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Abstract

This paper demonstrates how the Groebner Basis Algorithm can be used for finding
the bifurcation points in the generalized Mandelbrot set. It also shows how resultants
can be used to find components of the generalized Mandelbrot set.

1 Introduction

The Mandelbrot set was introduced by Benoit Mandelbrot [10dnd is de ned
as a set of complex values afsuch that the critical orbit of the complex poly-
nomial P¢(z) = z?+ c does not escape to in nity. This set plays an signi cant
role in the study of bifurcation phenomena occurring in vadus elds of sci-
ence. The description of this set, despite being quite singylhas a surprisingly
rich and complex structure. For a good history of the study athe Mandelbrot
set, see [1,3{5], and the references contained within.

Consider the functionP.(z) = z"+ cforn2 N f 1gwith ¢;z2 C. We de ne
the degreen bifurcation set as

M=fc2C:PM™0)6!'1 asm!1g
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Here P{™(z) = P(P{M Y(2)) with P9 (z) = z. The case ofn = 2 is easily
recognizable as the standard Mandelbrot set.

Let us consider the iterates oky 2 C under P.(z). We say that z; is a xed
point if Po(z9) = zo. We say thatz, is a periodk point if P (zy) = z, such that
P{M(z) 6 7o for all 0 < m <k . We call zo; P(z0); ;P& Y(z) the k-cycle
of zo. If P"(q) tends to the k-cycle ofz, for all z in a su ciently small neigh-
bourhood aroundz,, then we say thatz, is an attractive periodk point. In the
case of the degree-bifurcation set, this is equivalent to =P (w) ez < 1

and Pc(k)(Zo) = Zp.

This leads us to the following de nition about particular sibsets of the degree-
n bifurcation set. We de ne Hy, a k-periodic hyperbolic part ofM as

( )
) d
H, = c2 C:there existz, such that P{(z) = z, and vac(k)(w) <1

W= 2Zp

A typical component of Hy is called an attractive periodk component and is
denoted byM° [12]. An open conjecture is thatVl is composed only of these
hyperbolic parts. These hyperbolic parts are sometimes t&d buds or bulbs
elsewhere in the literature. By constructionH, and M° are necessarily open
sets, with the points on the boundary being associated to ged-k points that
are neither attractive, nor repelling.

We denote the boundary oM °by @M° Let c 2 @MP. If an attractive period-

k * component arises at the point, then the pointc2 @M% @M -%is called
the period k ° root point in the degreen bifurcation set and is denoted by
G- If © 2, then the root point c becomes a bifurcation point where a new
attractive satellite bulb appears.

In this paper, we study an algorithmic way to nd the boundaryof M °using
resultants. Equations for the parameterization of the bouthary of components
forn =2 and k = 1 or 2 can be found in any introductory text on Fractal
Geometry, (see for example [9]). Even for the case of= 2 and k = 3, the
complexity of the equations is signi cantly increased, sefer instance [8]. Our
constructions does not always give a parameterized solutio(which in the
general case is not possible), but it does give a very usef@presentation
from a graphical point of view. In addition, we give an algothm to nd the
bifurcation point between two adjacent components, usinghe Groebner basis
algorithm. For a good reference of the Groebner basis algbm, see [2].



2 Boundary of M, °and Hy

In this section, we establish the boundary equation of ths1,% The boundary

equations are not new, [7] and we give them here for comple¢ss. The use
of resultants as applied to these equations to give a compaeipresentation of
the boundary, to the best of the authors' knowledge is new.

We rst notice that the boundary of the M ° component will satisfy

Pi(2)= z (1)

d oy
quPddw) =1 ©)

w=2z
Equation (1) can be improved. When looking aP{(z) z, we get a polyno-
mial in terms of z and c. We notice that for all mjk that
PMiz) zj PY72) =z

Further, we know that the factor of the polynomial associate to P{™(z) z
will be associated to a periodn point, and hence will not be of interest to us.

