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ABSTRACT. This paper examines properties of the zeros of poly-
nomials with restricted coefficients. In particular we study the
case when the coefficients are restricted to the roots of unity and
possibly zero. The methods used in this paper are adaptations of
methods used by Odlyzko and Poonen in “Zeros of Polynomials
with 0, 1 Coefficients”. The main result of this paper is that the
closure of the set of zeros of polynomials with nt" roots of unity
as coefficients or with n'” roots of unity and 0 as coefficients, are
path connected for all integers n > 1.

Primary 11C08, 12D10; Secondary: 11Y35
Keywords: Power Series, Polynomials, Restricted Coefficients, Path
Connected, Fractal

1. INTRODUCTION

Let p(z) = anz™ + -+ + ag be a polynomial. If the coefficients a;
are restricted in some way, then there is interest in how this restriction
affects the roots, or multiple roots, of p(z). For instance [2] studies how
small a root of multiplicity £ can be for a polynomial with coefficients
in {1, —1}. Another example is [6] where it is shown that a polynomial

n
p(r) =Y al, lagl =1, |a;| <1
=0

has at most ¢y/n zeros inside a polygon with vertices on the unit circle,
and £ zeros in a polygon with vertices on {z € C: |z| = 1 — a} where
a € (0,1) and ¢ depends on the number of vertices.

In addition, sometimes the point of interest is the root-free region
of restricted polynomials, such as in [1]. Or how restricted coefficients
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affect properties of the polynomials themselves. Such as in [9] where
it is shown that the minimal length of a polynomial with coefficients
in {1, —1} with a zero of given order m at x = 1 (denoted N*(m)) is
given by:

N*(m) = 2™, ¥m <5, N*(6) = 48, N*(7) = 96.

One problem of interest is, given a root o and set .S, decide if there
exists a polynomial p(z) with all of its coefficients in S such that « is a
root of p(z), (possibly to a desired multiplicity). A number of attacks
upon this problem have involved Siegel’s Lemma, as described in [4,
5]. These approaches tend to be non-constructive, proving existence
without giving an example.

More constructive methods are described by Borwein and Moss-
inghoff, [7], where they looked at polynomials where the coefficients
were either 0 or 1. In particular, they studied how often -1 could be a
factor of a polynomial of degree n of this form. More generally Moss-
inghoft, [16], considered the case of non-cyclotomic roots of polynomials
with restricted coefficients. He answered an open question of Odlyzko
and Poonen’s, finding a double root of {0, 1} polynomials other than a
cyclotomic root. He further looked at the problem of finding multiple
roots of {—1,1} and {—1,0, 1} polynomials, as well as considering their
Mabhler measure.

As opposed to considering the question of where an algebraic num-
ber could be found exactly as a root of a polynomial with restricted
coefficients, Borwein and Pinner, [8], considered how well it could be
approximated. Given an algebraic number «, they studied how well it
could be approximated by a polynomial with coefficients {0, +1, —1}.
They found that the worst approximations tended to be near the roots
of unity. They have some very nice pictures of the fractal like set which
is made up of the roots of polynomials with {0, 41, —1} coefficients.

The study of when the coefficients are taken randomly from a dis-
tribution as opposed to being taken from a finite set, is done in [3].
Pictures similar to those found in [8] can also be found in this paper.

A number of bounds have been found for the roots of polynomials
with {0, 1} coefficients. It was shown in [10] that if z is a root of a {0, 1}
polynomial then R(z) < 1.4655..., the roots of 23 —z*—1. (Odlyzko and
Poonen simply approximated this to 3/2.) In fact [10] showed a more
general result, discussing more general polynomials than those with
just {0,1} coefficients. Independently Flatto, Lagarias, and Poonen,
as well as Solomyak showed for z a root of a {0,1} polynomial, that
1/¢ < |z| < ¢, where ¢ is the golden ratio [13, 18].
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A more restrictive bound was given by [17], which showed that the
roots were between the two curves

9 _
Ci=1qz:|2| <1, 12 = i
1—|z| 1—=2
and

z 2—z
ng{z:\zlgl, \z||—|1 :‘1_2 }
They also showed that the line segment [—¢, —1/¢] is in this set.

