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Abstract. The theory of positive maps plays a central role in opera-
tor algebras and functional analysis, and has countless applications in
quantum information science. The theory was originally developed for
operators acting on complex Hilbert spaces, and little is known about
its variant on real Hilbert spaces. In this article we study positive maps
acting on a full matrix algebra over the reals, pointing out a number
of fundamental differences with the complex case and discussing their
implications in quantum information.

We provide a necessary and sufficient condition for a real map to
admit a positive complexification, and connect the existence of positive
maps with non-positive complexification with the existence of mixed
states that are entangled in real Hilbert space quantum mechanics, but
separable in the complex version, providing explicit examples both for
the maps and for the states. Finally, we discuss entanglement breaking
and PPT maps, and we show that a straightforward real version of
the PPT-squared conjecture is false even in dimension 2. Nevertheless,
we show that the original PPT-squared conjecture implies a different
conjecture for real maps, in which the PPT property is replaced by a
stronger property of invariance under partial transposition (IPT). When
the IPT property is assumed, we prove an asymptotic version of the
conjecture.

1. Introduction

Positive and completely positive maps play a central role in the theory of
operator algebras and in the related fields of dilation theory, random ma-
trix theory, free probability, semidefinite optimization theory and quantum
information [4, 16, 36]. In quantum theory, completely positive maps are
ubiquitous as they represent general evolutions of quantum states, while
positive maps are a powerful tool for characterizing quantum entanglement
[17,18,26,27,39,42,48,49,55,56] (see [29] for a review).

Much of the theory of positive maps was originally developed in the case
where the underlying number field is the complex numbers. In contrast, the
case of operator algebras over the reals has not been looked at as exten-
sively. Notable exceptions are the works of Ruan [45,46], and, very recently,
Blecher and Tepsan [6]. The real variant quantum theory was considered in
an early work by Stückelberg [53], and was later found to differ from stan-
dard complex quantum theory in a number of essential features. Araki [2]
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observed that, while the state space of composite systems in complex quan-
tum theory is equal to the product of the dimension of the components, in
real quantum theory it is strictly larger. Dually, this fact implies that prod-
uct observables are not sufficient to identify general entangled states [23,59].
Explicitly, Wootters [59] provided an example of two mixed states that have
orthogonal support, and yet give rise to the same correlations for all possible
local observables. Building on this example, it was later shown that there
exist evolutions in real quantum theory that are indistinguishable when act-
ing on a single system, but can be distinguished perfectly when applied
locally on an entangled state [10]. These phenomena can be summarized by
the statement: real quantum theory violates the Local Tomography Axiom
(see [12] for a review), often assumed in axiomatic reconstructions of stan-
dard finite-dimensional quantum theory (see e.g. [11, 21, 22, 24, 25]). Fur-
ther differences between real and complex quantum theory were observed in
[1,13,60,61]. Very recently, an experimental test that distinguishes between
complex quantum theory and real quantum theory was proposed [43].

In this paper we develop the theory of positive maps acting on a full
matrix algebra over the reals, and discuss their applications to the study
of entanglement in real quantum mechanics. We characterize the subset of
real maps with a positive complexification, providing explicit examples of
positive real maps outside this subset. See also our paper [14]. Then, we
prove that the existence of positive real maps with non-positive complexi-
fication is equivalent to the existence of quantum states that are entangled
in real quantum theory, but are separable when regarded as elements of the
larger state space of complex quantum theory. These states, of which we
also provide explicit examples, cannot violate Bell inequalities [5] (see [7]
for a review), even if pre-processing operations are allowed [40] and if an
arbitrarily large number of identically prepared systems is available [35,37].
Operationally, the existence of real-entangled, but complex-separable states
can be interpreted in a resource-theoretic framework [62], as the ability to
prepare a larger class of states by performing a larger set of local operations
that are not restricted to have real matrix elements in a given basis.

Finally, we characterize the real maps that break quantum entanglement,
extending a classic characterization by Horodecki, Shor and Ruskai [28] to
the real domain, and exploring the relation between entanglement break-
ing maps and another class of maps, known as PPT. In the complex case,
Christandl conjectured (see [47] ) that Φ ◦ Φ is entanglement breaking for
every PPT map Φ and in [16] (also see [9]) it was shown that this conjec-
ture (now known as the PPT-squared conjecture) holds in dimension 3. In
stark contrast, here we show that the real version of the so called PPT-
squared conjecture is false in even dimension 2. Nevertheless, we show that
the original PPT-squared conjecture (stated in the complex case) implies
another conjecture for real maps satisfying a suitable strengthening of the
PPT property. When this stronger property is assumed, we prove that the
real version of the PPT-squared conjecture holds asymptotically. Moreover,
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when assumed trace preserving and unital, we prove that finite number of
iterations of PPT maps become real entanglement breaking.

The rest of the paper is structured as follows. In Section 2 we discuss
the notion of positivity on real matrix algebras, pointing out the need to
include a Hermiticity requirement in the definition of a positive map. In
Section 3, we consider p-positive maps and characterize their Choi matri-
ces. The results of this section are mostly adaptations of existing results
in the complex case. In Section 4 we characterize the set of p-positive real
maps that admit a p-positive complexification, and in Section 5 we provide
concrete examples of p-positive real maps that violate this condition. We
then move to the study of entanglement on real Hilbert spaces, characteriz-
ing entanglement witnesses and showing that the existence of positive real
maps with non-positive complexification is equivalent to the existence of
mixed states that are entangled in real quantum theory but separable in
the complex version (Section 6). Examples of real-entangled but complex-
separable quantum states are provided in Section 7. In Section 8 we consider
the notion of entanglement p-breaking channels, which transform arbitrary
entangled states into states with Schmidt rank at most p, and show an ex-
plicit example of a map that breaks complex-entanglement but preserves
real-entanglement. Finally, we conclude with a discussion of the relation
between entanglement breaking channels and PPT channels, proposing a
real version of the PPT-squared conjecture and showing that its asymptotic
version holds true (Section 9).

2. Positivity and Hermiticity

Let K be either C or R. A matrix P ∈Mn(K) is called positive (denoted
P ≥ 0) if it is of the form P = A∗A for some A ∈ Mn(K), where A∗ is the
adjoint of A (for K = R, the adjoint A∗ coincides with the transpose At).
The set of all positive matrices in Mn(K) will be denoted by PSD(Kn).

A matrix is Hermitian if A = A∗, and we write Herm(Kn) for the set
of Hermitian matrices in Mn(K). For a Hermitian matrix A ∈ Herm(Kn),
positivity is equivalent to the condition 〈v|Av〉 ≥ 0 for every v ∈ Kn. Here,
the product is defined as 〈v|w〉 = v∗w, regarding the vectors v, w ∈ Kn as
column vectors.

We say that a linear map Φ : Mn(K)→Mm(K) is positivity preserving if
Φ(P ) ≥ 0 for all P ≥ 0, and Hermitian if Φ(A∗) = Φ(A)∗ for all A ∈Mn(K).
If the map Φ is positivity preserving and Hermitian, we call it positive.

In the complex field, preservation of positivity implies Hermiticity. This
implication, however, does not hold on the real field. Counterexamples are
abundant. For example, the map

Φ : M2(R)→M1(R),

(
a b
c d

)
→ (a+ d+ b− c)/2

is positivity preserving but not Hermitian.
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Let Symn(R) = {A ∈ Mn(R) : At = A} be the space of all symmetric
matrices, and let Asymn(R) = {A ∈Mn(R) : At = −A}. It is immediate to
see that a map Φ is Hermitian if and only if

Φ (Symn(R)) ⊆ Symm(R) and Φ (Asymn(R)) ⊆ Asymm(R).

In special cases, Hermiticity follows from positivity preservation, plus
additional properties, such as unitality and unit norm 1:

Proposition 2.1. If Φ : Mn(R) → Mm(R) is positivity preserving, unital
and norm 1, then Φ is Hermitian.

Proof. Since Φ is positivity preserving, Φ (Symn(R)) ⊆ Symm(R). We now
show that unitality and the norm-1 condition imply that Φ (Asymn(R)) ⊆
Asymm(R).

