INVARIANT SUBSPACES AND HYPER-REFLEXIVITY
FOR FREE SEMIGROUP ALGEBRAS

KENNETH R. DAVIDSON AND DAVID R. PITTS

In this paper, we obtain a complete description of the invariant subspace
structure of an interesting new class of algebras which we call free semigroup
algebras. This enables us to prove that they are reflexive, and moreover to
obtain a quantitative measure of the distance to these algebras in terms
of the invariant subspaces. Such algebras are called hyper-reflexive. This
property is very strong, but it has been established in only a very few cases.
Moreover the prototypes of this class of algebras are the natural candidate
for a non-commutative analytic Toeplitz algebra on n variables. The case
we make for this analogy is very compelling. In particular, in this paper,
the key to the invariant subspace analysis is a good analogue of the Beurling
theorem for invariant subspaces of the unilateral shift. This leads to a notion
of inner—outer factorization in these algebras. In a sequel to this paper [13],
we add to this evidence by showing that there is a natural homomorphism
of the automorphism group onto the group of conformal automorphisms of
the ball in C".

A free semigroup algebra is the weak operator topology closed algebra

generated by a set S1,...,S, of isometries with pairwise orthogonal ranges.
These conditions are described algebraically by
(F) SZ*SJ = 5@'[ for 1 S i,j é n;
or equivalently by
n
(F') SiSi=1 for 1<i<n and Y SS‘<I.
i=1
Let F;, denote the unital free semigroup generated by z1, ..., z,. This semi-

group consists of all non-commuting words w in the generators. We are
considering those representations of F,, as isometries on Hilbert space de-
termined by such an n-tuple of isometries; sending w to w(St,...,S,). We
allow n to be any positive integer or oo, although for notational convenience
we will act as if n is finite. When there is any distinction for the infinite
case, it will be noted.

Ordered tuples of isometries satisfying (F) have been studied in various
contexts. In C*-algebra theory, they arise as the generators of two important
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algebras [9], the Cuntz algebras O, when ), S;S’ = I and the Cuntz-
Toeplitz extension &, of O, by the compact operators when this sum is
strictly less than the identity. These algebras have played an important role
in the modern C* theory. The left regular representation of F,, acts on the
full Fock space generated by C™. This representation occurs in certain C*-
algebraic formulations of quantum mechanics (c.f. [26, X.7] and [6, 5.2]).

Recent work of Bratteli and Jorgensen [5] decompose certain permuta-
tion representations of the Cuntz algebra into irreducible representations
in order to study wavelets. It turns out that they consider a class of rep-
resentations which are a subset of those which we call atomic. We will
obtain a complete classification of these representations. This will enable us
to completely describe the invariant subspace structure of the atomic free
semi-group algebras.

These algebras also arise in dilation theory. Frahzo [14, 15] and Bunce
[7] show that any n-tuple T' = (T4,...,T,) of operators in B(H) satisfying
>, T < I may be dilated to an n-tuple of isometries satisfying (F’).
This circle of ideas has been elaborated on in a series of papers by Popescu
[19, 20, 22, 24, 25] generalizing many important results from the Sz. Nagy—
Foiag theory [29] to the multi-variable context.

Of particular interest is the left regular free semigroup algebra £,, de-
termined by the left regular representation of F,, which acts on f2(F,,) by
Mw)&y = &y for v,w in F,. The algebra £, is generated by the isometries
L; = A(z;) for 1 < i < n. For n = 1, we obtain the algebra generated by
the unilateral shift, the analytic Toeplitz algebra. For n > 2, we obtain a
natural non-commutative analogue of the Toeplitz algebra. In particular,
there is a reasonable analogue of Beurling’s Theorem and inner—outer fac-
torization. There is a plethora of point evaluations for the complex n-ball
from eigenvalues of the adjoint. However, because of the non-commutative
nature, these vectors do not span the whole space; and thus do not provide
a complete picture. Nevertheless, the complex ball provides an important
connection between this algebra and complex function theory.

Our study begins with a careful look at the left regular free semigroup
algebra. We first show that £, is the commutant of R,,, the right regu-
lar representation algebra. This leads to information about the spectrum
of operators of £,,. In particular, every non-scalar element has connected
spectrum containing more than one point. These operators are always in-
jective, and thus have no eigenvectors. This in turn leads to the fact that
£, is inverse closed and semisimple.

We establish a detailed structure of the invariant subspace lattice of £,
that parallels Beurling’s Theorem [4] for the case n = 1. Every invariant
subspace is determined by a wandering space, and can be written as a direct
sum of cyclic invariant subspaces. Moreover, akin to the characterization
of invariant subspaces of the shift by inner functions, every cyclic invariant
subspace is the range of an isometry in the commutant 9R,,. This leads to the
inner—outer factorization—every element A in £, factors as A = LB in £,
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where L is an isometry and B has dense range. Certain invariant subspaces
correspond to point evaluations in the complex n-ball B,, = {z € C™ : ||z]| <
1}. Indeed, for each point A in B,,, there is a vector v, which is an eigenvector
for the adjoint which determines a wOT—continuous multiplicative linear
function ¢y (A) = (Avy,vy). These functionals play a pervasive role in our
analysis. However, unlike the n = 1 case, these vectors do not generate the
whole lattice because they are symmetric (depending only on the evaluation
of words on commuting variables).

An operator algebra 2 is refiexive if the algebra can be recovered from
its invariant subspace lattice £ = Lat(2() as the set Alg(L) of all operators
leaving each subspace invariant. The lattice £ determines a seminorm on
B(H) by

Be(T) i= sup | LT
Lel

Clearly, B.(T) = 0 precisely when T belongs to Alg(L). Moreover, it is
elementary to show that

Be(T) < dist(T,Alg(L)) forall T € B(H).

The algebra is said to be hyper-reflerive if these norms are comparable. In
this case, the constant of hyper-reflexivity is the smallest number C' such
that

dist(T, Alg(L)) < CBe(T) forall T € B(H).

The list of algebras known to be hyper-reflexive is rather short. It includes
nest algebras [3] which have constant 1 and injective von Neumann algebras
[8] which have constant at most 4 (von Neumann algebras with abelian
commutant have constant at most 2, as do abelian von Neumann algebras
[27]). And the case most closely related to our study is the analytic Toeplitz
algebra 7 (H*) = £; which has distance constant at most 19 [11].

We will show that £, is hyper-reflexive with distance constant at most
51 for n > 2. We also show that this algebra has property Ai, meaning
that every weak-* continuous linear functional ¢ on £, can be represented
by a rank one functional ¢(A) = (AE, () such that ||£]| [[C]] < (1 + ¢)]¢l|
for any positive €. This leads to the conclusion that every unital woT—
closed subalgebra of £,, is also hyper-reflexive. Since £, is its own double
commutant, there is another estimate of the distance to £, obtained from
the norm of the derivation 7 restricted to the commutant £/, = R,,. This
seminorm is also shown to be equivalent to the norm distance.

In the last section, we turn our attention to more general free semigroup
algebras. Say that a free semigroup algebra is atomic if there is an atomic
masa containing the ranges of the isometries w(S1,...,Sy,). Equivalently,
this means that there is an orthonormal basis {{,} for the Hilbert space
H, endomorphisms m; of N and scalars A;,, in T such that S;&, = )‘i,nfm(n)'
These yield an interesting and tractable class of representations of the Cuntz
algebra O, subsuming the class of permutation representations studied in
[5]. As O, is a simple C*-algebra which is not type I, its representations
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cannot be classified up to unitary equivalence. So it is interesting that this
class can be completely classified.

Surprisingly, some of the woT-closed free semigroup algebras obtained
from these representations contain proper projections, which is not the case
for £,. The invariant subspaces can again be classified; and these algebras
are shown to be hyper-reflexive.

The key to the analysis is the fact that a basis vector &, is either a wan-
dering vector which sweeps out a copy of the left regular representation or
it is fixed by some word w(Sh,...,S,). This word determines an irreducible
representation of a special form that has a ring of vectors permuted by those
S; occurring, in order, in the word w with n — 1 copies of the left regular
representation coming off each node of the ring. The projection onto this
ring lies in the algebra, and every vector in its range is cyclic. The general
atomic representation is shown to be a direct sum of representations of three
special types—the left regular representation, some doubly infinite variants
of the left regular representation, and these ring representations.

As we were in the process of preparing our results for publication, the
paper of Arias and Popescu [1] appeared. Their results overlap somewhat
with ours, most notably in section 2 below, however our point of view is
somewhat different. They have also pointed out that several of the results
we obtained were not new, and appear in previous papers of Popescu, par-
ticularly [21, 23]. We wish to thank Arias and Popescu for their comments
and we will note the overlaps below.

1. THE LEFT REGULAR FREE SEMIGROUP ALGEBRA

Form a Hilbert space H,, = ¢2(F,,) with orthonormal basis vectors &, for
each word w in the unital semigroup F,. Define operators L; = A(z;) by
L&y = & 1t is immediately evident that each L; is an isometry, and that
the ranges are pairwise orthogonal. Indeed,

n
I-) LiLi =&
i=1
is a rank one projection. Let £, denote the unital woT—closed algebra
generated by Li,...,L,. It is then evident that v(Li,...,Ly)Ew = &uw
for all words v and w in F,. For convenience of notation, we will write
L= (Ly,...,L,) and L, or v(L) will denote the corresponding word in the
n-tuple.
Similarly, the right regular representation is defined by p(w) = Rg where

Ry&yw =&y for v,w e F,

and w denotes the word w in reverse order. Let R; := R,, = p(z;) denote the
images of the generators for 1 < ¢ < n; and let R, denote the woT—closed
algebra generated by the R;’s. Denote by W the unitary which sends &, to
&g It is easily seen that W L,W* = R;. Thus ‘R, is unitarily equivalent to
L, p=AdW)A, and WL,W* = Rg. Notice that £, and R, commute
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with each other. It follows that the range projection P, = R, R}, of each
right shift is invariant for £,.
The full Fock space of a Hilbert space H is the Hilbert space

F(H) =) @H®

k>0

where H®? = C and H®* is the tensor product of k copies of H. When
H = C" with orthonormal basis (; for 1 < ¢ < n, the Fock space has an
orthonormal basis (, = (;; ® -+ ® ¢, for all choices of w = (iy,...,i) in
{1,...,n}* and k > 0 (with the convention that (g spans H*"). For each
vector ¢ in H, there is a left creation operator ¢({){ = ¢ ® £. Clearly, there
is a natural isomorphism of Fock space onto H,, where n = dim’H, given
by sending (,, to &,. This unitary equivalence sends ¢((;) to L;.

