PM 450 Solutions to Assignment 3

. L kLY — : k| \ _ 2n+2-|k]
1. (a) Easy: 2(1 — 55) — (1 — 737) = Lfor [k] <n+1; and 2(1 — 575) = <527 for

n+2<|k| <2n+ 1. Thus 2K5,4+1(0) — K,.(0) = V,.(0).

(b) Clearly Vj, is even. Since the coefficient of 1 is always 1, we get 5 [ V;,(6) df = 1.
By (a), we have

Vally < 2[[Kongalls + [[Knl = 3.
Thus V,, is a summability kernel.

2. (a) Note that f(0) = 6% — 720 is odd, so f(0) = 0. Compute for n # 0:
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Therefore
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(b) Since Zn?éo % < 00, the Fourier series converges absolutely and uniformly by the
Weierstrass M-test to a 2mw-periodic continuous function. Moreover the Fourier series
of this limit coincides with the Fourier series of f. Two continuous functions with
the same series are the same. So it converges uniformly to f.

Alternatively, you could observe that f(n) = O(n™3) = O(L). By Fejer’s Theorem,
the Cesdro means converge to f. Thus by Hardy’s Tauberian Theorem, the Fourier
series converges uniformly to f. Since f in C*, you could instead quote the Dirichlet-
Jordan Theorem.

(c) If we substitute § = 7/2, we obtain

0 ( -1 ) n 3
Therefore Z m = ﬁ .
n=0



3.

N 1 27r/3 2
(a) First, f(0) = / dt = 3 For n # 0, compute:

B % —27/3
. 1 23 o—ind |27/3 1 o 0 ifn=0 (mod 3)
f(n):/ e~™M9 g9 = , = —sin—— =45 ifn=1 (mod3)
2m ) o3 —2min —om/3 TN 3 S
5= ifn=2 (mod 3)
Thus
9 1 &, eil3n+1)0 + e—i(3n+1)0 et (3n+2)0 + e—i(3n+2)0
f~§+%n:1 3n + 1 - 3n + 2

(b) Since f is piecewise C'!, the Dirichlet Jordan Theorem (or Hardy’s Tauberian Theo-
rem) says that s, (f)(0) converges to f(6) uniformly on [—2F+6, 2X —§]U[2E 46, 4T —§]
for any ¢ > 0. Also s,(f)(£%F) converge to 3. As the function is discontinuous at

:i:%”, convergence cannot be uniform on any interval containing :l:%“.

(c) If we substitute § = 0, we obtain

2 1< 1 1
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However

(a) If g is a continuous 27-periodic function, then it is uniformly continuous. That is,
for any € > 0, there is a 6 > 0 so that |# —n| < § implies that |g(6) —g(n)| < €. This
means that if [t| < §, then ||g — ¢¢||co < €. Therefore ||g—gt|l2 < ||g — gt]|oo < €. Now
if f € RI(T) and € > 0, use Assignment 2, Q.4 to find g € C(T) so that ||f —gll2 < e.
Find 6 > 0 as above. Then for |t| < 4,

1f = Fell2 < f = gll2 + llg = gellz2 + [[(g — fell2 < 3e.
Since € > 0 was arbitrary, this shows that %in% | f — fell2 =0.
_>

(b) Let 0,1 € [—m, 7] and set s =6 —n. Then

£ x00) = £ gl = |5 [ (7O =0= Fr - )gte) it
~ |3 | (o=t = o -)a0

< f=o = f-nli2llglla = [1f = fsll2llgll2

where we applied the Cauchy-Schwarz inequality in the last step. Thus by (a), fxg
is (uniformly) continuous. This looks like there could be a problem at £m, but one
can just translate the functions.
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(b)
()
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Therefore: PE*Gn =D pep ikage®® = p/(0).

Now ||gn|l1 = 2n||Kp—1sinnb|; < 2n||K,—1]1 = 2n. Hence
1P’ lo0 = [P * gnlloo < [Pl llgnllt < 2n]pllo-

Monotone functions are Riemann integrable. Moreover at every point, the Monotone
Convergence Theorem for sequences of real numbers shows that left and right limits
f(07) and f(6T) exist. Hence since k;, is an even summability kernel,

1

Tim fka(0) = 5(/07) + F(0)).

Suppose first that g is a piecewise constant monotone function, say given by a
sequence

—m =ap < a; < --- < ap = wsuch that g(t) = by on (ar_1,ax), where by_; < by,
for 1 < k < p. Then, for n # 0,

A N nd
g(n) = Z 2/ bre " df =
k=1 7 Jar—

Here b,11 = by. Hence

S (b — b)) + (bp — bo)  2(by — o) 2||gllee
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Now every monotone function can be approximated uniformly by monotone step
functions. Since translation by a contant only changes f(0), we may translate so

that f(—m) =0. Let M = f(n). For each m > 1, let ag = —7, by = f(—n) =0, and
let a = sup{t: f(t) < kM27™} for 1 < k < 2™. Define
() = kM2—™ for te€ (ag,ar1), 0 <k <2m
Jm) = flag) for t=a,0<Fk<2™

It is easy to check that g,, is monotone, piecewise constant, and
0=f(-m)<gmn < f<gm+27"

Hence g, converges uniformly to f on [—7,7].

Let g, be a sequence of monotone, piecewise constant functions just constructed.
Then

; 1 . : —m 2foo 2foo
F) < inf [1f = gmloc + gm(n)| < inf 2 L 2 oo _ 20171
m= m>1

m|n| mln|

By (), 0n(f)(0) = f % K (6) converges to 3(f(67) + f(67)). By (b), f(n) = O(}).
Hence by Hardy’s Tauberian Theorem, s,(f)(6) also converges to 3(f(67)+ f(67)).




