
PM 450 Solutions to Assignment 3

1. (a) Easy: 2
(
1− |k|

2n+2

)
−
(
1− |k|

n+1

)
= 1 for |k| ≤ n+ 1; and 2

(
1− |k|

2n+2

)
= 2n+2−|k|

n+1 for

n+ 2 ≤ |k| ≤ 2n+ 1. Thus 2K2n+1(θ)−Kn(θ) = Vn(θ).

(b) Clearly Vn is even. Since the coefficient of 1 is always 1, we get 1
2π

∫ π
−π Vn(θ) dθ = 1.

By (a), we have

‖Vn‖1 ≤ 2‖K2n+1‖1 + ‖Kn‖1 = 3.

Thus Vn is a summability kernel.

2. (a) Note that f(θ) = θ3 − π2θ is odd, so f̂(0) = 0. Compute for n 6= 0:

f̂(n) =
1

2π

∫ π

−π
(θ3 − π2θ)e−inθ dθ

=
(θ3 − π2θ)e−inθ

2π(−in)

∣∣∣∣π
−π
− 1

2π

∫ π

−π

(3θ2 − π2)e−inθ

−in
dθ =

3

2πin

∫ π

−π
θ2e−inθ dθ

=
3θ2

2πin

e−inθ

(−in)

∣∣∣∣π
−π
− 3

2πn2

∫ π

−π
2θe−inθ dθ =

−3

πn2

∫ π

−π
θe−inθ dθ

=
−3

πn2
θe−inθ

(−in)

∣∣∣∣π
−π

+
3

2πin3

∫ π

−π
e−inθ dθ =

3(−1)n

πin3
(2π) =

(−1)n−16i

n3

Therefore

f ∼
∞∑
n=1

(−1)n−16i

n3
(einθ − e−inθ) =

∞∑
n=1

(−1)n12

n3
sinnθ.

(b) Since
∑

n6=0
6
n3 < ∞, the Fourier series converges absolutely and uniformly by the

Weierstrass M-test to a 2π-periodic continuous function. Moreover the Fourier series
of this limit coincides with the Fourier series of f . Two continuous functions with
the same series are the same. So it converges uniformly to f .

Alternatively, you could observe that f̂(n) = O(n−3) = O( 1
n). By Fejer’s Theorem,

the Cesáro means converge to f . Thus by Hardy’s Tauberian Theorem, the Fourier
series converges uniformly to f . Since f in C1, you could instead quote the Dirichlet-
Jordan Theorem.

(c) If we substitute θ = π/2, we obtain

f(π2 ) =
−3π3

8
= 12

∞∑
n=0

(−1)2n+1

(2n+ 1)3
(−1)n.

Therefore
∞∑
n=0

(−1)n

(2n+ 1)3
=
π3

32
.



3. (a) First, f̂(0) =
1

2π

∫ 2π/3

−2π/3
dt =

2

3
. For n 6= 0, compute:

f̂(n) =
1

2π

∫ 2π/3

−2π/3
e−inθ dθ =

e−inθ

−2πin

∣∣∣∣2π/3
−2π/3

=
1

πn
sin

2nπ

3
=


0 if n ≡ 0 (mod 3)
1

2πn if n ≡ 1 (mod 3)
−1
2πn if n ≡ 2 (mod 3)

Thus

f ∼ 2

3
+

1

2π

∞∑
n=1

ei(3n+1)θ + e−i(3n+1)θ

3n+ 1
− ei(3n+2)θ + e−i(3n+2)θ

3n+ 2
.

(b) Since f is piecewise C1, the Dirichlet Jordan Theorem (or Hardy’s Tauberian Theo-
rem) says that sn(f)(θ) converges to f(θ) uniformly on [−2π

3 +δ, 2π3 −δ]∪[2π3 +δ, 4π3 −δ]
for any δ > 0. Also sn(f)(±2π

3 ) converge to 1
2 . As the function is discontinuous at

±2π
3 , convergence cannot be uniform on any interval containing ±2π

3 .

(c) If we substitute θ = 0, we obtain

1 = f(0) =
2

3
+

1

π

∞∑
n=1

1

3n+ 1
− 1

3n+ 2
.

However
1

3n+ 1
− 1

3n+ 2
=

1

(3n+ 1)(3n+ 2)
. Therefore

∞∑
k=0

1

(3n+ 1)(3n+ 2)
=
π

3
.