The following heuristic is useful when working with operators in £,,. If
A =3 ayLy is a finite linear combination of the set {L,, : w € F,}, then
A& =), awbw; conversely, given a finite linear combination of basis vectors
¢ = >, awbw, the operator A = > a,L, belongs to £, and satisfies
A& = (. This correspondence of course cannot be extended to infinite
combinations, however we note that for an arbitrary element A of £,, A
is completely determined by what it does on &;: indeed, A§, = AR, =
R, A&, Soif A& =), aww, we have A, = > aw Tiwe = Y, Gw(Lws).
Thus it is sometimes useful to view A as the formal sum ), ay L, which
serves as a Fourier expansion of A.

As in the case with classical harmonic analysis, we shall use Cesaro sums
to enable us to make sense of such formal sums. Let (); denote the pro-
jection onto span{§,, : |w| = k}. Let ®; denote the completely contractive
projections on B(H) given by

o;(T)= Y,  QTQryy
k>max{0,—j}
The proof of the following lemma follows from the standard estimates for
Fejér’s Theorem.

Lemma 1.1. The Cesaro operators on B(H,,) defined by
ST =Y (1 - ‘Lk") o;(T) for k>1

lil<k
are completely contractive. Moreover, for each T in B(H), the sequence
Yk(T) converges to T in the strong operator topology.

Our first result is a direct analogue of the characterizations of the analytic
Toeplitz algebra, the n = 1 case, where £1 = R =7 (H™).

We note that Theorem 1.2 and Corollary 1.3 also appear in [23], (see
Theorem 1.2 and the material following it on page 35 of [23]). However, our
proof is quite different.

Theorem 1.2. For A in B(H,), the following are equivalent:
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(i) A belongs to £,
(ii) A belongs to R,
(iii) A= R}AR, and P, belongs to Lat(A) for all v in F,.

Proof. It is clear that (i) implies (ii), and (ii) implies (iii). Suppose that
(iii) holds. Then
AR, &y = PyAREw = Ry(R,ARy)Ew = RyA&y

for all v,w in F,. So (ii) holds.
To show that (ii) implies (i), fix A in ), and let A = ), awéw. Recall
that |w| denotes the length of a word w. Consider the Cesaro sums

L) =3 (1= 5 ay Ly,
jwl<h

It is evident that pr(L) belong to £,. We will show that py(L) converges
WOT to A.
Note that ®;(A) also lies in R), because R;Qr = Qr4+1R;; and thus

Ri®;(A) = ZRiQkAQk—i-j = Z Qr+1RiAQ+;
k k

= Qkr1AQk1j11Ri = ®(A)R;.
k

Hence Y (A) also lies in R], and converges SOT to A. Notice that
BeA)e = 3 (1- 1) awtw = pe(Der
|w|<k

By the remarks preceding Lemma 1.1, we conclude that ¥ (A) = pr(L)
belongs to £,; and so A does also. |

By symmetry, it is also the case that R, = £/,. Thus we have:
Corollary 1.3. £, is its own double commutant £, = £/".

Another automatic consequence of being a commutant is:
Corollary 1.4. £, is inverse closed.

We note that Corollary 1.4 also follows from Corollary 3.2 of [23].

Proof. This result holds for any algebra which is a commutant R’ of some
algebra M. Suppose that A in R’ is invertible in B(H). Then for any R in
R,

AT'R=AT"RAAT = ATTARAT = RAT.
Hence A~! belongs to R'. [ |

Now we develop some properties of the individual elements of £,. Some
follow easily from the commutant theorem; while the detailed spectral pic-
ture requires additional work.

Corollary 1.5. The only normal elements in £, are scalars.
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Proof. If N is a normal element of £,, define o = (N&1,&1). As & is an
eigenvector for £, it follows that N*& = @&;. By normality, N& = a&;.

ns
Since N commutes with R,,, we obtain

N&y = NRy&E = Ry NE = oy
Hence N = ol. |

Corollary 1.6. For all A in £,, ||Al| = ||Alle- In particular, there are no
non-zero compact operators in £,.

Proof. For any vector £ and word w in F,,
[ARWE|| = || RwAE[| = [|AL]-

Since R, tends weakly to 0 as |w| tends to infinity for every vector £ in H,
it follows that ||A| = [|A4]le. [ |

Our analysis of the spectrum of elements of £, is quite direct. As with
the proof of the commutant theorem, it relies on the fact that each element
A of £, is uniquely determined by A¢&; , which has a ‘Fourier expansion’ in
the standard basis. It also makes use of certain evident invariant subspaces
arising from this standard basis.

Theorem 1.7. Fvery non-zero element of £, is injective and has non-zero
spectrum. Forn > 2 and all A in £,, 0(A) = g.(A).

Proof. Let A in £, be a non-zero element; and let A§; = ), ay&y. This is
non-zero, for otherwise A§,, = R, A& = 0 for all w, whence A = 0. Choose
a word v of minimal length such that a, # 0. Then for any basis vector &,,

Agu = RuAgl = Z awéwu-

Thus the non-zero terms correspond to words of length at least |u| + |v].
Therefore it follows recursively that

ARG = afén + > awrbe
w#vk
|w|>v|*
Therefore
[AFME > (AR, £)[VF = au-
So the spectral radius of A is at least |a,| > 0.

Now suppose that ( =, by&y is a non-zero vector, and let u be a word
of minimal length such that b, # 0. Then computing as above, one sees
that

(AC7€vu) = ayb, # 0.
Therefore A is injective.

Note that to show that o(A) C o.(A) for every A in £, it suffices to show
that whenever A belongs to £,, and 0 belongs to o(A), then 0 lies in o.(A).
So suppose 0 belongs to o(A). By Corollary 1.4 and the fact that non-zero
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elements of £, are injective, we see that the only way this can happen is
if A is not onto. If Ran A is not closed, then A is not Fredholm, so 0 is in
oe(A).

Suppose then that 0 belongs to o(A) because Ran A is closed and proper.
The range of A is R, invariant. Thus it does not contain &7, as this is cyclic
for R,,. We claim that

(1) (Aspan{{, : |w| > k}) Nspan{&, : |w| < k} = {0}.

Indeed, span{&w : [w| = k} = 37, = ®RwHn is invariant for £,. Thus the
only possible vectors in the intersection have the form

€= awbw =AY Rulw
|lw|=k |lw|=k
for some vectors (,, in Hy,,. But if [v| = k, then
ayét = RiE = Y RyRuAGy = AGy.
|lw|=k
Hence a, = 0 for all v; whence £ = 0. So (1) holds.
Therefore,
dim(Ran(A) Nspan{&, : |w| < k}) < dimspan{&, : |w| < k}
= dimspan{¢&,, : |w| < k} —nk.
Hence Ran(A) has codimension at least n* for all & > 0.
Therefore, for 2 < n < oo, this shows that Ran(A) has infinite codimen-
sion. When n = oo, the argument still shows that
Ran(A) Nspan{&, : |lw| = 1}

is at most 1-dimensional with the same conclusion. Thus 0 belongs to o.(A).
[ |

Corollary 1.8. The algebra £,, contains no non-trivial idempotents or non-
zero quasinilpotent elements. Thus the spectrum of every non-scalar element
18 connected and contains more than one point.

Proof. A non-trivial idempotent has kernel, and a non-zero quasinilpotent
element has zero spectrum, both contradicting Theorem 1.7. The Riesz
functional calculus provides a proper idempotent in the algebra generated
by any operator with disconnected spectrum. Thus the spectrum of every
element of £, is connected. If o0(A) = {A} is a singleton, then A — AI is
quasinilpotent and therefore equals 0. So A is scalar. |

This yields the following important algebraic consequence.
Corollary 1.9. £, is semisimple.

Proof. The radical is contained in the set of quasinilpotent elements, and
therefore is {0}. [ |



FREE SEMIGROUP ALGEBRAS 9

Remark 1.10. During recent correspondence with Arias, we learned that
Katsoulis in 1994 also observed £, is semisimple, but we do not have a
reference.

We include a computational lemma which will be useful later.

Lemma 1.11. If A belongs to £, then RIA — AR} = (R} A&1)E] is a rank
one operator. Therefore every element of the norm closed algebra generated
by C*(Ry, ..., Ry) + R, commutes with £, modulo the compact operators.

