INFINITE BARKER SERIES

KEVIN G. HARE

ABSTRACT. We say a polynomial p(z) = anz"™ + an—12""1 4+ --- +ap is a
Littlewood polynomial if ar, = 1 for 0 < k < n. Let p(z)p(1/z) = cnz™ +
cn—12""1 4 +c_p2z7". It is easy to show that co = n+1. We say that p(z)
is a Barker polynomial if |ci| < 1 for k # 0. There are only 8 known Barker
polynomials (normalized to have an = an—1 = 1). There are many results
known about the existence and non-existence of Barker polynomials for various
degrees. This paper deals with the infinite case, when f(2) = £14+ 2422+ .-
is a power series with 1 coefficients. We give a complete description of all
Barker series.

1. INTRODUCTION AND PRELIMINARY RESULTS

We say a polynomial p(z) = a, 2" +a,_12" "'+ -+ag is a Littlewood polynomial
if a, = £1 for 0 < k < n. Let p(2)p(1/2) = cp2™+cp_12" 1+ +c_nz~ ™. These
cr are known as the aperiodic autocorrelation coefficients (sometimes called the
acyclic autocorrelation coefficients). It is easy to show that ¢ = n + 1. We say
that p(z) is a Barker polynomial if |c;| < 1 for k # 0. It is clear that if p(z) is a
Barker polynomial, then so is +p(42z). There are only 8 known Barker polynomials
(normalized to have a,, = a,—1 = 1). They are

z+1,
22421,
2422 — 241,
B2 4z-1,

A4 B2 -2+,

B4t -3 22421,

20429 428 — 2T — 20 Pyt 28 21,

24 11 10 9 8 7 64 5 4 34 2 4]
There are many results known about the existence and non-existence of Barker
polynomials for various degrees. It is straightforward to show that if p(z) is of degree
n then ¢g = n+1, ¢ = 0 when £ # nmod 2 and ¢ = £1 when k = n mod 2.
For n even, we can say exactly when ¢ = 1 and when ¢ = —1. As an example
of a more sophisticated result, it is know that if a Barker polynomial of degree n
exists, other than those listed above, then n+1 = 4N? where N is odd and N > 55
[1, 5, 6, 7]. This was improved in [2, 4] to show that either N > 5000 or N is one
of 6 exceptional values, the smallest of which is 689.

In this paper we look at the infinite variation of this problem. We call f(z) =

+1 4+ 24 22 4+ .- a Littlewood series. We denote the set of all such Littlewood
series by £. Clearly if f(z) = 14 2z + 22 + .- is a Littlewood series, then it
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does not make sense to talk about f(z)f(1/z), as this is analytic nowhere. We
first recall that all even degree Barker polynomials are skew symmetric, that is
2"p(1/2) = (=1)"?p(—2), [7]. Hence, we will initially define a skew-symmetric
Barker series as a Littlewood series f(z) = £1+2z+224--- such that f(2)f(—z2) =

co+c1z+cez? 4+, and where |c;| < 1 for all k. For convenience we will typically
omit the “skew-symmetric” and just call such an f(z), a Barker series. Clearly
fR)=1+z+22+..- = i is in P. This example is called the trivial Barker

series. Further, if f(z) € P then £f(£z) € P, hence f(z) can be normalized such
that ag = a1 = 1.
There are a number of easy results that allow us to improve this definition.

Lemma 1.1. Let P(z) = Y. ¢;2%, and f(2) = > a;2" be power series with integer
coefficients such that f(z)f(—z) = P(z). Then car+1 =0 and a, = cap, mod 2.

Proof. By noticing that f(z)f(—=x) is an even function, we see that copy1 = 0 for
all k. Further, noticing that

gives the desired result. O

It is worth noting that if ax = £1, and |cg| < 1, as is the case for Barker series,
then this shows that corr1 = 0 and ¢, = 1.

Now, knowing what ay is equivalent to modulo 2 actually gives us information
on what the ¢; must be equivalent to modulo 4.

Lemma 1.2. Let P(z) =Y c2;2% and f(z) = Y a;2" be power series with integer
coefficients satisfy f(z)f(—z) = P(z) mod 4. Then for all g(z) = f(z) mod 2 we
have g(z)g(—z) = P(z) mod 4.