So, we de ne a new functiorR..(z) recursively as
‘ Y
PM(2) z=  Rem(2)
mjk
with R¢1(z) = P(z) z. Equivalently, we can say

PI(z) z
mjk;  m<k Rc;m(z)l

Rc;k(z) = Q

For convenience, we rewrite equation (2) to get rid of the abkite values to
get the set of equations:

Rex(2)=0 (3)

@ _
bW = @
ji=1

We can now eliminatez from the equations by considering the resultant of (3)
and (4) with respect toz. Thus our new equations become



Res Rex(2);P&Mw) _ =0 (5)
j ]

1
[ERN

This allows us to nd cin terms of

Example 2.1 Consider a degree-3 Mandelbrot set. First, let us consider the
1-component. We see that for these particular examples that equations (3) and
(4) become:

0=z3+c z
0=3272

where j j = 1. Taking the resultant of these two equations, with respect to z
gives the equation

27 *+6 2 9 =0

Thus we get that

Letting range over the unit circle, j j = 1 gives the boundary of H;. See
Figure 1.

Expanding upon this example, let us look how this would be altered if we con-
sider the 2, 3 or 4-components instead. We see that for these particular exam-



ples that equation (3) and (4) become:

2 component
0=2%+24+22%c+ 22+ cz+ & +1
0=9(z3+ 0)?z?

3 component

(2+ c)3+ c 3+ c z

0= z3+c z
0=27((z3+ ¢+ 0)?(z3 + 0)?z?

4 component
3 3 :
(z3+c) +C +C +C z

(z3+¢)%+c z

3 2
0=81 (2+0°+c +c

2
(ZB+0°+c (B+0° 2

where j j = 1. Here we do not expand R¢.x(x) for k = 3 and 4, as the resulting
expression is far more complicated, and adds nothing to the presentation.

Taking the resultant of these pairs of equations, with respect to z gives the



equation

2 component
(7294 162c2+14582+ 3+27 2 243 +729)°
3 component
(282429536484° + 10460353208 + 1694577218886* + 387420488 2
+41841412812'2 + 42364430472182 286978140 3+ 774840978 2
+31381059606'° +56485907296261° 10628822 4+ 860934428 3
774840978 2 104603532038 + 4801302120178 3936@° °
6377292° 4 +459165024° 3 309936391¢ 2 230127770468
+338915443777& + 729¢* °+11809&* ° 1434890 4
+401769396* °+116226146¢ 2> 188286357654 + 1977006755364
+27¢2 7 291&2 ©+59049% 5 +531441@% 4
35872267& *+9298091736° 2 115063885238 +56485907296¢
+ 8 216 7+20412 5 1102248°+ 37200870 *
8035387923 + 108477736922 83682825624+ 28242953648ﬂ
4 component

(Degree 48 polynomial inc)*

Considering these three equations, in turn, we let range over values with
] ] =1, and solve for the 4th, 16th and 48th roots of the resulting polynomials.
See Figure 1. From a computational point of view, we solve the roots for a
particular , and plot them. After this, we alter slightly, and use the previous
points from the previous as starting points for Newton’s method to solve for
the new roots.

3 Bifurcation Points

In this section, we show how to nd bifurcation points. Letc2 @M%\ @M -°.
From the condition that c2 @M°we get that

PM(z) z=0 (6)



Fig. 1. Degree-3, 1,2,3,4-components

_@ (k) =
TR ™

j =1 (8)
We see fromc 2 @M -°that

P{N(@) z_
PP z ®)

_@ (k)
@V\I;)C (W) sz_ 2

j =1

By equation (9), we mean the resulting polynomial where we meoved the
factor of P (z) z from P{ ¥(z) z. We know that P{¥(z) z =0, so if we
do not remove this from equation (9) we get thaP{ ¥(z) z has a double
root at the bifurcation point. This is equivalent to saying

P{W(z) z=0
Q (K =
aw e (w) w - F 0 (10)
Q (K =
@w e (w) = (11)



j =1

along with equations (6) to (8). By comparing equations (10and (11) we see
that , =1. So, let us write = 1.