Proof. This is a straight-forward computation:

RjA— AR; = RjA(&G¢1 + > RiR;) - AR
=1

n
= (R;A&)E + ) RIRAR; — AR} = (R AG)ET
i=1
Since each R; and R;f commutes with £, modulo the compact operators, as
does R, this fact extends to the norm-closed algebra that they generate. B

It would be interesting to know if the converse is true. This is the case
for n = 1, where C*(Ry) + R = 7(H*™ + C) is known to be the essential
commutant of the Toeplitz algebra [10]. For n > 2, C*(Ry,...,R,) + R,
is still closed but is no longer an algebra. The fact that it is closed can be
established by mimicking the second proof given in [28]. One uses a Cesaro
mean argument to establish that

dist(X, A,) = dist(X,R,) forall X € C*(Ri,...,Ry)
where A, is the norm closed algebra generated by R. Indeed, X is the norm
limit limg_, o Xg(X). So if A in R, satisfies | X — Al = dist(X, R, ), then
dist(X, A,) < klim X —Z(A)l
< lim [1X = (X)) + [25(X — A)] = dist(X, %)

Hence the injection
C*(R1,...,Rn)/An — B(Hy) /Ry

is isometric, and thus has closed range. Pulling this back to B(H,) shows
that C*(Rq, ..., Ry)+MR, is closed. Using a result on the structure of finitely
generated ideals in £,, from [13], one can show that finite sums of the form
> Aw R, with coefficients A,, in R, are dense in the algebra this generates.

2. INVARIANT SUBSPACES FOR £,

Following Popescu’s version of the Wold decomposition [19], say that
a subspace W is wandering for an n-tuple of isometries S = (57,...,Sy)
satisfying (F’) if w(S)W are pairwise orthogonal for distinct words w in
Fn. Clearly, every wandering subspace generates the invariant subspace

AW = >, dw(S)W for A = Alg{S1,...,S,}. When W is spanned by
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a single unit vector ¢, we shall also use the notation 2A[(] for the cyclic
subspace generated by (. The subspaces 2A[WV] are easily seen to be a direct
sum of cyclic subspaces. Indeed, let {(;} denote an orthonormal basis for
W. Then [(;] are pairwise orthogonal -invariant subspaces which sum
to A[W]. Popescu shows that every 2-invariant subspace decomposes as
the direct sum of an A[W] space and an invariant subspace M such that
T; = Si|pm satisfy

n
> T =1
=1

Unlike the n = 1 case, this latter condition does not yield much information.
When we study other free semigroup algebras, a more delicate analysis will
be required.

In the case of the left regular representation, all invariant subspaces are
generated by a wandering subspace. This result should be seen as the ana-
logue of Beurling’s Theorem for the analytic Toeplitz algebra. In the n =1
case, every invariant subspace is cyclic of the form wH? where w is an in-
ner function. These subspaces are therefore the range of the isometries T,
which are all the isometries in 7 (H>) = £1 = R;. The following result has
a significant overlap with Theorem 2.3 of [1].

Theorem 2.1. Every invariant subspace of £, is generated by a wandering
subspace. Thus it is the direct sum of cyclic subspaces. The cyclic invariant
subspaces of £, are precisely the ranges of isometries in R,,; and the choice
of isometry is unique up to a scalar.

Proof. Given an invariant subspace M, form the subspace
n
w=Mo (D aLm).
i=1

It is clear that W is orthogonal to L, WV for all w # 1; and hence it is easy to
see that the L, W are pairwise orthogonal. So W is wandering. It remains
to show that M = £,[W]. By the Wold decomposition, the complement A
of £,[W] in M is invariant for £, and N'=>"" | @L,N. If N is non-zero,
choose the smallest integer ko such that Qr, N # 0. (Recall that Qy, is the
projection onto span{&,, : |[w| = ko}.) But then

QkoN - Z kaoLiN = ZLiQko—lN =0.
=1 i=1

This contradiction shows that M = £,[W] as desired.

Now M is cyclic precisely when W is one dimensional. Consider a cyclic
invariant subspace £,[(] where ¢ is a unit wandering vector. Define an
isometry R¢ by the rule

Re&w = Ly¢ for w e Fy.
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It is evident by construction that R; commutes with the operators L,,. So
R belongs to R,, by Theorem 1.2. Moreover, the range of R is equal to
£,[¢] by design.

Conversely, if R is an isometry in fR,, the range of R is invariant for £,.
Moreover, ( = R§; is a wandering vector for this range and R = R¢. So
it is cyclic. Finally, suppose that R’ is another isometry in 2R, with the
same range. Then both ¢ and ¢/ = R'¢; are wandering vectors for RH,,.
Therefore they both lie in the one dimensional wandering space C{. Hence
¢’ =X and R’ = AR for some scalar \ in T. [ |

Another classical result of function theory is that every function f in H!
has an inner—outer factorization f = wh. This factorization is useful both
in H*® and in H2. We have already noted that the inner functions in H>
correspond to those analytic Toeplitz operators which are isometries. Thus
we define the inner elements of £, to be the isometries. It is the case that
h in H* is outer if and only if 7, has dense range. So we define outer
elements of £, to be those with dense range. This allows us to obtain a
natural inner—outer factorization in £,. Our definition of outer elements
differs from the definition which appears in [21]. However, it is not difficult
to show that the definitions coincide for operators in £,. Thus the following
result is an immediate consequence of Theorem 4.2 of [21]. We include it
for completeness of exposition and to provide a somewhat different proof.

Corollary 2.2. Every A in £,, factors as A = L¢B where L¢ is an isometry
in £, and B belongs to £,, and has dense range. This factorization is unique
up to a scalar. The operator B is invertible if and only if A has closed range.

Proof. The closed range M = Ran(A) = AR,& = R,[A&] is a cyclic
invariant subspace for fR,,. Therefore, it has a unit wandering vector (,
which is unique up to a scalar, such that M = L:H,. Let B = LZA.
Evidently, A = L¢B, and B has dense range. To verify that B belongs to
£, we show that it commutes with each R;. Indeed, by Lemma 1.11,

RjB — BR; = (R;L{ — L{Rj)A = —&1(R; L¢é1)* A = =& (A*R()*

Recall that ¢ lies in M & Y "' | R;M. Hence R’( is orthogonal to the

subspace M = Ran A, so R’ ¢ belongs to ker A*, and therefore A*R;f( =0.
Thus R;B — BR; = 0 as claimed.

Uniqueness follows from the uniqueness of ( up to a scalar. If A has
closed range, then B is surjective. By Theorem 1.7, B is injective and thus
is invertible in £, by Corollary 1.4. The converse is clear. |

Another of Beurling’s results is that the cyclic vectors of the shift are
precisely the outer functions in H2. So if we take this as our notion of an
outer function in H,,, we obtain an analogue of inner—outer factorization in
Fock space. However, we are missing some sort of intrinsic characterization
of cyclic vectors and wandering vectors for £,. This version of inner—outer
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factorization in H,, is not as satisfying as the algebra version. Compare the
following result with Theorem 2.1 of [1].

Corollary 2.3. Every vector n in H, factors as n = R¢§ where ¢ is a
wandering vector and & is a cyclic vector for £,. This factorization is unique
up to a scalar of modulus 1.

Proof. The cyclic subspace £,[n] has a wandering vector ¢. Since R is an
isometry in £/ onto £,[n], it follows that £ = Rin is cyclic and n = R¢&.
The uniqueness up to a scalar follows from the uniqueness of ¢ up to a scalar.
|

To complete the picture of inner and outer functions, we provide a more
intrinsic characterization of these elements. The characterization for inner
operators is analogous to the characterization in H*° that h is inner if and
only if [[hfloc = }Al2 = 1.

Proposition 2.4. An element A in £, is inner (i.e. an isometry) if and
only if [|All = A& || = 1.

Proof. If A is an isometry, it is clear that ||A|| = ||A&1]| = 1. Conversely,
if ||A& || = 1, then A&, = R, A& are unit vectors for all w in F,. Since
|Al| = 1, it follows that these vectors are pairwise orthogonal. Hence A is
an isometry. [ |

The characterization of outer functions is parallel to the fact that among
all H° functions with a given absolute value on the boundary, outer func-
tions have the greatest absolute value at the origin.

Proposition 2.5. An element A in £, is outer if and only if |po(A)| =
|(A&1,&1)| is mazimal among
{leo(B)| : B€ £,, B*B = A"A}.

Two outer functions with the same absolute value differ by a multiple of
modulus one.

Before beginning the proof, we note that this result is part of Theorem 2.5
of [23].
Proof. Suppose that A is outer and that B in £, satisfies B*B = A*A.
Then since A has dense range, there is an isometry L in B(H,) such that
B = LA. Consequently, for 1 <i <n,

Since A has dense range, it follows that L commutes with each R;; and
therefore belongs to £, by Theorem 1.2. Since g is multiplicative and
contractive on £,,,

loo(B)] = lwo(L)po(A)| < [po(A)].

Conversely, this inequality is strict unless L& = A& for some scalar A of
modulus one. But this clearly implies that L = Al and B = AA. So if A is
not outer, it does not achieve this maximum. [ |
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For the analytic Toeplitz algebra, the eigenvalues of the adjoint algebra
correspond to point evaluations in the unit disk. For each A in D, there is a

unit vector

Ba= (1= P20 =X2) = 1= AP (e)F
k>0

such that T7ky = Mky. Moreover
(Thkx,k\) = h(X\) forall he H™.

Their orthogonal complements are given by {ky}* = bxH 2 where

is a Mobius map of the unit disk. The lattice generated by these subspaces
contains bH? for every Blaschke product b without multiple roots. These
subspaces are SOT—dense in the lattice of all invariant subspaces because the
Blaschke products are SOT-dense (and even norm dense) in the set of inner
functions.

For n > 2, the eigenvectors of £ turn out to be symmetric, meaning that
the coefficients for &, depend only on the evaluation of w on commuting
variables. So they cannot be sufficient to determine the whole invariant
subspace lattice. Indeed, they are also eigenvectors for PR). Nevertheless,
they will yield an important class of invariant subspaces. Let B,, denote the
unit ball in n-dimensional Hilbert space. This makes sense even for n = oc.

We note that eigenvectors of £} are also discussed in example 8 of [1].