Proof. We see that

2%k k=1
Cor = Y _ aiage—i(—1)" = af + Y 2a;a,_i(—1)'
=0 =0

By noticing that the value of a; modulo 2 uniquely determines the value of a% mod
4, and that the value of aiagk,l(—l)i mod 2 uniquely determines the value of
2a;a91,_1(—1)" mod 4, we get the desired result. O

Consider again the initial definition of a Barker series, that f(z)f(—z) = co +
c1z+- -+ with |¢g| < 1. By the previous remark we get that cop, = +1 and cop11 = 0.
By considering the trivial Barker series f(z) = 1 + 2z + 22 + .-+ = 1%2 where
f(2)f(—=2) =122 =1+2%+ 2"+, we get that co, = 1 for all Barker series, as
cor, = 1 mod 4 and cop, = £1.

As a result of Lemmas 1.1 and 1.2 we can now modify our our original definition

to get:
Definition 1. We say f(z) is a (skew-symmetric) Barker series if f(z) € £ and

2, .4 1
(1) f@R)f(=2)=1+2"+2 +---=m.

We denote the set of all such Barker series by P.

The main result of this paper is to give a complete description all Barker series.
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Theorem 1.3. Let f(z) =Y a;2* be a non-trivial Barker series. Further, assume
ag = ay = 1. Then there exists a unique odd number r > 3 such that f(z) =
(1+ 24+ 27" Y fa(=2") where f2(z) = a} + alz + -+ is a (possibly trivial)
Barker series with af, = a} = 1.

This is proved in Section 1.3. This result allows us to uniquely associate every
normalized f(z) € P with a (possibly infinite) sequence of odd numbers greater
than or equal to 3. For convenience we denote the trivial Barker series by

f{}(z):1+z+zz+~~:1iz.
A few examples of these decompositions include
fyp = (242 (=2
= (I4+24+422)0-224+28 224212 -0 4218 )
= 142422 -2 -2t -+ 542748 -0 -0 .
frozy = (424224242 fra(=2")

1— 215 4 Zlo)f{}(215)

“)
(14 2+ 2%+ 23+ 2%
= Q4+2+22+24+290 -2+ 2100 +25 4230 +..0)
(1242242342 (1— 2% 4 210 4 215 ;20 4 ;25 1 ;30 4y
T+z4+22 428420 =20 =20 — 27 28 -0 4 210 2
f{373,37...} = H(l + (—l)zzgl + 22'31’)
i=0

We see that for a finite sequence, the Barker series is associated to a product
of rational function, hence it is rational. In the case where f is associated to an
infinite sequence of odd numbers, then the resulting series is not rational. By a
results of [3], this means that the series is transcendental.

The idea of Barker series can be generalized if we allow more flexibility to the
coefficients of f(z) or alter the series P(z) where f(z)f(—z) = P(z). We call
f(z) = a;2" with a; € {0,41} a height 1 Taylor series. We denote the set of all
such height 1 Taylor series by H. We say that f(z) is a generalized skew-symmetric
Barker series associated to P(z) if f(z) € H and f(z)f(—z) = P(z). As before, we
typically omit the term “skew-symmetric”. We denote the set of all such generalized
Barker series associated to P(z) as Pp.

An obvious question is, what if we wanted to find f(z) € H such that f(z)f(—z2) =
P(z)? If P(z) is finite, then from Lemma 1.1 only a finite number of terms of
f(2) € H are non-zero. In this case f(z) will be a height one polynomial, and there
will be only a finite number of solutions, (all of which are easily enumerated by
brute force searching).

The next useful lemma is true in much greater generality than we give here, and
comes from noticing that if ¢ is a pole or zero of f(z) then so is (. Further —(
and —( are a pole or zero of f(—z) with the same order. This will allow us to say
specific things about generalized Barker series associated to specific P(z).