Of interest to Poonen and Odlyzko was whether the closure of the
set of roots was path connected or not. This set exhibits a fractal
like appearance, and something can be said about the connectivity of
a number of these types of sets. For example, the Mandelbrot set is
connected. See [14] for a complete list of references. Most importantly
for this paper, Odlyzko and Poonen showed that the closure of the set
of roots of 0, 1 polynomials was indeed path connected.

This paper discusses other possible sets S, such that if the a; € S,
then the closure of the roots is path connected. The sets of coefficients
which are considered are the n'* roots of unity alone and also this set
plus 0.

Definition 1.1. Let n € N. We denote by C,,, the n'" roots of unity.

Formally
o
C’n:{exp( Mk) :kGZ}.
n

Definition 1.2. Let A C C. We denote by Q4 the set of (non-trivial)
roots of polynomials with coefficients in A. We assume that ag # 0, to
avoid the trivial root of 0. Formally:

Qa={z:a0+amz+ - +a,2"=0,neN a; € A ay#0}.
For convenience, we denote 2, := Qc, and 2,9 := Qc,u0-

In Section 1 we display several properties of €2, and €2,,. This
includes its symmetries, location, and an upper bound on the number
of a zeros of a particular polynomial within the unit circle. In Section
2 we prove that there exists a neighborhood of the unit circle in the
complex plane, except at real values +1, which lies inside 2, N m.
Finally in Section 3 we prove the main theorem of the paper, along
with two necessary lemmas.

Much of the work in this paper was heavily influenced by Andrew
M. Odlyzko and Bjorn Poonen’s paper “Zeros of polynomials with 0,1
coefficients’ [17].
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2. LOCATIONS AND BOUNDS ON ZEROS

We start this section with a classic result of Cauchy, (see for instance
Theorem 3.1.2, page 244, of [15].)

Theorem 2.1 (Cauchy, 1829). If a; € C and apa,, # 0, all complex
roots of ap + ...+ a,2™ lie in the annulus M11+1 < |z| < My + 1 where
My = max; 4 |Z—S| , My = max;, |g—;|

Corollary 2.1. If z € (2, or z € Q¢ then % < |z| < 2.

Proposition 2.1. Let Q2 := , or ,9. If z € Q then E,% e Q.
Furthermore, if n is even, —z € ).

Proof. Let « be a root of ag + a1zt + ...+ a,z", a; € C. Then @, the
complex conjugate of «, is a root of ag + a1z + ...+ @, 2", and é is a
root of a, + an,_12 + ...+ apz™. These have coefficients in the desired
set. Further —a is a root of ag — a;2* + ... + (=1)"a,2", and if n is
even, this also has coefficients from the desired set. O

Proposition 2.2. Suppose p(z) is a power series of the form

o0

p(z) = a;z
k=0

where 0 # |ag| > 1 and a; € A, where A is a finite subset of C. Then
for any disk of radius r, 0 < r < 1, p(z) has < —2(logr)~! <log 1_7+/2>
zeros on or inside said disk, where a = maxg,ea |a;|.

Proof. Consider a disk of radius R, r < R < 1. Say that zy,..., 2, are

the zeros in the disk of radius R. By Jensen’s Theorem (Theorem 3.61
of [19]), we can say

21
R™|p(0 R™ 1 ,
log —\p( ) = log —‘%' = —/log Ip(Re™)|db.
EARERNE z1] - |zn] 2w /
Suppose m is the number of zeros in |z| < r, so m < n. Then
log& = log + log ﬂ.
n—mlao‘

Since log |le > (0 then we have

—ml-[znl

2m
log _ AT < — /log Ip(Re™)|db.

2] - - [2m| T 2w
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Now since logr™ > log (|z1] - - - |2m|) we get
2m
1 )
log R™ — logr™ <log R™ —log (|z1] - - - |2m|) < gy /log Ip(Re™)|db.
s
0

Now if we evaluate p(Re®) we get

0| _ . i\ - k < k@
|p(Re )}— ai(Re ) §Z|ai|R SCLZR =" R
k=0 k=0 k=0
Thus m < (log R — logr)~*(log 2=). If we set R = r'/? we get our
bound,

_ a
m S —2(10g T') ! (log 1——7”1/2> .