Theorem 2.6. The eigenvectors for £} are the vectors
va= (1= MDY > wNgw = =[NP =D ML) a
weFy =1

for X in the unit ball B,,. They satisfy
Livy = Aiva

and (p(L)vy,vy) = p(A) for every polynomial p =), aww in the semigroup
algebra CF,,. This extends to the map px(A) = (Avx,vy), which is a WOT—
continuous multiplicative linear functional on £,. The vector vy is cyclic for
£,. The subspace My = {vy}* is £, invariant, and its wandering subspace
Wy s n-dimensional, spanned by

O = A1 — (1 — NP2 Ly for 1<i<n.
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Proof. First note that if A is in B,,, then

Do lwMP=30 > lwV)

k>0 |w|=k

|
2N Vi L

k>05;>0,%" si=k

= (ZM !2> (L= AP~ < 0.

k>0

So vy is defined for A in B,,. Also note that
1Y NLP =) NP =117 < 1.
i=1 i=1

Sol—->", \iL; is invertible, and its inverse is given by the power series

_g/\_iLi)‘l—Z<§n: >k Z W) L.

k>0 weFn

Thus the second identity for vy is evident. Since
n JRE—
=) NLva = (1= ||AI)%,
i=1

it is evident that vy is cyclic.
A straightforward computation shows that

Liva = (1= |AI})V2L; Z( iw) (A &z
= (1= AP Z Néw = Aiva-

Thus it follows that

(L, va) = wA)|[pal? = w(N).

This extends to polynomials by linearity. Evidently ¢, is WOoT—continuous.
If A, B are in £,,, then the scalars o = ) (A) and 3 = ¢, (B) are determined
by the identities A*v) = avy and B*vy = (vy. Hence

©x(AB) = (ABvy,vy) = (va, B*A™1)) = af = ox(A)pr(B).
Therefore ¢y is multiplicative.

Conversely, if v = ), aw&, satisfies LTv = iV, then reversing the calcu-

lation in the first paragraph shows that a,, = w(\)a;. Since v is a vector of
finite norm, this forces the condition ||A|| < 1, and v = ajvy.
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Since Cuy, is invariant for £F, it follows that My = {v,}* is invariant

for £,. Let W\ = My 6 > | LiM, denote the corresponding wandering
space. Notice that

LMy =L;H, ©CL;v,.
If ¢ belongs to Wy, we may write ¢ = a1+ i, ¢; for ¢; in LyH,,. Since ( is
orthogonal to L; M, it follows that (; is a multiple of L;vy, say (; = a; L;vy.
And since ( is orthogonal to

vy = (1= A2 + 3" ML,
i=1
we deduce that

0= (C.om) = (1— A2+ 3 Aa.

i=1
This equation has an n-dimensional solution space spanned by the n solu-
tions given by a = \;, @ = —(1 — ||A)*/? and a; = 0 otherwise. These
yield the vectors () ;. |

We note that the vy’s all lie in, and indeed span, the symmetric Fock
space. So while the M ’s are invariant for £, and fR,,, there are many other
operators leaving them invariant as well. In particular, they do not come
close to determining the invariant subspace lattice of £,,.

Now we turn to the problem of showing that £, is hyper-reflexive. We
begin with a folklore result that algebras of infinite multiplicity are hyper-
reflexive. A woT—closed algebra 2 is said to have infinite multiplicity if it is
unitarily equivalent to an algebra of the form B ® I where I is the identity
operator on an infinite dimensional space.

Theorem 2.7. Every WoT-closed algebra of infinite multiplicity is hyper-
reflexive with distance constant at most 9.

Proof. The algebra 2 = B ® [ is contained in B(H) ® I which is an AF von
Neumann algebra and thus is hyper-reflexive [8] with distance constant at
most 4. It is a result of Arveson [2] that for any weak-* continuous linear
functional f on B(H), there are vectors £ and ¢ in H® H' (where H' is any
separable Hilbert space) such that for all T in B(H),

fT)=((TenHg ) and ]I = £

Therefore B(H)®1 has property A;. So the result now follows from [11, 18].
|

Remark 2.8. Probably the number 9 is quite crude. However, this constant
can be greater than 1 even for von Neumann algebras of infinite multiplicity.
The usual example of a von Neumann algebra with constant greater than 1
is the 3 x 3 diagonal subalgebra D3 of M3 with respect to a basis eq, es, €3,
which has distance constant /3/2 [12]. In fact, D = D3 ® I acting on
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C? ® H also has distance constant at least 1/3/2. To see this, let T in M3
be the matrix

1 0 1 -1
T=—1] —1 0 1
V3 1 -1 0
which has the property that ||T'|| = dist(T,D3) = 1 but B, (T) = 1/2/3,

where L3 is the lattice of projections in Ds3. Let E denote a rank one
projection E = £p&; in B(H). Consider X = T'® E. First notice that for
any D in Ds,
L=|T| <|T - D]
=IoE)X -De (e E)| <X - (DI

Thus dist(X,D) = || X|| = 1.

To compute 3(X) = suppe [|[PLXP|| as P runs over £ = Lat(D), it
suffices to consider ||P+X Pz| where z is a unit vector in the range of P.

So one may then replace P by the projection P, onto the cyclic invariant
subspace for D generated by x. Let

3
T = in(ei ® i),
i=1

where (; are unit vectors in H. We may assume that ({;, &) > 0, and so can
write

Q = cosb; fo + sin 6; &

where &; is a unit vector orthogonal to &;. Then

3
Dx = Z @C(ei (= Cz)

i=1

Let f = E?:l x; cos 0;e;. Then

3
Xz=(Tf)®&  and | Xa|? = TF> =D [(Tf. ).
=1

Let us assume the convention that addition of indices is calculated modulo
3. Then

ry- L

2

(a:i+1 COS 0i+1 — X;—1 COS 91’—1) €;.

3
=1
Now compute

3

3
1P Xal2 = STS @ o000 G2 = S I(TF, e0) 2 cos? 6,

i=1 i=1
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To simplify notation, let us write ¢; = cos#; and s; = sin ;. Hence

)

3
1P Xa|® = | X — | P Xal? = Y (T, e0)*s?
=1

3

j— 1 . . . . 2 2
= § |$z+lcz+l - xzflczfl| S;
=1

3 3
1
2 2 2 2 2 —_—
= g(E (5701 + s7-1)cf 2> —2Re ) s} Ci—10i+1$i—1$z’+1>

i=1 i=1

= (Az,x),

where we now think of z as (%é) and

M(a2 1 &2)2 2 2
1 (s5+ 33)201 50102233 ) —01035%
A= 3 —clcgs% (s1 + 33)202 50203231 )
| —cic3s; —coc3sy (ST +s5)cs
(e 0 0] [543  —s3 —s3 ct 0 0
=3|0 @ 0 —s2 245k —s? 0 cg O
10 0 c3 —s3 —s?  s14+s3 10 0 ¢
1 ’ 1Q
= — diag{cy, 2,3} E s2gig; ) diag{cy, ca,c3} = = g s2hih}
3 1,€2,C3 : 9i9; 21C1, €2, C3 3 g il
i=1 i=1

where g; = e;+1 —e;—1 and h; = ¢jy1€;41 — ci—1ej—1. Thus A is positive, and
hence

1A < Te(A) = 3 Y (st + s71)-

=1

Wl

A calculus computation shows that this achieves its maximum when one of
the ¢;’s equals 0 and another equals 1, which yields the value 2/3. And, when
c1 = 0 and ¢z = c3 = 1, one achieves ||A|| = 2/3. Therefore 5(X) = 1/2/3.
So the distance constant for D is at least \/3/72 just as in the case for Ds.

We can now prove the main result of this section. To prove hyper-
reflexivity, we make use of the fact that there are natural invariant sub-
spaces with infinite dimensional wandering space that almost fill up the
whole space. Then we reach the vector £ by making use of the invariant
subspaces arising from the eigenvectors of the adjoint. It seems to us that
a proof just of reflexivity would require at least this much. Surprisingly,
because of the availability of these subspaces of infinite multiplicity, the
hyper-reflexivity result is much more accessible than in the case n = 1. Be-
cause of the commutant theorem and the structure of invariant subspaces,
we also obtain a norm estimate from the corresponding derivation on R,.
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We note here that Arias and Popescu prove the reflexivity of £,. Since
hyper-reflexive algebras are reflexive, the following result subsumes Theo-
rem 4.1 of [1].

Theorem 2.9. The algebras £, are hyper-reflexive. Moreover, for all T in
B(Hy),

1
—dist(T, £,) < sup ||LJ‘TL|| < ||or|m, || < 2dist(T, £,).
ol LeLat(£,)

Proof. The case n = 1 is hyper-reflexive by [11] with constant less than 19.
So we assume that n > 2.

Fix T in B(H,) and let § = frate,(T). Notice that £, is unitarily
equivalent to the restriction of £, to any cyclic subspace. So the restriction
of £, to an invariant subspace M with an infinite dimensional wandering
space has infinite multiplicity, and therefore is hyper-reflexive with distance
constant 9 by Theorem 2.7. Moreover, since the invariant subspaces of the
restriction algebra on M are merely the invariant subspaces of £,, contained
in M, it is clear that the distance estimate,

sup{||P*(T|am) Pl : P € Lat(€4/ )},

for the restriction of T' to M is at most .
Next we will show that there is an A in £,, such that

(T = Al e e || < 18V25.

It will also follow that for any A in B,, and any wandering vector ¢ for {vy}+,
there is a B in £,, such that

(2) (T = B)|e,igll <98

Choose two subspaces My, Ma in Lat(£,) with infinite dimensional wan-
dering spaces such that M; + My = {&}+ and the projections onto M;
commute. For example, let

M= aL,e, .l

J#t k20

Also notice that with a minor modification, it can be arranged that any
wandering vector for {£;}+ may be included in M;. By the preceding
remarks, there are elements A; in £, such that

I(T - A)la] <98 for i=1,2.