The proof is by contradiction. Let C be an antisymmetric matrix, with
‖C‖ = 1 without loss of generality. Suppose that Φ(C) = X is not antisym-
metric. Then B = 1

2(X +Xt) 6= 0. Since Bt = B 6= 0, the spectrum of B is
real and not {0}. Let λ be an eigenvalue of B with |λ| = ‖B‖.

Since C is antisymmetric and norm 1, we have −In ≤ C2 ≤ 0 and −1 is
an eigenvalue of C2. For t ∈ R,

‖In + tC‖2 = ‖In − t2C2‖ = 1 + t2.

Now choose the sign of t so that |tλ| belongs to the spectrum of tB; then

‖Φ(In + tC)‖ = ‖Im + tX‖ ≥ 1 + |tλ|.
For sufficiently small t, this yields a contradiction with the norm 1 property
of Φ. �

One may ask if Hermiticity follows from positivity preservation and from
the property ‖Φ‖ = ‖Φ(In)‖, without requiring unitality. The following
counterexample answers the question in the negative.

Example 2.2. We provide an example of a positivity preserving map Φ
on M2(R) that satisfies the condition ‖Φ‖ = ‖Φ(I2)‖ but is not Hermitian.
Define

Φ(A) = Φ

(
a b
c d

)
=

(
a+d

2 0

0 b−c
2

)
.

The map Φ is positivity preserving, since Φ
(
a b
b d

)
= a+d

2 E11, for any positive
matrix. Moreover, it satisfies

‖Φ(A)‖ = max

{∣∣∣∣a+ d

2

∣∣∣∣ , ∣∣∣∣b− c2

∣∣∣∣} ≤ ‖A‖
Hence, ‖Φ‖ = ‖Φ(I2)‖ = 1. However, Φ maps antisymmetric matrices into
symmetric ones, and therefore is not Hermitian.

We conclude with an elementary lemma that will be useful later.
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Lemma 2.3. A Hermitian map Φ : Mn(K) → Mm(K) is positive if and
only if 〈w|Φ(vv∗)w〉 ≥ 0 for every pair of vectors v ∈ Kn and w ∈ Km,
where vv∗ is the rank-1 matrix with entries (vv∗)ij := vivj, vj denoting the
complex conjugate of vj.

Proof. Since every positive matrix P is a sum of matrices of the form vv∗,
Φ is positive if and only if Φ(vv∗) is positive for every v ∈ Kn. Note that
Φ(vv∗) is Hermitian, because Φ is a Hermitian. Hence, Φ(vv∗) is positive if
and only if 〈w|Φ(vv∗)w〉 for all w ∈ Km. �

3. p-positive maps and their Choi representation

A linear map Φ : Mn(K)→Mm(K) is called p-positive if the map Φ⊗ idp :
Mn(K) ⊗Mp(K) → Mm(K) ⊗Mp(K) is positive, where idp is the identity
map on Mp(K). Positive maps correspond to the special case p = 1. A map
is completely positive if it is p-positive for every p ∈ N.

A linear map Φ : Mn(K) → Mm(K) is conveniently represented in terms
of its Choi matrix [15], defined as

CΦ :=
∑
i,j

Ei,j ⊗ Φ(Ei,j) ,

where Ei,j are the standard matrix units of Mn(K). A related represen-
tation is the Jamio lkowski matrix [31] JΦ :=

∑
i,j Ei,j ⊗ Φ(Ej,i), originally

introduced in the study of positive maps.
We will often use the following lemma, the complex version of which is

well known.

Lemma 3.1. A linear map Φ : Mn(K)→Mm(K) is

(1) Hermitian if and only if its Choi matrix CΦ is Hermitian,
(2) p-positive if and only if CΦ is Hermitian and 〈V |CΦV 〉 ≥ 0 for every

vector V ∈ Kn ⊗Km with Schmidt rank at most p.
(3) p-positive if and only if its adjoint map Φ∗ is p-positive.

Proof. The complex version of (1) was proven in [20,42], while the complex
version of (2) was proven in [31] (for p = 1, see also [51, Proposition 4.1.11])
and [17,42] (general p). The proof of both items uses the relation

Tr(CΦ(At ⊗B)) = Tr(Φ(A)B),(1)

valid for arbitrary matrices A ∈Mn(K) and B ∈Mm(K).
If Φ is Hermitian, then C∗Φ =

∑
i,j E

∗
i,j ⊗Φ(Ei,j)

∗ =
∑

i,j Ej,i ⊗Φ(E∗i,j) =
CΦ. Conversely, if CΦ is Hermitian, then one has

(Φ(A)∗)i,j = Tr[Φ(A)∗Ej,i] = Tr[Φ(A)E∗j,i] = Tr(CΦ(At ⊗ E∗j,i))
= Tr(C∗Φ((At)∗ ⊗ Ej,i)) = Tr(CΦ((A∗)t ⊗ Ej,i)) = Tr[Φ(A∗)Ej,i]

= Φ(A∗)i,j .
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This concludes the proof of (1).
If Φ is p−positive, then Φ ⊗ idp is Hermitian. Then, Lemma 2.3 implies

〈w|(Φ⊗ idp)(vv
∗)w〉 ≥ 0 for every v ∈ Kn⊗Kp and every w ∈ Km⊗Kp. Let

us expand the vectors as v =
∑p

i=1 ai ⊗ e
(p)
i and w =

∑p
j=1 bj ⊗ e

(p)
j , where

{e(p)
i } is the standard orthonormal basis in Kp, and ai ∈ Kn, bj ∈ Km are

arbitrary vectors. With this expansion, we have

〈w|(Φ⊗ idp)(vv
∗)w〉 =

p∑
i,j=1

〈bi|Φ(aia
∗
j )bj〉 =

p∑
i,j=1

Tr(Φ(aia
∗
j )bjb

∗
i )

=

p∑
i,j=1

Tr(CΦ ((aia
∗
j )
t ⊗ bjb∗i ))

=

p∑
i,j=1

〈ai ⊗ bi|CΦ(aj ⊗ bj)〉 = 〈V |CΦV 〉 ,(2)

with V :=
∑p

i=1 ai ⊗ bi. Since the vectors ai and bi are arbitrary, V is an
arbitrary vector with Schmidt rank at most p. Summarizing, the condition
〈w|(Φ ⊗ idp)(vv

∗)w〉 ≥ 0 implies 〈V |CΦV 〉 ≥ 0 for every vector V with
Schmidt rank at most p.

Conversely, suppose that CΦ is Hermitian and satisfies 〈V |CΦV 〉 ≥ 0 for
every vector V with Schmidt rank at most p. Since CΦ and idp are both
Hermitian, item 1 of this proof implies that Φ ⊗ idp is Hermitian. Lemma
2.3 then implies that Φ ⊗ idp is positive if 〈w|(Φ ⊗ idp)(vv

∗)w〉 ≥ 0 for
every v and w. But Eq. (2) guarantees that this condition follows from the
condition 〈V |CΦV 〉 ≥ 0 for every vector V with Schmidt rank at most p.
This concludes the proof of (2).

To prove (3), note that, for every pair of matrices A and B, one has

Tr(CΦ∗(Bt ⊗A)) = Tr(Φ∗(B)A) = Tr(BΦ(A))

= Tr(CΦ(At ⊗B)) = Tr(CtΦ S(Bt ⊗A)S∗) ,

where S : Km⊗Kn → Kn⊗Km is the linear operator defined by S(w⊗v) =
v⊗w for all v ∈ Kn and w ∈ Km. Since A and B are arbitrary, we conclude

CΦ∗ = S∗CtΦS.(3)

Clearly, CΦ∗ is Hermitian if and only if CΦ is, and 〈W |CΦ∗W 〉 ≥ 0 for every
vector W ∈ Km⊗Kn with Schmidt rank ≤ p if and only if 〈V |CΦV 〉 ≥ 0 for
every vector V ∈ Kn ⊗Km with Schmidt rank ≤ p. Hence, (2) implies that
Φ∗ is p-positive if and only if Φ is. �

4. Real maps with p-positive complexification

Given a linear map Φ : Mn(R)→Mm(R) its complexification is the linear

map Φ̃ : Mn(C)→Mm(C), defined by

Φ̃(X + iY ) = Φ(X) + iΦ(Y ) for all X,Y ∈Mn(R).
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We now characterize the set of maps with a p-positive complexification.
The characterization uses the correspondence between matrices A = (aij) ∈
Mn,m(K) and vectors in Vec(A) ∈ Kn ⊗Km given by

Vec(A) :=

n∑
i=1

m∑
j=1

aij e
(n)
i ⊗ e

(m)
j ,

where, for r ∈ {m,n}, {e(r)
i }ri=1 is the standard orthonormal basis for Kr.