Corollary 2.2. Suppose p(z) is a power series of the form

p(z) = Z a; 2"
k=0

where ag # 0 and either a; € C,, or a; € C,, U{0}. Then for any disk
of radius r, 0 < r < 1, p(z) has < —2(logr)~*(log —7) zeros on or
inside this disk.

Proof. This follows immediately from Proposition 2.2. U

3. ROOTS NEAR THE UNIT CIRCLE

The goal of this section is to show that a neighborhood of the unit
circle (exception possibly £1) is in the interior of €2,, and €, 0.

Lemma 3.1. If B C C is compact, k > 1, |z| < 1, and

Bc | [(gaizi>+sz

a1,a2,...,axEA

then every element of B is of the form

oo
Zaiz’, a; € A CC.

i=1

In particular, if —1 € B and 1 € A, then z € Q4.
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Proof. Given b, € B, inductively pick b,,41 € B and a,,; € A, m > 0,
1 <4 < k such that

2
by, = (Z am,iz’) + 2Fbyy

i=1
Successive substitution yields

M-1 k
by = (Z Zam,izmk+i) + ZMkbM )

m=0 i=1

Since B is compact and |z| < 1 we have 2M*by; — 0 as M — oo, so

o k
b(): E E aszmk“.

m=0 i=1
Thus all b, = >~ a;2*, with a; € A. So consider —1 € B and 1 € A.
Then —1 = >"°° a;2" implies 0 = 1+ > a;2%, so z € Q4. O

Lemma 3.2. If B C C is compact, —1 € B, k> 1, 20 € C, 1 € A

k
B Cint U [(Z aiz(i)) + 28

al,...,akEA =1

)

where int S denotes the interior of S, then there is a neighborhood N
of zo such that (N N {z: |z| <1}) C Q4.

Proof.

k
B C int U [(Z aﬂé) + zé"B ,
=1

at,...,ap€A

implies that

Bc | [(iaizi>+zk3

a1,a2,...,ax €A =1

holds for z in a neighborhood of zy, so Lemma 3.2 follows from Lemma
3.1. O

Lemma 3.3. {z: [z| =1, 2 € C} C (2, N Qo).

Proof. If 2y is a root of unity, then z; is a zero of

m—1
p(z) =) 2
k=0

for some m. Thus {e“m : k,m € Z} C (Q, N Q,0). Thus the closure
of this set, the unit circle, is contained in (Q_n N Qn,o)- L]
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Proposition 3.1. If |z| =1, z # +1 then z € int (Q, N Q).

Proof. We see from [17] that there exists a neighborhood N with the
desired property for €, o. Further we have that N C €,y C Q, ¢ for all
n, so it suffices to prove the result for €2,,.

If n >3 and B ={z:|z] <2} we have that

B C int U (a;z + B)
aiGCn

for all |z| = 1, by considering this as a problem in geometry. Hence,
this follows from Lemma 3.3.
For n = 2, we need to consider

U(iz + 2>+ B)

with |z| =1 and z # +1. Here again, we have that B is in the interior,
as can be seen by determining the intersection points of the circles
| + 2 £ 22| = 2, and showing that the exterior ones are always greater
than 2 in modulus. So this again follows from Lemma 3.3. U

4. MAIN RESULT

Give A = {aj,a9, -+ ,a5} and A¥ the usual discrete and product
topologies respectively, where a; € C. We use the following notation;
v = (v1,v9," -+ ,Uy,) is a finite vector where v; € A, and S, is the set

of sequences in A“ which start with v. Also wva; is the vector v with a;
appended.

Lemma 4.1. Let A ={ay,aq, -+ ,a;} be a finite set of complex num-
bers. Let T be a topological space. Suppose f : AY — T is a continuous
map such that

(1) f(Sa;) N f(Sa;) # 0
for all a;,a; € A, and for allv € A™, m > 0. Then the image of f is
path connected.