Notice that Theorem 2.1 implies that for any L in Lat(£,), the restriction
mapping X — X]|z is isometric on £,. Hence, as M; and M3 have non-
trivial intersection, we deduce that ||A; — Az|| < 185. Set A = (A1 + A2)/2,
and note that ||A — A;|| < 95. Since the projections onto M; commute,



FREE SEMIGROUP ALGEBRAS 19

given any vector 1 in {¢}*, we may find orthogonal vectors n; in M; such
that 7 = 11 + n2. Then by the Cauchy—Schwarz inequality,

(T = A)lgyell < sup (T = A)mll + (T — A)ng]|
nLér, Infl=1

< (1T = A) a1 + 1T = A)| s 12)

< 18v/24.

Now if A is in B, Theorem 2.6 shows that {vy\}* has an n-dimensional
wandering space. Thus the restriction of £, to {v)}* is unitarily equivalent
to its restriction to {£;}+. Therefore the above analysis applies equally well
with vy in place of & . In particular, given any wandering vector ¢ for {vy}+,
there is a subspace M with infinite dimensional wandering space containing
(. Thus, as above, there is a B in £,, such that

(T = Ble, il < (T = B)lmll <96

Take A\, = (7,0,...,0) for 0 < r < 1, set ¢ = (x,.1//¢, 1] and choose
an element B, in £, such that |[(T — B,)|g,ic, )]l < 98. Then since £,[(]

intersects {1} in an infinite dimensional subspace, we deduce again that
|B, — A|| < (9 + 18V/2)3. Hence

I(T = A)G |l < 18(1 + v2)8.
But lim,_,; {, = &1, whence
(T — A)éa|| <18(1+ v2)B.

Thus, using the Cauchy—Schwarz inequality again,
) o\ 1/2
IT = Al < (1T = Dlgey e 12+ 1T = A)éa]?)

< 184/5+42v2 8 < 51p6.

Hence £, is hyper-reflexive.

Choose M in Lat(£,) and a unit vector £ in M such that [ is approxi-
mated by ||P/%/[T ¢|l. Without loss of generality, it may be supposed that M
is the cyclic subspace generated by &. Hence there is a wandering vector (
so that M = £,[(]. Therefore Py = R¢ R} and

67|, | = ITR; — ReT | = | Pig(TRe — ReT)RE|
= | PAT Pml| = | PATE]l-

It follows that ||07|ss, || > /5, which establishes the second inequality.
The third inequality is standard. If A is in £,, and R belongs to ‘R,

1or(R)|| < [[(T' = A)R — R(T = A)|| < 2[|R|[ | T — Al.

Minimizing over A in £,, shows that ||dr|n, | < 2dist(T, £,,). [ |
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In the case n = oo, the restriction to {&;}* is already infinite multiplicity
and thus has distance constant at most 9. So a review of the argument
shows that the algebra £, has a distance constant of at most 18v/2.

We also show that £, has the property Aj, namely that every weak-x
continuous linear functional f on £, is given by a rank one operator acting
as a functional on B(H). This means, in particular, that every weak-x
continuous linear functional is WOT—continuous. Hence these two topologies
coincide on £,,.

Theorem 2.10. Suppose that f is a weak-x continuous linear functional on
Ly, forn > 2 with || f|| < 1. Then there are vectors & and ¢ with ||£]| ||C]] < 1
such that f(A) = (A, Q) for all A in £,.

Proof. This follows immediately from the fact that there are countably
many pairwise orthogonal cyclic subspaces £,[v] such that the restriction
of £, to each £, [v] is canonically unitarily equivalent to £,. Given f with
|| fIl <1, there is (by the Hahn—Banach Theorem) a trace class operator K
with [|K||1 < 1 so that f(A) = Tr(AK). The singular decomposition of K
yields
K=Y sil
k>1
where &, and ¢, are unit vectors and s, > 0 such that ), s;; < 1. Let

§ = Zsllc/2RVk£k and C = Z Sllc/QRuka:-
k k

Then [|£]] = ||¢|| < 1 and by part (iii) of Theorem 1.2,
(A8,¢) =D sk(ARy &k, RuyGr) = Y sk(Alk, G) = f(A). u
k k

An immediate consequence of [11] or [18] for hyper-reflexivity is:

Corollary 2.11. Every wWoOT-closed unital subalgebra of £, is hyper-reflex-
iwe with constant at most 103.

Another immediate consequence that will prove to be important in [13]
is:

Corollary 2.12. The weak-x and WOT topologies on £, coincide.

3. AtoMICc FREE SEMIGROUP ALGEBRAS

In this section, we will examine a more general class of isometric repre-
sentations of the free semigroup. Say that an n-tuple of isometries S =
(S1,...,8n) is free atomic if > | S;Sf < I and there is an orthonor-
mal basis {{;} for H for which there are endomorphisms m; : N — N
(where 1 < i < n) and scalars \;; € T satisfying Silx = i 1x&r,h). We
call the corresponding representation of F,, atomic as well. Equivalently,
this says that there is an atomic masa containing all the range projections
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Py = w(S)w(S)*. A free atomic semigroup algebra will be the woT—closed
algebra 2 = Alg(Sy,...,S,) generated by a set of free atomic isometries.

There is a connection between these representations and the permuta-
tion representations of O, recently introduced and studied by Bratteli and
Jorgensen in [5]. Permutation representations are a subclass of atomic rep-
resentations: they are the same as above except that all scalars \; , = 1 and
>, =1"8;S7 = I. Bratteli and Jorgensen were are interested in decompos-
ing permutation representations into irreducible representations. However,
the condition that A; ;, = 1 forced them to make certain restrictive assump-
tions. In general, to obtain a decomposition into irreducible representations,
arbitrary scalars are needed as we shall see.

It turns out that atomic free semigroup algebras have a very nice structure
theory. We show that the irreducible atomic representations of F,, can be
completely classified up to unitary equivalence. This will then allow us to
determine the invariant subspace structure. Every free atomic semigroup
algebra will be shown to be hyper-reflexive.

Classifying all free semigroup algebras up to unitary equivalence is essen-
tially equivalent to classifying all representations of the C*-algebra O,, up
to unitary equivalence. However, this C*-algebra is NGCR, meaning that
it has no type I quotients. (Indeed, it is simple.) Such C*-algebras do not
have a nice representation space in the sense [16] that there is no countable
collection of Borel functions that distinguish the unitary invariants. Hence
it is perhaps surprising that this class of atomic representations has such a
nice classification.

There are three classes of atomic isometric representations of F,, which

we will now describe.
(i) The left regular representation A.
(i) Let z = 2, 23, .. . 2 . be an infinite word in the generators of Fy;
and define the sequence

m

T = Ziy Ry - - - % for m > 0.

m

Let F,,z~! denote the collection of words in the free group on n generators
of the form v = uz,! for u in F, and some m > 0. Identify words which
are the same after cancellation, namely uz,! = (uz;, +1)93;11+1. Let H,
be the Hilbert space with orthonormal basis {&, : v € F,x~1}. Define a

representation 7, of the free semigroup F,, on H, by
To(2)€p = &y for v € Fpz™!

Two words z and &’ = 2j,2j,...%j,, ... are said to be tail equivalent if
there are integers k and ¢ so that iy, = jm4e for all m > 0. Let [z] denote
the tail equivalence class of z. When x and z’ are tail equivalent, there is a
unitary operator U : H, — H, given by U§, 1 = 5 2, for v in F,, and

m > 0. It is easy to check that U is a well deﬁned leeCtIOIl between the bases
which intertwines the two representations. Thus U extends to a unitary
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operator which implements the unitary equivalence of the representations
T and .

These representations are irreducible except when [w] is periodic. The
structure for the periodic case will be described later. Two representations
7, and 7, are unitarily equivalent if and only if x and z’ are tail equivalent.

(iii) Let u = 2, ... %, be a non-trivial word in F,, and let A be a scalar
of modulus one. The idea behind the following construction is to create a
representation of F,, under which the word v maps to an isometry which
has A as an eigenvalue.

Let K, be the Hilbert space with orthonormal basis,

{&w:l1<s<kandweF,\ Fnz,}
Define a representation o,  of F,, by

our(2i)€s1 = &1 if i=1ds, 8> 1

oun(zi)é1g = N1 i i=1y

oun(zi)ls1 = &szp i i F g

oun(zi)sw = Espw  if W #1

Notice that oy x(u)&k1 = Ak,1. The word u will be called the central
generator for this representation; and the sequence &1 for 1 < s < k of
basis vectors which are cyclically permuted will be called the central cycle.
Each basis vector &1 is mapped by oy, x(2;,) to the next vector in the cycle,
§s—1,1; but when j # is, 0y 2 (25)€s,1 = &s,;- This is a wandering vector which
sweeps out a copy of the left regular representation. So this representation
consists of a central ring of k nodes, and from each node, there are n — 1
‘spokes’ equivalent to the left regular representation.

It is evident that if the terms of w are cyclically rotated, one obtains an
equivalent representation. Let (u) denote the equivalence class of u up to
cyclic permutation.

The word u is said to be primitive if it is not the power of a smaller word.
It turns out that o, ) is irreducible precisely when u is primitive.

Example 3.1. Let H = (?(N). Define S1&, = 2,1 and S2&, = £2,. Then
S1&1 = & . Clearly, & is a cyclic vector for (S1,.S2). This is a representation
of £9 of type 0, 1.

