(z +1) and (z + i)t <zt forallie zt.
Thus, if
O‘g(a) € (Njesupp(z) Ker Oéj)L € (Njesupp(a+i) ker aj)l,
for all y € z*, then this holds in particular for y € (z +i)*. ]

The definition of the ideals I, is inspired by the following observation.

PROPOSITION 4.3.2. Let (7,V) be an isometric Nica-covariant pair for a C*-
dynamical system (A,o,Z%) such that w is a faithful representation of A. If
ZQSQS& Vi (aw)Vy =0 then ag € I.

Proof. First note that for b e ﬂiesupp@) ker o;; we have that o, (b) = 0 for all
0 # w < z, since supp(w) < supp(z). Thus 7(b)Vy, = Viymay, (b) = 0. Therefore
0=m(b)- Z VT (ayw)Vy = m(bag).
0<w<z B

Since 7 is faithful we get that ag € ([ ker o). Now for y € z* observe

iesupp(z)
that
2 Vumay(aw)Vy = ViV m(aw)Vy Vi
O<w<z a © o<ws<z o
=Vl )] wa(aw)vu’f> V, =0,
O<sws<z

where we have used that if w < x then y € w?, hence the isometries V, and Vi
doubly commute. By the first argument of the proof we obtain that ag(ag) €
(ﬂiesupp(x) ker o)+, and the proof is complete. [ ]

By Lemma 4.3.1 we can define *-endomorphisms 3; € End(B) as follows:

qzi(a) ® ez + qrri(a) @egq;  forie zt,

¢z(a) ® ez4i for i € supp(z).

Fi(gz(a) ® ez) = {
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Note that when i € ;J-, the ideal I, is invariant for «;. Therefore there is an
endomorphism «&; on B, such that &jq, = q.;. Hence 3; is well defined. We will
show that (B, 8,7;) is an injective C*-dynamical system which dilates (A, o, Z}).

We begin by giving an example of this construction for n = 2 to keep in mind
as a case study.

EXAMPLE 4.3.3. When n = 2 there are three ideals associated to the kernels.
These are I(1 ) = ﬂneZ+ a(*o’fl)(ker a(ﬁ’o)), Iy = ﬂn€Z+ 04(7177’0) (ker O‘ﬁu))v Ingy =
(ker ar(1,0) N ker ag,1))*. Therefore B has the following form

f | |

ALy —— A/l11) —— A/l
A/l ) Allq A/lq
AiA/I(l,O) A/I(l,o) -

Then the system of the #-endomorphisms is illustrated by the diagram

. A A A
a1 d id lid
1 1
Bio,) By Bagy ——--
A A A
&y jid | id | id
q1 id id
Bo,1) B,y Bagy ——-
A A A
aq Q | q2 | id | id
q1 id id
A B0 By ——---
A /A A
az !/ a2y @z,

where the solid (resp. broken) arrows represent the action 81y (resp. B(o,1)). In
particular, if s is injective then the diagram is of the form

id id
By —— -

B(1,0)

(631
QA q1
7 A /A /A

az !/ az az

In order to show that (B, 3,7Z}) is an injective C*-dynamical system we need
to show that the f; are injective and pairwise commute. We start with a lemma.

LEMMA 4.3.4. Let (A, o, Z7) be a C*-dynamical system. If
k k

a€ (ﬂ kera;)t  and ai(a) € (ﬂ ker a;) 7,
i=1 i=2

then a € (ﬂf:z ker a;) .
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Proof. Take a € A satisfying these properties. Take any b € ﬂf:2 ker a.
Thus a1 (a)b = 0. Note that, since oy commutes with s, ..., ax, we have

k
ay(b) € ﬂ ker ;.
i=2

Therefore
aq(ab) = az(a)ay(b) =0,

since o (a) € ((_, kera;)*. Thus ab € keray. As be (), keray, it follows that
abe ﬂ:;l ker ;.

However, as a € (ﬂle ker o;)*, we also have ab € (ﬂle ker o). Hence ab = 0.
Therefore a € (N}, ker oz)*. n

PrROPOSITION 4.3.5. The x-endomorphisms i for 1 < i < n are injective and
pairwise commute. Hence (B, 8,7Z7Y) is an injective C*-dynamical system.

Proof. To show that q,...,08, commute, it suffices to show that $; com-
mutes with B2 on every B,. When 1,2 € z* then 1 € (z + 2)* and 2 € (z + 1)*,
hence

B1B2(qz(a) ®ex) = f1(qe2(a) ®ex + guy2(a) ® exr2)
= qz102(a) @ €z + qry102(a) @ €xy1+
+ qer201(a) ®ezy2 + ri211(a) ®ezi142,
which is symmetric with respect to 1 and 2. When 1 € z* and 2 € supp(z) then
1€ (z + 2)%, thus
B1P2(qz(a) ® €x) = B1(qz(a) ® ez+2)
= qe1(0) @ epy2 + quy1(a) ® egi241
= f32 ((Ig(a) ®ez + qer1(a) ® €£+1)
= B2p1(gz(a) ® ez).

A similar computation holds when 2 € z* and 1 € supp(z). Finally, when 1,2 €
supp(z), then a direct computation shows that

B182(by ®ez) = by @ eptr142,

which is symmetric with respect to 1 and 2. Hence (B, 3,7Z;}) is a well-defined
C*-dynamical system.

To show that the dynamical system is injective it suffices to show that (7 is
injective on every B,. If 1 € supp(z) then

Bi(by ®ey) = by ®ezy1 =0,

implies that b, = 0. Now when 1 € z! then without loss of generality we may
assume that supp(z) = {2,...,k}. Then

B1(gz(a) ®ez) = gzo1(a) ® ey + qur1(a) ®eg1 =0,



56 4. NICA-COVARIANT SEMICROSSSED PRODUCTS

implies that a4 (a) € I and a € I;41. We aim to show that a € I,. First we have
that

k k
(1) ayai(a)€ (ﬂ keroy)t and (2) a(a)e (ﬂ ker a;) L,

for every y = y11+ 3, vl € xzt and z = Y s i€ (z+ 1)L, It is evident
that ot is the disjoint union of (z + 1) and (z! + x11) with #; > 1. For w =
Y wii € (z+ 1)+, we get that

Kk
1oy (a ﬂ kera;)t  and  ay(a) € (ﬂ ker oz) %,

by setting y = 2z = w in relatlons (1) and (2) above, and by using commutativity

of the a;. By Lemma 4.3.4, it follows that a,(a) € (ﬂi(:z ker ;). For w =
w1l + )", wi€ (zF + 1) with wy > 1, we get that

K
€ (ﬂ ker a;) L,
i=2

by setting y = w — 1 € z* in equation (1) above. Therefore av,(a) € (ﬂ?:z ker a;)*
for all w e f‘, thus a € I. ]

We will now show that the injective C*-dynamical system (B, 3,7Z;}) dilates
our original C*-dynamical system (A, «, Z;'). Recall that we identify A with A®eq
in B. Let 1 ® ey be the projection of B onto By = A. We will show that

1®eg- fa(a®eq) = Pr(a®@en) - 1R e = az(a) R eg,
for every z € Z and a € A. This will follow immediately from the following lemma.

LEMMA 4.3.6. For x € Z" and a € A we have that

Bula®eo) = Y, quoz(a) @ ey

w+z=x
Proof. We first prove the result for z of the form
z=ux;i=(0,...,0,2;,0,...,0).
By induction on z; calculate
a® 6() Z k10 (zq — k)l ®6“ = Z Qwaz ® Ew-
w+z=x

Assume now that the claim holds for z = Z;:ll x;i. Then for 2’ = x + z1,k we have
that

ﬁz(a ® 69) = ﬂwkkﬁz(a ® 69) = Z Bmk(q&ag(a) ® ew)

Tk
DD G kOt (i (@) ® gk

w+z=z j=0
= D wou(a)®ew.
wtz'=z!

Thus the result holds for z’. The proof now follows by induction. [
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Proposition 4.3.5 shows that (B, 3,Z;) is an injective C*-dynamical system,
and Lemma 4.3.6 shows that (B, 3,Z;) dilates the dynamical system (A, «, Z}).
Further note that the (B, 3,Z;) is a minimal dilation of (A4, o, Z}) as

B = \/ 5£(A>
z€Z}
As (B,

Z1) is an injective system, we can take its minimal automorphic
extension (B, 3,

B,
B ,B,Z™). Our goal is to prove the following theorem.
THEOREM 4.3.7. Let (A, a,Z%) be a C*-dynamical system; let (B, 3,Z") be

the injective dilation of (A, a,Z) constructed above; and let (E,E, Z™) be the au-
tomorphic extension of (B,[B,Z ). Then the C*-envelope of A x2° 7% is a full

corner of the crossed product B X5 7",

The proof will follow from a series of lemmas. The first step is to find the full
corner of B x 3 Z". We will then identify this C*-algebra 2l with the C*-envelope
of Ax2Z.

First suppose that (A4, a,Z’) is unital. Fix once and for all a faithful repre-
sentation 7 of B on K , and the corresponding bilateral Fock representation (7, U)
of (B, 3,Z") acting on K=K ® (*(Z"). We will use 4, for the standard basis for
2(Z™). Since B = UgeZi B_(B), we obtain that

~

B = span{U,n(b)Uy : z € Z'}, be B}.
For simplicity of notation, we will suppress the use of 7 and write U, bU} instead.
The crossed product B x EZ" is spanned by the monomials Uyc and c&; Eor yeZ"
and c € B. Therefore it is also spanned by the monomials of the form

U,UbUy  and UbU;Uy, forallyeZ", xzeZ” and be B.

We will often use the fact that

bU, = Uy B, (b) = UpB.(b) for be B.
Hence

Be(b) = UgbU, forall z € Z' and be B.
When (A, o, Z7 ) is not unital, that is if at least one o4 is not unital, then we

form the unitization of the system (A, a, Z") in the following way: let AN = A+ C

(even when A is unital) and define unital *-endomorphisms ai(l) on A1) by

a.(l)(a +A) = aj(a) + A

Then each agl) extends aj, and the system (A1), a1, Z7) is a unital C*-dynamical
system extending (A,«,Z" ). As a consequence, if (B(l),B(l)7Z’}r) is the mini-
mal injective dilation of the system (A(l),a(l),Zi) as constructed above, then
(BMW, g1 7)) extends (B, 8,7 ). Similarly, (é?l/), é(\f), 7") extends (é, E, z).
Note that (BM), 3 Zm) is not the unitization of the system (B, 8,Z7). In-
deed, by our construction,
B — Z@ A1

n
QEZJr
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where

I, = ﬂ (1) ( ﬂ kera(l) )

gezci iesupp(z)
= m (ag)—l(( ﬂ kerai) )
yezt iesupp(z)

Proceeding as before, we fix a faithful representation of B acting on a Hilbert
space K. Recall that Bxx Z" embeds isometrically and canonically in B B X 5D 7",
by the gauge-invariant umqueness theorem for crossed products.

We make the convention that when (A, a,77) is unital then o = a and

consequently V) = 3 and g(1) = B In any case, we will write 1 for the unit in A
that arises from the unitization of the system. Note that when A is already unital
then 1 does not coincide with the original unit.

Let p=1Qey =7(1®ep). We define a C*-algebra

A=C*{Up(a®eg):ae A, xeZl}) c B X5 Z".

We will show that 21 is a full corner of B X5 7",
We start with a useful calculation.

LEMMA 4.3.8. For all y € Z,

BO, (1) =P () = Y 1®e,

<

18
|

and for all x,y € 2",
BLL(p)BW,(p) = BV, (D).

Proof. First suppose that (A, a,Z") is unital. Let 1 denote the unit of any
B,. Then the first statement follows immediately from Lemma 4.3.6. Therefore,
for y € 7" we obtain

Ba(P)Balp) = D 1®e: > 1®es

Il
|
]
®
\

Now for z,y € Z", choose an r € Z" so that z + r and y + r belong to Z}.
Note that
r+z)r(c+y =r+(@ry).

