CALCULATIONS ON DIRAC AND SPINOR VALUED FORMS

HANMING LIU

ABSTRACT. In this paper we review some material on Dirac bundles and spin geometry,
and do some calculations on Dirac bundle valued forms and spinor valued forms.
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INTRODUCTION

In this paper we do several calculations on Dirac bundle valued forms and spinor valued
forms. In section 1, we review some background material on Clifford algebras and their
modules. In section 2, we define Dirac bundles and Dirac operators. In section 3, we define
a linear operator s, and use it to obtain a decomposition for Dirac bundle valued forms, in
analogy to the Lefschetz decomposition of complex valued forms obtained using the Lefschetz
operator. In section 4, we use s to obtain identities that are in analogy to the Kahler
identities obtained using the Lefschetz operator, investigate the compatibility between the
exterior covariant derivative and the decomposition, then obtain a version of the generalized
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Bochner identity on Dirac bundle valued forms. In section 5, we review the definition of spin
groups using Clifford algebras, the construction of the unique nontrivial double covers from
spin groups to special orthogonal groups, and the spin Lie algebra structures. In section 6,
we review the definition of spin structures, spin manifolds, spinor bundles, and the Dirac
bundle structures on spinor bundles. In section 7, we state a theorem of Lichnerowicz, and
then use its proof to calculate the curvature term in our version of the generalized Bochner
identity on spinor valued forms.

NOTATION

Throughout we use the Einstein summation convention, which means that we sum over
repeated indices. Since we are always working with Riemannian manifolds, we do not distin-
guish between vector fields and 1-forms. For convenience, whenever we work over a bundle
locally around a point p, we pick an orthonormal frame e; of the (co)tangent bundle which
is parallel at p. That is, (Ve;), = 0 for all .

1. CLIFFORD ALGEBRAS AND MODULES

In this section we recall some background material on Clifford algebras and Clifford mod-
ules, mostly taken from chapter 1 of [1].

Definition 1.1. Let V be a finite dimensional real vector space equipped with an inner
product. The Clifford algebra associated with V' is defined to be

CI(V) :==T(V)/(v @ v+ (v, 0)1),
where T'(V) = Y27, @'V is the tensor algebra of V.

We identify V' with the image of the natural embedding V' <— T'(V)) — CI(V). We have
that for any v, w € V, their Clifford product in C1(V') satisfy the relation vw+wv = —2(v, w).
Alternatively, if eq, . .., e, is an orthonormal basis for V', then CI1(V') is the real unital algebra
generated by ey,...,e, with relations e;e; + eje; = —26;;. We let Cl,, denote CI(R") where
the inner product on R" is given by the dot product.

There is a canonical vector space isomorphism (not algebra isomorphism) between the
exterior algebra AV and CI(V'), which sends e;; A--- Ae; to e ---e;,, where ey, ..., e, is
an orthonormal basis for V. So, the dimension of C1(V) is 2".

Ezample 1.2. CI(R) is isomorphic to C, the complex numbers, since CI(R) is the real algebra
generated by a single element e, with relation e? = —1.

C1(R?) is isomorphic to H, the quaternions. To see the this, notice that CI(R?) is 4-
dimensional, and spanned by {1, e, e, e1e2}, and these satisfy the relations

(61)(62) = (6162)7 62(6162) = éq, (6162)61 = €2, 63 = 6% = (6162)2 =—L
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The standard basis ey, ..., e, € R" in Cl, generate a finite group F,,, which is called the
Clifford group. Concretely, F,, has generators ey, ..., e,, —1, and relations e? = —1 for all
i, e;e; = (—1)eje;. Cl, is isomorphic to the real group algebra RF;,, modulo the additional
relation (—1) +1 = 0.

Proposition 1.3. Let W be a module over a Clifford algebra Cl,,. Then there exists an inner
product (-,-) on W such that Clifford multiplication by unit vectors e € V is orthogonal. That
18,

(ew, ew') = (w,w")
for allw,w" € W and e € R™ with |le| = 1.

Proof. Choose any inner product (-, -)’ on W, and obtain (-, -) by averaging it over the Clifford
group F),. That is, set

(w,w'y := ! Z(ew,ew'Y.

|Fn| eEFn
By construction, for any w € R", we have (e;w,e;w) = (w,w), and that for ¢ # j,
(ew, ejw) = (eje;w, —w) = {e;ejw, w) = —(e;w, e;w) = 0. So for any e = a;¢; with Y, a7 =

1, we have
(ew, ew) = Z aZ{esw, e;w) + Z a;a;{e;w, ejw) = (w,w).
i i#j
Since the norm completely determines the inner product that induced the norm, and the
norm is invariant under multiplication by unit vectors, we have that the inner product is
also invariant by multiplication by unit vectors. 0

There is a Z-filtration on CI(V'), induced by the natural filtration on the tensor algebra.
Under the isomorphism between CI(V') and AV, the filtrations are the same. Unlike the
alternating algebra, this filtration on Cl(V) is not induced from a Z-grading of C1(V'), since
“degree 1”7 elements v € V' would square to “degree 0”.