Proof. The idea of the proof is to start with two points, w(0) = f(x{)
and w(l) = f(z1), in image(f) and to connect them by a path by
inductively “filling in” a continuum of points between them. Begin by
finding x4 o, :13’1/2 € A such that zj, and x;/, (respectively xl1/2 and )
agree in the first coordinate and f(z1/2) = f(2] /). Such points are
guaranteed by (1). That is, if z;, and z; have the same first coordinate,
let x = @12 = 2, otherwise apply (1) with v as the null vector. We
then say f(x1/2) = f(2,) = w(%). Now using the same procedure
we find 4, 7] sy € A¥ such that xg and x1/4 agree in the first two
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coordinates and f(z1/4) = f(} ;) which we define as w($). We do the
analogous for w(2). Notice that if we continue this induction we can
find for all dyadic rationals 55 € [0,1],z 4 ,x’ . and w(%) such that

x', and Tas1 agree in the ﬁrst m- Coordlnates and

2m
d /
o() 1) =1(rs)
Also we see that for q € [2%, %) all z;, agree in the first m coordinates.

So now we need to define something similar for non-dyadic rationals.
For r not a dyadic rational we define

o0

:256[0 1]

i=1
and w(r) = limy,—ow (312, %) = f(z,). The idea here is that all

non-dyadic rationals in [0, 1] can be expressed as an infinite binary

<

expansion. So given this definition w maps [2%, %} into f (.S,) where
v € A™ is the first m coordinates of x,,r € [Q—m, %) and of z41. So
2m

now consider an open subset U of T', containing w(r) where r € [O, 1].
Then because f is continuous

(S0) U (S) € f7H(U)
for some v and v' of x, and z]. respectively. So
f(Sv) Uf(Sv’) cU
= w ™ (f(Sy) U f(Sw)) Cw (V)

will contain a neighborhood of r because w : [5%, 2] — f(S,). Thus
it follows that w : [0,1] — émage(f) is a continuous path and hence
image(f) is path connected. O

The next lemma is Lemma 5.1 from [17].

Lemma 4.2. (Lifting lemma): Let M be a Hausdorff space and let
w: M" — M"/S, be the projection map. Let f :[0,1] — M™/S,, be a
continuous map. Then there is a continuous map g : [0,1] — M™ such
that f =mog.

This now gives the main result.

Theorem 4.1. Q,, and Q,,0 are path connected.

Proof. Notice that (2, o is proved to be path connected by Odlyzko and

Poonen. Further Q; is simply the unit circle. So it suffices to consider
the case when n > 2. Let A be equal to either C,, or C,, U{0}. Let U
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be the unit disk {z : |z| < 1}, with the unit circle shrunk to a point,
P. So we can imagine U, from a topological point of view, as a sphere.
Thus we can give it a bounded metric d. We wish to use our metric to
prove continuity so we need a metric which is always finite, non-zero,
and also minimal. Consider U™ as the set of sequences z = {x;}°,
which converge to P and define a metric d,, on U™ by

Let S, be the group of permutations of {1,2,...} which acts on U
by permuting the coordinates. We are interested in gﬁ and its metric
D which we define as

D(fa y) = inf d (37,0'?/),
O'E oo
where T denotes the projection of z € U™ 1nto . For a closed disk
inside the unit circle we showed that a power Serles of the form

l4+az4az®>+..., ;€ ACC

has a bounded number of zeros (Corollary 2.2). We may assume with-
out loss of generality that ag = 1, because of the structure of A. Thus
for the disk {z : |z| < 1} the zeros of the power series are either finite
or form a sequence converging to P. If a power series yields a finite
number of zeros then we attach an infinite sequence of P’s. We can
define the map
A U=
fAY — 5
To show continuity of this map we apply Roche’s theorem. If two power
series agree in the first m coordinates for m sufficiently large then their
zeros inside {z : |z| < 1} will be within € because of the topology we
have defined.
Now we need to show that (1) holds from Lemma 4.1. To do this

consider a, € A, and define
_ 2 2
W = (V1,+ s Uy, Ay ARV, « -« 5 AU, Gy ALV, - - ).
S0 Wi, € Syq,,- Now we see that

L4+viz+ . 2™+ apz™ ™ + apvr 2™+

akvmzzmﬂ T e LA
= (1+viz+...+v,2") (T4 apz™ + a?z2mt 4 )
1

- [ )
(I4+wvmz+... 4oz )l—akzm“
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Thus for any a;,a; € A, a; # a; which are coefficients in the above
power series, we have the same zeros inside {z : |z| < 1}. Thus f(w;) =
f(w;) and hence condition (1) holds. Thus we can apply Lemma 4.1
to deduce that image(f) is path connected.