Therefore

14

=@
]
am)
S
-
IS
—
s
~—
I
H
\2-3
=
\_/
Q
.3
@
am)
S
=
SN—

13

14
|

(r+z) A (r+y) (p))
+(zAy) (p))

Il
H
—~~
14

]
H

N

>

|
—
=
S~—
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In the non-unital case a similar computation follows by substituting the B£
with the §(1) . n
LEMMA 4.3.9. The projection p is the unit of 2.

Proof. 1t is sufficient to show that pf = fp = f for the generators f =
Uz(a®ep). Evidently fp = f. Compute

pf=(1®e)Ur(a®ep) = Uy BV (1® €p) (a @ )
= Uz( 1®eg>(a®eg) = f. ]

ysz

LEMMA 4.3.10. The pair (7|4, Up) defines an isometric Nica-covariant repre-
sentation for (A, a,Z) on pK.

Proof. First of all, since p2l = 2Ap = 2, we may restrict the pair (7,Up) to
pK. Note that pUjp = Ujp by Lemma 4.3.9. Therefore

Ui Usip = plzp = p.

Thus Ujp is an isometry in 2. Moreover, the pair (7|4, Up) satisfies the covariance
relation since for all a € A,

(a®eg)Uip = UiBi(a ®eg) (1 ® eg)
= Uij(i(a) ®eg + gi(a) @ e;)p
= Ui(ai(a) ® eg) = (Uip)ai(a ® eg).

Finally, we will show that the isometries Ujp doubly commute. Indeed, Ujp com-
mutes with U;p since

UipUsp = UiUsp = U;Uip = UspUip.
Since p(§ ®d,) = (é(\f)l(l ®€0)§) ® 0y, for E® I, € K, we have

(Up) (Usp) *p(€ ® 6,) = UspUF (5D, ()€) ® 6,
= -w<<ma®5ﬂ

= Gi(8D,_5(0) BD,(0)€) ® 6,
w“1ﬂ<>>®6_ﬁh

where we have used that (z —j) A z = 2 — j. On the other hand,

(Usp)* (Uip)p(€ ® 6,) = pU;* Ui(/g(\f)&(p)f ) ® 6y
= » (B0, ()€) ® b,41-5)

= (B0, 11 5(0) BD L (0)E) ® 6y

— (BD,_;(p)) ® dusi_y,

where we have used that (z +i—j) A 2 = z —j. Hence Uip(Ujp)* = (Usp)*Uip.
As these isometries are doubly commuting, it follows that the representation is
Nica-covariant. ]
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PROPOSITION 4.3.11. The C*-algebra 2 is the closed linear span of monomials
of the form Ug(a ® eg)U; for x,y € Z% and a € A. Moreover, 2 is a C*-cover of
A xnezn . -

Proof. The first part follows once we show that 2 is a C*-cover of A x2° 7"} .
To this end it suffices to show that the pair (7| 4, Up) defines a completely isometric
representation of A x2°Z7.

Recall that (7,U) acts on K = K ® (%(Z"). Let K = K ® (2(Z") and set
¢ = T|alz and Vi = Ujp|z. The same arguments as in the proof of Lemma 4.3.10
show that (¢, V') is a Nica-covariant pair. Indeed, K is an invariant subspace for the
generators so (i, V) is isometric and covariant. To establish the doubly commuting
property, some care must be taken when pUJ*(f ® d,) = 0. In this case, the j-th
co-ordinate z; of z is 0, and the same is true for x + i when i # j. Therefore

PUFUL(E ® 0y) = pU;* (£ ® 0y4i) = 0 = UspU;* (£ ® ).

A~

Moreover (p,V) admits a gauge action inherited from (7,U). Note that if
H = (m(1®ep)K) ® dp, then the compression to H of any monomial Vyp(a)VF
is 0 unless x = 0. Therefore the ideal B(07OC)|H = 0. On the other hand we have
that ¢y = 7|4, which is faithful. Hence I,y = (0). Therefore by the gauge-
invariant uniqueness theorem (Theorem 4.2.11) it follows that the #-epimorphism
O: C*(my, Vo) = C*(¢, V) is injective. Hence (p, V') defines a completely isometric
representation of A x2°Z".

To finish the proof note that the completely contractive representation (Up) x
7|a dilates the completely isometric representation V' x ¢, thus Up x 7|4 is also
completely isometric. n

Next, we will show that Ep, pé are contained in 2. We begin with a technical
lemma. Again, we write b instead of 7(b).

LEMMA 4.3.12. The C*-algebra B is contained in A +pL§pl.
Proof. We have

~

B = span{U,bUy : z € Z' ,b € B}
= spam{Uy (b, ® e, )Uy 1 x € Z,b, € By}
We will show that U, (b, ® e, )U; belongs to 2 when z > y and lies in ptBpt when
>y
When z 2 y, then by Lemma 4.3.8,
p(Ug(bg ® eg)Ug*) = Ugﬂg)(p) (bg® eg)Ug*

- Ug( 3 1®e£> (by ® e, )UF = 0.

w <

18

Similarly, (Uy (b, ® €,)U)p = 0.

Now suppose that z = 3. When y = 0, then Uy (bo®eo)U is in A by definition.
It remains to consider the case when z > y # 0. We will reduce this to the case
when y < 1. Without loss of generality we can assume that

y= (yl,“'»ylvlerla"'ayn)v
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after a re-arrangement, with y1,...,y; > 1 and y;41,...,yn < 1. With respect to
that re-arrangement let

r=(r,...,7,0,...,0)
such that y; =1+ r; fori =1,...,1, and
yfl=g7£= (Lo L i1y o5 Yn)-
Since supp(r) S supp(y’) we obtain that 5,(b® ey ) = b® ey 1, = b® ey, therefore
( ®e ) = Uz—zUz(b®eg)U;U§*—g
= U, U, Br(b®ey/)U;U;£
Ug— r(b®ey) z—r>

and note that ¢’ <z —r and 3’ < 1. This reduces the problem to 0 <y < 1. There
is at least one co-ordinate of y that is equal to 1. Rearrange so that

y: (17y27"~ayn)7 X = (xh-'I/'Q,... ,(En),
and notice that 2, > y; = 1 > 0. By the definition of 3; we have that
51(@—1(@) ® eg_l) = qy_lal(a) ®ey—1+ qg(a) ® ey.

In particular

=

qy(a)®ey = P1(gy-1(a) ®ey—1) — gy—101(a) ®ey—1.

Therefore
Us(gy(a) ® ey)Uy =
= Up-1U1(B1(gy-1(a) ®ey—1)) U7 Uy — Us(gy-10a(a) ® ey—1)U;
=Uz-1(gy-1(a) ®ey—1)U;_1 — Upgy-101(a) ® ey—1)U;
In particular we obtain that
Us(ay(a) ® ey)Uy € span{Uy(qi(a) ® e))Uy - w € Z' 1 < y},

that is we can describe the element Uy (gy(a) ® e,)Uy by using monomials on a
strictly smaller support. If y —1 = 0 then U, 2(qy(a a)® ey)U,y € 2. Otherwise y has
one more non-zero co-ordinate, and induction finishes the proof. [ ]

Recall that a corner of a C*-algebra is called full if it is not contained in any
non-trivial ideal of the C*-algebra.

LEMMA 4.3.13. The C*-algebra A is a full corner 0f§ X5 7".

Proof. Note that pX € B X Z" for all X € B X 7. This follows by the
fact that
pULDUF = U, BN (p)bUF

for all z,y € Z'} and be B, and ﬁg)(p)b is of course in B.
By Lemma 4.3.9, A = pRAp < p(é X 5 Z")p To check that A = p(g X5 Z™)p,

recall that B x5 Z" is spanned by termb Uy(UzbUf) and their adjoints, where
yezr", xely and be B. So it suffices to show that pU, (U, bU; )p lies in . By
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Lemma 4.3.12, we can write UzbU; = f + g where f € % and g = prgpt. Write
y=-y_+y,. Then
pUy(f +9)p = pUy Uy (fp+ 9p)
= (U, p)*- ULf e 2.
In order to show that this corner is full, let Z be an ideal of the crossed product
that contains 2. We will show that 7(B) < Z and then it follows that Z is trivial.

In what follows we omit the symbol 7, for convenience. A direct computation shows
that

gi(a*a) ®ei = Bi(a*a®ep) — ai(a™a) ® ey
= U (a* ®eg)pla® ep)U; — ai(a*a) ® e € T.
Thus Bic Z foralli=1,... ,n. For x =i+ j we have that
4z(a*a) ® ez = Bi(gi(a*a) ® ei) — giaj(a*a) ® e
= Ui (gi(a*) ® &) (1 @ ei)(gi(a) ® ei)Us — qiaj(a™a) ® e
€T-B-T+B;cT.

Hence Bj;j €T for alli,j = 1,...,n. Moreover for y = z + k =i+ j + k we have
that

qg(a*a) ®ey = Br(gz(a*a) ®ez) — gzax(a*a) @ ey

= Uy (gz(a*) ®e2) (1 ® e2)(qe(a) ® e2) Uk — qzan(a®a) @ e
€I~Bi+j -I+7ITcC.

Inductively we get that B, € Z forallz <1 = (1,1,...,1). Finally for y € Z} that
is not less or equal to 1, we canset z =y Al <landr = gfggéf-. Then
qg(a*a) ®ey = Br(gz(a*a) ®ey)

= Ug* (‘k(a*) ®er)(1®er)(qe(a) ®ez)Up
€el-B, - I+IcT.

Therefore By < 7 for all y € Z. Consequently B < 7. ]

The projections UipU;* can be seen as a system of units for the fibres of the
C*-algebra 2A. This is shown by the following lemma.

LEMMA 4.3.14. If i€ supp(z), then for alla € A,
UipUs* - Ug(a ® eg)Uy = Ug(a® eo)Uy = Uyz(a® eo)Uy - UipUs*.
Ifieat, then for all a € A,
UipUs* - Up(a ® eg)Uy = Ugi(ai(a) ® eg)Uy,; = Up(a ® e) Uy - UipUy'.
Proof. First suppose that i € supp(z). Then
UipUs* - Ugp(a ® eg)Uy = UipUy—i(a ® eo)Uy

= U182 (p) (a ® o)UY
=U,(a® e;)Uz.

Multiplication on the right is handled in the same manner.
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Now consider z with z; = 0. Then U;U; = UjU;, and ﬁg)(p)ﬁi(l)(p) = p by
Lemma 4.3.8. Hence

UipUs* - Ug(a ® eq)Uy = UipU U (a ® eo)Uy;
= g+i5§)(p)5i(a ® eQ)U;+i
= UpniB 08 (0)i(a ® e) U,
= Ug+ipBi(a® eg)Ug
= Uy+i(ai(a) ® eg) Uy

Multiplication on the right is handled similarly. ]

COROLLARY 4.3.15. For X =, ., Us(az ® e0)Uy, we have

xX- | au-vpuf)= J] (TI-UplUi) ag®eo

(
iesupp(y) iesupp(y)

—a®e - || (I-UplUf).

iesupp(y)

Proof. Without loss of generality assume that supp(y) = {1,--- ,k} for X =
Yo<acy Uz(az ®eq)Us. Let

X1 = Z Ug(‘@@eQ)U;

lesupp(z),z<y

and X1 = X —X;. Note that the monomials of X1 are supported on supp(z)\{1}.
Hence Xy - UipUf = X7 and X, UypUf = U1pUs Xq1. Thus

X(I - Ulpr) = (Xl + Xll)(I - Ulpr) = (I - Ulpr)XIL.
The proof is then completed by induction on 2, ... k. [

Proof of Theorem 4.3.7. By Lemma 4.3.13 it suffices to show that 2 is the
C*-envelope of A x°Z" . We have already shown in Proposition 4.3.11 that 2( is a
C*-cover of A x}° Z . To this end, suppose that the Silov ideal J of A x¢ Z% in
2 is non-trivial. Hence J must intersect the fixed point algebra 27 non-trivially.
By Lemma 4.3.10 and Corollary 4.2.8, the fixed point algebra 217 is the inductive
limit of the cores

Bp = span{Uz(a®eo)Uy :a€ A, x € F}

where F'is a grid in Z7 . Hence J must intersect some Br non-trivially. Without
loss of generality, we may assume that F' = {z : x < y}. Select a minimal value of
y so that Bp nJ # {0}. Therefore J contains a non-zero element of the form

X =) Uplay ®e)U}.