However, there is a Z/2-grading on CI(V'), induced by the natural Z/2-grading on the
tensor algebra, where the even Z-degree elements are considered to have degree 0, and the
odd Z-degree elements are considered to have degree 1. Alternatively, the Z/2-grading on
C1(V) can be obtained by the following: the involution a(v) = —v on V induces an involution
a on CI(V), giving a decomposition into the 1 and —1 eigenspaces, which we call C1(V')°

and C1(V)!.
2. DIRAC BUNDLES AND DIRAC OPERATORS
There is a canonical representation
cl(pn) : SO(n) — Aut(Cl,),

since each orthogonal transformation on R™ induces an orthogonal transformation of Cl,
(an orthogonal transformation A on R™ induces a transformation on the tensor algebra, and
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sends elements of the ideal (v ® v + (v,v)) to elements of the form Av ® Av + (v,v) =
Av ® Av + (Av, Av), so it preserves the ideal).

Let E be an oriented Riemannian vector bundle on a manifold M, which gives an SO(n)-
principal bundle on M.

Definition 2.1. The Clifford bundle C1(E) is defined to be the associated bundle
CI(E) = Pso(E) Xel(pn) Cln

Let M be an n-dimensional Riemannian manifold, C1(M) be its Clifford bundle on the
tangent bundle. Let V denote the canonical connection on Cl(M) (which is the connection
on the bundle of forms induced from the Levi-Civita connection on the tangent bundle of
M). We recall the definition of a Dirac bundle from chapter 5 of [1].

Definition 2.2. A vector bundle S over M with a fibre metric (-,-) and a connection V*
compatible with the fibre metric (for which we will often simply write V) is called a Dirac
bundle if S is a bundle of modules over CI(M), and for each p € M, and each o, 7 € S, and
unit vector e € T,(M), we have

(ea, ) = — (o, eT),
and that V¥ is a derivation. That is, for each ¢ € T'(Cl(M)), o € I'(S), we have

V3(¢o) = (Vo)o + ¢(V0).

Example 2.3. The Clifford bundle itself with left multiplication as its module structure, and
the obvious metric and connection, is a Dirac bundle.

To see this, first note that under the canonical isomorphism AR™ = Cl,,, the representation
cl(py) is identified with Ap,. So the connection of CI(E) = AFE that we described before is
the same as the connection induced onto the associated bundle Cl(E) from the connection
on Pso(FE). Since cl(py,) maps into the automorphisms of Cl,,, we have that the induced Lie
algebra map cl(p,). goes from so,, to Der(Cl,), which then implies that the connection is a
derivation on sections.

Ezxample 2.4. Some other examples of Dirac bundles include spinor bundles, which appear
in section 6.

Let S be a Dirac bundle over a Riemannian manifold M. Write A%k = A* @ S for the
bundle of S-valued k-forms. A% has a natural fibre metric induced from the fibre metrics
on A* and S given by (a ® 7,8 ® o) = {a, B){(7,0). In addition, Ag also has a connection
induced from the connections on A* and S given by V(a ® 7) = Va ® 7 + a ® V7, making
Ag also a Dirac bundle.

Definition 2.5. Let S be a Dirac bundle over M. Define the Dirac operator D: T'(S) — T'(S)
by the formula (using the Einstein summation convention)

Do =¢;V,o
at p € M (remember that {ey,...,e,} is a local orthonormal frame of T'M).
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The expression e;V;o is well-defined, because if we choose a different local orthonormal
frame €; = A;je;,
€iVe, T = Aije;Va,e, T = AijAirer VT = e;V;T.
As a special case of the above definition, the Dirac operator on the Dirac bundle Ag is
given by
Da®o)=V,a®eo+a®eV,;o.
Note that the Dirac operator on Ag preserves degree.
Proposition 2.6. The Dirac operator is formally self adjoint. That is,
(Do, T) = (0, DT)
for all compactly supported o, 7 € T'(S) (where the inner product is the L? inner product).
Proof. As usual, assume that eq, ..., e, is an orthonormal frame parallel at a point p € M.
(Do, 7)p =(e;V;0,T)p
= —(Vjo,e;T)p
which by metric compatibility,
= —¢j(0,€;T)p + (0, V(e;7))p
= —ej{o, ;) + {0,6;V;T)p.
Let V be the vector field defined by the condition that for all vector fields W,
(VW) = —(o, WrT).
Then,
div(V), =(V;V, ;)
=e;(Viej)p = (V. Viej)p
=e;j (V. ej)p
=—e;(0,€6;T)p.

Then, we have that
(Do, 7) = div(V) + {0, D7),

and the proposition follows. 0

3. A LEFSCHETZ DECOMPOSITION FOR DIRAC BUNDLE VALUED FORMS

The content of this section have all appeared in [2], however for the main result, Proposition
B.2] we give a different proof here.

Throughout this section we let V' be an n-dimensional real inner product vector space,
{e1,...,en} an orthonormal basis of V', and S a module over C1(V'). We write Ag for AV®S.
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Definition 3.1. Define s : Ag — Ag by the formula:
s(a®o) = (e; N a) ® (e0).

We sometimes write s, for the restriction of s to the subspace A% = A*V ® S (when we need
to emphasize it), but more often than not we will not distinguish between s and s;. Note
that s raises degree by 1.

Note that s is well-defined, since if we let €] = A;je; be another orthonormal basis of V,
where A is an orthogonal matrix, then
(e; Na) @ (ejo) = (Ajje; A a) @ (Aero)
AijAik(e; N a) ® (eyo)
din(e; N o) @ (exo)
= (e; Na) ® (ejo).

