PM 450 Assignment 6 Due Wednesday March 29.
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1. (a) Using f(0) = 03 — 720 from Assignment 2, Q3, evaluate Z 6

o0
1
(b) Integrate f and use it to evaluate E —
n

2. Prove that {1,v/2cosnf : n > 1} is an orthonormal basis for L?(0,7) with the inner product
1 _
(f,9) = — fg.

T J(0,m)

3. Let a € R\ Z. Let f(0) = ¢ for € (—m,n]. Evaluate ||f||3 in two ways and deduce that

o0 2

> -5
(a—n)2  sin?ar’

n=—oo

4. (a) Show that if f is a 2r-periodic C! function and f(0) = 0, then || f|j2 < ||f/||2.
(b) Show that if f is a 27-periodic C? function, then || f’||3 < || fll2 [|£”l2-

5. Let 1 < p < oo and suppose that 119 + % =1.
(a) Prove that if f, f, € LP(X) and g € L9(X) and lim |f = fallp =0, then

hm/fng—/fg

(b) Show that if f € LP(T) and g € L%(T), then

k N
/fg—nlgglo Z — asn) f(R)F(=F).
k=—n
6. Let 1 <p < oo and suppose that % + % = 1. Let f € LP(T) and g € L%(T). Prove that
1T 2l A
lim —— [ f(0)g(nd)db = f(0)(0).

—T

Hint: prove it first when f is a trigonometric polynomial.

7. Fix 1 < p < oco. Define a linear map S, , : LP(T) — LP(T) given by Spnf = sn(f) = f * Dy,

(a) Prove that the following statements are equivalent:
(1) supp>1 [[Spnll < o0

(2) sup,>1 [|Spn(f)llp < oo for every f € LP(T).
(3) Spnf converges to f in the LP(T) norm for every f € LP(T).

(b) Show that ||S1,]| = ||Dnll1- Hence show that there is a function f € L! such that s,(f)
diverges. Hint: look at S} ,(K,,) as m — oo.