TSY

We wish to establish that X = 0, which will imply that J = {0}.
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For i € supp(y), note that z; = 0 and z <y imply that 2 < y —i. Hence

pU - X - Uip = pU;* Z Uz(az ® €)U; - Uip +

z<y, ;>0

+pUF Y, Uslae®e)UF - Up

z<y, ;=0

pUg—ip(a@® eQ)pszip +

I
]

Z<Y, x>0
+ Z ngU: (az ®eo) lpU
z<y—i, ;=0
= Z Umfi(a£®eQ)U§—1 +
z<y, z;>0
Y Uslai(ay) ®eo)US
Egg—]’r,L:O
— Ug(ay, ® eo)Uy,
O<z<y-—i

where we have used that the U;p doubly commute in the second part of the second
equation above. By the minimality of y we get that pU; - X - Uf*p = 0, therefore

UipUs - X = Uy(pUF - X - Up)UF = 0,
because of Lemma 4.3.14. Since this holds for all i € supp(y) we obtain that
X=X [[ U-UpUf)=ay®ey- [] (I-Upli).
iesupp(y) iesupp(y)
Without loss of generality we assume henceforth that supp(y) = {1,...,k}.

Claim. With this notation, ag € I for x = Zf=1 i.
Proof of Claim. For b e ﬂ ker oy,

(UspUi*) (b ® eg) = Uip(Bi(b) @ eo) U = Ui (ai(b) @ eo) Us* = 0.
Therefore

k
T 3X(b®ep) = (ap ®e) HI UipU;*) (b® ep) = (agh) ® eo.
i=1

Since the Silov ideal cannot intersect A we obtain that agb = 0 which shows that
ap € (ﬂle ker a;)*. Furthermore for any y € z* we have that

k
T 30U (ag @ eo) ([ (1 — Ul3") ) Uyp =
=1

:w

= 0‘2/(“9)(

(I - UipUi*)> UU,p
1

<.
Il

(I — UipU*).

:]w

:ag( 0)

Il
—

7
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Therefore ay(ag) € (ﬂle ker a;)t, as well. Hence ag € I, and the proof of the
claim is complete.

Our aim is to show that for z = Zle i we get,
X=a®c- [[ (I-UpU) = Uslgz(an) ®e)Us = 0.
iesupp(y)

This contradicts the assumption that J is non-trivial.
To this end, recall that the U; are unitaries. Hence

ag ® g = (ag ® €9)Up Uy
= UypBz(ag ® ep) U;

by Lemma 4.3.6. We compute

V(Y awos(a0) @ ew)Us - UspUf =

wtz=z

w+z=x
= Ug( Z Qworz(ag) @ €y - Z 1® eg) Uy
wHz=T Osw<z-—-1
- U,( Z Guwz(ap) ® ew) Uy
w+z=z,0sw<z—1
Consequently,
(a0 @eo)(I ~ UspUf) = Us( Y] quers(a0) @ e ) U2 -
wtz=z
- Uz( 2 quwaz(ag) @ ey) U, ;
w+z=z,0<w<z—1

= Ug( Z quwarz(ap) @ eﬂ) Uz .

w+z=z,1esupp(w)
Inductively we get that
ag ® eq - n (I —UpUi*) = UQ( Z Gz (ap) ® eﬂ) Uy

iesupp(y) w+z=z,1,...,.kesupp(w)

7 =U, ( QEai(aQ) ® 6&) U:

which completes the proof. [

A gauge-invariant uniqueness theorem. An immediate consequence of our
methods is the existence of a second universal object and a gauge-invariant unique-
ness theorem.
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DEFINITION 4.3.16. An isometric Nica-covariant pair (m,T) is called Cuntz-
Nica covariant if
m(a) - H (I —-TiT¥) =0, for all a € I,.

iesupp(z)

The C*-algebra NO(A,a) generated by all Cuntz-Nica covariant representa-
tions is the Cuntz-Nica-Pimsner C*-algebra of (A, o, Z7 ).

The first observation is that NO(A, @) is non-trivial. The pair (7|4, Up) we
used in the proof of Theorem 4.3.7 is a non-trivial Cuntz-Nica pair. Furthermore
this pair implies that A embeds in NO(A, a) isometrically.

THEOREM 4.3.17. A Cuntz-Nica pair (w,T) defines an injective representation
of NO(A, a) if and only if (w,T) admits a gauge action and 7 is injective.

Proof. Let (p,V) be a universal pair of NO(A, ). The forward implication
is trivial since (p, V') has these properties.

For the converse let (m,T) be a pair that admits a gauge action where 7 is
injective on A. Denote by ® the canonical *-epimorphism

O: NO(A,a) > C*(mr,T).
By the standard argument let

0+#X = Ugp(az)UF € ker @

for a minimal value of y € Z'!. By the same argument as in the proof of Theorem
4.3.7 we have that

plag) - [] (I-WV*)eker.

iesupp(y)

Thus
) [[ (I-TTF) =0

iesupp(y)

Following the same arguments as in the claim in the proof of Theorem 4.3.7 we see
that ag € I,. It is here that we use that 7 is injective. As (p, V) is Cuntz-Nica
covariant we have

X =pla) ] T-WV* =0,

iesupp(y)

which is a contradiction. [}

Since 2 is the C*-algebra of such a Cuntz-Nica pair, the following corollary is
immediate.

COROLLARY 4.3.18. Let (A, o, Z% ) be a C*-dynamical system. Then the Cuntz-
Nica-Pimsner algebra NO(A,a) is the C*-envelope of the regular Nica-covariant
semicrossed product A x3° 727 .
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4.4. Minimality and ideal structure

We connect minimality of a unital C*-dynamical system (A, a, P) over a lattice-
ordered abelian group (G, P) with the ideal structure of the C*- envelope of A x2°P.

DEFINITION 4.4.1. A C*-dynamical system (A, a, P) over a semigroup P is
called minimal if A does not contain non-trivial a-invariant ideals, i.e., if a,(J) < J
for all p € P, then J is trivial.

This definition contains the usual definition of minimality of C*-dynamical
systems over a group G, i.e., if ay(J) = J for all g € G, then J is trivial.

Note that a minimal unital system is necessarily injective. For if some o, has
kernel, then I = ker s is a proper ideal since a,(1) = 1. But if as(a) = 0, then
as(ai(a)) = ar(as(a)) =0 for all t € P. So I is a-invariant.

For the next proposition, recall that a semigroup action a: P — Aut(A) ex-
tends to a group action a: G — Aut(A), denoted by the same symbol.

PROPOSITION 4.4.2. Let (G, P) be a lattice-ordered abelian group. Then an au-
tomorphic unital C*-dynamical system (A, «, P) is minimal if and only if (A, a, G)
s minimal.

Proof. The forward implication is trivial. For the converse, let I be a non-
zero ideal of A such that as(I) < I for all s € P. Let Iy = a_s(I) = a;'(I) for
s € P. Since ay is an automorphism of A, each I, is an ideal of A. The invariance
as(I) < I implies that I € a_4(I) = Is. Moreover if s < ¢, we have

I =a_sas—+(I) 2 a_s(I) = I.

So this is a directed set of ideals. We show that J = (J,.p Is is an invariant ideal
over G.
Since every element of G can be written g =t — u for t,u € P, we see that

ag(ls) = a—yaro_(I) S ays(I) = Is1y < J.

Hence J is invariant under the action of G. To see that J is an ideal, note that if
x€l; and y € I;, then z,y € I,;. So x + ¥y, axr and za all lie in I4,; < J.

Since (A, a, G) is minimal, and J contains I is non-zero, we get that J = A.
Therefore there is a s € P and an = € I such that |z — 1] < 1/2. Since oy is
unital and isometric, we obtain that |ay(x) — 1| < 1/2, and oy(x) € I. Therefore
I contains the invertible o4(x) and consequently I = A. So there are no proper
invariant ideals for P. ]

We will also need some preliminaries on the basic theory of crossed products.
Let a: G — Aut(A) be a group homomorphism. There is a conditional expectation
E: A%, G — A associated to the gauge action {v;}:

B(F)= | v(F)ds

For g € G, define the Fourier co-efficients E;: A xo G — A by
E,(F) — E(U_,F).

If Z is an ady=-invariant ideal of A x, G over G, then E4(Z) is a a-invariant
ideal of A over G for each g € G. An ideal Z of A x, G is called Fourier-invariant
it BE,(Z) < Ip :=Z n Afor all g e G. Thus in a Fourier-invariant ideal Z, we have
E,(F) € I for all F.
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PROPOSITION 4.4.3. Let (G, P) be a lattice-ordered abelian group. Let (A, «, P)
be a unital injective C*-dynamical system. Then the following are equivalent:
(i) (A,a, P) is minimal;
(i) (A,& G) is minimal;
(iii) the C*-envelope Ax;G of A x2¢ P has no non-trivial Fourier-invariant
ideals.

Proof. Suppose that (A,a, P) is minimal. Let J be an (A, &, G)-invariant
ideal. Since A = Usep @—s(A), there is an r € P such that J na_,(A4) # (0);
say 0 # d_,(a) € J for some a € A. Then a = &,(d_.(a)) # 0 belongs to
Anar(J) € AnJ. As both A and J are d-invariant, A n J is a non-zero a-
invariant ideal of A. By minimality, A = J. But then J = a_4(J) D a_,(A4) for all
se P. Hence J = A. So (4,&,G) is minimal.

For the converse, assume that (ﬁ,&G) is minimal. Let J be a non-trivial
a-invariant ideal of (A, «, P). Then arguing as in Proposition 4.4.2, the ideal J =
Usep 0—s(J) is a (A, &, G)-invariant ideal of A. By minimality, J = A. Again
arguing as in Proposition 4.4.2, it follows that J = A. So (A4, «, P) is minimal.

The equivalence of (ii) and (iii) is a standard result for C*-crossed products. =

For (7,77 ) we can remove the injectivity hypothesis.

COROLLARY 4.4.4. Let (A, «,Z%) be a unital C*-dynamical system, and let
(B,B,Z}) be the minimal injective dilation of (A, a,Z) constructed in Section
4.8. Then the following are equivalent:

(i) (A, «a,Z%) is minimal;
(ii) (B,B,Z7%) is minimal;
(iii) (B, 5, 2") is minimal;
(iv) B x5 Z" has no non-trivial Fourier-invariant ideals.
If any of the above holds then (A, a, Z7) is injective, hence (A,a,Z7) = (B, B,2%)
and A x5 2" ~ C¥, (A x2e 7).

env

Proof. It suffices to show that items (i) and (ii) give injectivity of ey, for all p € P.
The ideal ker o is obviously aj-invariant. Moreover for any other j we have
that

ajaj(a) = ajai(a) = 0,
for all a € keroy. Consequently ker oy is a-invariant. If (A4, «,7Z%) is minimal,
then ker o = (0), hence (A, o, Z") is injective. Therefore (B, 8,7 ) coincides with
(A, o, 77 ) (thus it is minimal).

Conversely suppose that (B, 3,7 ) is minimal. It is immediate by construction
that the C*-subalgebra @, > 1 B, is an a-invariant ideal of B. Therefore it is trivial.
In particular A = I;. Recall that [; < ker a;-. Hence kera; = (0) foralli=1,...,n.
So (A,a,Z7) is injective and coincides with (B, 3,Z") (thus it is minimal). ]

By an application of Theorem 4.3.7 and Proposition 4.4.3, we obtain that when
Chi(A X277 ) is simple, the system (A, a, Z"}) is minimal. The converse is not
true in general. For n = 1 examples can be found in [37, 56]. Another example,
for n = 2, is the following: For the system (4,id,Z?2 ) we get that the C*-envelope
of the Nica-covariant semicrossed product is A® C(T?). If A is a simple C*-algebra
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then the system is trivially minimal but A® C(T?) admits non-trivial ideals A® J
for any ideal J of C(T?).

Nevertheless, a converse to Corollary 4.4.4 is true for classical systems. Recall
that a classical dynamical system is a C*-dynamical system (A, a, Z'}) where A is
commutative; say A ~ C(X). In this case, we use the notation (X, ¢,Z" ) instead
of (C(X),, ZY ), where ¢: X — X is a continuous map. The corresponding endo-
morphism is a,(f) = f o ps. So automorphisms correspond to homeomorphisms,
and injective endomorphisms correspond to surjective maps on X. Since we will
only consider unital systems, the space X is compact.

