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Abstract

This paper demonstrates how the Groebner Basis Algorithm can be used for finding
the bifurcation points in the generalized Mandelbrot set. It also shows how resultants
can be used to find components of the generalized Mandelbrot set.

1 Introduction

The Mandelbrot set was introduced by Benoit Mandelbrot [10]and is de�ned
as a set of complex values ofc such that the critical orbit of the complex poly-
nomial Pc(z) = z2 + c does not escape to in�nity. This set plays an signi�cant
role in the study of bifurcation phenomena occurring in various �elds of sci-
ence. The description of this set, despite being quite simple, has a surprisingly
rich and complex structure. For a good history of the study ofthe Mandelbrot
set, see [1,3{5], and the references contained within.

Consider the functionPc(z) = zn + c for n 2 N � f 1g with c; z 2 C. We de�ne
the degree-n bifurcation set as

M = f c 2 C : P (m)
c (0) 6! 1 as m ! 1g :
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Here P (m)
c (z) = Pc(P (m� 1)

c (z)) with P (0)
c (z) = z. The case ofn = 2 is easily

recognizable as the standard Mandelbrot set.

Let us consider the iterates ofz0 2 C under Pc(z). We say that z0 is a �xed
point if Pc(z0) = z0. We say thatz0 is a period-k point if P (k)

c (z0) = z0 such that
P (m)

c (z0) 6= z0 for all 0 < m < k . We call z0; Pc(z0); � � � ; P (k� 1)
c (z0) the k-cycle

of z0. If Pm
c (q) tends to the k-cycle ofz0 for all z in a su�ciently small neigh-

bourhood aroundz0, then we say thatz0 is an attractive period-k point. In the
case of the degree-n bifurcation set, this is equivalent to

�
�
� d

dw P (k)
c (w)

�
�
�
w= z0

< 1

and P (k)
c (z0) = z0.

This leads us to the following de�nition about particular subsets of the degree-
n bifurcation set. We de�ne Hk , a k-periodic hyperbolic part ofM as

Hk =

(

c 2 C : there exist z0 such that P (k)
c (z0) = z0 and

�
�
�
�
�

d
dw

P (k)
c (w)

�
�
�
�
�
w= z0

< 1

)

:

A typical component of Hk is called an attractive period-k component and is
denoted byM k

0, [12]. An open conjecture is thatM is composed only of these
hyperbolic parts. These hyperbolic parts are sometimes called buds or bulbs
elsewhere in the literature. By construction,Hk and M k

0 are necessarily open
sets, with the points on the boundary being associated to period-k points that
are neither attractive, nor repelling.

We denote the boundary ofM k
0by @Mk

0. Let c 2 @Mk
0. If an attractive period-

k � ` component arises at the pointc, then the point c 2 @Mk
0\ @Mk�`

0 is called
the period � k � ` root point in the degree-n bifurcation set and is denoted by
ck`;k . If ` � 2, then the root point c becomes a bifurcation point where a new
attractive satellite bulb appears.

In this paper, we study an algorithmic way to �nd the boundaryof M k
0 using

resultants. Equations for the parameterization of the boundary of components
for n = 2 and k = 1 or 2 can be found in any introductory text on Fractal
Geometry, (see for example [9]). Even for the case ofn = 2 and k = 3, the
complexity of the equations is signi�cantly increased, seefor instance [8]. Our
constructions does not always give a parameterized solution, (which in the
general case is not possible), but it does give a very useful representation
from a graphical point of view. In addition, we give an algorithm to �nd the
bifurcation point between two adjacent components, using the Groebner basis
algorithm. For a good reference of the Groebner basis algorithm, see [2].
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2 Boundary of M k
0 and Hk

In this section, we establish the boundary equation of theM k
0. The boundary

equations are not new, [7] and we give them here for completeness. The use
of resultants as applied to these equations to give a compactrepresentation of
the boundary, to the best of the authors' knowledge is new.