Example 3.2. Let H = (*(Z x Ny). Define two isometries in B(H) by
S18kn = Ek2n+1s 52850 = k1,0 and S2€n = g 2n for K € Z and n > 0.
In this case, every basis vector is a wandering vector. This example is a
representation of £9 equivalent to m,g.

Example 3.3. Consider the n = 1 case. The left regular representation
is just the unilateral shift since N acts on ¢3(N) by translation. The only
infinite word is 27°. This yields the shift on f2(Z), namely the bilateral
shift. The only primitive word is z1. The representations o, y are the one-
dimensional representations as scalars. From the spectral representation of
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the bilateral shift as multiplication by z on L?(T), it follows that Tzo0 is the
direct integral of the o, »’s with respect to Lebesgue measure. Finally, the
general word is zf. The representation Tk 2 is a cyclic weighted shift on
k—dimensional space with all weights equal to 1 except one which is A. This
is unitary, and by the spectral theorem, it is diagonalizable with eigenvalues

equal to the k-th roots of A, say puq, ..., ug. Thus Tk ) Zle DOy -
The main result of this section can now be stated:

Theorem 3.4. Fvery representation of the free semigroup as a free atomic
semigroup algebra is unitarily equivalent to a direct integral of representa-
tions which are each unitarily equivalent to one of

(i) the left regular representation A
(ii) 7, corresponding to an aperiodic infinite word x which is unique up
to tail equivalence, or
(ili) oy for a primitive central generator u, which is unique up to a
cyclical permutation, and a constant A in T.

This decomposition is canonical.

We begin with an elementary lemma. For the rest of this section, let
20 be an atomic free semigroup algebra Alg(S1,...,Sy), and let {&,} be a
standard basis on which it acts.

Lemma 3.5. If &, and &, are basis vectors, then either A, and A&, are
orthogonal or one contains the other, in which case there is a word w and
scalar X in T so that w(S)&y, = A, or vice versa.

Proof. If there is an intersection, it is spanned by standard basis vectors;
and thus there are words v and w so that

v(8)&m = Aw(S)&p.-
If both v and w are non-trivial, they must have the same initial term because
the ranges of distinct S; are orthogonal. Cancelling off terms from the left,

we obtain a minimal pair (v/,w’) such that v'(S)&, = Aw'(S)&,. It follows
that one of v/ or w’ is equal to 1. [ |

Corollary 3.6. A standard basis vector £ is either a wandering vector for
2A (so that {w(S)¢ : w € F,} is an orthonormal set), or there is a word
u # 1 and scalar A in T such that u(S)§ = A§. The minimal choice of u is
unique, Say u = z;, ... %;,. For any j # i, S;§ is a wandering vector.

Proof. If £ is not a wandering vector, then the definition of atomic free
semigroup algebra shows that there are distinct words v and w and a scalar
A in T such that v(S)§ = Aw(S)€. Apply the lemma and use cancellation
to obtain a word u = z;, ...z, so that u(S){ = A{. Moreover, if u and o’
are two words with this property, then one divides the other. Hence the
minimal choice of the word w is unique; and any other choice is a power of
this minimal word.
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Fix j with 1 < j < k and set ¢ = S;§. If ¢ is not a wandering vector,
then there is a scalar p in T and a word w so that w(S)( = pu¢. But then
(wz;)(S)€ = nS;&. Therefore, since the ranges of the S;’s are orthogonal,
we find that w = z;w’ and so (w'z;)(S)§ = p€. Hence w'z; is a power of u.
But this means that j = ij. |

Let W = {&, : &, is wandering }. Then W = span(W) is invariant for
2. This is because Corollary 3.6 shows that when &, belongs to W, then
w(S)&y, is also in W for every word w in F,.

Lemma 3.7. For each primitive word u and scalar X in T, the projection
P, x onto the subspace {£ : u(S) = A} belongs to A.

Proof. We will show that

P, ) = soT-lim p, (Au(S))

where p, (z) = % Z;”:'l ™1, To verify convergence, it is enough to check
each standard basis vector because the sequence is bounded. If £ is a
standard basis vector such that u*(S)¢ is never a multiple of £, then by
Corollary 3.6, u*(S)¢ is eventually a wandering vector. Hence large powers
uF(9)¢ are pairwise orthogonal, and consequently their average p,, (Au(S))&
converges to 0 in norm.

Next suppose £ is a unit vector such that u(S5)%2€ = u& for some positive
integer q and scalar p in T. Assume q is the least such integer, and let

M = span{u(S)7¢:1 < j < q}.

Clearly M reduces u(S). Let aj, 1 < j < g be the ¢ roots of . The
vectors

1 &
U= kzla?u(s)kf

satisfy u(S)y; = ojy; and are also an orthonormal basis for M. Hence

u(9)|a is diagonal with respect to this basis. Also 25:1 yj = /4§
Evidently, p,,,(1) = 1 for every m > 1, and

o (xm!)2

m!

X

pml(z) = 7— [xm

} , for z#1.
So lim p,,(7) = 0 for all 7in T, 7 # 1. Therefore,

0 i\ £

7 lim p,,(Au(9))€E = . .
@l pm(Au(S))E {(E,yj)yj—ﬁyj fA=a; 1<j<q.

Hence P, ) is defined in 2 as a SOT limit.
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Next observe that when u(S)¢ = A, then p,,(Au(S))¢ = ¢ for all m and
thus P, 2§ = &. Conversely, if P, \¢ = &, then

u(S)E = Agnoou(S)% Z (Xu(S))mHt(
T t=1

m—oo  m)

— lim A=Y (u(9) ™ ¢
t=1

= X6+ lim % ((Ru($)" 1) ()¢ = Ae.

Thus P, ) is a projection with the desired range. |

Corollary 3.8. If u is a primitive word and q is the least positive integer
such that w(S)% is a multiple p& of &, then & = Y1 | P, & where \; are
the g-th roots of p for 1 <i <gq.

Proof. Equation (7) in the proof of Lemma 3.7 yields P, ,§ = ﬁ y;. Since
£ = ﬁ >4, yj, the result follows. [ |

Corollary 3.9. The projection P onto W lies in 2.

Proof. We will show that P equals @ := ) P, » as this sum runs over all
primitive words u and all scalars of modulus 1. This sum is SOT—convergent
because the projections P, ) are pair-wise orthogonal projections; and hence
@ belongs to A. A basis vector ¢ is either wandering, or satisfies v(S5)§ = A
for some non-trivial word v and scalar A in T by Corollary 3.6. Clearly,
Q¢ = 0 for every wandering vector €. In the latter case, Corollary 3.8 shows
that £ lies in the range of (). Hence (Q = P as claimed. |

Now we can decide which of the atomic representations of types (i)—(iii)
are irreducible, by which we mean that the image does not commute with
any proper projection.

Proposition 3.10. Consider the representations of type (i)—(iii).

(i) The left reqular representation A is irreducible.

(ii) The representation m, is irreducible except when x is tail equiva-
lent to a periodic word. In this case, there is a primitive word u
so that x is equivalent to the infinite repetition of u. Then m, is
unitarily equivalent to the direct integral fT Doy dX with respect to
normalized Lebesgue measure.

(i) The representation oy y is irreducible when u is primitive.

When v = v" and v is primitive, then o, ~ Z;zl ®oy,u; where pj
are the r-th roots of .

Proof. First consider the left regular representation A\. The rank one pro-
jection §1& =1—)", 5;S; lies in C*(£,,). Thus if @ is a reducing projection
for £,, it must commute with &£]. By replacing Q) by Q™ if necessary,
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we may assume that & lies in the range of (). However, & is cyclic and
therefore () = I. Hence ) is irreducible.

Next consider the case (iii) representations o, x when u is primitive. The
projection P = P, ) is the rank one projection onto the span of & 1, which

is a cyclic vector. So as in case (i), this representation is irreducible.

When v = v" and |v| = k, decompose the space Ky, as follows. Let ICI(,T) be
the direct sum of r copies of I, with basis §§7w for0<j<r,1<s<kand
win F, \ Fnzi,. There is a unitary operator W from ICQ(,T) onto K, given by
WElw = Estkjw- Consider o0 = W*o, \W. Then a calculation shows that

o(z)€l = MG, if i=1iy
o(z) {,1 = i;l if i=4;and j >0
U(Zi)gg,1 = fi_l,l if i=15 ands>1
o(zi) g,1 = ﬁzz if @ # s

o(z)€el, =& if w#1

S, W S,2; W

Let & = span{fg,w :0<j<r}tforl <s<kandweF,\F,z, Thus
we see that o(v) maps the subspace &£ ; onto itself via the unitary U which
is the weighted shift given by U¢] | = ¢]7" for 2 < j < k and U}, = [T
The spectrum of U is the set of r-th roots of A, given by p; for 0 < j <r.
Diagonalize U with respect to a new basis C{,l for 0 < j < r so that

U¢l, = pj¢l 1. Then, using the fact that o(2;,)E1 = E—1,1 for 1 < s <k,
define a basis gﬁ,w for Kf,r) by setting Cg—l,l = a(zis)ijl for 0 < j < r and

S

1<s§k‘;andletcg,w:U(w)gjylforogj<r,1Ssgkzandwin

s

Fn \ Fnzi,. Then it follows that
U(zil)C{J = Njcljg,r
Thus this exhibits a unitary equivalence between o and Z;;(l) SO ;-

Now turn to case (ii) when [z] is aperiodic. Consider the standard ba-
sis vector &;. We claim that the rank one projection £1£] belongs to the
von Neumann algebra W*(m;(21),...,7z(2n)). Indeed, P,, = x,(S)zm(S)*
is the range projection onto the span of those basis vectors &, for w in
TmFnr~t. This is a decreasing sequence, and thus the soT-limit of the
P,,’s is a projection P. For each word w and positive integer k, there is
a unique word wy of length k so that &, lies in the range of wy(S). This
determines an infinite word which is easily seen to be wx, and wy consists
of the first k terms of this (reduced) word. Since z is aperiodic, wz and x
are different except for w = 1. Hence for some sufficiently large k, wg # =
and so Pr&, = 0. Therefore P = £&]. This vector is clearly cyclic for
WH*(mz(21), ..., 7z(2n)), and hence 7, is irreducible.