Lemma 1.4. Let f(z) € H. Further let f(2)f(—z) = P(2). Then all zeros and
poles of P(z) on the imaginary axis have even order. If v is a pole or zero off of
the imaginary axis, then —v, ¥ and —7 are also poles or zeros of the same order.
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Consider the case when P(z) is periodic. This gives us that P(z) = lli(izn

some p(z). We see from Lemma 1.4 that either (1 — 2™)|p(z) or m = 2n is even,
and further n is odd.
We will discuss three non-trivial cases in Section 3 of this paper. The first is

P(z) = — 5. This is the simplest periodic case that can be examined. The result

is not surprising in this case, and is given for completeness. The second case is, in
some sense, the second simplest periodic case, that of P(z) = i:jz: The last case
is not periodic. In some sense it is “close” to a Barker sequence, in that only one
coefficient is “wrong”. This is the case P(z) = 1-322+214204+28+. .- = L5 —42%
What is surprising is that there are exactly 4 solutions in this case. These results

are summarized by

Theorem 1.5. Let Pp be defined as above. Then

for

(2) P = {f)[f(2)=9(G")9(2) € P}
(3) Piz = {f(2) | f(2) = £(1 +2")g(£2"), 9(2) € P}
@) P,y = {£fo(F2) [ fol) =1+z-2" -2 =2 = 2" -}

The problem in equation (4) of when P(z) =1—3z2+2*+ 254+ 2%+--. can be
looked at more generally. This was a question communicated to the author by Peter
Borwein. The original question was, what if P(z) = -1 — 42%? This is really as
close to a Barker series as you can get, in some sense, yet still not be Barker series.
One term is —3, instead of 1. It appears that k£ = 2 is the only value of k for which
there is a solution, but the author knows of no way of proving this. Some results
can be still shown. If k is odd, then there is not a solution by Lemma 1.1 as P(z)
needs to be even. If £ = 0 mod 4 then there are the wrong number of roots on the
imaginary axis, hence there are no solutions by Lemma 1.4. If k = 6,10, 14, 18,22
or 26 then we can computationally verify that there are no solutions. For example
for k = 6, we computationally show that all Littlewood series f(z) truncated to
degree 77, cannot satisfy the equations f(z)f(—2) = P(z) mod 27" using a tree
pruning search of all potential Littlewood series.. For k = 26, we need to go up to
degree 257, and after that memory constraints did not allow further verification.

2. PROOF OF THEOREM 1.3.

In this section, we give a complete description of Barker series f(z). We will use
a method that takes advantage of the series structure, which will be extended to
other cases in the following section.

If f(z) is a Barker series, then so is £f(+z). So we can assume with loss of
generality that ag = a; = 1.

Rewriting, we get

f@f(=2) = ==
= (A -2)(f(=2)(1+2) = 1
= 9(z)9(=2) = 1

where g(2) = f(2)(1 —2) =Y b;2".

Now, because we are assuming that ap = a; = 1, we get that by = 1 and b; = 0.
Further, we get that by € {—2,0,2} for all k > 2. We also see that if b; and b; are
non-zero terms, such that all by, = 0 for all £, ¢ < k < j, then b; = —b;. This occurs
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ifa1=a;=---=aj_1=—a;. fby=0f"orall k> 2, (ie. g(z)=1) then we
have f(x) = ﬁ and we are done. So, assume for now that there exists an r > 1
such that b, # 0. Our first goal will be to show that r is odd.

The next result follow from expanding ¢g(z)g(—z) and matching up coefficients.

This result is true for general integer Taylor series.

Lemma 2.1. Let g(z) = Y. b;2" be an integer Taylor series such that g(2)g(—z) =
1. Then

bo = +1
and for all k > 1 we have

2k—1

k-1
(5) 2b2k = — Z bibgk,i(—l)i = - <2szb2kz(_]—)l> - bi(_l)k
i=1 1=1

It is worth observing that the set of such polynomials is non-empty. A simple
example of such a function is g(z) = }fz =1+4+22+4+222+-... It is also worth

noting that Lemma 2.1 is in fact if and only if.

Corollary 2.2. Let g(z) = Y. bzt = £1 + b.2" + by12" 1 + .-+ be an integer
polynomial such that g(z)g(—z) =1, and b, # 0. Then r is odd.