DEFINITION 4.4.5. A classical dynamical system (X, , P) over a semigroup P
is called topologically free if {x € X: ps(x) # @p.(x)} is dense in X for all s # r,
s,re P.

Equivalently, the system is topologically free if {x € X: ps(z) = @,(x)} has
empty interior for all s # r, r,s € P. It is easy to deduce from [4, Remarks] that
this coincides with the usual definition described in [4, Definition 1].

LEMMA 4.4.6. Let X be a compact Hausdorff space. Let (X, ¢, G) be a minimal
homeomorphic dynamical system on X. IfV is a non-empty open subset of X, then
there are finitely many elements gy, ..., gx in G such that X = U?:l ©g, (V).

Proof. Let U = |J{py(V): g € G}. This is an invariant open set, so its
complement is an invariant closed set. By minimality, U = X. Hence the result
follows by compactness. [

We will use the following algebraic characterization of topological freeness.

PROPOSITION 4.4.7. Let P be a spanning cone of an abelian group G. Let
(X, ¢, G) be a minimal homeomorphic dynamical system on a compact Hausdorff
space X. Then the following are equivalent:

(i) s # @ foralls #t, s,teP;
(i) g #idx for all g€ G;
(i) (X, ¢, G) is topologically free.

Proof. As G =P — P, for any g € G we can find s,t € P such that g =t —s.
Thus ¢, = ¢;'¢;. The equivalence of (i) and (ii) follows immediately from this
fact.

Assume (ii) and suppose that the system (X, p,G) is not topologically free.
Then there is an h € G\{0} such that the open set

V={xeX: pp(z) =x}°
is non-empty. By minimality and Lemma 4.4.6, there are g1, ..., gx in G such that
X = U§=1 ©g, (V). Let y € X, and pick x € V and g; so that y = ¢, (z). Then
P-n(Y) = P-npy, () = P_npg, en(@) = ¢y, () = y.

Therefore ¢_j, = idx, contradicting (ii).

For the converse, suppose that (X, ¢, G) is topologically free. Take any 0 # h
in G. Then the open set V = {zx € X: pp(x) # x} is dense, and thus is non-empty.
By Lemma 4.4.6, we have that there are g1,...,gx in G so that X = U§=1 wg, (V).
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It suffices to show that ¢, (V) < V for all g € G. Let u = p,4(z) for some x € V. If
u ¢V then ¢p(u) = u. But then

Pg(x) = u = on(u) = npg(z) = Lgipn(z).
Since g4 is one-to-one, this implies that = ¢y, () which is a contradiction, because
rzeV. m

An injective C*-dynamical system in the classical case is given as a topological
dynamical system (X, ¢, P) where ¢,: X — X are surjective. Moreover, the direct
limit process translates to the projective limit

X = {(zp) € H Xy = pp_i(zp), for all t < p},
peP

with the induced homeomorphisms on X given by

&r((xp)) = (¢r(xp)) for all r € P.
The space X is a closed subspace of HseZ:; X endowed with the product topology.

Since (X, @, P) is surjective, there is a surjective projection ¢: X > X given by
q((zp)) = xo. The projection ¢ satisfies ¢,.q = ¢@, for all r € P.

THEOREM 4.4.8. Let (X, ¢, P) be a surjective classical system over a lattice-
ordered abelian group (G, P). Then the following are equivalent:
(i) (X,p, P) is minimal and pg # o, for all s, € P;
(ii)) (X, @, G) is minimal and topologically free;
(iii) the C*-envelope C(X) xp G of C(X) x° P is simple.
Moreover if T is an ideal in any C*-cover of C(X) x° P, then it is boundary.
Proof. By Propositions 4.4.3 and 4.4.7, it suffices to show that
Vs = r = Qs = Py, for s,re P
for the equivalence of items (i) and (ii). To this end, suppose that ¢5 = ¢,.. Then

Gs((2p)) = (ps(xp)) = (r(2p)) = Br((p))
for all (z,) € X. Conversely if Ps = @, then
Ps = 0sq = qPs = qPr = Prq = Pr.
Now for g € G, find 5,7 € P such that g = —s + 7. Then ¢, = id¢ is equivalent to
Pr = Ps.

Archbold and Spielberg [4, Corollary] show that (ii) implies that C(X) x4, G
is simple. Conversely, when this C*-algebra is simple, Proposition 4.4.3 shows that
(X, $,G) is minimal; and [4, Theorem 2] shows that it is topologically free.

The last statement is an immediate consequence of the simplicity of the C*-
envelope. [

For the next corollary, note that if (A, o, Z") is a commutative system, then
the injective system (B, 8,77 ) that we construct will also be commutative. So we
can write them as classical systems (X, ¢, 7% ) and (Y, 7,77 ). Since we observed
at the beginning of this section that minimality implies injectivity, we obtain the
following corollary.

COROLLARY 4.4.9. Let (X,p,Z%) be a classical system. Then the following
are equivalent:
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(i
(ii
(iii
(iv) C(Y) x3 Z" is simple.

(v) the C*—envelope NO(X, ) is simple.

If any of the above holds then (Y, 7,77 ) = (X, ¢, Z" ), and consequently

Can (C(X) x g Z) = C(X) xp Z7.

(X ,<p, ZY) is minimal and @, # @y for all x,y € 7.
(Y,7,Z%) is minimal and 7, # 7, for all x,y € Z7}.
(

Y T,7Z") is minimal and topologically free.

)
)
)
)

Moreover if T is an ideal in a C*-cover of C(X) x3® Z4 then it is boundary.

Proof. Before applying Theorem 4.4.8, we have to make sure that Y is com-
pact. By Corollary 4.4.4 we obtain that any minimality condition or simplicity
(hence non-existence of non-trivial Fourier ideals) implies that ¥ = X.

Moreover we note that (iv) and (v) are equivalent since the Cuntz-Nica-Pimsner
algebra NO(X, ) is a full corner of the crossed product C(?) Xz Z" by Theo-
rem 4.3.7 and Corollary 4.3.18. [ |

4.5. Comparison with C*-correspondences and product systems

The reader familiar with the theory of C*-correspondences may have already
noticed that there is a similarity between techniques used in that setting and the
techniques in our proofs for the Nica-covariant semicrossed products. This suggests
the natural question whether a semicrossed product in the categories we investigate
here coincides with the tensor algebra of a C*-correspondence. Here we show that
this cannot be the case in general. In fact this doesn’t hold even for the trivial
system (C,id).

Let (G, P) be a lattice-ordered abelian group. It is easily verified that the
isometric, unitary and Nica-covariant semicrossed products for (C,id, P) coincide,
since the representations of P in each category dilate to a unitary representation.
Let us denote these algebras by alg(P). Evidently alg(P) is commutative.

Our goal is to show that if alg(P) is the tensor algebra of a C*-correspondence,
then (G, P) is isomorphic to (Z,Z,). We will need the following known group
theoretic result.

LEMMA 4.5.1. If (Z,P) is a lattice-ordered abelian group, then (Z, P) is iso-
morphic to (Z,7Z...).

PROPOSITION 4.5.2. Let (G, P) be a lattice-ordered abelian group. Then alg(P)
is unital completely isometric isomorphic to the tensor algebra of a C*-correspon-

dence if and only if P ~ 7. .

Proof. Let X4 be a C*-correspondence such that 7§ ~ alg(P). Then A is a
maximal C*-subalgebra of alg(P). Since P n (—P) = {0}, we get that the maximal
C*-algebra in alg(P) is C. Therefore X 4 is actually a Hilbert space. Suppose that
dim X > 2 and let £1,&3 € X be orthonormal. Then Ty contains at least two non-
zero generators, say si, Sz such that sfsy = (&1,&) = 0 and sfs; = (s1,81) = I.
Since alg(P) is commutative, 75 is also commutative. Hence

So = 8751890 =5Ts9-51 =0,

which is a contradiction. Therefore dim X = 1, and thus 7,7 = A(D).
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Since alg(P) ~ A(ID), we obtain that
C*(G) = Cly (alg(P)) = C

env env

(A(D)) ~ C*(Z).
Therefore G ~ Z; whence P ~ Z. The converse implication is trivial. [

Since Nica-covariant isometric semicrossed products are an example of the non-
involutive part of the Toeplitz algebra of a product system, the next corollary is
now obvious.

COROLLARY 4.5.3. The category of product systems does not coincide with the
category of C*-correspondences.

REMARK 4.5.4. Proposition 4.5.2 shows that [45, Section 5] is incorrect. The
updated version of their paper on arXiv has corrected this. Their main result [45,
Theorem 3] is generalized in our Theorem 4.3.7 to non-classical and non-injective
systems.

REMARK 4.5.5. Isometric Nica-covariant representations of C*-dynamical sys-
tems (A, «r, P) over lattice-ordered abelian lattices (G, P) are examples of Toeplitz-
Nica-Pimsner representations of a particular product system in the sense of Fowler
[48]. When (A, a, P) is injective the unitary covariant representations are, in par-
ticular, Cuntz-Nica-Pimsner representations [48]. For non-injective product sys-
tems, the theory of Cuntz-Nica-Pimsner representations of product systems was
continued by Sims and Yeend [91] and lately by Carlsen, Larsen, Sims and Vit-
tadello [22]. It may seem hard to check whether the Cuntz-Nica representations
of (A, a,Z%) as in Definition 4.3.16 satisfy the (CNP)-condition of [91]. Neverthe-
less, we showed that a gauge-invariant uniqueness theorem holds for the universal
Cuntz-Nica-Pimsner algebra NO(A, o). By [22, Corollary 4.14] it is identified with
the Cuntz-Nica-Pimsner algebra of the associated product system. Furthermore we
showed that NO(4, a) is the C*-envelope of the tensor algebra of the Toeplitz-Nica-
Pimsner algebra, which answers both the question raised in [22, Introduction] for
C*-dynamics over (Z",Z7 ), and the classification program on the C*-envelope.



CHAPTER 5

Semicrossed products by non-abelian semigroups

To this point, we have only dealt with semicrossed products over abelian semi-
groups. The reader will have noticed that the commutativity of our semigroups
has been vital to many of our calculations. That said, it is possible to define semi-
crossed products for non-abelian semigroups. Indeed, such objects have previously
been studied in [32, 44, 60]. In this chapter we explore these objects further. After
considering possible ways for extending our ideas to general non-abelian semigroups,
we look at the more concrete setting of semicrossed products by Ore semigroups
and free semigroups.

5.1. Possible extensions to non-abelian semigroups

In all of our results, the semigroup P was assumed to be abelian. This is not
just for convenience but it is implied by our covariance relations. A covariant pair
of (A, «, P) was defined to consist of a semigroup homomorphism 7': P — B(H)
and a representation 7: A — B(H) such that

m(a)Ts = Tsmas(a) for all a € A and s € P.

Moreover a: P — End(A) is a semigroup homomorphism. Associativity of multi-
plication implies that

Tarag(a) = m(a)Ts = 7(a)T Ty = TsTimarag(a) = Tamas(a)

for all a € A and s,t € P. If we are aiming for a nice dilation theory, then we
should be able to dilate (m,T) to an isometric pair (p, V') that will satisfy the same
relation

Vstpasi(a) = Vipays(a).

Hence pas: = pays. Thus an isometric covariant representation (p, V) for (A4, «, P)
gives an abelian action pa on p(A). Of course, if P is not abelian, we need not
have that ag = ays for all s,£ € P. One could define a semicrossed product as in
Section 3.1, however this would not represent the fact that the action of P on A is
not abelian.

Of course, one could consider «: P — End(A) to be a semigroup anti-homo-
morphism. This results in some different complications. For example if oy €
Aut(A), then « does not extend to a group homomorphism a: G — Aut(A4). Even
more problematic is that the direct limit extension to automorphic systems can no
longer be used.

One way out of this confusion is to consider the dual covariance relation, i.e.,
representations such that

(5.1) Tim(a) = mas(a)Ts, for allae A, s e P.