Analogous to the Lefschetz decomposition of complex-valued differential forms using the
Lefschetz operator, we give a decomposition of S-valued forms using s. We write s* for the
adjoint of s. Note that s* lowers degree by 1.

Proposition 3.2. Let P, = ker s;. We have that
AN =P, ®sP,1® - s*Py,

where direct summands are orthogonal to each other (on Ag, we put the inner product induced
by wedge product and tensor product).

Proof. Note that we have P, = ker s} = (Im s;,_1)".
We use induction on k. The proposition is clearly true for k£ = 0. To prove the induction
step, we use a lemma:

Lemma 3.3. Given any v € P, and y € Imsy_1, we have that (s'x,s'y) = 0 for all
j > 0. Equivalently, instead of for all y € Im sg_1, the above holds for any y of the form
y=s(ej, N---Nej,_, ®7),7€S.

Assuming this lemma, and that the proposition is true for £ — 1, we have that
sPy_1,...,s"Py
are pairwise orthogonal subspaces of A%. Since
P.=(Imsp )" = (sPo1 @ ®s"Py)*,
we have that Py, ..., s" Py are pairwise orthogonal, and their direct sum is all of A%. 0]

It remains to prove the lemma:
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Proof of lemma. We use induction on j. The case 7 = 0 is true by definition.
Assume that the claim is true for j (for all z € Py, y = s(ej, A---Nej_, ®7),7 € 5). We

want to show that for any A; ..., A+ Ae;, ®0; € P, and any element of A]g’l of the
form e;, A---Aej,_, ®7, we get

<Ai1--~ikiell AN /\elj /\6,’1 JANKEN /\eik ®€l1 "'61].(71',
61/1/\"'/\619/\6]‘1/\"'A@jk71®€l/1"'€l;’}/> =0.

Note that the left hand side of the above (desired) equation can be rewritten as the
following:

Aiyigilen, N Neg Neyg Ao Neg e Noes A ey Nejy A A €1 (€ ey o, ey '€l;7>-

We examine the above sum by fixing /; to be its various values.
When Iy # Iy,..., 15, j1,. . ., jr—1, the corresponding terms vanish by definition of the inner

product on forms.
When [; =[], since
(e Ao Ney Ney N Neg e Ney N Ney Nejy N--- Nej, )
=(e, N Ney Ney Ao Nej e N Nep Nejy A= Nejy )
and
(er, -+ €;04, €l €1y« - €lﬂ> = (1, - €104, €, - "€l;7>~
We get these terms in total:
Aiyigilen, N Ne Neyg Noos Neg, e Nes A er Nej Ao A Cjuy ey ey, ey '613.7),

Which is 0 by the inductive hypothesis.
When [, = [}, we can bring the ey to the front by possibly introducing a minus sign, so
the sum of the terms also vanish.

When [; = j;, we can bring e;, to the front and possibly introduce a sign. Now we fix [’
to be a particular number, and we see that by bringing e;, in (e;, - -~ e;;04, €y - - - el;_w to the
end and possibly introduce a sign (so we get the terms (e, - - - e,05, € - - er_ (er.€,7))), we
get a sum of these terms: (without summing over %)

Aiy il Ao Neyy Neg A= A Cirs €1y N-o- New Nejy A A 1)
(€1, -~ e 05, e - ey (even)),

which is 0 by the inductive hypothesis. Now we sum over [, and still have 0.
When [y = j; for i # 1, we do the same thing and obtain a sum of 0. O

Proposition 3.4. The adjoint s* of s is given by

s'(a®0) =—e1a® e;o.
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Proof. We compute
(s(a®0),bRT)={(e; Na®e;o, FRT)
= (e; N, B){e;jo, T)
= (o, e;0) (0, —e;T)
=(a®o0,—e;u0 R e;0). O
Proposition 3.5. Let x be an S-valued k-form. We have the following formula for the

commutator:
[s*, 8|z = (n — 2k)x.

Proof. Let a ® T be an S-valued k-form.
s's(a®@71) =s"(e; Na® e;T)

= —eju(e; N a) @ ejer,

58 (a®7T) = —s(ejoa ® e;T)
= —e; A (ejo0) ® e;e;T,
SO
(8", sl(a®7T) =e; A (ejoa) @ eie;7 —eja(e; N o) ® eje;T

since interior product is an antiderivation of degree —1,

=e; N (ej00) @ eje;7 + €; A (ejo0) @ eje,T — 000 @ eje;T
since e;ej + eje; = —20;5, and e; A (e;ua) = ka (this is most easily seen by writing « as a
sum of terms of the form e;; A--- Ae;,),

=e; N (eju0) @ (—20;5)T — ;0 @ eje;T

= 2k(a®71)+n(la®T). O
Remark 3.6. The triple (s, s*,[s*, s]) forms an sly-representation.

Proposition 3.7. Let x be an S-valued k-form. We have the following formula for the
commutator:
[s*, ™2 = m(n — 2k —m + 1)s™ 'z,

Proof. We use induction on m:
The case m = 1 is the previous proposition.
Assume [s*, 5™z = m(n — 2k —m + 1)s™ 'z. Then,
s* sy = s*sMsx
which by the induction hypothesis (and remember that sz is a k + 1-form),

=s"s"sx +m(n—2k—m —1)s"x
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which by the previous lemma,
= s"(n —2k)x + s"ss*r +m(n — 2k —m — 1)s"z
= s"Ms* r 4+ (m + 1)(n — 2k — m)s™x. O
The next proposition is in analogy to Proposition 1.2.30 in [4].