Theorem 4.1. A map Φ : Mn(R)→Mm(R) has a p-positive complexifica-
tion if and only if its Choi matrix CΦ is Hermitian and satisfies the condition
〈Vec(X)|CΦ Vec(X)〉 + 〈Vec(Y )|CΦ Vec(Y )〉 ≥ 0 for every pair of matrices
X,Y ∈Mn,m(R) such that rank(X + iY ) ≤ p.

Proof. By Lemma 3.1, Φ̃ is p-positive if and only if its Choi matrix C
Φ̃

=
CΦ is Hermitian and satisfies the condition 〈V |CΦV 〉 ≥ 0 for every vector
V ∈ Cn ⊗ Cm with Schmidt rank at most p. In the vector notation, this
condition is equivalent to 〈Vec(A)|CΦ Vec(A)〉 ≥ 0 for every matrix A ∈
Mn,m(C) with rank(A) ≤ p. Writing A = X + iY , with X,Y ∈ Mn,m(R),
and using the fact that CΦ is a symmetric matrix, we obtain

〈Vec(A)|CΦ Vec(A)〉 = 〈Vec(X)|CΦ Vec(X)〉+ 〈Vec(Y )|CΦ Vec(Y )〉. �

Corollary 4.2. If a map Φ : Mn(R) → Mm(R) is 2p-positive, then its
complexification is p-positive.

Proof. Immediate from Theorem 4.1, Lemma 3.1, and the fact that, for
A = X+iY , rank(X) = rank(A+A) ≤ 2 rank(A), and similarly for rank(Y ).

�

Note that the corollary above establishes that if Φ is completely positive,
then the complexification is also completely positive, a fact proved in Lemma
2.3 in [6]. In particular, this corollary shows that 2-positivity on the real
field is sufficient for positivity of the complexification. In general, however,
2-positivity is not necessary: for example, the maps Λq : Mn(R) → Mn(R)
defined by

Λq(A) = Tr(A) In − qA

have p-positive complexification whenever q ≤ 1/p [54]. They are not (p+1)-
positive (and therefore not 2p positive) for q > 1/(p+ 1), as one can verify

from the relation 〈Vl|CΛqVl〉 = 1−ql, with Vl :=
∑l

i=1 e
(n)
i ⊗e

(n)
i /
√
l. Similar

counterexamples can be constructed using the spectral methods developed
by Chruściński and Kossakowski in [17].
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5. Examples of positive real maps with non-positive
complexification

In this section, we provide several examples of positive maps whose com-
plexification is not. The first deals with p-positivity for general p. The
others deal with p = 1.

Example 5.1. We provide an example of a (2p−1)-positive real map such
that its complefixication is not p-positive. Define Γq : M2p(R)→M2p(R) by

Γq(A) = Tr(A)I2p − q(O+AO+ +O−AO−),

where O+ =
(

0 Ip
Ip 0

)
and O− =

(
Ip 0
0 −Ip

)
. The Choi matrix of this map is

CΓq = I2p ⊗ I2p − q
(

Vec(O+) Vec(O+)t + Vec(O−) Vec(O−)t
)
.

Note that the vectors Vec(O+) and Vec(O−) are orthogonal and each has
length

√
2p, so that

P =
1

2p

(
Vec(O+) Vec(O+)t + Vec(O−) Vec(O−)t

)
is a projection. Thus CΓq = I2p ⊗ I2p − 2pqP. Moreover the unit vectors

in ranP = span{O+, O−} are { 1√
2p

(cos θ O+ + sin θ O−) : θ ∈ [0, 2π]}. Now

Oθ := cos θ O+ + sin θ O− ∈ O2n is an orthogonal matrix for all θ.
Given a unit vector V = Vec(A), so that Tr(AtA) = 1, one has

〈V |CΓqV 〉 = ‖V ‖2 − 2pq‖PV ‖2

= 1− 2pq max
W=PW
‖W‖=1

〈V |W 〉2

= 1−
√

2pq max
θ∈[0,2π]

Tr(AtOθ).

If the unit vector V has Schmid number at most 2p−1, i.e., rank(A) ≤ 2p−1,
we obtain

Tr(AtOθ) ≤ Tr |A| ≤
√

2p− 1.

Hence, we obtain the inequality 〈V |CΓqV 〉 ≥ 1 − q
√

2p(2p− 1) for every
vector V with Schmidt rank ≤ 2p− 1. By Lemma 3.1, we conclude that the
map Φ is (2p−1)-positive for every

√
2p(2p− 1)q ≤ 1.

Take q with 1
2p < q ≤ 1√

2p(2p−1)
. Then Γq is (2p−1)-positive, but its

complexification Γ̃q is not p-positive. To see this, let

V =
1

2
√
p

Vec(O+ + iO−).

Then rank(O+ + iO−) = p rank
(
i 1
1 −i

)
= p. Compute

〈V |C
Γ̃q
|V 〉 = 〈V |CΓq |V 〉 = 1− 2pq < 0.

Therefore Γ̃q is not p-positive by Lemma 3.1 again.
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In the rest of the section we focus on the p = 1 case.

Example 5.2. Let us start with a simple example of positivity preserving
real map with non-positive complexification. Define Φs : Mn(R) → Mn(R)
by

Φs(A) = A+ s(A−At).

Then, Φs is a positivity preserving for all s ∈ R. However it is not Hermitian

if s 6= 0. Hence Φ̃s is not Hermitian, and thus is not positive. Explicitly, if
we set

P = E1,1 + E2,2 + i(E1,2 − E2,1) ≥ 0,

where Ei,j are the standard matrix units, then

Φ̃s(P ) = E1,1 + E2,2 + (1 + 2s)i(E1,2 − E2,1),

which has eigenvalue −2s, and therefore is not positive for s > 0.

In the complex field, a result of Russo and Dye (Corollary 2.9 in [38])
states that a positive map Φ on a unital C*-algebra satisfies the condition
‖Φ‖ = ‖Φ(I)‖. Hence, a necessary condition for positivity of the complexifi-
cation is that Φ is positivity preserving, Hermitian, and satisfies the Russo-
Dye condition ‖Φ‖ = ‖Φ(I)‖. We now provide counterexamples, showing
that the Russo-Dye condition is not sufficient for positive complexification.

Example 5.3. Here we provide an example of a Hermitian, positive, unital,
norm one map on M2(R) whose complexification is not positive. Define

Φ(A) = Φ

(
a b
c d

)
=

(
d b−c

2
c−b

2 d

)
.

This map is clearly unital and Hermitian. It is positive since Φ
(
a b
b d

)
= dI2.

Since the two columns of Φ(A) are orthogonal, we have

‖Φ(A)‖ =

∥∥∥∥( d b−c
2

c−b
2 d

)∥∥∥∥ =

√
d2 +

(b− c)2

4
.

Now,

‖A‖ ≥ 1

2

∥∥∥∥(a b
c d

)
+

(
a −c
−b d

)∥∥∥∥ =

∥∥∥∥( a b−c
2

c−b
2 d

)∥∥∥∥
≥
√
d2 +

(b− c)2

4
= ‖Φ(A)‖.