We �rst notice that the boundary of the M k
0 component will satisfy

P (k)
c (z) = z (1)

�
�
�
�
�

d
dw

P (k)
c (w)

�
�
�
�
�
w= z

= 1: (2)

Equation (1) can be improved. When looking atP (k)
c (z) � z, we get a polyno-

mial in terms of z and c. We notice that for all mjk that

P (m)
c (z) � z j P (k)

c (z) � z:

Further, we know that the factor of the polynomial associated to P (m)
c (z) � z

will be associated to a period-m point, and hence will not be of interest to us.

So, we de�ne a new functionRc;k(z) recursively as

P (k)
c (z) � z =

Y

mjk

Rc;m(z)

with Rc;1(z) = Pc(z) � z. Equivalently, we can say

Rc;k(z) =
P (k)

c (z) � z
Q

mjk; m<k Rc;m(z)
:

For convenience, we rewrite equation (2) to get rid of the absolute values to
get the set of equations:

Rc;k(z) = 0 (3)
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

= � (4)

j� j = 1

We can now eliminatez from the equations by considering the resultant of (3)
and (4) with respect to z. Thus our new equations become

3



Resz
�
Rc;k(z); P (k)

c (w)
�
�
�
w= z

� �
�

= 0 (5)

j� j = 1

This allows us to �nd c in terms of � .

Example 2.1 Consider a degree-3 Mandelbrot set. First, let us consider the
1-component. We see that for these particular examples that equations (3) and
(4) become:

0 = z3 + c � z
0 = 3z2 � �

where j� j = 1 . Taking the resultant of these two equations, with respect to z
gives the equation

27c2 � � 3 + 6� 2 � 9� = 0

Thus we get that

c = �
(� � 3)

p
3�

9
:

Letting � range over the unit circle, j� j = 1 gives the boundary of H1. See
Figure 1.

Expanding upon this example, let us look how this would be altered if we con-
sider the 2, 3 or 4-components instead. We see that for these particular exam-
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ples that equation (3) and (4) become:

2 � component

0 = z6 + z4 + 2z3c + z2 + cz + c2 + 1

0 = 9(z3 + c)2z2 � �

3 � component

0 =

�
(z3+ c)3

+ c
� 3

+ c� z

z3+ c� z

0 = 27((z3 + c)3 + c)2(z3 + c)2z2 � �

4 � component

0 =

� �
(z3+ c)3

+ c
� 3

+ c

� 3

+ c� z

(z3+ c)3+ c� z

0 = 81
� �

(z3 + c)3 + c
� 3

+ c
� 2 �

(z3 + c)3 + c
� 2

(z3 + c)2 z2 � �

where j� j = 1 . Here we do not expand Rc;k(x) for k = 3 and 4, as the resulting
expression is far more complicated, and adds nothing to the presentation.

Taking the resultant of these pairs of equations, with respect to z gives the
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equation

2 � component

(729c4 � 162�c 2 + 1458c2 + � 3 + 27� 2 � 243� + 729)2

3 � component

(282429536481c16 + 10460353203c14� + 1694577218886c14 + 387420489c12� 2

+41841412812c12� + 4236443047215c12 � 28697814c10� 3 + 774840978c10� 2

+31381059609c10� + 5648590729620c10 � 1062882c8� 4 + 86093442c8� 3

� 774840978c8� 2 � 104603532030c8� + 4801302120177c8 � 39366c6� 5

� 6377292c6� 4 + 459165024c6� 3 � 3099363912c6� 2 � 230127770466c6�

+3389154437772c6 + 729c4� 6 + 118098c4� 5 � 14348907c4� 4

+401769396c4� 3 + 1162261467c4� 2 � 188286357654c4� + 1977006755367c4

+27c2� 7 � 2916c2� 6 + 59049c2� 5 + 5314410c2� 4

� 358722675c2� 3 + 9298091736c2� 2 � 115063885233c2� + 564859072962c2

+ � 8 � 216� 7 + 20412� 6 � 1102248� 5 + 37200870� 4

� 803538792� 3 + 10847773692� 2 � 83682825624� + 282429536481)3

4 � component

(Degree 48 polynomial inc)4

Considering these three equations, in turn, we let � range over values with
j� j = 1 , and solve for the 4th, 16th and 48th roots of the resulting polynomials.
See Figure 1. From a computational point of view, we solve the roots for a
particular � , and plot them. After this, we alter � slightly, and use the previous
points from the previous � as starting points for Newton’s method to solve for
the new roots.