Finally, suppose that x is periodic, being the infinite product of a primitive
word u = 2;, ... 2;,. Denote a basis for K,®05(Z) by &, for jinZ,1 < s <k
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and w in F,, \ F,z;,. Define a unitary W from this space onto H, by
ng’w = §w$;1uj for jeZ, 1<s<k, weF,\Fnz,_.

where we adopt the convention that g = 1 and x:,} =2 ...%, fort > 1.
Then a calculation shows that o = W*n, W is given by

o(z)l, =€_ 1, if i=iys>1
] —1 . . .

o(z:)&11 =&, if i=1

o(z)¢, =&, if i#is

o(z)€e,, =€ if w#1.

s,w $,z{Ww
The compression of o(u) to &1 = s.pam{{i1 : j € Z} is the unitary bilateral
shift U], = 5{31. This operator is unitarily equivalent to multiplication

by z on L?(T). So as in the case (iii) above, we see that o decomposes as a
direct integral of o, »’s over T with respect to Lebesgue measure. |

Proof of Theorem 3.4. Decompose the space into minimal subspaces
spanned by standard basis vectors which are reducing for 2. The subspace
containing a basis vector £ will contain its image under all words in the S;’s
and S7’s. However, because of the relation (F), one need only consider words
of the form u(S)v(S)*. (Note that v(S)*¢ is either a non-zero multiple of
another standard basis vector or it is 0.) For the rest of the argument, we
may assume that the whole space is a minimal diagonally reducing subspace
in this sense.

Let W = {&, : &, is wandering }. Then W = span(W) is invariant for
2. Suppose that W = H. Applying Lemma 3.5, we see that either 2 has a
cyclic wandering vector £, and so is unitarily equivalent to the left regular
representation; or every £ in W is a modulus-one scalar multiple of the image
of another member of W under some S;. Starting with any & in W, there is
a unique %1 so that £ belongs to S;,H. Hence there is a unique sequence

Tm = 2§y i -+ - Zi

m

for which there is an (,, in W and scalar A, so that & = A\, 2, (S) G- Let x
be the infinite word & = z;, 2, . .. 2;,, . ... Given another element & of W, let
x' = zj,2j, ... %j,, ... be the infinite word determined by ¢’. The diagonal
irreducibility of W means that there is a word uv* so that & = u(S)v(S)*¢’.
It is then evident that u = 3, and v = , for certain integers k and ¢. Hence
¢ =u(S)*¢ = v(9)*¢ is an element of W; and the two sequences x and z’
have the same tails 4,1 = jmae for all m > 0. This equivalence class [z] is
therefore independent of the choice of basis vector.

For each word w in F,z 71, say w = vx;,!, define &, = v(S)x,,(S9)*¢. This
is always a modulus one multiple of a standard basis vector. The diagonal
irreducibility shows that every basis vector is achieved in this way. And
because each basis vector is wandering, this map is also one-to-one. So we
have a new basis for our space. With respect to this basis, it is evident that
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u(S)€w = &uw- So this shows that the representation is unitarily equivalent
to Ty

In fact, the class [z] is a unitary invariant of the representation. To see
this, consider a wandering vector ¢ = »  aw&w in H, with the property
that there is an infinite word z’ so that for each m > 1, there is a vector
Cm in Hy so that 2),(S)Gn = ¢. Then this infinite word coincides with the
infinite word associated to any basis vector &, for which a,, # 0. Hence the
class [z] is determined intrinsically from the representation independent of
the choice of basis; and thus is a unitary invariant.

Now suppose that W # H, and that H is diagonally irreducible. Then
by Corollary 3.6, there is a minimal word u = z;, ... z;, # 1, ascalar Ain T
and a standard basis vector £ such that u(S)§ = A\. We will show that 7 is
unitarily equivalent to o, x. Let {1 = & and €511 = S5;,&s,1 for 2 < s < k.
Note that S; &1,1 = A1. Hence if uy = 2, ... 23,2, ... 2, is the word

s

obtained from w by cyclical permutation of the letters, it follows that
(8) us(S)s1 = A1 for 1 <s<k.
Now define &, = w(S)E&s,1 for all w in F, \ Fpz,. Since &, = v(5)E for

some word v in F,, we see that {s,, is just a modulus one multiple of a
standard basis vector. Also, note that by Corollary 3.6 and equation (8),
each ; , for i # i, is a wandering vector. Moreover, the set

{&sw:l<s<k,weF,\ Fnzi}

spans a diagonally irreducible subspace because it is mapped onto itself by
the n isometries S;. Therefore it is a basis for H. It is evident that this is
unitarily equivalent to o .

It is clear that a cyclical permutation of u does not change the unitary
equivalence class of the representation. Suppose that u = v® where v is
primitive. Let k = |v|, and let v; denote the k cyclic permutations of v;
and let pu; for 1 < j < s be the s-th roots of \. To see that u up to
permutation and A are unitary invariants, consider the space W+. This is
the complement of the span of all wandering vectors in H. By Lemma 3.7
and Corollary 3.8, this subspace is the range of P, ) 1= Zle Zj:l Py, -
Moreover, for any other primitive word ¢, the projection P, = 0; as is
Py, = 0 when p® # A. Hence the v;’s and p;’s are uniquely determined
by the representation. Since u; = vj are the cyclic permutations of v and
A = pu¥ where k = |v;| and s is the number of roots, it follows that (u) and
A can be recovered from the representation.

Proposition 3.10 shows that when w is a higher power of a primitive word,
then o, ) decomposes as the direct sum ijl ®0y,,; which are irreducible.

Finally, we show that this decomposition is canonical. The projection
P onto W+ can be used as above to determine the summands. For each
primitive word v and scalar A in T, the multiplicity of the representation
oy, in an atomic representation o is given by the rank of P, y. Of course,
only one of the cyclic permutations of a primitive word should be used.
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The multiplicity of the left regular representation is given by the rank of
I -7, 8;Sf. If z is an aperiodic infinite word, then the rank of the
projection P, = SOT-limy, oo n(S)x,(S)* determines the multiplicity of
7, (compare with the proof of Proposition 3.10). Finally, for each prim-
itive word u, consider the periodic word x = u®°. The range projections
P, = Ptu™(S)u™(S)* decrease to the projection P, onto those vectors in
W which are in the range of u™(S) for all n > 1. The multiplicity of 7,
equals the multiplicity of the bilateral shift P,u(S). By Proposition 3.10,
7, decomposes uniquely as a direct integral of the irreducible representations
Ou, >\’S. [ |

We collect the more precise information that came out in the proof as a
corollary.

Corollary 3.11. Every atomic representation p of the free semigroup F,
may be decomposed uniquely as

o ( (Bra)) (Yeuy,A)
p= XV ey or e oo,

where o = rank(l — Y 1, p(zi)p(2zi)*); for each infinite aperiodic word x
with tail equivalence class [z],
Bia) = rank(Py) where Py = SOT-lim p(2,) p(2m)";
m—0o0
when x is (equivalent to) a periodic word u™°, Bia) s the multiplicity of the
bilateral shift Pyp(u); and for each primitive word u with cyclic permutation
class (u), yuy,» = rank(P,, x) where

m!
Py =s0T-limp,(Ap(u))  and pm(z) = 4> 2™
=1

m—00

In order to understand the invariant subspace structure of free atomic
algebras, we now study the algebra PRAP in detail. As above, P is the
projection onto the orthogonal complement of

W = span{§, : &, is a wandering standard basis vector}.

Lemma 3.12. Suppose that u in F, is a primitive word of length k, X\ is
inT and let A, \ be the WOT—closed algebra generated by the representation
oy of Fn. Then

PQluy,\P ~ ./\/lk and Qlu)\P = B(ICU)P
In particular, a vector & in Ky is cyclic for 2, x if and only if P§ # 0.

Proof. The projection P, ) is the rank one projection onto the span of the
basis vector & 1. The operator U = Y7 | PS;P is a unitary on PK, which
cyclically shifts the basis vectors {1 for 1 < s < k. Clearly these two
operators generate B(PIC,) ~ M.

The vector &;1 is a cyclic vector for 2, x. Thus every vector { such that
P& # 0 is cyclic since the previous paragraph shows that & 1(P€)* belongs
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to A, . Finally, notice that if ( is in K, and A, is a sequence in 2, ) such
that lim, . An&1,1 = ¢, then

Jim A, (&11851) = C&y
belongs to A, . Hence A, \P = B(K,)P. [ |

Lemma 3.13. PP is a finite type I von Neumann algebra.

Proof. Clearly PAP is woT—closed and is generated by PS;P. To see
that it is self-adjoint, it suffices to show that their adjoints also lie in PLP.
Consider a primitive word u = 2;, ... %;, and scalar A in T. Given a non-zero
vector 1 in P, y’H, an argument similar to the proof of Corollary 3.6 shows
that if S;n is not a wandering vector, then i = ij. Since P =) P, ,,, (where
this SOT-sum is taken over all primitive words v in F,, and all  in T') we see
that wandering vectors for 2 belong to WW. Hence S;n belongs to VW unless
i = k. Since W is invariant for 2 and S;, ...S;,_,(Si,n) = An, it follows
that PS;, n = S;.n. Therefore,
0 if @ # i,

PSibux= { SiPun if i = iy,
and hence PS;P, ) is a partial isometry. Then letting v’ = z;, ...z, ,, one
sees that

()\Pu)\u,(S)P)(PSZ‘Pu)\) = Pu)\.