Hence, ‖Φ‖ = 1. Finally, the non-positivity of Φ̃ can be seen from the

relation Φ̃
(
λ i
−i 1/λ

)
=
(

1/λ i
−i 1/λ

)
for λ > 1.
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Example 5.4. Here we provide an example of a Hermitian, positive, trace-
preserving map on M2(R) that satisfies the Russo-Dye condition but has a
non-positive complexification. Define

Ψ(A) = Ψ

(
a b
c d

)
:=

(
0 b−c

2
c−b

2 a+ d

)
=

1

2

(
a b
c d

)
+

1

2

(
d −c
−b a

)
+

(
−a+d

2 0

0 a+d
2

)
.

This map is clearly trace-preserving and Hermitian. It is positive since
Ψ
(
a b
b d

)
= (a+ d)E22. Moreover, one has

‖Ψ(A)‖ ≤ ‖A‖
2

+
‖A‖

2
+
|Tr(A)|

2
≤ 2‖A‖.

Hence, ‖Ψ‖ = ‖Ψ(I2)‖ = 2. On the other hand, Ψ̃ is not positive, as one
can see from the relation

Ψ̃

(
1 i
−i 1

)
=

(
0 i
−i 2

)
.

Example 5.5. Finally, we provide an example of Hermitian, positive, trace-
preserving and unital map on M3(R) that satisfies the Russo-Dye condition,
but has a non-positive complexification. Define the one-parameter family of
maps for t ∈ [0, 1],

ρt(A) = ρt

a11 a12 a13

a21 a22 a23

a31 a32 a33

 :=


a11+a22+2a33

4
(a12−a21)t

2
√

2
0

(a21−a12)t

2
√

2
a11+a22+2a33

4 0

0 0 a11+a22
2

 .

This map is clearly unital, trace-preserving, positive, and Hermitian.

Set x = a11+a22
2 , y = a12−a21

2 , z = a33, and r = max{
√
x2 + y2, |z|}.

Compute

‖A‖ ≥

∥∥∥∥∥∥
a11 a12 0
a21 a22 0
0 0 a33

∥∥∥∥∥∥
≥ max

{∥∥∥∥1

2

(
a11 a12

a21 a22

)
+

1

2

(
a22 −a21

−a12 a11

)∥∥∥∥ , |z|}
= max

{∥∥∥∥( x y
−y x

)∥∥∥∥ , |z|} = max
{√

x2 + y2, |z|
}

= r.
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The three columns of ρt(A) are orthogonal. Hence

‖ρt(A)‖ =

∥∥∥∥∥∥∥

x+z

2
yt√

2
0

−yt√
2

x+z
2 0

0 0 x


∥∥∥∥∥∥∥ ≤ max


√(

x+ z

2

)2

+
t2 y2

2
, |x|


≤ max


√(
|x|+ |z|

2

)2

+
y2

2
, r

 .

Let s = |x|
r and c = |y|

r and note that s2 + c2 ≤ 1. Hence( |x|+ |z|
2

)2
+
y2

2
≤ r2

4

(
(s+ 1)2 + 2c2

)
≤ r2

4

(
s2 + 2s+ 1 + 2− 2s2

)
=
r2

4

(
4− (1− s)2

)
≤ r2.

Therefore

‖ρt(A)‖ ≤ r ≤ ‖A‖.

Thus ρt has norm 1 for every t ∈ [0, 1].
On the other hand, ρ̃t is not positive for every t > 1/

√
2 because

ρ̃t

 1 i 0
−i 1 0
0 0 0

 =
1

2

 1 it
√

2 0

−it
√

2 1 0
0 0 0

 .

We also observe that ρ̃t is positive for t ≤ 1√
2
. Indeed, if A =

[
aij
]
≥ 0,

ρ̃t(A) = ρ̃t

a11 a12 0
a12 a22 0
0 0 a33

 =


a11+a22+2a33

4
iIm(a12)t√

2
0

−iIm(a12)t√
2

a11+a22+2a33
4 0

0 0 a11+a22
2

 .

Since ∣∣∣ iIm(a12) t√
2

∣∣∣2 ≤ |a12|2

4
≤ a11a22

4
≤
(a11 + a22

4

)2
,

we obtain ρ̃t(A) ≥ 0.
This example extends to any dimension n > 3 by defining

σn,t

(
A B
C D

)
:=

(
ρt(A) 0

0 D

)
for A ∈ M3(R), B ∈ M2,n−3(R), C ∈ Mn−3,2(R) and D ∈ Mn−3,n−3(R).
The map σn,t for t ∈ ( 1√

2
, 1] and n > 3 is an example of a positive, unital,

trace-preserving, norm-1 map on Mn that has no positive complexification.
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6. Witnesses of real entanglement

We now show that the existence of positive real maps with non-positive
complexification is equivalent to the existence of quantum states that are
entangled in real Hilbert space quantum mechanics, and yet are separable
when regarded as states on complex Hilbert spaces. The equivalence is
established by proving a duality between the cone of real positive maps and
the cone of separable states in real Hilbert space quantum mechanics.

For K ∈ {R,C}, the cone of separable matrices is

SEP(Kn ⊗Km) =
{∑

i

Ai ⊗Bi : Ai ∈ PSD(Kn), Bi ∈ PSD(Km)
}
.

The elements of SEP(Kn⊗Km) will be called K-separable, and the elements
of PSD(Kn ⊗Km) \ SEP(Kn ⊗Km) will be called K-entangled.

More generally, we consider the cone of positive matrices with Schmidt
rank at most p [55]. We call these matrices K-p-separable and denote them
by

SEPp(Kn⊗Km) =
{∑

j

Vec(Aj) Vec(Aj)
∗ : Aj ∈Mn,m(K) , rank(Aj) ≤ p

}
.

Note that SEP1(Kn ⊗ Km) = SEP(Kn ⊗ Km). The elements of PSD(Kn ⊗
Km) \ SEPp(Kn ⊗Km) will be called K-p-entangled.

We also define the cone consisting of all real positive matrices that are
C-p-separable, denoted as

CSEPp(Rn ⊗ Rm) := SEPp(Cn ⊗ Cm) ∩ PSD(Rn ⊗ Rm)

=
{∑

j

Vec(Aj) Vec(Aj)
∗ + Vec(Aj) Vec(Aj)

∗ :

Aj ∈Mn,m(C) and rank(Aj) ≤ p for all j
}
.

For p = 1, we use the notation CSEP(Rn ⊗ Rm) := CSEP1(Rn ⊗ Rm).
We now provide an equivalent characterization of CSEPp(Rn⊗Rm), which

shows that every C-p-separable real matrix is also R-2p-separable:

Proposition 6.1. One has

CSEPp(Rn ⊗ Rm) =
{∑

j

Vec(Xj) Vec(Xj)
t + Vec(Yj) Vec(Yj)

t :

Xj , Yj ∈Mn,m(R), rank(Xj + iYj) ≤ p ,∀j
}

and CSEPp(Rn ⊗ Rm) ⊂ SEP2p(Rn ⊗ Rm).

Proof. The characterization follows from decomposingAj asAj = Xj+iYj ,
with Xj , Yj ∈Mm,n(R), and from the relation

Vec(Aj) Vec(Aj)
∗+Vec(Aj) Vec(Aj)

∗ = Vec(Xj) Vec(Xj)
t+Vec(Yj) Vec(Yj)

t.
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The inclusion equality follows from the first and from the fact that rank(Aj) ≤
p implies rank(X) ≤ 2p and rank(Y ) ≤ 2p. �

In the next section we will provide an example showing that the inclusion
CSEPp(Rn ⊗ Rm) ⊂ SEP2p(Rn ⊗ Rm) is strict.

Remark 6.2. Note that the cone SEPp(Kn⊗Km) is closed. To see this it is
enough to show that the convex set consisting of the elements in these cones
of trace 1 is a closed convex set. But the elements in SEPp(Kn ⊗ Km) of
trace one is the convex hull of the set of the matrices of the form A = V V ∗

where V is a unit vector with Schmidt rank ≤ p. The set of such matrices is
compact and, in finite dimensions, the convex hull of a compact set is again
a compact set by Caratheodory’s Theorem. The cone CSEPp(Rn ⊗ Rm) is
also closed since it is the intersection of two closed sets.