73
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Indeed this relation does not contradict associativity, since
mas(a)Ty = Tam(a) = T Tym(a) = maso(a)TsTy = mosoy(a)Ts.

Again, an effective dilation theory would lead to isometric pairs (p, V) satisfying
these relations. However this necessarily annihilates the ideal Ry = |, p ker as5. So
we would actually be studying the injective system (A, &, P) where A = A/R,,. This
is also one of the obstructions for creating non-trivial covariant pairs of this kind
(cf. comments before [65, Remark 1.6]). Therefore we lose considerable information
about the dynamics when the kernels of a5 are non-trivial.

Another approach could be used when the semigroup P is determined by a
finite number of generators. Then one can ask for the covariance relation in Defini-
tion 3.1.1 (iii) to hold just for these elements. If we followed this approach, though,
then we wouldn’t be able to deal even with all totally ordered systems.

Nica-covariant representations of a large class of (not necessarily abelian) semi-
groups have been successfully examined in the study of semigroup crossed-product
C*-algebras (e.g., [66, 79]) and of product systems (e.g., [48]). Our methods do
not extend to this setting. This is due to the fact that unitary representations of a
semigroup need not be Nica-covariant.

EXAMPLE 5.1.1. Recall that a quasi-lattice ordered group (G, P) consists of a
group G and a semigroup P such that P n P~1 = {e} with the left partial order
g < h if ¢g7'h € P that satisfies the condition: if two elements p,q € G have a
common upper bound in P, then they have a least common upper bound p v ¢ in
P. Then for the trivial system X, = C the Nica-covariant representations of the
quasi-lattice ordered group (G, P) are defined by isometries {V;}scp satisfying

Ve VE if s v t exists,
‘/5‘/5* V}v;* _ svtVsvt .
0 if s and ¢ have no common upper bound.

Recall that the pair (F?,F2) forms a quasi-lattice ordered group. As the gen-
erators a and b have no common upper bound, V, and V; can never be chosen to
be unitaries.

The previous example excludes a whole category of “nice” representations, and
does not fit in the classification program we presented in Section 2.4. In fact all
completely positive definite representations are excluded because of Proposition
2.4.10.

As in the abelian case, the structure of the semigroup can inform the choice of
covariance relations. In the next two sections, we consider C*-dynamical systems
over Ore semigroups and free semigroups.

5.2. The semicrossed product by an Ore semigroup

Representations of Ore semigroups. Ore semigroups were defined in Sec-
tion 2.2, where their basic properties were described. A result of Laca [65, The-
orem 2.1] uses the direct limit construction to extend an injective C*-dynamical
system (A, a,, P) over an Ore semigroup to an automorphic system (A, &, G), where
G = P7'P. This argument can be used when the system is not injective, but
then a certain degeneracy is inevitable. As in Section 3.2, define the radical of a
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non-injective C*-dynamical systems (A, a, P) to be

R, = U ker a.

seP

We begin with an easy lemma which relies on the fact that R,, is invariant for
each os.

LEMMA 5.2.1. Let (A, «, P) be a C*-dynamical system over a semigroup P. Let
A = A/R,, and define

ds(a+ Ry) = as(a) + Ry forae A and se P.
Then (A, &, P) is an injective C*-dynamical system.

Proof. We will show that a;(R,) € Re and o; *(R,) © Re. It will follow
that (A, &, P) is an injective C*-dynamical system.

Ifa€ R, and t € P and & > 0, there is some s € P so that |as(a)| < e. Choose
p,q € P so that ps = gqt. Then

leg(ai(a)] = lag(a)] = [aps(a)] < fas(a)] <e.

Hence a4(a) € R,.
If a¢(a) € Rq, then for any € > 0, there is some s € P so that |ag(a)| < e.
Therefore a € R,. Hence a; ' (R,) © Rq. |

THEOREM 5.2.2. Let (A, a, P) be a C*-dynamical system over an Ore semigroup
P with group G = P~LP. There is an automorphic C*-dynamical system (A, d, G)
together with a natural x-homomorphism we: A — A such that

wets(a) = Aswe(a) for allae A and s € P.

The kernel of we is Ry. In particular, this is a x-monomorphism if and only if
the system is injective. Moreover, this limit coincides with the automorphic system

(A, &, G) built from the injective system (A, ¢, P).

Proof. Begin with a C*-dynamical system (A, «, P), which need not be in-
jective. Define Ay, = A for s € P; and define connecting #*-homomorphisms
wl: Ay — A, for s <t by

wt(a) = a,(a) forae Aandt=rs>seP.
In the injective case, these are monomorphisms. Form the direct limit C*-algebra
A =lim(As,w!). Let ws: A — A be the induced #-homomorphisms of A, into A.
We claim that ker w, = R,. Observe that a € ker w, if and only if

0 = uwe(a)] = lim | (@)] = lim s (a).

It is now clear that ker w, contains |, p ker a,, and hence R,. But conversely, if
a € kerw, and £ > 0, there is an s € P so that |as(a)|| < . Hence dist(a, R,) < €
for all € > 0; whence a € R,,.

We can consider w, as the quotient map onto A considered as a subalgebra
of A. Tt is evident that this is an injective system, and that a,w. = weay for



76 5. SEMICROSSED PRODUCTS BY NON-ABELIAN SEMIGROUPS

s € P. Therefore if we set up the direct limit system for (A,d,P), we obtain a
commutative diagram for t = rs > s in P:

WZ we ~
A, —= A, —— A

AN

J Ry
For any & = w(a) € A, there is some ¢ > s so that |wiw,(a)| < ||d| + . Hence the
map 7 is injective. It is clearly surjective, and thus an isomorphism.

~

Now define a semigroup homomorphism &: P — Aut(A) by
aqyws(a) = wy(ap(a)) where ps = gt.

First we show that this is well defined. If ws, (a1) = ws, (a2) and € > 0, there is some
s = s1 and s = sg so that |wg (a1) —wg, (az)| < e. So it will suffice to show that the
definition of wyayws, (a1) and wionw,(w§, (a1)) coincide. This will simultaneously
deal with the issue of different choices for p and ¢ in the case s = s;. To this end,
suppose that ps = gt and py1s; = ¢it. Since s > s1, we can write s = rs;. Find
a,ay € P so that a;p; = a(pr). Then

a1qit = a1p1s1 = aprs; = aps = aqt.
By cancellation, a1q; = aq. Therefore
Qws, (a1) = Wy, Ap, Ws, (A1) = Wa, g, wgll“aplwsl(al)
= WaqQlaypy Wsy (A1) = WaqQaprWs, (@1)
= WaqQlapWy ' Ws, (a1) = weapws(ar) = drws(ar).
It is easy to see that the map &S arising from the injective system (A, &, P) co-
incides with &;. Hence it is immediate that these maps are injective. Surjectivity

follows as in the commutative case; as does the fact that & is a faithful homo-
morphism. So & is a representation of P into Aut(A). Therefore it extends to a

representation of G into Aut(A) by Theorem 2.2.4. ]

Semicrossed products. Our methods can be used to attack the C*-envelope
problem for C*-dynamical systems (A, «, P) where P is an Ore semigroup. This
means that a: P — End(A) is a semigroup homomorphism. We define an algebraic
structure on coo(P, A) as follows:

(a®es) - (b®er) = (aas(b)) ® est.

Note that this is the dual of the multiplication rule we have used in the commutative
case. Associativity is straightforward since

(a®es) - (0®er)) (c®ep) = (aas(b)a(c)) ® esp
= (aas(b)asar(c)) ® estyp
= (acs(bou(c)) @ esep)
=(@®e;s) - (b®er) - (c®ep)).

To avoid unnecessary complications with previous notation (and notation estab-
lished in the literature), we will let A(A, P,is), denote the enveloping operator
algebra of coo(P, A) above with respect to the right covariant pairs (7, T') such that
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(i) m: A— B(H) is a *representation;
(i) T: P — B(H) is an isometric semigroup homomorphism;
(ili) Tsm(a) = mas(a)Ts for all a € A and s € P.
Thus A(A, P,is), is generated by a copy of A - P. Our objective is to prove the
following.

THEOREM 5.2.3. Let (A, a, P) be a unital C*-dynamical system over an Ore

semigroup. Let (E,&,G) be the automorphic direct limit C*-dynamical system re-
lated to (A, a, P). Then

*
Cenv

(A(A, P,is),) ~ A x5 G.

Proof. There is no loss in replacing (A, a, P) with (A,d,P), where A =
A/R. Therefore we may assume that the system is injective. If we consider a
unitary pair of (g, &, @), then it defines a covariant pair for (A, o, P). Conversely an
isometric covariant pair for (A, a, P) extends to a unitary covariant pair of (ﬁ, a, Q)
by [65, Lemma 2.3]. (Note that the covariance relation ma,(a) = Tsm(a)TeF used in
[65] implies (5.1) for isometric covariant pairs, and for unitary covariant pairs they
are equivalent.) Therefore 2(A, P, is), embeds by a unital completely isometric map
into A xg G. Since the system is unital, (A4, P, is), is spanned by a set of unitary
generators. Therefore the restriction of the universal representation of A%z G to
A(A, P,is), is maximal as in the proof of Corollary 4.2.13. Finally it is easy to
check that A x5 G is a C*-cover of A(A, P,is),. ]

The fact that (4, o, P) is a unital C*-dynamical system is crucial in the proof
of Theorem 5.2.3, as in this case 2A(A, P,is), is generated by a copy of A and a copy
of P. For non-unital *-endomorphisms, there are two ways to impose this condition
that leads to a similar result.

The first way is to define, a priori, the universal object to be generated by a
copy of A and t; subject to the right covariance relation tsa = as(a)ts. This is an
augmented algebra of (A, P, is),, which we denote by 2(A, P,is); aug. The proof
of the following theorem follows as in the proof of Theorem 5.2.3 and [62, Theorem
3.19]. The details are omitted.

THEOREM 5.2.4. Let (A,a, P) be a (possibly non-unital) C*-dynamical sys-
tem of a C*-algebra A by an Ore semigroup P. Let (A, &,G) be the automorphic
direct limit C*-dynamical system related to (A,a, P). Then the C*-envelope of
A(A, P,i8), aug is the C*-subalgebra C*(A, Ug: g € G) of the multiplier C*-algebra
M(A %, G).

The second way is to consider right covariant pairs (m,T) such as
(i) m: A— B(H) is a non-degenerate #-representation;
(i) T: P — B(H) is an isometric semigroup homomorphism;
(ili) Tsw(a) = mas(a)Ts for all a € A and s € P.
We will denote this object by A(Ayg, P, is),. Note that Theorem 5.2.3 is a corollary
of the following theorem.

Note that we are assuming that A is unital, so that non-degenerate representa-
tions satisfy m(14) = I. However we are not assuming that the dynamical system
is unital, so that «(14) could be a proper projection. In this case, 14 will not be
an identity element for the semicrossed product.
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THEOREM 5.2.5. Let (A, a, P) be a (possibly non-unital) C*-dynamical system
of a unital C*-algebra A by an Ore semigroup P. Let (A, &, G) be the automorphic
direct limit C*-dynamical system related to (A,a, P). Then the C*-envelope of
A(Ang, P,is), is a full corner ofﬁ xg G.

Proof Let (0,U) be a covariant pair that defines a faithful #-representation
o x U of AxgG. If 14 is the identity for A, let p = 0(1A) We aim to show that
C¥ . (A(Apa, P,is),.) is the full corner p(A x5 G)p of A x5 G.

First we show that C¥ (A(Ang, P,is),) ~ p(A x5 G)p. If (7, T) acting on H
is a covariant pair for 2(Ayq, P,is),, then it extends to a unitary covariant pair
(0,U) of (A,&,G) acting on K, as in the proof of Theorem 5.2.3. Then p(o x U)p
defines a #-representation of p(ﬁ xg G)p acting on K’ = pK. Moreover the pair
(po|ap, pUsp) defines a covariant pair for A(Anqg, P,is),. Indeed, for s,t € P we
obtain

pUsp - pUp = pUso i (14)Us = oase(1a)Ust = pUstp.