Proof. To prove that r is odd, assume instead that r = 2k is even. But then by
equation (5) we get that 2boy, = 0, a contradiction. So r is odd. O

The next result shows that g(z) is in fact a series in 2".

Lemma 2.3. Let g(z) = f(2)(1 —2) = 1+ b.2" + byp12" T + -+ be defined as
above. Let r > 1 be minimal, and odd, such that b. # 0. Then for all k such that
br, # 0 we have r|k.

Proof. We will proceed by induction.

Assume first that & = 2m is even and r t 2m. Further, assume that for all ¢ < 2k
that by # 0 implies r|¢. This implies that b;ba,,—; = 0 for all 1 <4 < 2m — 1. Then
by Lemma 2.1 we have that:

2h—1 .
- Z bibak—i(—1)"
i=1
=0

2boy,

as required.

Now assume that k is odd, and that r t k. Further, assume that for all £ < k
that by # 0 implies r|¢. We will now use equation (5) on k+r. Notice for ¢ < r and
for i > k we get b;bg1,—; = 0 (as r is the minimal value greater than 0 for which
b, # 0). Secondly, for r < i < k we have that b;bx1,—; = 0 as one of the two of ¢ or
k + r — i is not divisible by r. So we get

k—1
b = =3 bibies(1) = b1
=1

But we see that the left hand side takes the values 0 or +4. The right hand side
takes the values 0 or +8. This implies that by, = by = 0 as required. [l
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This then tells us that g(z) looks like
g(z) =1+b.2" + bgTZQT + b3,,.2'37" 4o

As the by, are 0 or 2, with b, = —2, and consecutive non-zero terms alternate in
sign, we see that this can be rewriting as
gz) = (1=2")—=(z" =22 £ (" =2

(1—2") (1 — 2" £ 23724

Dividing by 1 — z gives the result that f(z) = (1+ 2+ +2""1) fo(—2") for some
f2(2) € L. Tt remains to show that f2(z) € P.

We see that f(2) = (142 +---+2""1) fo(—2") from the previous comment. To
notice that f(z) is a Barker series, we notice first that

F@f(=2) = 1+22+24+25+.
= (1+2° +...+22(T'—1))(1 4244
and further that
F@f(=2) = (424 +2 024427 ) (") (=)
= (422420 4+ 2T B (=)
from which we conclude that
fo(Z) fo(=2") = 1422 420 4

as required.

3. PROOF OF THEOREM 1.5

The structure of Pp where P = —=.
Let f(2) = Y. a;2" € H. Let P = —L5 By Lemma 1.1 we see that a; = 0 for

1—22n
i # 0 mod r Hence we can write f(z) = g(z") for some g(z) € H. Hence we have
f(2) = g(z™), such that g(z)g(—z) = . This implies that
P ={f(2) | f(z) = 9(z"),9(z) € P}

1_.2n

The structure of Pp where P = %

There are a few things we can notice before we begin. First, we can assume

2k
}:2271’
evaluate those solutions at z Next, we can assume that both k and n are
odd numbers, otherwise we have the wrong number of zeros or poles at +i by
Lemma 1.4.

We see from Lemma 1.1 that f(z) will look like f(2) = g1(2") + 2Fga(2™) for
some g1(z) and g2(z) in £. By noticing that

F)f(=2) = 1(z")g1(=2")+2" (91(=2")g2(2") =91 (") g2 (—2")) =" g2 (") ga (—2")
By matching up coefficients, we notice that

g1(2M)g1(—2") = 14 22" 4 24" 4207 4.

with loss of generality that ged(k,n) = 1, else we solve the case for and

ged(k,n)

and
g2(2")ga(=2") = 1+ 27" 424" 4 2% -
This implies that g; and g, are in P. Further we notice that

g1(=2")g2(2") = g1(2")g2(—2"),
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which implies that

(6) 91(=2)g2(2) = g1(2)g2(—2).