The complex version of part (1) of the next theorem was proven in [49].

Theorem 6.3. Let Φ : Mn(R) → Mm(R) be a Hermitian map and let CΦ

be its Choi matrix. Then,

(1) Φ is p-positive if and only if

Tr(CΦ P ) ≥ 0 for all P ∈ SEPp(Kn ⊗Km),

(2) The complexification Φ̃ : Mn(C) → Mm(C) is p-positive if and only
if

Tr(CΦ P ) ≥ 0 for all P ∈ CSEPp(Rn ⊗ Rm).

Proof. The set SEPp(Kn⊗Km) is the convex hull of its rank-one elements,
of the form Vec(A) Vec(A)∗ with rank(A) ≤ p. The condition Tr(CΦP ) ≥
0 for all P ∈ SEPp(Kn ⊗Km) is equivalent to

0 ≤ Tr(CΦ Vec(A) Vec(A)∗) = 〈Vec(A)|CΦ Vec(A)〉

for all matrices with rank at most p. In turn, this condition is equivalent
to 〈V |CΦV 〉 ≥ 0 for every vector V with Schmidt number at most p. By
Lemma 3.1, this condition is equivalent to p-positivity of Φ. This proves
(1).

We now prove (2). By Proposition 6.1, the condition Tr(CΦP ) ≥ 0 for all
P ∈ CSEPp(Rn ⊗ Rm) is equivalent to

0 ≤ Tr(CΦ (Vec(X) Vec(X)t + Vec(Y ) Vec(Y )t))

= 〈Vec(X)|CΦ Vec(X)〉+ 〈Vec(Y )|CΦ Vec(Y )〉 ,

for all real matrices X,Y such that rank(X + iY ) ≤ p. By Theorem 4.1,

this condition is equivalent to p-positivity of Φ̃. �

Corollary 6.4. Let P ∈ PSD(Kn ⊗Km). Then:



14 G. CHIRIBELLA, K.R. DAVIDSON, V.I. PAULSEN, AND M. RAHAMAN

(1) P is K-p-separable if and only if Tr(CΦP ) ≥ 0, for all p-positive
Φ : Mn(K)→Mm(K),

(2) for K = R, P is C-p-separable if and only if Tr(CΦP ) ≥ 0 for all

Φ : Mn(R)→Mm(R) such that Φ̃ is p-positive.

Proof. Use the fact that these cones are closed and apply the standard
Hahn-Banach results for separating a point from a closed cone. �

This corollary implies that, if a real positive matrix P is R-p-entangled,
then there must exist a p-positive map Φ such that Tr(CΦP ) < 0. We say
that Φ is a witness of R-p-entanglement for P . Similarly, if a real positive
matrix P is C-p-entangled, then there must exist a positive map Ψ with
positive complexification such that Tr(CΨP ) < 0. We say that Ψ is a witness
of C-p-entanglement for P . In the literature, the term entanglement witness
was typically used for p = 1, while witnesses for p > 1 were sometimes called
Schmidt number witnesses [48,56].

Before proceeding to the next result we need a lemma for which we refer
to [16]. The assertion holds for any field.

Lemma 6.5. Every vector V ∈ Kn ⊗ Km with Schmidt rank ≤ p can be
written as

V = (In ⊗ S)W = (T ⊗ Im)Z,

where W is a vector in Kn⊗Kp, Z is a vector in Kp⊗Km with S : Kp → Km

and T : Kp → Kn are partial isometries.

The fact that p-positive maps are witnesses of p-entanglement is equiv-
alently expressed by the following corollary, the complex version of which
was established in [26] for p = 1 and in [55] for general p.

Corollary 6.6. For a matrix P ∈ PSD(Kn ⊗Km), the following are equiv-
alent

(1) P is K-p-separable,
(2) Φ ⊗ idr(P ) ≥ 0 for every r ∈ N and for every p-positive map Φ :

Mn(K)→Mr(K),
(3) Φ⊗ idm(P ) ≥ 0 for every p-positive map Φ : Mn(K)→Mm(K).
(4) idn⊗Φ(P ) ≥ 0 for every p-positive map Φ : Mm(K)→Ml(K)

Proof. (1)⇒ (2). If P is K-p-separable, it can be written as P =
∑

i ViV
∗
i ,

where each Vi is a vector in Kn ⊗Km with Schmidt rank at most p. Using
lemma 6.5 we know that every vector Vi ∈ Kn⊗Km with Schmidt rank ≤ p
can be written as Vi = (In⊗Si)Wi, where Wi is a vector in Kn⊗Kp and Si :
Kp → Km is a partial isometry. Then, for every map Φ : Mn(K)→Mr(K),
we have

Φ⊗ idm(P ) =
∑
i

(Ir ⊗ Si) (Φ⊗ idp(WiW
∗
i )) (Ir ⊗ S∗i ) ≥ 0.
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If Φ is p-positive, then each term in this sum is positive; so Φ⊗ idm(P ) ≥ 0.
(2)⇒ (3). Take r = m.
(3)⇒ (1). Given a map Φ, the condition Φ⊗ idm(P ) ≥ 0 implies

0 ≤
∑
i,j

Tr((Ei,j ⊗ Ei,j)Φ⊗ idm(P )) =
∑
i,j

Tr((Φ∗(Ei,j)⊗ Ei,j)P )

= Tr(SCΦ∗S∗P ) = Tr(CΦ∗S∗PS),

where S : Km⊗Kn → Km⊗Kn is the linear operator defined by S(w⊗v) =
v⊗w for all v ∈ Kn for all w ∈ Km. If Φ : Mn(K)→Mm(K) is an arbitrary
p-positive map, then Φ∗ : Mm(K) → Mn(K) is an arbitrary p-positive map
by Lemma 3.1. For K = R, Corollary 6.4 implies that S∗PS, and therefore
P , is R-p-separable.

The equivalence of (1) and (4) follows exactly like the equivalence of (1)
and (3) using the second equality of Lemma 6.5. �

Corollary 6.7. For every p ∈ N, the following are equivalent

(1) there exists a p-positive map Φ : Mn(R) → Mm(R) with non-p-
positive complexification,

(2) there exists an C-p-separable matrix P ∈ PSD(Rn ⊗Rm) that is not
R-p-separable.

Proof. Immediate from Corollary 6.4. �

7. Examples of R-entangled states that are C-separable

In this section, we use the distinctions between the various cones of posi-
tive maps to provide explicit examples. The first example is an R-(2p− 1)-
entangled but C-p-separable matrix. The remaining examples focus on the
p = 1 case, providing examples of quantum states that are entangled in real
Hilbert space quantum mechanics, but separable in the complex version.
The key observation is that real separable states must be invariant under
partial transposition (IPT).

Example 7.1. Here we provide an example of a matrix P ∈ PSD(R2p⊗R2p)
that is R-(2p− 1)-entangled, but C-p-separable. The matrix is

P =
V V ∗ + V V t

2
,

where V ∈ C2p ⊗ C2p is the complex vector V =
∑p

j=1 αj ⊗ αj/
√
p, with

αj = (e
(2p)
j + i e

(2p)
j+p)/

√
2. It is evident from the definition that P is C-p-

separable. On the other hand, P can be equivalently rewritten as

P =
Vec(O+) Vec(O+)t + Vec(O−) Vec(O−)t

4p
,
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with O+ =
(

0 Ip
Ip 0

)
and O− =

(
Ip 0
0 −Ip

)
. If P were R-(2p − 1)-separable,

there should exist at least one real vector with Schmidt rank ≤ 2p−1 in the
linear span of Vec(O+) and Vec(O−). But this is not possible, because the
real span of O+ and O− contains only full-rank matrices.

Lemma 7.2. Every P ∈ SEP(Rn ⊗ Rm) must satisfy the condition P =
τn ⊗ idm(P ) = idn⊗τm(P ), where τr : Mr(R) → Mr(R), A 7→ At is the
transpose map on Mr(R).