Suppose zy € (Q_AF‘I {z:]z] < 1}) Let 5 :[0,1] — % be a path
from f((v)) to f((1,1,...)) ={P, P,...} where v = (1, a4, as, ...) with
1+ 77 a;z5 =0 and a; € A. Let Uy be {2 : |z| < 1} with annulus
{z:1—1 < |2] <1} shrunk to a point @ for A > 1. Define | - | on
Uyas |Q=1-— % Again by Corollary 2.2 we know there is an upper
bound on the number of zeros of power series inside {z : |z| <1 — 1},
say m. What we do is apply the projection U — U, to each element
of B(t) and throw away infinitely many Q’s to get §)\(¢). Pick \g > 1
such that |z < 1 — /\% Set \; = Ao + 4. Let m; be the upper bound
on the number of zeros inside {z : [z] < 1 — /\i} Thus we can define

my

U
the path 3; : [0,1] — sjn . We want to inductively define a sequence of

K3

paths

Bi: [0,8] — Qa,
where intuitively each one draws nearer to P. First lift 3, to a path Bo :
[0,1] — U,,. Note some coordinate of 3y(0) is zo and all coordinates
of Bo(1) are @, so we get the path By from zy to @ in U,,- Let ty be
the smallest ¢ € [0,1] such that [Go(t)] > 1 — /\% Then by restricting

the path to [0,to] we get the path By in C because

2
{zEU,\O:Mgl—)\—}

0

2
{ze@:\z|§1—)\—0}.

Finally, because of the projection we applied earlier,

Bolt) € Qa, Wt € [0, 1] .

is the same as

This takes care of the base case.

By the same process we find for each \; = A\g+1¢ a path B; : [ti—1,1] —
U,, such that @(ti,l) = Bi,l(ti,l). Let t; be the smallest ¢ > ¢,_; such
that
B =1-

(] -_ )\Z
and obtain the path

B [tioi, ti] — Qa.
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Now append this to Gi_1 to get §; : [0,t;] — Q4 such that Bz(t) is
always a coordinate of 3(t).

Now consider letting ¢., = sup, ¢; and piece together all Bi’s. What
we get is the continuous map

B [O,too) — Q4.

Let I be the set of limit points of |3(t)] as t — to. Clearly I is closed,
as it contains all of its limit points. If I contains two different points
a and b, then |3(t)| approaches a and b infinitely often as t — t,
and thus it must contain all points between a and b. So I is a closed
interval. Furthermore, as lim 3(¢;) = 1, we see that 1 € I.

Consider ((ty) = {21, 29,...}. Let us assume there is a limit point,
r < 1, and distinct from |21],|22],.... Since |z;| — 1 and f is contin-
uous, then r differs by some ¢ > 0 from all |z]| in the neighborhood
of to. Thus r cannot be a limit point, and hence r ¢ I, and hence
I C {1,]z],|z2]|,...}. But since I is a closed interval, and I contains
1, we see that I must be the singleton 1. So all limit points of B(t),
t — to lie on the unit circle.

Case 1 Assume 1 is the only limit point of B(t), t — tw. Then f3
extends to a path [0,.] — Q4 from 2, to 1.

Case 2 Assume -1 is the only limit point of B(t), t — to. Then f3
extends to a path [0, %] — Q4 from 2 to —1.

Case 3 Assume there is a limit point ,1), of B(t) as t — to such that
W # £1, ]| = 1. We proved earlier that for all such points
there exists an open neighborhood in € centered at 1. Since
for some t < to, 3 (t) is in this neighborhood, we can replace the
tail end of § on [t, o) with a straight line from 3(t) — 1 € Q4.