4. (a) If g is a continuous 2π-periodic function, then it is uniformly continuous. That is,
for any ε > 0, there is a δ > 0 so that |θ− η| < δ implies that |g(θ)− g(η)| < ε. This
means that if |t| < δ, then ‖g−gt‖∞ < ε. Therefore ‖g−gt‖2 ≤ ‖g−gt‖∞ < ε. Now
if f ∈ RI(T) and ε > 0, use Assignment 2, Q.4 to find g ∈ C(T) so that ‖f−g‖2 < ε.
Find δ > 0 as above. Then for |t| < δ,

‖f − ft‖2 ≤ ‖f − g‖2 + ‖g − gt‖2 + ‖(g − f)t‖2 < 3ε.

Since ε > 0 was arbitrary, this shows that lim
t→0
‖f − ft‖2 = 0.

(b) Let θ, η ∈ [−π, π] and set s = θ − η. Then

|f ∗ g(θ)− f ∗ g(η)| =
∣∣∣ 1

2π

∫ π

−π
(f(θ − t)− f(η − t))g(t) dt

∣∣∣
=
∣∣∣ 1

2π

∫ π

−π

(
f−θ(−t)− f−η(−t)

)
g(t) dt

∣∣∣
≤ ‖f−θ − f−η‖2‖g‖2 = ‖f − fs‖2‖g‖2

where we applied the Cauchy-Schwarz inequality in the last step. Thus by (a), f ∗ g
is (uniformly) continuous. This looks like there could be a problem at ±π, but one
can just translate the functions.

5. (a) gn(θ) = −2nKn−1(θ) sin(nθ) = −2n
einθ − e−inθ

2i

1

n

n∑
k=−n

(n− |k|)eikθ

= i

n∑
k=−n

(n− |k|)(ei(k+n)θ − ei(k−n)θ)

=

n∑
k=−n

ikeikθ +

2n∑
k=n+1

i(2n− k)(eikθ − e−ikθ)



(b) Therefore: p ∗ gn =
∑n

k=−n ikake
ikθ = p′(θ).

(c) Now ‖gn‖1 = 2n‖Kn−1 sinnθ‖1 ≤ 2n‖Kn−1‖1 = 2n. Hence

‖p′‖∞ = ‖p ∗ gn‖∞ ≤ ‖p‖∞ ‖gn‖1 ≤ 2n‖p‖∞.

6. (a) Monotone functions are Riemann integrable. Moreover at every point, the Monotone
Convergence Theorem for sequences of real numbers shows that left and right limits
f(θ−) and f(θ+) exist. Hence since kn is an even summability kernel,

lim
n→∞

f ∗ kn(θ) =
1

2
(f(θ−) + f(θ+)).

(b) Suppose first that g is a piecewise constant monotone function, say given by a
sequence
−π = a0 < a1 < · · · < ap = π such that g(t) = bk on (ak−1, ak), where bk−1 ≤ bk,
for 1 ≤ k ≤ p. Then, for n 6= 0,

ĝ(n) =

p∑
k=1

1

2π

∫ ak

ak−1

bke
−inθ dθ =

p∑
k=1

bk
−2πni

(e−inak − e−inak−1)

=

p∑
k=1

(bk+1 − bk)
2πni

e−inak .

Here bp+1 = b0. Hence

|ĝ(n)| ≤
∑p−1

k=1(bk+1 − bk) + (bp − b0)
2π|n|

=
2(bp − b0)

2π|n|
=

2‖g‖∞
π|n|

.

Now every monotone function can be approximated uniformly by monotone step
functions. Since translation by a contant only changes f̂(0), we may translate so
that f(−π) = 0. Let M = f(π). For each m ≥ 1, let a0 = −π, b0 = f(−π) = 0, and
let ak = sup{t : f(t) < kM2−m} for 1 ≤ k ≤ 2m. Define

gm(t) =

{
kM2−m for t ∈ (ak, ak+1), 0 ≤ k < 2m

f(ak) for t = ak, 0 ≤ k ≤ 2m.

It is easy to check that gm is monotone, piecewise constant, and

0 = f(−π) ≤ gm ≤ f ≤ gm + 2−m.

Hence gm converges uniformly to f on [−π, π].

Let gm be a sequence of monotone, piecewise constant functions just constructed.
Then

|f̂(n)| ≤ inf
m≥1
‖f − gm‖∞ + |ĝm(n)| ≤ inf

m≥1
2−m +

2‖f‖∞
π|n|

=
2‖f‖∞
π|n|

.

(c) By (a), σn(f)(θ) = f ∗Kn(θ) converges to 1
2(f(θ−) + f(θ+)). By (b), f̂(n) = O( 1

n).

Hence by Hardy’s Tauberian Theorem, sn(f)(θ) also converges to 1
2(f(θ−)+f(θ+)).