Proof. By definition every P ∈ SEP(Rn ⊗ Rm) can be decomposed as
P =

∑
iAi ⊗Bi for some Ai ∈ PSD(Rn) and Bi ∈ PSD(Rm). Applying the

transpose map to the first factor, one gets

τn ⊗ idm(P ) =
∑
i

Ati ⊗Bi =
∑

Ai ⊗Bi = X,

and similarly when the transpose is applied to the second factor. �

Invariance under partial transpose is a necessary condition for separability
of real quantum states, similarly to the positive partial transpose (PPT)
criterion for separability in the complex case [26, 27, 39]. Based on this
analogy, we call the invariance under partial transpose the IPT criterion for
separability of real quantum states.

Proposition 7.3. For n,m ≥ 2, the inclusions

SEP(Rn ⊗ Rm) ( CSEP(Rn ⊗ Rm) ( PSD(Rn ⊗ Rm),

are both strict.

Proof. Strictness of the second inclusion is trivial: for example, the matrix∑min(n,m)
i,j=1 Ei,j ⊗ Ei,j is in PSD(Rn ⊗ Rm), but it is not C-separable, and

therefore is not in CSEP(Rn ⊗ Rm).
To prove strictness of the first inclusion, we show that there exist elements

of CSEP(Rn ⊗ Rm) that are not invariant under partial transpose. For

example, take the matrix A =

(
0 −i
i 0

)
and consider the Hermitian operator

P = I2 ⊗ I2 +A⊗A =


1 0 0 −1
0 1 1 0
0 1 1 0
−1 0 0 1

 ∈ PSD(R2 ⊗ R2)

Since I2 ±A ≥ 0 and

2P = (I2 +A)⊗ (I2 +A) + (I2 −A)⊗ (I2 −A),

P belongs to CSEP(Rn ⊗ Rm). However, id⊗T (P ) 6= P and hence P 6∈
SEP(Rn ⊗ Rm).
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This takes care of the case n = m = 2. For the general case, one can form
matrices An = A⊕0n−2 ∈Mn(C) and Am = A⊕0m−2 ∈Mm(C) and observe
that the same argument shows that In⊗ Im +An⊗Am is RC-separable but
not R-separable. �

Other examples of C-separable but are not equal to their partial transpose
(and therefore are R-entangled) are provided in the following.

Example 7.4. Consider the real positive matrix

Ps =
s

n(n+ 1)
(In ⊗ In +W ) +

1− s
n(n− 1)

(In ⊗ 1n −W )

=
n+1− 2s

n3 − n

(
In ⊗ In +

(
2ns− (n+1)

)
W
)

for s ∈ [0, 1] ,

where W =
∑

i,j Ei,j ⊗ Ej,i ∈ Mn(C) ⊗Mn(C). It is known [58] (see also

chapter 6 of [57]) that Ps is C-separable for s ∈ [1
2 , 1]. On the other hand,

Ps is not equal to its partial transpose unless s = n+1
2n , and therefore Ps is

R-entangled for s in
[

1
2 , 1
]
\
{
n+1
2n

}
.

The above example can be generalized as follows:

Proposition 7.5. For every symmetric matrix A ∈ Mn(R) ⊗Mm(R) with
id⊗T (A) 6= A, there exists an s∗ > 0 such that the matrix

Ps = (1− s)In ⊗ Im + sA

is R-entangled and C-separable for every s ∈ (0, s∗].

Proof. A result of Gurvits and Barnum [30] states that, for every Hermit-
ian matrix H ∈ Herm(Cn ⊗Cm) with ‖H‖2 ≤ 1, the matrix In ⊗ Im +H is
C-separable. If A is a real symmetric matrix, then this result implies that the
matrix In⊗Im+ s

1−sA is C-separable whenever s/(1−s) ≤ ‖A‖2. Therefore

the matrix Ps is C-separable whenever s ≤ s∗ := ‖A‖2/(‖A‖2 + 1). On the
other hand, id⊗T (Ps) 6= Ps for every s > 0, and therefore Ps is R-entangled
for every s > 0. �

8. Entanglement p-breaking maps

In [28], Horodecki, Shor, and Ruskai introduced the notion of entangle-
ment breaking maps, that is, maps that transform every entangled state into
a separable state when acting on one of the components. In general, we say
that a map Φ : Mn(K)→Mm(K) is K-entanglement p-breaking if

Φ⊗ idr(P ) ∈ SEPp(Km ⊗Kr) for all P ∈ PSD(Kn ⊗Kr) and r ≥ 1.

For p = 1, we just call the map Φ K-entanglement breaking. In the complex
case, entanglement p-breaking maps had been considered in [49], where they
were called p-superpositive maps.
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The cone of K-entanglement breaking (K-entanglement p-breaking) maps
Φ : Mn(K) → Mm(K) will be denoted as K- EB(n,m) (K- EBp(m,n)). We
now provide a characterization of the K-entanglement p-breaking channels.
Note that since the cone SEPp(Km ⊗ Kr) is larger for larger p, meaning
that K-entanglement p-breaking is a weaker condition than K-entanglement
breaking when p ≥ 2.

In the following result, the complex versions of (1)-(3) and (4) were pro-
vided for p = 1 in [28] and [32], respectively. The complex version of (5)
and (6) was provided in [49] for general p.

Theorem 8.1. Let Φ : Mn(K) → Mm(K) be a linear map. Then the fol-
lowing are equivalent.

(1) Φ is K-entanglement p-breaking.
(2) CΦ ∈ SEPp(Kn ⊗Km),

(3) there exist matrices (Ci)
k
i=1 ⊂ Mm,n(K) such that rank(Ci) ≤ p for

every i and

Φ(X) =
k∑
i=1

CiXC
∗
i ,

(4) Φ = ∆ ◦ Γ where Γ : Mn(K) → l∞k (K) ⊗Mp(K) and ∆ : l∞k (K) ⊗
Mp(K)→Mm(K) are completely positive maps for some k ≥ 1.

(5) for every r and every p-positive map Ψ : Mm(K)→Mr(K) the map
Ψ ◦ Φ is completely positive,

(6) for every r and every p-positive map Ψ : Mr(R) → Mn(R) the map
Φ ◦Ψ is completely positive.

Proof. (1)⇒ (2): Applying idn⊗Φ to X =
∑

i,j Eij ⊗Eij , we obtain that

CΦ = (idn⊗Φ)
(∑

ij Eij ⊗ Eij
)

belongs to SEPp(Kn ⊗Km).

(2) ⇒ (3): If CΦ ∈ SEPp(Kn ⊗ Km), then it can be written as CΦ =∑k
i=1 Vec(Ai) Vec(Ai)

∗, with rank(Ai) ≤ p for every i. Using Eq. (1), we
obtain

Tr[Φ(X)Y ] = Tr(CΦ(Xt ⊗ Y ))

=
k∑
i=1

〈Vec(Ai), (X
t ⊗ Y ) Vec(Ai)〉

=
k∑
i=1

Tr(AtiXAiY ) ,

for arbitrary matrices X and Y . Since Y is arbitrary, we conclude Φ(X) =∑k
i=1CiXC

∗
i with Ci := Ati.

(3) ⇒ (1): If Φ(X) =
∑k

i=1CiXC
∗
i with rank(Ci) ≤ p, then for every

A ∈Mn,m(K), one has

(Φ⊗ idn)(Vec(A) Vec(A)∗) =
∑
i

Vec(CiA) Vec(CiA)∗.
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Since rank(CiA) ≤ rank(Ci) ≤ p, we deduce that (Φ⊗ idn)(Vec(A) Vec(A)∗)
is K-p-separable. Since A is arbitrary, we conclude that (Φ⊗ idn)V V ∗ is K-
p-separable for every vector V , and therefore (Φ⊗ idn)(X) is K-p-separable
for every positive X. This proves the equivalence of (1), (2), and (3).