It is worth observing that certain combinations of initial coefficients are not
permitted. For example if g1(z) = 1+ 2z then ¢g2(2) # 1 — z, and g2(2) # —1 + z.
This allows us to simultaneously normalize g1 (z) and g2(z). Let g1(2) be normalized
such that gi(r) =1+ 2422 £ .- and similarly g2(2). We see that

91(=2)92(2) = g1(2)g2(—2)-
As g1(z) € P, we see from Theorem 1.3 that either ¢1(z) is trivial, or there exists
an ry such that ¢1(2) = (1 + 2+ -+ 2"~ Hg'(—2™) with i'(2) € P. Assume
first that ¢;(z) = 1= is trivial. By cross multiplying, we get

11—z
92(2)(1 = 2) = ga(=2)(1 + 2)
Let go(2) = 1+ 2z + as2® + azz® + - -+, so this gives us
1+(ag—1)22+(ag—as) 2% +(ag—az) 2+ - = 14+(az—1)2* —(az—az) 2> +(ag—as)z* —- - -

Matching up coefficients, we get that ag,,+1 = as,, for all m. Further we have that
a1 = 1. Now, we see from Theorem 1.3 that if any ar = —1 with k minimal, then k
would be odd. But this can’t happen as ay = ax—1 for k£ odd. Hence we have that
G2(2) =14 2+ 2%+ = 1 is trivial, (hence g1(2) = g2(z)). Similarly if ga(z)
is trivial, then gi(2) is trivial.

Now assume that there instead exists some 7 and ry such that ¢1(z) = (14+ 2+
2442 Y g (—2") and ga(2) = (T+ 24224+ 2727 1)gy' (—27). Tt is easy

to see that r; = ro, and that this reduces to
9 (=2)3' (2) = 31 ()3 (=2)
Hence by induction we have that g1(z) = g2(z2).
Hence

Piae = {f(2) | f(2) = £(1 % 2")g(£2"), 9(2) € P}

1—z=m

The structure of Pp where P =1—322+ 2%+ 26+ 28 +... = 1_1z2 — 422,
Here we have that P =1 —322+2* 425428 +.... So this is “close” to a Barker
series, with one term being —3 instead of 1. As before, we normalize f(z) such that
f)=1+z2+£224---.
Rewriting we get

F@)f(=2) = 9= —42°

_ 1fﬁizj%;4z4
— (A =2)(f(=2)1+2)) = (1-222)
= 9(x)9(=2) = (1-22%)

where g(z) = f(2)(1 —2) =Y b;z".

As before, by = 1 and b; is 0, —2 or 2. Further, we have that by = 1,b; = 0,b =
—2 and after that the terms alternate, taking 0 an arbitrarily long number of time
(possibly empty), then 2, then 0 again an arbitrarily long number of times (possibly
empty), then —2, etc.

Notice that Lemma 2.1 holds for k£ > 2. By looking at this equation modulo 8,
we get that

2bor = b2 (mod 8)
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This tells us that if there exists some k, k > 3 such that by # 0, then the minimal
such k is odd.

Assume that there exists a k, odd, minimal such that by = 2. By Lemma 2.1 we
have that bor, = 2. By the alternating property of the b; we have that there exists
a j, odd, with & < j < 2k, j minimal such that b; = —2. So we have now that
g(2) =1—222 +22% — 229 4 b; 52972 ... with g(2)g(—z) = (1 —222)%. Consider
the coefficient b of 277*. We have from Lemma 2.1 that

(J+k)/2—1
2bj 1) = —2 > bibjpe—i(=1)" | = b4k
=1

We see that b(;y)/2 is 0, because otherwise we contradict the minimality of j or k.
The only term in the sum on the left hand side that is not 0 is when ¢ = k. This
gives us that
2bj41 = —2bib; =8

The left hand side can only take the values —2,0 or 2, hence a contradiction. Hence
all terms b, = 0 for k£ > 3.

Then the only (normalized) solution to this equation is when g(z) = 1 — 222.
This is equivalent to when f(2) =142 — 22— 23 — 2% — 25 — ...,

What is interesting about this solution is, if it is truncated to an even degree, then
it still gives a Barker-like polynomial. For example, if fg(z) = 14+2—22—23—-..— 28
then fs(2)fs(—2) =1—322+ 2% + 26+ + 216
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