3 Bifurcation Points

In this section, we show how to �nd bifurcation points. Letc 2 @Mk
0\ @Mk�`

0.
From the condition that c 2 @Mk

0 we get that

P (k)
c (z) � z = 0 (6)
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Fig. 1. Degree-3, 1,2,3,4-components

@
@w

P (k)
c (w)

�
�
�
�
�
w= z

= � 1 (7)

j� 1j = 1 (8)

We see fromc 2 @Mk�`
0 that

P (` �k)
c (z) � z

P (k)
c (z) � z

= 0 (9)

@
@w

P (` �k)
c (w)

�
�
�
�
�
w= z

= � 2

j� 2j = 1

By equation (9), we mean the resulting polynomial where we removed the
factor of P (k)

c (z) � z from P (` �k)
c (z) � z. We know that P (k)

c (z) � z = 0, so if we
do not remove this from equation (9) we get thatP (` �k)

c (z) � z has a double
root at the bifurcation point. This is equivalent to saying

P (` �k)
c (z) � z = 0

@
@w

P (` �k)
c (w) � w

�
�
�
�
�
w= z

= 0 (10)

@
@w

P (` �k)
c (w)

�
�
�
�
�
w= z

= � 2 (11)
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j� 2j = 1

along with equations (6) to (8). By comparing equations (10)and (11) we see
that � 2 = 1. So, let us write � = � 1.

Looking at equation (10) a di�erent way, and using equation (7) and the fact
that P (k)

c (z) = z we get

1 =
@

@w
P (` �k)

c (w)

�
�
�
�
�
w= z

=
@

@w
P (k)

c (P (k)
c (P (k)

c (� � � P (k)
c (w) � � �)))

�
�
�
�
�
w= z

=
@

@w
P (k)

c (w)

�
�
�
�
�
w= P ( k)

c (P ( k)
c (���P ( k)

c (z)��� ))

�
@

@w
P (k)

c (w)

�
�
�
�
�
w= P ( k)

c (���P ( k)
c (z)��� )

� � � � �
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

=
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

�
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

� � � � �
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

= � `

Moreover, we see the equation� ` = 1 can be improved. It is possible to show
that � is a primitive `-th root of unity. Assume to the contrary that � m = 1
for some 1� m < ` . Then we see thatc, � and z will all satisfy the above
equation for ckm;k . As the k � m component and thek � ` component cannot
overlap, we see that� cannot satisfy the equation for thek � ` component.
Hence� must be a primitive root of unity.

Hence we see that we can replace� ` = 1 by

� ` (� ) =
Y

gcd(j;` )=1 ;1� j � `

� � e
2πij

ℓ = 0

where� ` is the `-th cyclotomic polynomial. It is known that cyclotomic poly-
nomials are irreducible monic integer polynomials [11].

Combining this all together, we get thatc; z and � must satisfy for the bifur-
cation point ck`;k .

Rc;k(z) = 0 (12)
@

@w
P (k)

c (w)

�
�
�
�
�
w= z

= � (13)

Rc;k�`(z) = 0
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@
@w

P (k�` )
c (w)

�
�
�
�
�
w= z

= 1

� ` (� ) = 0 (14)

Let c 2 @Mk
0. So, @

@wP
(k)
c (w)

�
�
�
w= z

= ei� for � 2 [0; 2� ). If � = 2 � j
` , with

gcd(j; ` ) = 1 and 0 � j < ` , then we say that c is a j=` root point of M k
0.

Moreover, we see thatc 2 @Mk
0 \ @Mk�`

0. In the case where` = 1, this
root points becomes a cusp point. We either have thatc is a cusp point of a
primitive component, or there exists anmjk such that c 2 @Mm

0\ M k
0.

It turns out that equations (12), (13) and (14) are su�cient t o �nd c. The
other two equations are not necessary.

This is best described by an example.

Example 3.1 Let us find the bifurcation point between the 1-component and
the 2-component of the degree-3 Mandelbrot set. We see that the three relevant
equations then become.