Looking at equation (10) a di erent way, and using equation T) and the fact
that P{¥(z) = z we get

1= 2P (W)
- @ wpwp® K
- @V\I?C (Pc (Pc ( Pc (W) )))

@ k k @ k
= e W) (W) Qe W)
@w wepMEP( PP )  OW w=P®( PM (@) ) @w w=z

N CNS @5 LN
- Spww)  pwow) Srlm

W=z W=z

Moreover, we see the equation =1 can be improved. It is possible to show
that is a primitive "-th root of unity. Assume to the contrary that ™ =1
forsome 1 m < . Then we see thatc, and z will all satisfy the above
equation for ¢gmk . As the Kk m component and thek ~ component cannot
overlap, we see that cannot satisfy the equation for thek ° component.
Hence must be a primitive root of unity.

Hence we see that we can replace = 1 by

Y T
()= e ™ =0
ged(j;r)=1;1 j °

where - is the "-th cyclotomic polynomial. It is known that cyclotomic poly-
nomials are irreducible monic integer polynomials [11].

Combining this all together, we get thatc;zand must satisfy for the bifur-
cation point G .

Rck(z)=0 (12)
@ _
W = )
Rk (2)=0



; =0 (14)

Let c 2 @M° So, EPM(w) ey = e for 2 [0;2). If =2 L with

ged(;")=1and 0 j <, then we say thatcis aj=" root point of M’

Moreover, we see thatc 2 @M°\ @M % In the case where’ = 1, this

root points becomes a cusp point. We either have thatis a cusp point of a
primitive component, or there exists atmjk such thatc2 @M,°\ M,°

It turns out that equations (12), (13) and (14) are sucient to nd c. The
other two equations are not necessary.

This is best described by an example.

Example 3.1 Let us find the bifurcation point between the 1-component and
the 2-component of the degree-3 Mandelbrot set. We see that the three relevant
equations then become.

0=z3+c z
0=37%
0= +1

We then find a Groebner basis of this ideal, using the monomial order

z totaldegree a lexigraphical C

This gives a basis

f27°+16; +1; 4z 3dg

This tells us that the bifurcation points are the roots of 27¢2+ 16 = 0. Written
more precisely, they are
i

33

Similarly we can find cusp point for the 1-component, and the Bifurcation
points between the 1-component and the 3-component, and between the 1-
component and the 4-component.



This gives the relevant three equations as

Cusp point for 1 component
0=2z+c z
0=322 1
Bifurcation between 1 component and the 3 component
0=23+c z
0=32°
0= 2+ +1
Bifurcation between 1 component and the 4 component
0=2z+c z
0=232°
0= 2+1

This gives the basis

Cusp point for 1 component
[ 4+27¢% 3c+27]
Bifurcation between 1 component and the 3 component
[72%* + 272 +169; 15 27c2+7; 652 27 53]
Bifurcation between 1 component and the 4 component
[72%* 3242+100; 8 27¢2+6; 80z 81c® 54q

This tells us the bifurcation points satisfy

Cusp point for 1 component
p_
23

9

Bifurcation between 1 and 3
6 90 3i
18
Bifurcation between 1 and 4
"5 Psi
9

These bifurcation and cusp points are summarized in Figure 2. We have pro-

10



Fig. 2. Degree-3, Bifurcation and Cusp Points

1 2 3 4 5 6

2| 287s 288s 24s 241s 14.5s 4.85m
31206s 196s 3.64s 6.89m 4.97d > 30d
41173 146s 1.05m 216d =>30d MEM

5(148s 15s 23.1m =>30d MEM MEM
Table 1
Timing Results for Drawing the Boundary (degree vs component)

vided the 1-, 2-, 3- and 4-components for reference.