Proposition 3.8. (1) If 2k > n, then P, =0
(2) For 2k <n, s"2F: B, — A&7 is injective
(3) s"2k: Ak — AR is an isomorphism.
(4) For 2k <mn, P, = ker(s"2k+1),

Proof. Suppose 0 # « € Py,. Pick m > 0 minimal with s™«a = 0. Then,
0=[s*s"a=mn—2k—-m+1)s" a.

Since m is minimal, s™ o # 0. So, n — 2k = m — 1. If we assume 2k > n, then we get a
contradiction, since m — 1 > 0, thus a = 0, which is part (1). If we assume 2k < n, then
since m = n — 2k + 1 is minimal for s™a = 0, we get that s" 2« # 0, which is part (2).

For part (3), since by part (2), s"~2*~ is injective on Pj_;, we have that s"~2* is injective
on s'P,_;. So s" %k is injective on all direct summands of A%, and since it maps different
direct summands to different direct summands of A% 2" (by the decomposition given by
Proposition , we have that s"2F: Ak — AZ7" is injective. By counting dimensions, we
see that it is an isomorphism.

For part (4), let 2k < n. From part (2), we know that P, C ker(s" 2*1). Now let
a € A% Nker(s"2+1). Then,

Sn—2k+28*a — (Sn—2k+28* o S*Sn_2k+2)a — —(TL — 9k + Q)Sn—2k+1a =0.

n—2k+2 n—2kz+25*

From part (2) we also know that s is injective on A’f{l, SO § a = 0 gives
s*a=0. So a € P,. O

4. SOME CALCULATIONS ON DIRAC BUNDLE VALUED FORMS

Recall that given a connection V on a vector bundle E, the exterior covariant derivative
dv . Ak, — AR is defined by
& (a®7)=da®7+ (=1)*a A VT.
Using a local orthonormal frame, we have that
d(a®@T)=da®@T+e; ANa® VT

Let S be a Dirac bundle of the tangent bundle of a Riemannian manifold. Let s act
on the space of S-valued differential forms. We obtain the following analogue of the Kahler
identities. Note that in the computations below, we always compute things locally at a point
p, and we repeatedly use the fact that we choose e; to be parallel at the point p, meaning
(Ve;)p =0 for all i. Also note that (Ve;), = 0 does not imply (VVje;), = 0.
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The following is in analogy to the Kahler identities, which can be found in, for example,
Proposition 3.1.12 in [4].

Proposition 4.1. We have the following identities:

{dV,s} =0,

{d¥,s"} = =D,
{(d@V), s} =0,
{(dV)*,s} = —D.

Proof. Let a« ® 7 be an S-valued k-form. The first identity:
dVs(a®7)=d"(e; ANa® e;r)
=d(e; Na) ® e;T 4+ (—1)" ey Aa AV (e;7),

sd¥(a®7) = s(da®7+ (—1)*a A V7T)
=e; ANda @ e;7 4+ (—1)Fe; Aa A e VT,
since d(e; A a) = —e; Ada and V(e;7) = ¢; VT, we see that {dV,s} = 0.
The second identity (repeatedly using the identity d = e; A V;):
s*d¥(a®7) =s"(da @71+ (—1)fa AVT)
= —eiu(e; A Vi) @ e — (=1 e;a(a A (e, V7))
using eo(w A w') = (eaw) Aw' + (—1)38@ A (euw)
=—0;Via®eT+e N (e;0Va) @ e;T
— (=1)*(eju) A (e,VT) — (=1)*(—=1)*a A e;2(e;VT),
since e;1(e;VT) = €;uV (e;7) = Vi(e;7) = e, VT
=—0Via®eT+ e A(e;aVa) ® e;T
— (=D*(ejoa) A (e,VT) — a A (e; V1),
dVs*(a®71) =e; A Vi(ejoa) @ e;m — (—1)F 1 (e;00) A (e, V7).
When we add these two expressions, the first term and last term of s*dY (a ® 7) together
give —D(a ® 7), and the third term of s*dY(a ® 7) cancels out with the second term of
dVs*(a @ 7). The second term of s*d¥ (o ® 7) together with the first term of dVs*(a ® 7)
gives
e N (e;uVia — Vi(e;ua)) @ e;m = 0.

The third and fourth identities are obtained by taking the adjoints of the first and second
identities, and using that the Dirac operator is formally self-adjoint. 0
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The Lefschetz type decomposition obtained in Proposition also gives a decomposition
of the bundle A’g into subbundles P, ® sP,_1 ® ---® s* 1P, & s*P,.
The following is in analogy to the proof of part (ii) of Proposition 3.1.12 in [4].

Proposition 4.2. Let o € I'(P;). We have that
d¥or = ypi1 + syk + S Y1,
where y; € T'(F;).