Hence (PS; P, »)" = XPU,,\u’(S)P belongs to 2. Since P is the wOoT—conver-
gent sum of the P, y’s, it follows that PS;P belongs to P2AP.

For each primitive word u, let us for 1 < s < k be the cyclic permutations
of u. The projection P, \ = Z’;:I P,, » is invariant for P2AP by Theo-
rem 3.4 because this is the projection onto the summand corresponding to
multiples of o, . Therefore it lies in the centre of PAP. By the previous
lemma, Py \%P,y» =~ M. Since P is the woT—convergent sum of all the
Py 2\’s, it follows that PRAP is the direct product of full matrix algebras. Wl

We now are prepared to establish the second important result of this
section.

Theorem 3.14. Every atomic free semigroup algebra is hyper-reflexive with
constant less than 51.

Proof. The left regular representation yields the algebra £,, which is hyper-
reflexive with constant less than 51 by Theorem 2.9.

The algebra 2, determined by an infinite word = acts on the space H,.
This space is the increasing union of the cyclic subspaces A[§,-1]. As § -
is a wandering vector, the restriction to this subspace is unitarily equivalent
to the left regular representation. On any subspace which is the direct
sum of countably many pairwise orthogonal cyclic subspaces, the distance
constant for the restriction is at most 9 by Theorem 2.7. In particular, inside
Q[[:c;n{H] there are countably many orthogonal cyclic subspaces including
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2[x,,!] which are obtained exactly as in section 2. Fix an operator T in
B(H,). For each m > 1, one finds an operator A,, in 2 so that

1T~ Au)lago) | < 98(T),

Thus an easy estimate shows that any wor-limit A of a subsequence of
{A,,} satisfies ||T" — Al < 98(T).
Now consider 2, ». By Lemma 3.12,

dist (7,2, ») = dist(T P+, A, A PL).

The algebra 2, \P* is the direct sum of k(n — 1) copies of the left regular
representation. Hence this algebra is hyper-reflexive with constant at most
18v/2 as in the proof of Theorem 2.9.

Now look at the general case of an algebra 2, which by Corollary 3.11
corresponds to a representation

) ( (Bray) (Yeuy,A)
p= XV ey e e oo,

with two or more summands. Then APH is spanned by wandering vectors.
When there is no i, this space is determined by a wandering space of

dimension at least 2 and has a distance constant at most 18v/2. When there
is at least one 7}, the space P1H is the increasing union of such spaces
with infinite dimensional wandering space. So it has distance constant at
most 9. The constant 9 is also valid if there are countably many summands
in p.

So it remains to analyze 2AP. By Theorem 3.4 and Lemma 3.12, this space
has the form

TSN &(B(Ky) Py ) 7.
() A

This space therefore equals 20 P where 20 is the type I von Neumann algebra

W = @B(KU)(V(u>,>\)_
(u),A
As P belongs to 20 and 27 has a distance constant at most 4 by Christensen’s

result[8], it follows that AP also has distance constant at most 4.
Combining these two results, we see that

dist(T, ) < (dist(TP,AP)? + dist (T P+, 2P )?) "

<V6646(T) < 2658(T).
This constant can be improved to v/97 < 10 when the constant 9 can be
used instead of 18+v/2. |

Example 3.15. This example is to show that a certain natural represen-
tation of F» on L?(0,1) can be analyzed using the structure of free atomic
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algebras. The natural analogue for all finite n > 2 is valid. Let H = L?(]0, 1))
equipped with Lebesgue measure and define isometries .S; by

(S1f)(t) = \/if(Qt)X[o,%](t) and  (S2f)(t) = V2f(2t — 1)X[%,1} (t).

Then 5157 + 5255 = I. Let 2 be the unital woT—closed algebra generated
by S1 and SQ.

Let mno = X011, m = X[o,%] — X[%J] , and for every word w # 1 in F,, let
Nw = w(S)n; note that these vectors are pairwise orthogonal since 7y is a
wandering vector for 2.

Let &, denote the span of {ng,ny, : |w| < n}. Then it is easy to see that
&n equals the span of the characteristic functions of diadic intervals of length
27" and that this set is an orthonormal basis of &,. As the union of the &,
is dense in L?(0, 1), altogether this yields an orthonormal basis of L?(0,1).
In fact, this is the well-known Haar basis for L2(0, 1). Therefore we see that
m is a wandering vector for A[n;] = {no}*. Since (S — S2)no = v2m1, it
follows that ng is a cyclic vector for 2.

Let Ty = (S1 + S2)/v/2 and Ty = (S1 — S2)/v/2. Then it is easy to verify
that 17 and T are isometries with orthogonal ranges that generate the same
algebra 21. Moreover, 1 is a wandering vector for this pair, and determines
a basis ¢, = w(T1,Te)n1, w € Fo, for {ny}*. This basis consists of real
functions of modulus 1; and for |w| = n, these functions are constant on
diadic intervals of length 27"~!. Moreover, Tiny = 19 and Thng = 71 = (1.
So this pair determines a free atomic representation of F». As it has a cyclic
vector no such that T1ny = 1o, this is evidently the representation o,, as in
Example 3.1.

Let U be the isometry of Hs onto {no}* given by U&, = n,. Then it
follows that A consists of all operators of the form nn; + UAU* for 7 in
L%(0,1) and A in £,.

REFERENCES

[1] Arias, A. and Popescu, G., Factorization and reflexivity on Fock spaces, Integr. Equat.
Oper. Th. 23 (1995), 268-286.

[2] Arveson, W.B., Operator algebras and invariant subspaces, Ann. Math. 100 (1974),
433-532.

[3] Arveson, W.B., Interpolation problems in nest algebras, J. Func. Anal. 20 (1975),
208-233.

[4] Beurling,A., On two problems concerning linear transformations in Hilbert space, Acta
Math. 81 (1949), 239-255.

[5] Bratteli, O. and Jorgensen, P., Iterated function systems and permutation represen-
tations of the Cuntz algebra, Mem. Amer. Math. Soc., to appear.

[6] Bratteli, O. and Robinson, D., Operator Algebras and Quantum Statistical Mechanics
11, Springer—Verlag, New York, 1981.

[7] Bunce, J., Models for n-tuples of non-commuting operators, J. Func. Anal. 57 (1984),
21-30.

[8] Christensen, E., Perturbations of operator algebras II, Indiana U. Math. J. 26 (1977),
891-904.



(9]
[10]
(11]
(12]
(13]

[14]
(15]

[16]
(17]

18]
[19]
[20]
21]
[22]

23]
24]

[25]
[26]
27]
(28]

29]

FREE SEMIGROUP ALGEBRAS 33

Cuntz, J., Simple C*-algebras generated by isometries, Comm. Math. Phys. 57 (1977),
173-185.

Davidson, K.R., On operators commuting with Toeplitz operators modulo the compact
operators, J. Func. Anal. 24 (1977), 291-302.

Davidson, K. R., The distance to the analytic Toeplitz operators, lllinois J. Math. 31
(1987), 265-273.

Davidson, K.R. and Ordower, M., Some Ezact Distance Constants, Lin. Alg. Appl.
208/209 (1994), 37-55.

Davidson, K.R. and Pitts, D., Automorphisms and Representations of the non-
commutative analytic Toeplitz algebras, Math. Ann., to appear.

Frahzo, A., Models for non-commuting operators, J. Func. Anal. 48 (1982), 1-11.
Frahzo, A., Complements to models for non-commuting operators, J. Func. Anal. 59
(1984), 445-461.

Glimm, J., Type I C*-algebras, Ann. Math. 73 (1961), 572-612.

Kraus, J. and Larson, D.R., Some applications of a technique for constructing reflexive
operator algebras, J. Operator Theory 13 (1985), 227-236.

Kraus, J. and Larson, D.R., Reflezivity and distance formulae, J. London Math. Soc.,
(3) 53 (1986), 340-356.

Popescu, G., Isometric dilations for infinite sequences of noncommuting operators,
Trans. Amer. Math. Soc. 316 (1989), 523-536.

Popescu, G., Characteristic functions for infinite sequences of noncommuting opera-
tors, J. Operator Thy. 22 (1989), 51-71.

Popescu, G., Multi-analytic operators and some factorization theorems, Indiana Univ.
Math. J. 38 (1989), 693-710.

Popescu, G., Von Neumann Inequality for (B(H)")1, Math. Scand. 68 (1991), 292—
304.

Popescu, G., Multi-analytic operators on Fock spaces, Math. Ann. 303 (1995), 31-46.
Popescu, G., Functional calculus for noncommuting operators, Mich. J. Math. 42
(1995), 345-356.

Popescu, G., Noncommuting disc algebras and their representations, Proc. Amer.
Math. Soc. 124 (1996), 2137-2148.

Reed,M. and Simon, B., Methods of mathematical physics, vol. II, Academic Press,
New York, 1975.

Rosenoer, S., Distance estimates for von Neumann algebras, Proc. Amer. Math. Soc.
86 (1982), 248-252.

Sarason, D., Algebras of functions on the unit circle, Bull. Amer. Math. Soc. 79
(1973), 286-299.

Sz. Nagy, B. and Foiag, C., Harmonic analysis of operators on Hilbert space, North
Holland Pub. Co., London, 1970.

PURE MATH. DEPT., U. WATERLOO, WATERLOO, ON N2L-3G1, CANADA
FE-mail address: krdavidson@math.uwaterloo.ca

MATH. DEPT., UNIVERSITY OF NEBRASKA, LINCOLN, NE 68588, USA
E-mail address: dpitts@math.unl.edu