4 Some Timing Results and Conclusions

In this section we provide some experimental data on the sgkef our algo-
rithm. These results were taking using Maple 11, on a x8%, 4 CPUs, 2393
MHz.

Some Notation and Comments
Time is measured in seconds (s), hours (h) or days (d) as appriate.
Calculations exceeding 30 days were terminated before cdetmn, and are

indicated by > 30d.
Tests were limited to 8 gigs of ram. Any test that exceeded thas indicated

11



1 2 3 4 5 6

21 0.024s 0.024s 0.024s 0.052s 0.896s 1.32m
3] 0.02s 0.012s 0.132s  53s MEM MEM
41 0.024s 0.028s 2.3s 17h MEM MEM

510.028s 0.044s 1.26m MEM MEM MEM
Table 2
Timing Results for finding Root Component (degree vs component)

21 3i 4i 5i 6i

0.032s 0.044s 0.036s 0.04s 0.012s
0.016s 0.04s 0.024s 0.048s 0.032s
0.056s 0.056s 0.072s 0.148s 0.068s
0.084s 0.264s 0.236s 2.6s  0.288s

510.936s 40.6s 3l4s 46.8m 42.7s
Table 3
Timing Results for finding Bifurcation Point (degree 2)

A W N -

2 3i 4i 5i 6i

0.024s 0.052s 0.048s 0.08s 0.04s
0.04s 0.096s 0.128s 0.176s 0.14s
0.212s 1.45s 1.58s 53.2s 1.39s
524s 1.01h 1.09h MEM 1.06h

5( MEM MEM MEM MEM MEM
Table 4
Timing Results for finding Bifurcation Point (degree 3)

A W N

2 3i 4i 5i 6i

0.048s 0.2s 0.12s 0.096s 0.192s
2.09s 0.188s 0.168s 0.488s 0.156s
2.63s 2.8m 252m 457h 2.76m
16..lh MEM MEM MEM MEM

5| MEM MEM MEM MEM MEM
Table 5
Timing Results for finding Bifurcation Point (degree 4)

A W N
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2 3i 4i 5i 6 i
0.044s 0.076s 0.088s 0.16s 0.076s
0.216s 0.504s 0.692s 2.18s 0.768s
1.44m 2.55h 2.55h MEM 2.46h
MEM MEM MEM MEM MEM

5| MEM MEM MEM MEM MEM
Table 6
Timing Results for finding Bifurcation Point (degree 5)

A W N

by MEM, and was terminated before completion.

In Table 1 where we look at drawing the boundary, it is not sumpsing, (and
expected) that the time requirements, and memory requiremés increase
as we either increase the degree of the base equatigx) = x"+ c, or as we
increasek when looking for thek-component. A similar results is observed
for Table 2,

In Tables 3 through 6 we look at nding the bifurcation point between thek
component and thek i component. What is not surprising is, as we increase
the degree (by comparing values in neighbouring tables), orcreasek, we
get that the time and memory requirements increase. What isiieresting
to observe is that this is not the case as we increase When increasing
i, the only equation when change isi( ). Noticing that deg( »( )) = 1,
deg( s( )) = deg( 4( )) = deg( 6( )) =2 and nally deg( s( )) =4 we
would expect, (and in fact observe) that time requirementsof i = 3;4 and 6
are the close to the same. The time requirements for 2 are less than that
of i = 3;4;6, and the time requirements are signi cantly more foi = 5.

In this paper we looked at algorithms for nding bifurcation points, cusp
points, and deriving equations useful for drawing compontnof the general-
ized Mandelbrot set. We did this nding exact solutions, syrholically. What
would be interesting is to see if these methods could be modd for solving
the solutions numerically, which should be signi cantly fater. Some work in
this direction has already been done (see [6]) using di eretechniques.
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