Proof. We can assume that 2k < n, since otherwise a = 0.
Decompose d¥a = ypi1 + Syp + -+ - + s"Tlyo, where each y; € Py = A% Nker(s" 21 (by
Proposition [3.8)). ’ .
Since for any 3 € ['(5) = I'(A% Nker(s"~%+1)),
dVSn—Qi-&-lﬁ =0 = Sn_Qi—HdVﬂ =0
by the first identity in Proposition we have that the individual terms in the equation
Sn72k’+1 (ykJrl + syp 4+ -+ SkJrlyO) — 8n72k+1dvoé -0
are zero (since the decomposition is a direct sum decomposition):
g2+,

Since on Py_; (therefore I'(P,_;)), s™ is injective for all m < n—2(k—1), we get that y_; =0
for ¢ > 2. O

Define the Laplacians Ayv = {dV, (dV)*} = dV(dV)* + (dV)*dY and Ap = D? Let R;;
be the curvature operator R;; := V,;V; — V;V,; — Vieie;] (where V denotes connections on
different bundles, depending on what we put in R;;(-)), and define the differential operators

Kla®T1)=e ARij(a) ®e;7+e; Na®ejRi;(T),

R(¢) = %eiejRij(cb)-
One thing to note is that we sometimes put S-valued forms in R;;(), so explicitly
Rij(a®7) = Rij(a) ® T+ a ® Ri;(7).
Proposition 4.3. We have the following identities:
(1) {s, D} =—2d%, {s*,D}=-2(d")",

(2) [dY, D] = K,
(3) [K, 5] = 2R + 26, A (e]JRij),
( ) AD = Adv + R+ e; N\ (ej_lRij).
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Proof. The first identity:
sD(a®7) =e; AN\V,a®eje;T +e; Na® e;e; VT
=€ AN viOé X €,€;T — €5 A VZ'CY ® 2(5@‘7‘
— €5 Na® 6Z'6jvi7' — €5 Na® 25”va
Ds(a® 1) =Vi(e; Na) @ eie;T+e; ANa®e;Vi(e;T).
When we add these two expressions, the third term of sD(a ® 7) and the second term of
Ds(a ® 1) cancel out, and the first term of sD(a ® 7) cancels out with the first term of
Ds(a ® 7). The two remaining terms give —2dV, which gives {s, D} = —2dV. Taking the
adjoint gives {s*, D} = —2(dV)*.
The second identity:
dVD(a®7) =dV;a ® e;7 + e A Via @ V;(e;T)
+da®e; VT +e; N\a® V(e V1),
DdY(a® 1) =Vda ® e;7 + da @ e;V;T
+ Vi(ej A Oé) X €iVj7' + € Na® GiviVjT.
When we take [dV, D], the second term of d¥ D(a®7) cancels with the third term of Dd¥ (a®

7), and the third term of d¥V D(a ® 7) cancels with the second term of DdY (o ® 7). Using
d =e; \'V;, we are left with

[@¥,Dl(a®7) =¢; A\V;Via®e;T +ej Aa®e;V;Vir
—e; ANV;Va®@er —e; ANa®e;V;V;T
=K(a®T).
The third identity:
Ks"(a®71)=—¢€; A Rji(epur) ® e;exm — € N (epua) ® e;Rji(erT)
since curvature operator R;; is a derivation,
= —ejNse R ® e;je T — e; A Rji(ey)a ® eepT

— 6]' AN (€kJC¥) X eiekRjiT — 6]' A (GkJOZ) & 67;Rji(€k)’7',

SK(a®71)=—¢ea(e; N Rjija) @ epe;T — epu(ej N a) @ epe; RjT

=— Rjia®@eje;m +e; A (epaRjio) ® epe, T — epa(ej N o) @ epe; Rym
e Rjia) @ ejepT — 20,65 N (exuRji) @ T
epi) ® ejepRium — 20,5 N (egu) @ Ry
exaRjia) @ ejex — 2e; A (€;uRj00) @ T
epaa) ® eepRium — 2e; A (e;u0) @ RjiT.

=—Rjia®eje;T —e; A
—a®ejeRuT—ej A(
=—Rjia®eje;T —e; A(
e; A (

—a® eje,»RjiT —
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When taking [K, s*], the first term of Ks*(a®7) cancels with the second term of s*K (a®7),
and the third term of Ks*(a ® 7) and fifth term of s*K(a ® 7) cancel, so we are left with

K, s (a®7T) =—¢e; A\ Rji(er)sa @ ejepT — e A (epur) ® e;Rji(e)T
+ Rjia ®eje,; T+ 2e; A (€;uRji0) @ T
+a®ejeR;T+ 2e; A (eju0) ® RyiT

=—e; N Rjiu(eua) ® eiepm — e A (epua) @ e, Rjiper™
+ Rjia ® eje;m 4+ 2e; A (€;uRj0) @ T
+a®eje;RjT+2e; A (ejua) @ Ry

since Rjip = — R,

=Rja ®eje;T + 2¢e; A (e;0Rj0) @ T
+a®eje;R;T+ 2ej A (ejua) ® Ryim

=eejRij(a®@71)+ 2e; A (ejuRij(a® 7))

=2R(a®T) + 2¢; A (ejuR;;(a ® T)).

The fourth identity:
By expanding out the brackets, we get the following identity between formal variables

a,b,c:
{a,{b,c}} = [la, 0], c] +{b.{a, c}}.
Applying this, and Proposition 4.1}, we get
1
AD :§{Da D}
1
== §{D7 {dv7 S*}}
1

= — 5 ([D,d"], 5"+ {d" {D.s"}})

= 1K, {7, (d)°)

=R +e; A(ejaRij) + Ayv. O
Remark 4.4. In the case of an S-valued 0-form (which is just a section of S), d¥ = V, (dV)* =
0, and interior product is 0, so the middle term is also 0, the fourth identity above reads
D? =V*V + R,
which appears in chapter 2, section 5 of [1] under the name “general Bochner identity”.