For a € A, we obtain that
pUsp - po(a)p = pUso(a) = oas(a)Us = poas(a)p - pUsp.
In addition this extends 7 x T since
Py (p(o x U)p) (ats)|n = Pu(po(a)Usp)|u
= (14)Pu(0(a)Us)|am(1a)
m(1a)m(a)Tsm(1la)
= m(a)Ts,

for all s€ P and a € A, where we used that 7(14) = Iy.

Conversely, a faithful #-representation of p(fl xg G)p is given by p(o x U)p,
where o x U defines a faithful srepresentation of A x5z G. Then (po|ap, pUp)
defines a covariant pair for 2(Ay,g, P, is),. This shows that the canonical mapping
A(Apa, P,is), — p(A x5 Q)p defined by

ats — o(a)Usp,

is a unital completely isometric representation (where o x U defines a faithful -
representation of A x5 G). Note that p(c|a x U)p = (]a) x (Up).

In order to show that the C*-algebra generated by the range of (O’|A) x (Up)
is p(A x5 G)p, it suffices to show that it contains the generators pJ(A)p and pUygp,

for g € G. By construction A is the direct limit associated to (4, o, P). Therefore
for a € A, with s € P, and the covariance relation we obtain

Usows(a)UZ

s = Jasws(a) = Uwsas(a) = U((Z).

Hence
pows(a)p = pUZa(a)Usp = (Usp)*o(a)(Usp).
Since the union of ws(A) is dense in A, we obtain that pa(ﬁ)p is generated by the

range of (o|4) x (Up). Moreover for g € G, there are s,t € P such that g = s~!t.
Hence

pUgp = pUXUip = (Usp)* (Urp).
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To end the first part of the proof, we show that (o]|4) x (Up) is a maximal
representation of A(Apq, P,is),.). By the Invariance Principle [8, Proposition 3.1],
it suffices to show that the identity representation id on (o] 4) x (Up)(A(Ang, P,1s),))
is maximal. To this end, let ¥ be a maximal dilation of id. For convenience we will
denote the unique extension of v to a -representation of p(;l x & G)p by the same
symbol. Since v|,(4) is a dilation of the *-representation id,(4), we obtain that it
is trivial, i.e.,

Furthermore, since the Usp are isometries (on K’) and v is contractive, each v(Up)
is an extension of Ugp, for all s € P. We will use the fact that

UsppUZ = 0as(14)UUSF = oas(14) for all se P.

Applying v to this C*-equation, we get that

[aozs(glA) 0] = v(oay(14))

= v(UsppU¥)

= v(Usp)v(Usp)*

. (Usp 2] [Usp = *
- | 0 * 0 %

| UsppUZ + 2a* *]
*

*

_ [oa,(14) + z2* *]

* *

By equating the (1, 1)-entries we obtain that x = 0. Therefore v(Usp) is a trivial
dilation of id(Ugp), for all s € P. Hence v is a trivial dilation of id, which implies
that id is a maximal representation.

Finally we show that the corner p(/T xg G)p of A x5 G is full. To this end, let
7 be an ideal of the crossed product that contains the corner. We will show that 7
contains o(b)U, for all g€ G and be A. For z = ;' (a) € A, with s € P, a € A,
and (e;) an approximate unit of A, we obtain

o(x) = lilmU:cr(e,-) ~o(a)-o(e;)Us € Z,

~

since 0(A) € Z. Thus o(A) < Z. Consequently,
a(b)U, = lilma(ei) -o(b)U, forall ge Gandbe A,
which completes the proof. [
REMARK 5.2.6. The semicrossed product algebras (A, P,is),, A(A, P,i8), aug

and A(Ayg, P, is), are hyperrigid. This follows from Theorems 5.2.3, 5.2.4 and 5.2.5
respectively.
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5.3. The semicrossed product by I’}

In this section we consider semicrossed products of C*-algebras by F7. We
note that I} is not an Ore semigroup. It does, however, generate the group IF,,.
A C*-dynamical system (A, o, F"}) consists simply of n *-endomorphisms «; of A.
Therefore we will write (A, {a;}}— ) instead of (A, a,F"). We will consider both
left and right covariance relations in this context.

Following the definition of the semicrossed product for Ore semigroups, we de-
fine the right free semicrossed product A(A, F7 ), with respect to the right covariant
pairs (m,T). That is, A(A,F"}), is the enveloping operator algebra (of the right
version of coo(P, A)) with respect to the pairs (7, T) such that

(i) m: A— B(H) is a s-representation;
(ii) T: T} — B(H) is a contractive semigroup homomorphism;
(i) Tym(a) = may(a)Ty, for alla € A and w € F}.
Note that T is defined by n contractions T; such that T;m(a) = ma;(a)T;. Hence
we can also write (m, {T;}!_,) instead of (m,T).

In the literature operator algebras related to free semigroup actions appear in
their “left” form. Note that a semigroup homomorphism of I’} is defined uniquely
by the image of the generators. Thus, following the remarks of the Section 5.1, we
define the left free semicrossed product A x, F'} with respect to pairs (7, {T;}7_;)
with n contractions T; such that w(a)T; = Tyma;(a). One can build A x, F7 as the
enveloping operator algebra of an appropriate algebra by extending associatively
a multiplication rule. We omit the details; nevertheless they become apparent in
what follows.

It is immediate that A x, IF"} is the closure of the linear span of the monomials

twa = til cee tika,
where t1,...,t, are the universal contractions. Notice that a covariance relation of
the form at,, = t,,a,,(a) does not hold. What does hold is the covariance relation

a-ty =a-t; -ty =t ...t q - (a) = tyag(a),

where we make the convention that for a word w = iy ...424; € F7} the symbol w
denotes the reversed word of w, i.e.,

W=1tg...0907 = 1142 ... 0.
We use the symbol «a,, in the usual way. That is, if w = iy ... 430y € I}, then
Oy v = Oy * " Oy Ol

We write the source of a sequence of symbols w = iy ... 4241 by s(w) = i;. Observe
that w = s(w)ig . . . iz.

Since IF}} is finitely generated, we can connect the dilation theory of the algebra
2A(A,T}), to the dilation theory of the algebra A x, F'}. It is easy to check that a
contractive (respectively isometric, co-isometric, unitary) pair (m, {T;}F_;) satisfies
the right covariance relation T;w(a) = wa;(a)T; for all a € A and ¢ = 1,...,n if
and only if the pair (7, {T;*}!" ;) is contractive (respectively co-isometric, isometric,
unitary) and satisfies the left covariance relation m(a)T;* = T;*ma;(a) for all a € A
and ¢ = 1,...,n. We will write 7 x T (respectively T x ) for the integrated
representation of A(A,F7 ), (respectively A x, F7).
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EXAMPLE 5.3.1. For a C*-dynamical system (A, {a;}7~,;) we can define an
analogue of the Fock representation for A x, IF}. Let 7 be a representation of A
on a Hilbert space H. Let H := H ® (2 (). We define a representation 7 of A in
B(H) by

Tla)h ® ey = (Tagh) ® ey,
where w is the reversed word of w, as above. Let Lq,..., L, be the left creation
operators on H. That is
Li(h®ey) =h® eip-
Then (m, {L;}?,) satisfies
7(a)L; = LiTa;(a) for all a € A.
Thus (7,{L;} ) is a left covariant pair for (A, o, F}}).

Taking adjoints, we have that (7, L*) is a right covariant pair with the under-

standing that
(L*)w =L} ...L} L},
for any word w = i . ..1i2%7.

The following proposition extends [32, Proposition 2.12] to non-classical sys-
tems.

PROPOSITION 5.3.2. Let (m,{T;}7_,) be a left covariant contractive pair of a
C*-dynamical system (A, {a;}_), namely w(a)T; = Tima,(a) for 1 <i < n. Then
there is a left covariant isometric pair (p,{Vi}'_,) such that p extends m and each
Vi co-extends T;. Consequently V' x p dilates T x .

Proof. Assume that (7, {T;}) acts on the Hilbert space H. Since A is selfad-
joint, the covariance relation implies that

mai(a)Ty =Tin(a) for 1 <i<n.
Hence for allae Aand 1 <i < n,
wo(a)TFT; = TFn(a)T; = T Tima(a).
Consequently, the defect operators D; = Dy, = (I — Ti*Ti)l/ 2 also satisfy
wai(a)D; = Dimai(a) forallae Aand 1 <i < n.

For w e I}, let H,, = H. Let J; be the unitary map of Hy onto H; given by
this identification. Define

K=H®F[F})= @ H,=Hgzg@®K'

n
wE]FJr

We identify H with Hg. An element of H,, will be written as ®&,. For 1 <i < n,
define an isometric Schaéffer dilation of T; as a 2 x 2 operator matrix on K with
respect to the decomposition K = Hy @ K':

T, 0
Vii= [JiDi Li] '
Then
V*V, = (TFTy+ D?)@® L¥L; = 1.

Therefore V; is an isometry. (Note that this is never a minimal isometric dilation of
T;. See Example 5.3.5 for a concrete picture of this construction in the case n = 2.)
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Define a x-representation p of A on K by
pla)( Z T ®&w ) = Z T (@) Ty @ &y
wel?y welk?
Clearly, p extends 7.
The isometric pair (p,{V;}) satisfies the covariance relations of (A, {c;}). To
see this, fix i€ {1,...,n}, a € A and z ® {z € Hy. Compute
p(a)Vi(z ®&y) = pla)(Tix @ gy + Dix Q&;)
=7(a)Tix @&y + ma;(a)Dix ®&;
=Tiroi(a)r ® &y + Dima;(a)r ® &;
=Vi(ray(a)z ® £x)
= Vipai(a)(z ® £g).
For w e FY\{J} and 2 ® &, € Hy,
p(a)Vi(z ® &u) = Tag;(a)r ® &iw
= maga;(a)r @ &iw
= Vi(ragai(a)z @ Sw)
= I/;pai(a)(x ® gw)

To prove that V x p dilates T' x m, consider a universal monomial of the form
ta for some word w € "} and a € A. Then

(T x ) (twa) = Tym(a) and (V x p)(tya) = Vyp(a).
If w =iy ...i211, then since every V; co-extends T;,
Py (Vwp(a))|lu = PuVi, ... Vi,pla)|u
= PyV;, Py ... PuV;, Pup(a)|u
=T, ...Ty7(a)
= Ty (a),
which completes the proof. [

COROLLARY 5.3.3. Let (w,{T;}"_,) be a right covariant contractive pair of a
C*-dynamical system (A, {a;}_), namely Tyw(a) = na;(a)T; for 1 <i<n. Then
it extends to a right covariant co-isometric pair (p,{V;}i_,) of A(A,F%), such that
p x 'V dilates m x T.

REMARK 5.3.4. The dilation we use in Proposition 5.3.2 can be chosen to
be minimal in a strong sense, when the system is unital. Let (A,{a;}"_;) be a
unital C*-dynamical system as in Proposition 5.3.2. The covariant isometric pair
(p, {Vi}_;) can be chosen to be minimal in the sense that \/ Vwm(A)H = K.

weF? Yw

The existence is a standard argument. We want to point Otlt that it can be
explicitly described, much as in the case of a single contraction. We may assume
that 7(1) = I, so that [7(A)H] = H.

To obtain a minimal dilation we follow the same construction, but make the
Hilbert spaces H,, smaller for w # ¢J. Let H; := ®; = D;H be the defect spaces,
and set H,, = Hy(,) for all w # J. The isometries V; are defined in the same way
by noting that the operators L;: H,, — H;,, are well defined because s(iw) = s(w).
Details are left to the reader.
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ExXAMPLE 5.3.5. The construction of the isometries V; that extend the contrac-
tions 7; in Proposition 5.3.2 can be visualized via a graph of the free semigroup.
For n = 2, the corresponding graph of the Schaéffer-type dilation has the following
form:

T Ty

N
| ¥

Dy H@‘ - \D2
~
/ N
\

H1 H2
Ly ~ L2 L ~ L2
/ N / .
N N
L 111’11 L f‘[m Hyo < L Hao < I
/ Lo / Lo Lll N Lll N
y \l \ N\
Hiin Hoin Hizin Ho: Hi12 Haiz Hize  Haze

A A

where H,, = H for all w € F’}, and the operator V; (respectively V5) is determined
by the solid (respectively. broken) arrows. For the minimal dilation, the graph has
the same form except that Hy,, = D, for w # .