0 = z3 + c � z
0 = 3z2 � �
0 = � + 1

We then find a Groebner basis of this ideal, using the monomial order

z � totaldegree a � lexigraphical c

This gives a basis

f 27c2 + 16; � + 1; 4z � 3c]g

This tells us that the bifurcation points are the roots of 27c2 + 16 = 0 . Written
more precisely, they are

�
4i

3
p

3

Similarly we can find cusp point for the 1-component, and the Bifurcation
points between the 1-component and the 3-component, and between the 1-
component and the 4-component.
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This gives the relevant three equations as

Cusp point for 1� component

0 = z3 + c � z

0 = 3z2 � 1

Bifurcation between 1� component and the 3� component

0 = z3 + c � z

0 = 3z2 � �

0 = � 2 + � + 1

Bifurcation between 1� component and the 4� component

0 = z3 + c � z

0 = 3z2 � �

0 = � 2 + 1

This gives the basis

Cusp point for 1� component

[� 4 + 27c2; � 3c + 2z]

Bifurcation between 1� component and the 3� component

[729c4 + 27c2 + 169; 15� � 27c2 + 7; 65z � 27c3 � 53c]

Bifurcation between 1� component and the 4� component

[729c4 � 324c2 + 100; 8� � 27c2 + 6; 80z � 81c3 � 54c]

This tells us the bifurcation points satisfy

Cusp point for 1� component

� 2
p

3
9

Bifurcation between 1 and 3

�
p

� 6� 90
p

3�i
18

Bifurcation between 1 and 4
� 2

p
6�

p
6�i

9

These bifurcation and cusp points are summarized in Figure 2. We have pro-
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Fig. 2. Degree-3, Bifurcation and Cusp Points

1 2 3 4 5 6

2 2.87s 2.88s 2.4s 2.41s 14.5s 4.85m

3 2.06s 1.96s 3.64s 6.89m 4.97d > 30d

4 1.73s 1.46s 1.05m 2.16d > 30d MEM

5 1.48s 1.5s 23.1m > 30d MEM MEM
Table 1
Timing Results for Drawing the Boundary (degree vs component)

vided the 1-, 2-, 3- and 4-components for reference.

4 Some Timing Results and Conclusions

In this section we provide some experimental data on the speed of our algo-
rithm. These results were taking using Maple 11, on a x8664, 4 CPUs, 2393
MHz.

Some Notation and Comments

� Time is measured in seconds (s), hours (h) or days (d) as appropriate.
Calculations exceeding 30 days were terminated before completion, and are
indicated by > 30d.

� Tests were limited to 8 gigs of ram. Any test that exceeded that is indicated
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1 2 3 4 5 6

2 0.024s 0.024s 0.024s 0.052s 0.896s 1.32m

3 0.02s 0.012s 0.132s 53s MEM MEM

4 0.024s 0.028s 2.3s 17h MEM MEM

5 0.028s 0.044s 1.26m MEM MEM MEM
Table 2
Timing Results for finding Root Component (degree vs component)

2 i 3 i 4 i 5 i 6 i

1 0.032s 0.044s 0.036s 0.04s 0.012s

2 0.016s 0.04s 0.024s 0.048s 0.032s

3 0.056s 0.056s 0.072s 0.148s 0.068s

4 0.084s 0.264s 0.236s 2.6s 0.288s

5 0.936s 40.6s 31.4s 46.8m 42.7s
Table 3
Timing Results for finding Bifurcation Point (degree 2)

2 i 3 i 4 i 5 i 6 i

1 0.024s 0.052s 0.048s 0.08s 0.04s

2 0.04s 0.096s 0.128s 0.176s 0.14s

3 0.212s 1.45s 1.58s 53.2s 1.39s

4 52.4s 1.01h 1.09h MEM 1.06h

5 MEM MEM MEM MEM MEM
Table 4
Timing Results for finding Bifurcation Point (degree 3)

2 i 3 i 4 i 5 i 6 i

1 0.048s 0.2s 0.12s 0.096s 0.192s

2 2.09s 0.188s 0.168s 0.488s 0.156s

3 2.63s 2.8m 2.52m 4.57h 2.76m

4 16.1h MEM MEM MEM MEM

5 MEM MEM MEM MEM MEM
Table 5
Timing Results for finding Bifurcation Point (degree 4)
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2 i 3 i 4 i 5 i 6 i