Proposition 4.5. We have the following identities:
(1) [Ap,s] =2K,
(2) [Agv,s] = —K,
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(3) [s, K] = 4(d")*.
Proof. In this proof we use Proposition 4.1 and Proposition throughout. The first iden-
tity:
sD* =(—Ds —2dV)D
= — DsD —2dVD
=D(Ds +2dY) — 2d¥ D
=D?*s +2Dd" — 2dV D
=D?%s — 2K.
The second identity:
Agos =dY (dV) s+ (dV)*d" s
=—dv(s(dV)* + D) — (d¥)*sd"
=sd" (dV)* —dV D + (s(dV)* + D)d"
=s(dv(dV)* + (dV)*d") — K.
The third identity:
sK =sd¥D — sDd¥
= —dVsD + (Ds +2dV)dY
=dY(Ds +2dY) — DdY s + 2(d")?
=Ks+4(dV)>. O

Corollary 4.6. The operator Ap+2A4v commutes with s. So (Ap+2A4v)s™a € I'(s™Fy)
for any m >0 and a € T'(Py).

Proof. Since Ap + 2A, v commutes with s, and Ap + 2A,v is self-adjoint, we have that
Ap + 2A,v also commutes with s*. So, if @ € I'(P;), which means s*a = 0, we have that
s*(Ap +2A4v)a = 0, so (Ap 4+ 2A4v)a € T'(Pg). Since Ap + 2A;v commutes with s, we
can apply s repeatedly to both sides of (Ap +2A;v)a € I'(Py), and get (Ap +2A4v)s"a €
[(s™Py). O

5. SPIN GROUPS AND THEIR LIE ALGEBRAS

In this section we construct the spin groups, and then construct (unique) nontrivial 2-1
coverings from spin groups to special orthogonal groups, following chapter 1, section 2 of [1].

The group of units C1* (V) consists of all non-zero elements of V' (along with other ele-
ments), since every non-zero vector in V' squares to a non-zero real number.
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Definition 5.1. P(V) is defined to be the subgroup of C1*(V) generated by all non-zero
elements of V. The pin group Pin(V) is defined to be the subgroup of P(V') generated by
unit length vectors, and the spin group Spin(V') is defined by

Spin(V) := Pin(V)) N C1°(V).

Alternatively, Spin(V') is the subgroup of P(V') generated by elements of the form vw, where
v,w eV, [lv]| = [lw| = 1.

Recall that the involution a : CI(V') — CI(V) is induced from a(v) = —v for v € V.
Definition 5.2. The twisted adjoint representation
Ad : CI¥(V) = GL(CL(V))
is defined by
Ady(y) = a(p)ye™".

Note that on C1°(V) (and therefore Spin(V')), the twisted adjoint representation is equal
to the “adjoint representation” given by Ad,(y) = pyp !, since o = Id on Cl°(V).

The next proposition says that by the twisted adjoint representation, vectors act by re-
flection across the hyperplane they define.

Proposition 5.3. Let v,w € V with v # 0. We have that

A <U7w>
Ady(w) =w —2 v
[[o][?
Proof. Since v™! = —v/||v]]* and vw + wv = —2(v, w), we have that
||v||2A\(/iv(w) = —||lv[Prwv™! = vwv = (—wv — 2{v,w))v = ||v]|*w — 2(v, w)v. O

As a corollary, we have that KEL,(V) =V, and since P(V) is generated by the non-zero
vectors, we have that Ad,(V) =V for all ¢ € P(V). Define
P(V) :={p e CI*(V): Ad,(V) = V}.
On P(V), Ad is therefore also a representation with vector space V instead of C1(V).

Proposition 5.4. The kernel ofAvd : ]B(V) — GL(V) is R*, the group of non-zero real
numbers.

Proof. Pick an orthonormal basis ey, ..., e, for V. Let ¢ € CI*(V) be in the kernel of //X\a,
that is, a(p)v = vp for all v € V. Decompose ¢ = ¢o + 1 by the Z/2-grading of CI(V).
Since « acts by 1 on even elements and —1 on odd elements, we have that
(5.5) VP = Pov; —UPL = P10

o and ; (as with any element in the Clifford algebra) can be written as polynomial
expressions in ey, ..., e,. Repeatedly using e;e; = —20;; — e;e; shows that ¢y can be written
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as g = ag + eiai, where ag and a; are polynomials in es, ..., e,. Both ay and e;a; are even,
so we have that ag is even and a; is odd. Setting v = e; in (5.5)) shows that

ei1ag + e%al = ape1 + er1a1e1 = ejag — e%al.
So a; = 0. So ¢y does not involve e; terms. Similarly, ¢y does not involve any of the e;
terms. So ¢y is a real number.
An analogous argument shows that ; does not involve any of the e; terms. Since ¢, is

odd, this means that ¢, = 0.
So, ¢ is a non-zero real number. Conversely, any non-zero real number is clearly in the

kernel of Ad. 0
Proposition 5.6. Ad gives homomorphisms Pin(V) — O(V), and Spin(V') — SO(V).