Automorphic dynamical systems. Next we show that the covariant iso-
metric pairs dilate to covariant unitary pairs in the automorphic case.

LEMMA 5.3.6. Let (A, {a;}1,) be a unital automorphic C*-dynamical system.
Then every left covariant contractive pair (mw,{T;}1_,) dilates to a left covariant
unitary pair (o,{U;}?_), such that U x o dilates T x 7.

Proof. By Proposition 5.3.2, there is a co-extension of (m,{T;}) to an iso-
metric pair (p,{V;}). Since A is selfadjoint and each «; is an automorphism, the
covariance relations p(a)V; = V;pa;(a) imply that

pai(@)Vi* = Vi*r(a) whence p(a)V;* = Vi*pa; (a).

Hence (p, {V;*}) is a covariant co-isometric pair for the inverse system (A4, {a;'}).
Suppose that there is a covariant unitary pair (o, {U*}) for (A, {a;'}) which co-
extends (p,{V;*}). Then (o, {U;}) is a unitary extension of (p,{V;}). Moreover,
o(a)U = UFoa; *(a) implies that

o(a)U; = (Ui*a(a*))* = (aai(a*)Ui*)* = U;oa;(a).

Thus (o, {U;}) is a covariant unitary pair for (4, {«;}) that dilates (w,{T;}). Since
o x U is an extension of p x V| which in turn is a co-extension of m x T', we obtain
that U x o is a dilation of T" x 7.

By switching the role of (A4, {a;'}) with (A4, {a;}), it is now evident that it
suffices to show that a left covariant co-isometric pair (p,{V;}) for (A,{a;}) on
a Hilbert space H co-extends to a covariant unitary pair of (A4, {a;}). We will
construct this co-extension.

Let P; = I — V*V; be the projections onto M; = ker V;. As in the proof of
Proposition 5.3.2, one shows that P; commutes with pa;(A); and pa;(A) = 7(A)
because «; are automorphisms. Thus p;(a) = p(a)|y; is a =-representation. We
will also write pg = p.
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The Cayley graph of the free group I,, has an edge for each word in F,, and
2n edges connecting the vertex for w to the vertices for iw and i~ tw for 1 < i < n.
Normally it is drawn with the empty word J in the middle. We are interested in
the subgraph that deletes the n branches off the central vertex beginning with i 1.
The remaining graph G consists of & and n branches G; consisting of vertices V(G)
labelled by reduced words of the form gi for 1 < i < n. We will write s(gi) = i for
the source of a reduced word labelling a vertex of G, except s(J) = &.

For w = gi € V(G), set H, = M; and set Hy = H. Let K = Z(:%ev(c) H,.
We can consider K as a subspace of H ® /2(TF,,). A typical vector in H,, will be
denoted as x,, ® &, where {,} are the standard basis vectors for ¢2(IF,,).

For a word w in IF,,, let w denote the word formed by reversing the letters of
w. Define a =-representation of A by

U(a) = @ ps(w)aﬁ(a)'

weV (G)

If K is decomposed as K = H @ K', we can write down unitary co-extensions
of V; as follows. Let L; denote the operator acting on K’ by L;(x ® &) =  ® iy
This is just the restriction of the unitary operator I ® W; to K’, where W; comes
from the left regular representation of I,, on £2(IF,,). Thus L; is easily seen to be an
isometry with cokernel H;. Let J; denote the partial isometry mapping M; < Hy
onto H; for 1 < i < n. Define a co-extension of V; by

Vi 0
Ui= [JiPi Li] '

The first column is an isometry of Hg onto Hg @ H;. Therefore, by the remarks
above, U; is unitary. It is evident by construction that (o, {U;}) is a co-extension of
(p,{Vi}). See Example 5.3.7 for a concrete picture of this construction in the case
n=2.
Let us verify that the unitary pair (o, {U;}) is covariant. For x € H, we obtain
o(a)U;i(z ®&z) = o(a)(Vir @y + Pz ®&;)

= p(a)Viz @ {g + pai(a) Pz ®§;

= Vipai(a)r ® {g + Pipai(a)r @ &;

= Ui(pai(a)z ® {g)

=Uoa;(a)(z® Ey).
Also if w e V(G) with s(w) =i and x € M;, we find that

o(a)Ui(z ®&w) = 0(a)(z ® &iw)
= pa(a)(z @ &iw)
= pamai(a)(z @ &iw)
= Ui(pagai(a)(r @ &w)
= Ujoai(a)(z ® &)
Since K is the direct sum of such H,, and Hg, the proof is complete. ]

ExAMPLE 5.3.7. The construction of the unitaries U; that co-extend the co-
isometries V; in Lemma 5.3.6 when n = 2 is illustrated below. We write a and b for
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the generators of IF2. The operators U, and U, are represented by the solid arrows
and broken arrows, respectively.

\
Hbflab | Hbflaflb
| |
Ly | I Ly |
¥ L 14 L, L
ab < Hb <— }Ia—lz7 <
I I I
Ly | [ Ly |
\ | Y
bea Lb‘ Hbaflb
I

Lg M Lg
Hopy <— Hyp <— Hy—1p
|
Lg Ly |
Y
Haaa beb

One may think of this process as follows. We take the graph over a distinguished
vertex (J and n copies of the graph of ", from which we delete paths starting with
il for i = 1,...,n. The cycles on the (J vertex are the original co-isometries.
The projections P; are the defect operators on the edges from J to i, for 1 < i < n.
The other edges represent unitary maps from the space at the source vertex onto
the space at the range vertex.

THEOREM 5.3.8. Let (A, {a;}l,) be a unital automorphic C*-dynamical sys-
tem. Then
C*

env

(Axo FY) >~ Ax, F".

Proof. Let (m,{T;}) be a covariant contractive pair for (4, {a;}) such that
T x 7 yields a completely isometric representation of A x, F7}. By Lemma 5.3.6,
(m,{T;}) dilates to a covariant unitary pair (o, {U;}). Then the representation
U x o of A x4 F% is also unital completely isometric. Moreover, it is a maximal
representation because the generators are sent to unitaries (compare with the proof
of Corollary 4.2.13). Hence it extends to a faithful #-representation of the C*-
envelope onto C*(a(A),{U;}); so C¥ (A xq F) ~ C*(a(A), {Ui}).

On the other hand, any covariant unitary pair (o, {U;}) for (A,{a;}) is also
covariant for the whole group IF,,. Thus there is a *-representation, also denoted by
U x o, of the C*-algebra A x ,F" onto C*(c(A), {U,}). Conversely, any such system
yields a quotient of C} (A x, F7) by the arguments of the previous paragraph.

The maps produced are canonical, and in particular the generators are sent to

generators. So this actually yields a #-isomorphism: C¥ (A xoF7%) ~ Ax,F". n
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REMARK 5.3.9. Note that the proof of Theorem 5.3.8 actually shows that
Cliw(AxoFh) ~ Ax,—1 ", since by definition of the C*-crossed products the co-
variant pairs satisfy oo;(a) = U;o(a)Uj*. Nevertheless, the embedding is canonical
after the identification A x,—1 " ~ A x, F™.

The unitary dilation we finally constructed in Theorem 5.3.8 preserves the
strong minimality as in Remark 5.3.4.

COROLLARY 5.3.10. Let (A,{a;}"_1) be a unital automorphic C*-dynamical
system. Under the hypotheses of Lemma 5.53.6 we can choose the covariant unitary

pair (0,{U;};_,) such that \/ ,cp. Ugo(A)H = K.

Proof. Again we can replace [7(A)H]| with H, since A is unital and hence
the automorphisms are unital. By Remark 5.3.4 we co-extend the pair (m,{T;})
to a covariant isometric pair (p, {V;}) that satisfies the strong minimal condition.
When passing to the unitary pair we have to be careful, because of the argument at
the beginning of the proof of Theorem 5.3.8. Indeed the unitary dilation concerned
the V;*. Nevertheless, these unitaries, say U;, satisfy the strong minimal condition
stated above (recall the use of the defect spaces). [ |

REMARK 5.3.11. A different dilation of isometric covariant pairs for the free
semicrossed product is established by the first author and Katsoulis [32] for arbi-
trary classical systems over metrizable spaces. In this process they construct full
isometric dilations [32, Theorem 2.16] which are proved to be maximal [32, Propo-
sition 2.17]. In these results the existence of Borel measures is extensively used
due to the structure of the dynamical system. However, the authors in [32] were
not able to associate the C*-envelope to a C*-crossed product, even for homeomor-
phic systems which are included in our Theorem 5.3.8. In fact at the end of [32,
Example 2.20] it is claimed that the “general structure of the maximal representa-
tions appears to be very complicated” making it “difficult to describe the algebraic
structure in the C*-envelope.” For non-invertible systems, the structure of the C*-
envelope remains unclear. But for automorphic systems, this task is accomplished
by Theorem 5.3.8 even for non-commutative systems.

COROLLARY 5.3.12. Let (A, {a;}"_1) be a unital automorphic C*-dynamical
system and (m,{T;}"_,) be a right covariant contractive pair of the right free semi-
crossed product A(A,F7),. Then (m,{T;}}_,) dilates to a right covariant unitary
pair (o,{U;}i—,) of A(A,F7%), such that o x U dilates m x T.

COROLLARY 5.3.13. Let (A,{a;}1_1) be a unital automorphic C*-dynamical
system. Then
C*

env

(A(A,TF),) ~ A xo F™.

In the proof of Theorem 5.3.8, we noted that the generators are mapped to
unitaries inside the C*-envelope. Thus the following corollary is immediate. In
particular, it holds when A = C and a; = idg, foralli =1,... n.

COROLLARY 5.3.14. Let (A, {a;}_) be a unital automorphic C*-system. Then
the free semicrossed products A x o F7 and A(A, a), are hyperrigid.

In particular, the universal operator algebra O(F") (with respect to families of
n contractions) is hyperrigid.
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REMARK 5.3.15. When the automorphisms «; are all equal to the identity id 4,
we can have a simpler extension of covariant isometric pairs (m, {T;}7_;) (acting on
H) to covariant unitary pairs (o, {U;}~). In this case let K = H@® H, and let the
usual unitary dilation

o-fi 4

0 T
where P, = I —T;T*. Moreover let ¢ = m@n. Then the pair (o, {U;}! ;) is unitary,
co-extends (m, {T;}"_;) and it is covariant since
| m()T; w(a)Pi| |Tim(a) Pm(a)| .
o(a)U; = [ 0 m(a)TF| = 0 TFr(a)| — Uio(a),

forallae A and i = 1,...,n. Here we have used that (m, {T;}}_,) is covariant for
(A, {ida}}_,), so that w(a)T; = Tiray(a) = Tim(a). Thus, Tn(a) = 7(a)T}*; and
hence 7(a)T;T;* = T;T*m(a). Therefore w(a)P; = P;w(a). As a consequence

C:HV(A ®max O(F:L_)) ~ C:nv(A Xid IE‘:L_) ~ A Xid F" ~ A@max C*(]Fn),

where O(IF7 ) is the universal operator algebra with respect to families of n contrac-
tions, and ®uax denotes the universal operator algebra generated by commuting
unital completely contractive representations of the factors of the algebraic tensor
product.

In the case of automorphic systems over spanning cones, we were able to prove
that the left regular representation is a complete isometry for the semicrossed prod-
uct by viewing it as a dilation of the completely isometric Fock representation. For
trivial automorphic systems (A, {ida}?_;) over the free semigroup F7, the Fock
representation is defined in a similar way. That is, for a faithful =-representation
m: A — B(H), let K = H®/*F'"}), and define a #-representation 7: A — B(K)
by

T(a)(§ ®ew) = (T(a)§) ® ew,
and isometries on K by
Vz'r®£w = x@fzw
Whether the Fock representation is a unital completely isometric representation of
A x;q F% is connected to Connes” Embedding Problem. See [21] for a survey.

COROLLARY 5.3.16. Consider the trivial system (C*(IF?),id,id). The following
are equivalent

(i) the left regular representation of C*(F?) x;q F2 is a complete isometry;
(i) C*(F?) ®max C*(F?) ~ C*(F?) Qmin C*(F?).
If the Fock representation of C*(F?) x;q F2 is unital completely isometric then the
above hold.