(3) ⇒ (4): Since rank(Ci) ≤ p, there exists an isometry Si : ran(Ci) →
Kp. Let δ1, . . . , δk be the standard basis for l∞k (K). Define

Γ(X) =

k∑
i=1

δi ⊗ SiCiXC∗i S∗i and ∆
( k∑
i=1

δi ⊗ Yi
)

=

k∑
i=1

S∗i YiSi.

The form of Γ and ∆ guarantees that they are completely positive. By
construction, Φ = ∆ ◦ Γ.

(4) ⇒ (5): The action of ∆ on a generic element of l∞k (K) ⊗Mp can be
expressed as ∆(

∑
i δi ⊗ Yi) =

∑
i ∆i(Yi), with ∆i : Mp(K) → Mm(K) com-

pletely positive. Since the domain of ∆i is Mp(K), ∆i is K-entanglement
p-breaking. Hence ∆ is also K-entanglement p-breaking. Using the implica-
tion (1)⇒ (2), we conclude that each C∆i is K-p-separable. For an arbitrary
p-positive map Ψ : Mm(K) → Mr(K), (Ψ ◦ ∆i) is completely positive. In-
deed, CΨ◦∆i = (idp⊗Ψ)C∆i , and Corollary 6.6 implies that (idp⊗Ψ)C∆i is
positive whenever C∆i is K-p-separable. We conclude that Ψ ◦ Φ is com-
pletely positive, as it factors as Ψ◦Φ = (Ψ◦∆)◦Γ, which is the composition
of two completely positive maps.

(5)⇒ (6): If Ψ◦Φ is completely positive, then CΨ◦Φ = (idm⊗Ψ)(CΦ) ≥ 0.
If Ψ is an arbitrary p-positive map, this implies that CΦ is K-p-separable,
by Corollary 6.6. Hence, also CΦ∗ is K-p-separable. Using the implication
(2) ⇒ (1), we obtain that Φ∗ is K-entanglement p-breaking. Using the
implication (1) ⇒ (5), we conclude that Ψ ◦ Φ∗ is completely positive for
every p-positive Ψ. Now, a generic map Γ is completely positive if and only if
its adjoint Γ∗ is completely positive (by Lemma 3.1). Hence, the map Φ◦Ψ∗

is completely positive for every p-positive Ψ. But for an arbitrary p-positive
map Ψ, Ψ∗ is an arbitrary p-positive map (by Lemma 3.1)). Hence, Φ ◦ Ψ
is completely positive for every p-positive Ψ.

(6) ⇒ (2): For every map Ψ, the map Φ ◦ Ψ is completely positive if
and only if its adjoint Ψ∗ ◦ Φ∗ is completely positive. If Ψ is an arbitrary
p-positive map, then Ψ∗ is an arbitrary p-positive map (by Lemma 3.1).
Therefore CΦ∗ is K-p-separable, by Corollary 6.6. Recalling Eq. (3), we
conclude that CΦ is K-p-separable. �

Remark 8.2. If Φ : Mn(R) → Mm(R), then the complexification Φ̃ is C-
entanglement p-breaking if and only if CΦ ∈ CSEPp(Rn⊗Rm). Since we have
the strict inclusion SEPp(Rn⊗Rm) ( CSEPp(Rn⊗Rm), the complexification
can be C-entanglement p-breaking even if the original map Φ is not R-
entanglement p-breaking. In other words, there exist maps that break C-
entanglement without breaking R-entanglement.
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Example 8.3. Here we provide an example of a map Φ : M2p(R) →
M2p(R) that has a C-entanglement p-breaking complexification, but is not
R-entanglement (2p − 1)-breaking (and therefore is also not entanglement
p-breaking). The map is

Φ(A) = O+AO+ +O−AO− ,

where O± are the orthogonal matrices O+ =
(

0 Ip
Ip 0

)
and O− =

(
Ip 0
0 −Ip

)
.

Its Choi matrix CΦ was studied in example 7.1, where we showed that CΦ is
C-p-separable, but R-(2p− 1)-entangled. By Theorem 8.1, this implies that

Φ̃ is C-entanglement p-breaking, while Φ is not R-entanglement (2p − 1)-
breaking.

For p = 1, the above example shows that a completely positive map can
break C-entanglement without breaking R-entanglement.

9. Real version of the PPT-squared conjecture

A positive matrix P ∈ PSD(Kn ⊗Km) is called

(1) PPT (positive partial transpose) if (τn ⊗ idm)(P ) ≥ 0,
(2) IPT (invariant under partial transpose) if (τn ⊗ idm)(P ) = P .

A completely positive map Φ : Mn(K)→Mm(K) is called PPT (IPT) if its
Choi matrix is PPT (IPT).

Clearly, every entanglement breaking map is PPT: if the Choi matrix is
separable, then it is also PPT by the Peres-Horodecki criterion [26, 27, 39].
In the real case, entanglement breaking maps and their complexifications
are IPT.

Proposition 9.1. If Φ : Mn(R) → Mm(R) is R-entanglement breaking,

then its complexification Φ̃ is IPT, and τm ◦ Φ̃ = Φ̃ ◦ τn = Φ̃.

Proof. Since CΦ ∈ SEP(Rn ⊗ Rm), we can write CΦ =
∑

k Ak ⊗ Bk for
Ak ∈ PSD(Rn) and Bk ∈ PSD(Rm). Recalling that C

Φ̃
= CΦ, we obtain

τn ⊗ idm(C
Φ̃

) =
∑
k

Atk ⊗Bk =
∑
k

Ak ⊗Bk = C
Φ̃
,

that is Φ̃ is IPT. Moreover, one has

C
τm◦Φ̃ = idm⊗τm(C

Φ̃
) =

∑
k

Ak ⊗Bt
k =

∑
k

Ak ⊗Bk = C
Φ̃
,

which implies τm ◦ Φ̃ = Φ, and and

C
Φ̃◦τn = C

τm◦Φ̃◦τn =
∑
i,j

Ei,j ⊗ (Φ̃(Eti,j))
t =

∑
i,j

Ei,j ⊗ (Φ(Eti,j))
t = CΦ ,

where the last equality follows from the Hermiticity of Φ. �
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In a presentation at the workshop “Operator structures in quantum in-
formation theory” (Banff Research Station, February 26-March 2 2012) [47],
Christandl raised what has later become known as the PPT-squared conjec-
ture.

Conjecture 9.2 (PPT-squared). For every PPT map Φ : Mn(C) →
Mn(C), Φ ◦ Φ is C-entanglement breaking.

In [16], Christandl, Muller-Hermes, and Wolf show that if this conjecture
is true, then the composition Φ ◦ Ψ is entanglement breaking for any two
PPT maps with compatible domain and range. They also show that the
conjecture is true for n = 3 [16, Corollary 3.1].

The example below shows that a direct real analogue of Conjecture 9.2 is
false. Namely, there exist real PPT maps whose square is not R-entanglement
breaking, even for n = 2.

In [33] it is shown that if Φ : Mn(C)→Mn(C) is idempotent, i.e., Φ◦Φ =
Φ, unital, i.e, Φ(In) = In and PPT, then Φ ◦Φ is C-entanglement breaking.
In [33] it is also shown that if Φ is only unital and PPT, then every limit point
of the sequence of iterates Φk = Φ◦· · ·◦Φ is a C-entanglement breaking map.
In [41] it is shown that if Φ : Mn(C) → Mn(C) is unital, trace-preserving
and PPT, then Φk is C-entanglement breaking for some power of Φ.

The example below also shows that the direct real analogues of these
results are false, even for n = 2.

Example 9.3. Define Φ : M2(R)→M2(R) with

CΦ =
1

2

[
I2 γ
−γ I2

]
where γ =

[
0 1
−1 0

]
.

Then Φ is a unital, completely positive, trace preserving map which is idem-
potent, Φ2 = Φ. Moreover, ran Φ = span{I2, γ} is a real abelian C*-algebra
with the usual product. Since CΦ and its partial transpose are positive, Φ
is PPT. Since CΦ is not equal to its partial transpose, Corollary 9.1 shows
that Φ is not R-entanglement breaking.