Proof. Notice that since any element in Pin(V') is a product of unit length vectors, and unit
length vectors act by reflections under the representation Ad : C1¥ (V) — GL(V), we have
that the representation restricted to Pin(V') is an orthogonal representation on V.
Analogously, since any element in Spin(V') is a product of an even number of unit length
vectors, which act by a composition of an even number of reflections under the representation
Ad : CI*(V) — GL(V), we have that the representation restricted to Spin(V') is a special
orthogonal representation. 0

Proposition 5.7. Ad : Pin(V) — O(V), Ad: Spin(V) — SO(V) are double covers.

Proof. By viewing C1(V') as a left C1(V') module by multiplication, Proposition |1.3| gives an
inner product on CI(V') that is invariant under multiplication by unit length vectors. Under
such an inner product, since all elements of Pin(V') are products of several unit length vectors
with the real number 1, and that 1 € Pin(V'), we have that all elements of Pin(V') have the
same norm as 1. So by Proposition , the kernel of Ad as a homomorphism from Pin(V)
is Pin(V)NR = {1, —1}.

Since 1, —1 € Spin(V'), we have that the kernel of Ad : Spin(V) — SO(V'), which is the
restriction of the kernel of Ad : Pin(V')) — O(V) to Spin(V), is also {1, —1}.

Since orthogonal groups are generated by reflections, and special orthogonal groups are
generated by pairwise products of reflections, we have that these homomorphisms are sur-

jective. Thus they are double covers. 0
Proposition 5.8. The double covers Ad : Pin(V) — O(V), Ad : Spin(V) — SO(V) are
nontrivial.

Proof. We prove this by showing that there is a path connecting —1 to 1 in Spin(V'). Pick
ey, es € V orthogonal, then

v(t) = (e1 cost + easint)(easint — ey cost)
for t € [0, 5] does the job. O
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We always take V' = R™ in the above, and will write Pin(n), Spin(n) for Pin(R"), Spin(R").

Next we discuss the Lie algebras spin,,. The Lie algebra of CL (the group of units in Cl,,)
is simply Cl,, with the commutator bracket. Since Spin(n) is a compact subgroup of C1¥, we
have that spin, is a Lie subalgebra of Cl,,.

Proposition 5.9. Under the canonical isomorphism Cl, = AR", the Lie subalgebra spin,,
of Cl,, is identified with A*R".

Proof. For each ¢ < 7, consider the curve
v(t) =(e; cost + e;sint)(—e; cost + e;sint)

=(cos?t — sin®t) + 2e;e; sint cost

= cos(2t) + sin(2t)e;e;.
These curves lie in Spin(n), and they meet the identity. Their tangent vectors at the identity
are 2e;e;. Hence, spin, contains A’R" = span{e;e;}. Since the e;e;’s are linearly indepen-
dent, and dim(spin,,) = dim(so0,) = n(n — 1)/2, we conclude that spin, = A’R". O

50, is the Lie algebra of all real n x n skew-symmetric matrices. so,, is generated by the
elementary transformations v A w, given by
(v Aw)(z) = (v,r)w — (w, x)v.

Note that if ¢ < j, then e; A e; is the matrix with ¢jth entry 1, jith entry —1, and all other
entries 0, and they form a basis for so,,.

We have that the adjoint representation Ad : Spin(n) — SO(n) is the nontrivial double
cover (since on the even part of the Clifford algebra, Ad = Ad). This induces a Lie algebra
isomorphism Ad, : spin,, — so,,.

Proposition 5.10. The Lie algebra isomorphism above is given explicitly on basis elements
{eiejtici by

1Ad>,< (eiej) = 261' A €j.
Consequently,

AT (0 A w) = i[v, w].

Proof. The curve
v(t) = cos(t) + sin(t)e;e;
has v(0) = 1,79/(0) = e;e;. Then
d
Ady(eiej) = — Ad(Y(t))]i=o.
Let x € R". We have that

Ad(y(t))(2) = y(B)zy (1),



18 HANMING LIU

and since (y71)'(0) = —+/(0) = —e;e;, we have that
Ad.(ee)(x) =eje;x — xee;
=e;e;x + (€2 + 2(e;, x))e;
=e;e;x — ee;x — 2(ej, x)e; + 2(e;, x)e;
=2(e; Nej)(x).

For the formula for Ad; " (v A w), it is enough to notice that on basis elements e; A e;, we

have . )

561'6]' = é—l[ei,ej]. |:|
Corollary 5.11. Let A : Spin(n) — SO(W) be a representation obtained by restricting a
representation of Cl,. Let A, : so0, — so(W) be the associated Lie algebra representation.

Then on elementary transformations v A w € s0,,

Ad*_l(ei N 6j) =

A (v Aw) = i[v,w].

6. SPIN MANIFOLDS AND SPINOR BUNDLES

In this section we review some material on spin manifolds, mostly taken from the beginning
of chapter 2 of [1]. 5], [6], [7] are some other useful references.

Let m : E — M be a rank n real orientable Riemannian vector bundle over a manifold
M, which means that there is a smoothly varying inner product (that is, a Riemannian
metric) on the fibres, and there exists a smoothly defined orientation on the fibres. Any
vector bundle admit Riemannian metrics, while not all vector bundles are orientable. A
necessary and sufficient topological criterion for orientability of a vector bundle is that the
first Stiefel-Whitney class of the vector bundle vanishes.