Proof. 1t is immediate that when the Fock representation is unital completely
isometric, then the left regular representation is also unital completely isometric.
Also it is trivial to check that item (ii) above implies (i).

If item (i) above holds then C*(IF?) @i C*(IF?) is a C*-cover of the free semi-
crossed product. Since the left regular representation maps generators to unitaries
it is also maximal. Therefore C*(IF?) ®yuin C*(F?) is the C*-envelope of the free
semicrossed product. By Theorem 5.3.8 it coincides with C*(IF?) x;q F2, and so
with C*(F?) @max C*(F?). The proof is completed by noting that all isomorphisms
are canonical, i.e., preserve the index of the generators. [
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Injective dynamical systems. In [44] Duncan uses the notion of free prod-
ucts to compute the C*-envelope of the free semicrossed product of a surjective
classical system. Recognizing the semicrossed product as a free product is an im-
portant observation that led him to the description of the C*-envelope as a free
product of C*-algebras. The proof of the main result [44, Theorem 3.1] has a gap,
because he does not show that the imbedding of the free product of the subalgebras
into the free product of the C*-algebras is completely isometric. However this turns
out to be valid, as we show. We also show that some of his arguments extend to
the non-commutative setting.

Surprisingly, this description of the C*-envelope of the free product of injective
unital C*-dynamical systems does not look like a C*-crossed product. So we ask
whether it is a C*-crossed product in some natural way?

DEFINITION 5.3.17. Let A;, for 1 < i < n, be unital operator algebras which
each contain a faithful copy of a unital C*-algebra D, say ¢;: D — A;. Also
suppose that the unit of D is the unit of each A;. An amalgamation of {A;} over
D is an operator algebra A together with unital completely isometric imbeddings
it A; — A such that ge; = pje; for all 4,5 and A is generated as an operator
algebra by | I, ¢(A;). The free product is the amalgamation A = % p A; with the
universal property that whenever m;: A; — B(H) are unital completely contractive
representations such that m;e; = mje; for all 4, j, then there is a unital completely
contractive representation 7: A — B(H) such that my; = m; for 1 <i < n.

The existence of an amalgamation of a family of C*-algebras was observed
by Blackadar [12, Theorem 3.1]. As every operator algebra is contained in a C*-
algebra, this also implies the existence of amalgamations in general. To see that the
free product exists, one can begin with the algebraic free product Ag consisting of
finite combinations of words a;, ...a;,, where 1 <i; <n, a;; € A;; and i; # i1,
subject to the relations

Ay - (@i €0, (d)ag, - ooap = ag, - oaq; (g6, (d)ag,,,) ... ax

for all words and all d € D. The existence of an amalgamation guarantees that
there are representations of Ag which are completely isometric on each A;. For any
family of unital completely contractive representations m;: A; — B(H) such that
mie; = me; for all 4, j, define the unique representation of Ay such that m¢; = m;
for 1 < i < n. This induces a point-wise bounded family of matrix seminorms on
Ap. The completion of Ay with respect to the supremum of this family of matrix
seminorms yields the free product.

One can deal with the non-unital case by adjoining a unit as in [74] (see also
[15, Corollary 2.1.15]. Then the argument for C*-algebras in Armstrong, Dykema,
Exel and Li [5, Lemma 2.3] goes through verbatim. For simplicity, we will only
give arguments for the unital case and leave the details of the non-unital case to
the interested reader.

It is shown by Pedersen [84, Theorem 4.2] that if D < A; < B; are unital
inclusions of C*-algebras, then the natural map of % p A; into skp B; provided
by the universal property of the free product is always injective. Duncan [44]
implicitly assumed that if A; are operator algebras, then the natural injection of
*p A; into skp C* (A;) would be completely isometric. This does not follow from

env

the C*-algebra result. We will fill this gap in his argument.
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Armstrong, Dykema, Exel and Li [5, Proposition 2.2] provide another proof
of Pedersen’s result. Part of their proof establishes the following technical lemma
when n = 2. Since

1<i<j 1<i<j+1
(%, 'Bi)%,Bj1 = %,

this lemma can be deduced from from the n = 2 construction by induction. Instead
we describe how their argument extends directly.

Bi7

LEMMA 5.3.18. Let D be a unital C*-algebra. Let B;, for 1 < i < n, be
unital C*-algebras and let €;: D — B; be faithful unital imbeddings. Suppose that
H=H & - -®H, is a Hilbert space, and that p: D — B(H) is a *-representation
such that each H; reduces p(D). Then there is a Hilbert space K containing H and
x-representations w;: B; — B(K © H;) such that the m; agree on D in the sense
that

plu, ®mie; = plu, ®mje; foralll<i<j<mn.

Proof. First recall a well-known result [40, Proposition 2.10.2] that if D B
are C*-algebras, and p: D — B(H) is a =-representation, then there is a Hilbert
space H' and a srepresentation m: B — B(H @ H') so that n(d)|g = p(d) for
d € D. Note that H’ is then 7(D)-reducing as well. We will write the inclusion as
e: D — B and say that we|g = p.

Apply this result to the #-representation p|g, for 1 < i < mn and j # i to obtain
n(n —1) new Hilbert spaces, say H;;, and =representations m;;: B; — B(H; ® H;;)
such that m;je;|m, = p|lu,. By construction, every H;; is reducing for m;;¢;(D).
Therefore we can define the representation

p2= D@ Tisesla,: D — B(@umij, jri )

w=ij, j#i

We are now in the same setting as before and set for induction. That is for
every mij€j|u,; = pilm,; and k # j, we produce a Hilbert space Hjj, and a #-
representations 7 : By — B(H;; @ Hiji) such that m;jker|m,;, = p2|m,;,- And we
define

p3 = Z(—B Tijhek|H, .0 D — B(@w=ijk, izjzkHw)-
w=ijk,i#j#k
Recursively we obtain Hilbert spaces H,, for every word in the set S consisting of
w € F? that contains no subword jj for any j = 1,...,n, and *representations
Twi: Bi = B(Hy, ® Hy,;) for w € S such that s(w) # i.
This can be depicted in the following diagram

H,

Hoy,...  Hpy _Hig,Hso,...,Hno ... Hin,Hap,o..,Hpo1yn

Hio1, H3oty oo, Hip—1ym1

where the broken segments denote the association provided by the extension of the
x-representations on D to Bj.
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Let K = > ®,cqHw. We define a #-representation of B; on K © H; for
1<j<nby

Ty = (Z®ﬂj)@(2@ﬂk;‘)@'~-= Z(—B Tw-

i#] i#k#] weS,s(w)=j,|w|=2
By construction, every H,, reduces e, (D), and thus

Tigi| ke(meH,) = Tigj|lke(men;),
for all 1 <4,j < n, which completes the proof. [

REMARK 5.3.19. There is an alternative, less constructive approach. The uni-
versal representation m, of D is the direct sum of all cyclic representations ¢ for
states f on D. Every representation 7 is the direct sum of cyclic representations,
and thus is a subrepresentation of m(f) for a sufficiently large cardinal x; and more-
over m P m(f) ~ 7r,(f).

Take x = max{dim H,dim B;,Ro}. Consider p' = p® m(f) on H = H® Hl(f).
Use [40, Proposition 2.10.2] to build larger Hilbert spaces K; of dimension x and
representations m;: B; — B(K; © H;) extending p’|gom,. Then the restriction of
mig; to K; © H are all unitarily equivalent to m(f). So identify these spaces with a
common space K © H so that the new representations 7, on K all agree on D.

THEOREM 5.3.20. Let A;, for 1 < i < n, be unital operator algebras which each
contain a faithful unital copy of a C*-algebra D. Then skp C* (A;) is a C*-cover
of *p A;.

Proof. Let p be any completely contractive representation of skp A;; and let
p; be the restriction of p to A;. Dilate each p; to a maximal representation o;: A; —
B(K;). This extends to a #-representation &; of C%  (4;) on K;. Decompose each
K, =K, HOK, ;“ so that o; is lower triangular with respect to this decomposition.
The (2,2) entry of o;(a) is p;(a) for a € A;. Since D < A; is self-adjoint, o;(D) is

diagonal, and thus it reduces the subspaces Kii. Let ot = 3" | @ 0i6i|;+ and

similarly define 0~. Apply Lemma 5.3.18 to build Hilbert spaces
K'oK!i® @K, and K oK;® - ®K,
and s-representations 7 : C*

1 CE (A — B(K* O K}) so that the 7;fe; agree on D,
and agree with o* on K*. Then

=7, @5 ®n;: Ch.(4) > B(K 0K, )®K;®(K"oK}"))

env

are s-representations that agree on D. Note here that

(KTOK )oK, ®(K"oK')=K ®@H®K"
foralli =1,...,n. Therefore the restriction of 7;| 4, is lower triangular with respect
to the decomposition K~ @ HO K.

By the universal property of free products, there is a representation 7 = sk p 7;
of #p Cf,,(4;) into B(K~ @ H @ K¥) such that 7|qx (4,) = 7. The restriction
of 7 to %kp A; is a product of lower triangular representations, and thus is lower
triangular, with the (2,2) entry being the free product of the p;, namely the original
representation p. It follows that the norm induced by p is completely dominated
by the norm coming from 7. Therefore the injection of sk p A; into skp C* (A;) is

env

completely isometric. Finally it is evident that xp C* (A4;) is generated by sk p A;

env
as a C*-algebra. Therefore it is a C*-cover. ]
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In [44], Duncan says that an operator algebra A has the unique extension prop-
erty if for every #-representation m of C%  (A;), the restriction x| 4, has the unique
extension property. By Arveson [10], this property is equivalent to hyperrigidity.
Duncan’s main result [44, Theorem 3.1] shows that if all A; are hyperrigid, and
contain a common C*-subalgebra D, then the C*-envelope of the free product is
the free product of the C*-envelopes. Theorem 5.3.20 fills the omission mentioned

above, and the rest of his proof is valid.

THEOREM 5.3.21 (Duncan). Let A;, for 1 <1i < n, be hyperrigid unital operator
algebras which each contain a faithful copy of a unital C*-algebra D. Then

C::knv(*D Al) = >l<D Cj;nv (Al ) :

Note that Duncan’s claim [44, Proposition 4.2] that the semicrossed product of
an injective C*-dynamical system over Z ., is always Dirichlet is false. In fact it is
Dirichlet if and only if the system is automorphic [58, Example 3.4]. Nevertheless
it is always hyperrigid [58, Theorem 3.5]. As an immediate consequence we obtain
the following.

COROLLARY 5.3.22. Let (A, {a;}_ 1) be an injective unital dynamical system.

For 1 < i< n, let (A;,&;,Z) be the minimal automorphic extension associated to
each (A, a;, 7). Then

C:nv(A X Fi) =~ *A(AZ X&, Z)7
and N
C:eknv(gl(A’IF:l—)r) =~ *A(A1 X &, Z)

Proof. First observe that the arguments of [44, Theorem 4.1] apply to C*-
dynamical systems in general, that is

Axo Tl >k, (A xo, Zy).

By [58, Theorem 3.5] the semicrossed products A x,, Z. are hyperrigid. Muhly
and Solel [78] show that every contractive covariant pair of (4, a;, Z, ) co-extends
to an isometric pair. Then by [59], every isometric covariant pair extends to a
unitary covariant pair of (;11, &;,7.), and hence extends to a =-representation of the
C*-crossed product A; X5, Z. By [59, Theorem 2.5], C (A x4, Zy) ~ A Xg, Z.
The result now follows from Duncan’s Theorem 5.3.21.
The case of the right free semicrossed product is treated likewise. This follows
by the discussion preceding Example 5.3.1 and by [56, Lemma 2.3, Section 3] when
reducing to the one-variable case. ]

REMARK 5.3.23. Let (A, {a;}"_;) be a unital automorphic C*-dynamical sys-
tem. In this special case, Corollary 5.3.22 says

Con(AxaF) >~k (A Xa, Z) ~ Ax, F",

env
and

Ci (AATFL),)) ~ F (A%, Z) ~ Axg F"
Hence Corollary 5.3.22 provides an alternate proof of Theorem 5.3.8 and Corollary

5.3.13.
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