1 0.044s 0.076s 0.088s 0.16s 0.076s

2 0.216s 0.504s 0.692s 2.18s 0.768s

3 1.44m 2.55h 2.55h MEM 2.46h

4 MEM MEM MEM MEM MEM

5 MEM MEM MEM MEM MEM
Table 6
Timing Results for finding Bifurcation Point (degree 5)

by MEM, and was terminated before completion.
� In Table 1 where we look at drawing the boundary, it is not surprising, (and

expected) that the time requirements, and memory requirements increase
as we either increase the degree of the base equationf n (x) = xn + c, or as we
increasek when looking for thek-component. A similar results is observed
for Table 2,

� In Tables 3 through 6 we look at �nding the bifurcation point between thek
component and thek � i component. What is not surprising is, as we increase
the degree (by comparing values in neighbouring tables), orincreasek, we
get that the time and memory requirements increase. What is interesting
to observe is that this is not the case as we increasei . When increasing
i , the only equation when change is� i (� ). Noticing that deg(� 2(� )) = 1,
deg(� 3(� )) = deg( � 4(� )) = deg( � 6(� )) = 2 and �nally deg( � 5(� )) = 4 we
would expect, (and in fact observe) that time requirements for i = 3; 4 and 6
are the close to the same. The time requirements fori = 2 are less than that
of i = 3; 4; 6, and the time requirements are signi�cantly more fori = 5.

In this paper we looked at algorithms for �nding bifurcation points, cusp
points, and deriving equations useful for drawing components of the general-
ized Mandelbrot set. We did this �nding exact solutions, symbolically. What
would be interesting is to see if these methods could be modi�ed for solving
the solutions numerically, which should be signi�cantly faster. Some work in
this direction has already been done (see [6]) using di�erent techniques.

References

[1] Lennart Carleson and Theodore W. Gamelin. Complex dynamics. Universitext:
Tracts in Mathematics. Springer-Verlag, New York, 1993.

[2] David Cox, John Little, and Donal O’Shea. Ideals, varieties, and algorithms.
Undergraduate Texts in Mathematics. Springer-Verlag, New York, second
edition, 1997. An introduction to computational algebraic geometry and
commutative algebra.

13



[3] A. J. Crilly, R. A. Earnshaw, and H. Jones. Introduction. Fractals and chaos.
In Fractals and chaos, pages 1–4. Springer, New York, 1991.

[4] Robert L. Devaney. A �rst course in chaotic dynamical systems. Addison-
Wesley Studies in Nonlinearity. Addison-Wesley Publishing Company Advanced
Book Program, Reading, MA, 1992. Theory and experiment, With a separately
available computer disk.

[5] Kenneth Falconer. Fractal geometry. John Wiley & Sons Inc., Hoboken, NJ,
second edition, 2003. Mathematical foundations and applications.

[6] Young Hee Geum and Young Ik Kim. Locating and counting bifurcation points
of satellite components from the main component in the degree-n bifurcation
set. J. Appl. Math. Comput. , 22(1-2):339–350, 2006.

[7] Young Hee Geum, Young Ik Kim, and Kang Sup Lee. An efficient construction
of period-2 bulbs in the cubic Mandelbrot set with parametric boundaries. J.
Appl. Math. Comput., 25(1-2):109–118, 2007.

[8] Dante Giarrusso and Yuval Fisher. A parameterization of the period 3
hyperbolic components of the Mandelbrot set. Proc. Amer. Math. Soc.,
123(12):3731–3737, 1995.

[9] D. Gulick. Encounters with Chaos. McGraw-Hill Companies, 1992.

[10] Benoit B. Mandelbrot. The fractal geometry of nature. W. H. Freeman and
Co., San Francisco, Calif., 1982. Schriftenreihe für den Referenten. [Series for
the Referee].

[11] Daniel A. Marcus. Number �elds. Springer-Verlag, New York, 1977.
Universitext.

[12] James R. Munkres. Topology: a �rst course. Prentice-Hall Inc., Englewood
Cliffs, N.J., 1975.

14