However, CΦ is in CSEP(R2 ⊗ R2): let A± = 1
2(I2 ± iγ) ≥ 0. Then

A+ ⊗A− +A− ⊗A+ =
1

2
(I2 ⊗ I2 + γ ⊗ γ) = CΦ

and

A+ ⊗A+ +A− ⊗A− =
1

2
(I2 ⊗ I2 − γ ⊗ γ) = CΦ◦T

Therefore Φ̃ is C-entanglement breaking.

With Corollary 9.1 and Example 9.3 in mind, we formulate a real version
of the PPT-squared conjecture, which we call the IPT-squared conjecture.
This conjecture also makes sense for C. We formulate both versions.
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Conjecture 9.4 (IPT-squared for K). For K ∈ {R,C} and every IPT
map Φ : Mn(K)→Mn(K), Φ ◦ Φ is K-entanglement breaking.

The following gives a further indication that the IPT-squared conjecture
is the correct real counterpart of the original PPT-conjecture.

Proposition 9.5. If the PPT2 conjecture is true, then IPT2 Conjecture is
true for C. If the IPT2 Conjecture is true for C, then it is true for R.

In particular, in dimension three, the above conjectures are true.

Proof. The first statement is obvious, since Conjecture 9.4 for C is a special
case of Conjecture 9.2.

Assume that Conjecture 9.4 is true for C. Let Φ : Mn(R) → Mn(R)

be IPT. Then Φ̃ : Mn(C) → Mn(C) is IPT and hence Φ̃ ◦ Φ̃ = Φ̃ ◦ Φ is
C-entanglement breaking. This means that we can write

CΦ◦Φ = C
Φ̃◦Φ̃ =

∑
k

Pk ⊗Qk,

with Pk, Qk ≥ 0 complex matrices. Write Pk = Ak + iBk, Qk = Ck + iDk,
where Ak, Bk, Ck, Dk ∈ Mn(R) with Ak, Ck symmetric and Bk, Dk skew-
symmetric. Also note that Ak, Ck ≥ 0.

Since Φ ◦ Φ is IPT,

CΦ◦Φ = CT◦Φ◦Φ =
∑
k

Pk ⊗Qtk =
∑
k

Pk ⊗ (Ck − iDk).

Averaging these two expressions yields

CΦ◦Φ =
∑
k

Pk ⊗ Ck =
∑
k

Ak ⊗ Ck + i
∑
k

Bk ⊗ Ck.

Since CΦ◦Φ is a real matrix, we have that

CΦ◦Φ =
∑
k

Ak ⊗ Ck.

Hence, Φ ◦ Φ is R-entanglement breaking.
Note that, it is known that in demension three (complex case), the PPT-

sqaured conjecture is true (see [16] and also [9]). Hence using the earlier
proof method, one can show that the IPT2 Conjecture is true for R in
demension 3. �

We do not know if these conjectures are equivalent.
We can however establish the three results from [33] and [41] cited above

for IPT maps.

Proposition 9.6. Let Φ : Mn(R)→Mn(R) be unital, trace-preserving and
IPT. Then there is a power k such that Φk is R-entanglement breaking.
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Proof. Since Φ̃ is unital, trace-preserving and PPT, there is some k so

that (Φ̃)k = Φ̃k is C-entanglement breaking. Using the fact that τn ◦Φ = Φ
implies τn ◦ Φk = Φk and arguing as in the previous proof, we obtain that
CΦk is R-separable. �

Before proving the analogues of the results in [33], an analogue of [33,
Lemma 3.1] is required. However it is much more difficult in the real case.

When Φ : Mn(C) → Mn(C) is idempotent and unital, i.e., Φ ◦ Φ = Φ
and Φ(In) = In, then the range of Φ is an operator system which becomes a
C*-algebra when endowed with the Choi-Effros product A?B = Φ(AB). In
[33], it is shown that this C*-algebra is abelian. They then use the fact that
every finite dimensional complex abelian C*-algebra is of the form `∞k (C)
and the complex analogue of 8.1(5), to deduce that Φ is C-entanglement
breaking.

However, not every finite dimensional real abelian C*-algebra is of the
form `∞k (R). In particular, in Example 9.3, the range of Φ is ∗-isomorphic
to the real abelian C*-algebra

A = {f ∈ C({a, b}) : f(b) = f(a)}.

This is a 2-dimensional abelian real C*-algebra which is not isomorphic to
l∞2 (R) or l∞1 (C). Note that Φ is PPT but not IPT.

Theorem 9.7. Let Ψ : Mn(R)→ Mn(R) be a unital IPT idempotent map.
Then the operator system R := Ψ(Mn(R)) with the Choi-Effros product
is order isomorphic to l∞k (R) for some k ≥ 1, and Ψ is R-entanglement
breaking.

Proof. The Choi-Effros product on R is given by A?B := Ψ(AB), and this

makes R into a real C*-algebra A. The complexification Ψ̃ is PPT, unital

and idempotent. By [33, Lemma 3.1], the Choi-Effros product on Ψ̃(Mn(C))
is abelian; and hence A is abelian. Let Γ : R → A be this identification,
which is a complete isometry; so Γ−1 is also completely isometric.

An old result of Arens and Kaplansky shows that if A is an abelian real
C*-algebra, then there is a locally compact Hausdorff space Z and a home-
omorphism τ : Z → Z with τ2 = idZ such that

A ' {f ∈ C0(Z) : f(τ(z)) = f(z) for all x ∈ Z}.

See [44, Theorem 1.9] for an easy proof. In our case, since A is finite dimen-
sional, X is a finite set with the discrete topology. Hence

Z = {xj , yk, zk : 1 ≤ j ≤ J, 1 ≤ k ≤ K}

such that τ(xj) = xj , τ(yk) = zk and τ(zk) = yk. Thus

A =
{∑

j

ajδxj +
∑
k

bkδyk + bkδzk : aj ∈ R, bk ∈ C
}
.
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A basis for A as a real vector space is given by {δxj , δyk + δzk , i(δyk − δzk)}.
Write these vectors as {αj , βk, γk}. Then α∗j = αj , β

∗
k = βk and γ∗k = −γk.

The map Φ = ΓΨ : Mn(R)→ A can be written as

Φ(X) =
∑
j

Tr(XAj)αj +
∑
k

Tr(XBk)βk + Tr(XGk)γk

for matrices Aj , Bk, Gk ∈Mn(R). Since Φ is CP,

X ≥ 0 =⇒ Tr(XAj) ≥ 0, Tr(XBk) ≥ 0 and Tr(XGk) = 0.

Therefore Aj , Bk ∈ PSD(Rn) and Gtk = −Gk, since Gk is orthogonal to all
positive matrices, and hence to all symmetric matrices.

Let Pj = Γ−1(αj), Qk = Γ−1(βk) and Rk = Γ−1(γk). Then Pj , Qk are
positive, and Rtk = −Rk because Γ and Γ−1 are positive. This is a real basis
for R. Now we have

Ψ(X) = Γ−1Φ(X) =
∑
j

Tr(XAj)Pj +
∑
k

Tr(XBk)Qk + Tr(XGk)Rk.

The Choi matrix is

CΨ =
∑
j

Aj ⊗ Pj +
∑
k

Bk ⊗Qk +
∑
k

Gk ⊗Rk.

The partial transpose of this map is

CT◦Ψ =
∑
j

Aj ⊗ Pj +
∑
k

Bk ⊗Qk −
∑
k

Gk ⊗Rk.

However, CT◦Ψ = CΨ since Ψ is IPT. So Gk = 0. Therefore CΨ is separable,
and hence Ψ is R-entanglement breaking by Theorem 8.1.

Now Γ is an isomorphism, and in particular it is surjective. Therefore
K = 0 and Z = {xj : 1 ≤ j ≤ J}. Hence A ' CR(Z) ' l∞J (R). �

Now the asymptotic result follows as in [33] by applying Ellis’s Theorem
that every compact semigroup contains idempotents (and its proof).

Theorem 9.8. Let Φ : Mn(R)→Mn(R) be a unital IPT map. Then

lim
k→∞

dist(Φk,R- EB(n, n)) = 0.
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