Case 4 Assume the only limit points of G(t) are 1,—1. But f§(t) is
a map from [0,%5) to Q4 and thus must go between —1 and
1 infinitely often, as ¢t — t,,. It follows that there must be
another limit point on the unit circle which is not 1. Thus
this case reduces to Case 3.

In all of the cases we can connect zy to a point on the unit circle by a
path B, completely contained in 4. Since zy is arbitrary, this proves
that Q4N{z : |z| < 1} is path connected. Furthermore since the inverse
map, z — % is closed and continuous, path connectivity must also hold
for Q4 N {2 :|z| > 1}. Finally since these sets meet at the unit circle,
which is path connected and contained in Q4 then it must follow that
Q4 is path connected. Thus by the definition of A, Q, and Q,, are
path connected. O
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5. AN EXAMPLE OF A NON-CONNECTED SET

In [17], Odlyzko and Poonen discuss how to draw the set §2; . These
methods and calculations are easily extended to €24 for any finite set
A. The main observation to make is,

Lemma 5.1. Let A be a finite subset of C. Define a = maxg,eca |a;|.
If |z| <1 and z € Q4 then for all n > 0 there exists a; € A such that

n

E a; 2’

i=0
Proof. Notice if z € 24 then there exists a; such that

o
E a;z" = 0.
i=0

’Z‘n—&—l

<a .
T 1

This implies that

n
g a; 2’
i=0

o0
= _E a; 2’

i=n+1

o
> o]

i=n-+1

00
< a)
i=n-+1

|Z’n+1

N

which gives the desired result. 0

IN

This gives as an algorithm to determine which points are not in 24.
We simply pick some n reasonably large, and if

n
E a; 2"
i=0

then z ¢ Q4. Computationally this allows us to find sets that are
non-connected.

|z|n+1

5 .
(2) min =1

0,01, ,an €A

> a

Theorem 5.1. There exists an A such that )4 is not path connected.
In particular €24y149:) s not path connected. (In fact Q1,142i) 1s not
even connected.)

Proof. This is a proof by picture. Let A = {1,1+ 2i}. Using Lemma
5.1 with n = 4 we get Figure 1. A better indication of what 4 looks
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FIGURE 1

like in this case can be seen in Figures 2 and 3, (where Figure 3 is
an enlargement of a section of Figure 2), which was done with the
help of Fractint. (Code still needed to be written to test equation (2),
Fractint was used only as a front end to allow easy movement about
the diagram.) The different shadings in Figures 2 and 3 indicate which
value of n was needed to eliminate the set. The curves indicate the
boundary given by n to the equation

n
E a; 2’
i=0

In Figure 1, anything not contained within the curves cannot be in
Q4, by the argument following the proof of Lemma 5.1. The crosses
indicate some roots that are in €24. In particular, they are roots of a
degree 4 polynomials. These two things combine to show that €24 in
this case cannot be connected. U

|Z|n+1

11z

min
aiEA

=a

6. CONCLUSIONS, COMMENTS AND OPEN (QUESTIONS

It is worth noting that Proposition 2.2 could have been made stronger.
Given a power series > a;2", |ag] = 1 and |a;] < 1, [11] gives a bound
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FIGURE 2

FIGURE 3
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on the number of roots of the power series within the disc of radius
1 — a. In particular, it gives both upper and lower bounds of the form
c1/alog(l/a) and |co/alog(1/a)] respectively, for absolute constants,
c1,co > 0. This bound is far sharper than Proposition 2.2. For our pur-
poses it doesn’t matter, as we just need some bound, we don’t really
care what it is.

There are a few questions that are raised as a result of this paper.

(1) For what other sets A is Q4 path connected?

(2) Do there exist A where 24 is connected, but not path con-
nected?

(3) What can be said if we instead looked at the closure of multiple
roots (to some fixed multiplicity) of polynomials or power series
with coefficients restricted in some way?

(4) What can be said about the Hausdorff dimension of the bound-
ary of these sets?
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