A Riemannian metric on a vector bundle is equivalently a reduction of the structure
group of the vector bundle from GL(n,R) to O(n), and a vector bundle being orientable is
equivalently the existence of a structure group reduction from GL(n,R) to GL(n,R) (the
group of matrices with positive determinant). A real oriented Riemannian vector bundle is
therefore a vector bundle with a structure group SO(n), together with an orientation on a
fibre. So, a real orientable Riemannian vector bundle E comes with a principal SO(n)-bundle
which we denote by Pso(FE).

Definition 6.1. A spin structure on E is a lifting of the SO(n) structure group to a Spin(n)
structure group. More precisely, a spin structure on the real orientable Riemannian vector
bundle £ is a principal Spin(n)-bundle Py, (E) over M, together with a 2-sheeted covering
bundle map

§ 1 Pspin(E) — Pso(E)
such that {(pg) = &(p)&o(g) for all p € Pgyin(E) and g € Spin(n) (here & is the canonical
2-sheeted covering map from Spin(n) to SO(n)). An orientable vector bundle is called
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spinnable if it can be equipped with a spin structure, and is called spin if we fix such a spin
structure.

Remark 6.2. A necessary and sufficient topological criterion of the spinnability of an ori-
entable vector bundle is that the second Stiefel-Whitney class of the vector bundle vanishes.
A proof of this can be found in chapter 2, section 2 of [1].

Definition 6.3. Given a spin vector bundle £ and a module V' over the Clifford algebra Cl,,,
we can form the associated bundle of the principal bundle Ps,;,(E) and the representation
V' (where V' is now viewed as a representation of Spin(n)). Associated bundles constructed
this way are called spinor bundles corresponding to the spin structure.

Spinor bundles are canonically bundles of modules over the Clifford bundle C1(E): define
the adjoint representation
Ad : Spin(n) — Aut(Cl,)
given by Ad,(p) = gpg* for g € Spin, C Cl,. Since Ad_; = id, we have that Ad factors
through the projection map Spin(n) — SO(n) to give us a representation Ad" of SO(n). In
fact, Ad’ is the same representation as the representation cl(p,) from section 2. This gives
the Clifford bundle a spinor bundle structure:

CI(E) = Pspm(E) X Ad Cln

Definition 6.4. On a spinor bundle S, the structure of a bundle of modules over the Clifford
bundle is given in the following way (where p denotes the representation V' of Spin(n)):

Cl(E) @S = ngm(E) X Ad®u (Cln D V) — PSpin(E) Xu V;
[P, o, v] = [p, pu].

A spin manifold is a Riemannian manifold together with a spin structure on its tangent
bundle. When we say “spinor bundle on a spin manifold”, we would then mean a spinor
bundle coming from the spin structure on the tangent bundle of the manifold. When we work
over the tangent bundle, we will use Pso(M) and Psyi, (M) for Pso(TM) and Psy;,, (TM)
(for example). From now on we only work with spin structures and spinor bundles over the
tangent bundle of a spin manifold.

Next we describe the Dirac bundle structures of spinor bundles. Let S = Cl(M) x, V be a
spinor bundle. We have already shown S is a bundle of modules over C1(M). Proposition
gives an inner product on V invariant under multiplication by unit vectors, and this inner
product induces a metric on the associated bundle S invariant under multiplication by unit
vectors, which is the property needed in the definition of a Dirac bundle. It remains to find
a compatible connection.

Definition 6.5. On a Riemannian manifold M, we have the Levi-Civita connection, which
induces a canonical connection on its O(n)-bundle, and in turn induces a canonical connec-
tion on its SO(n)-bundle, Pso(M), if M is orientable. If M is spin, then we can pullback the
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connection on Pso(M) to get a connection on Pgy,, (M), by the map £. This connection on

Pspin(M) would then induce a connection V¥ on its associated bundles, namely the spinor
bundles.

Proposition 6.6. The spin connection on S is a derivation with respect to the Clifford
module structure. That is, for each ¢ € I'(Cl(M)), o € T'(S), we have

V¥(¢0) = (Vo)o + ¢(V0).
Proof. The representations cl(p,) = Ad and p preserve the module multiplication. That is,

1(g)(wa) = (cl(pn)(9)e)(11(g)o)

for all g € Spin(n),¢ € Cl,,0 € V. Differentiating at the identity gives that for each
A € so0,, = spin,,,
(1 A)(po) = ((cl(pn)<A)p)o + @((pA)o).

This then implies that the spin connection is a derivation on sections. 0

So, spinor bundles are Dirac bundles. Next we describe the spin connection more con-
cretely.

Let f € V, and eq, ..., e, be an orthonormal local frame of T'M. These together determine
two local sections of S by the following: ey, ..., e, is equivalent to a local section of Pso(M),
which we can lift to two local sections «, 3 of Pgy,(M). Then [«, f] and [, f] give the two
local sections of S (and [«, f] = —[5, f]).

Proposition 6.7. Let eq,...,e, be an orthonormal local frame of T M, where we can write
the Levi-Civita connection as

Vei = wj,- X Cj
where w is an s0,-valued 1-form. Let f € V. Then the connection V° on S on sections
obtained by the procedure above, o = |« f], [5, f] is given by the formula

Vo = Zw]@' (059 €i€;0.
Remark 6.8. Note that any local section of S can be written as a C°°(M)-linear combination
of sections obtained like this (if we take fi,..., f;, to be an orthonormal basis of V', then
la, fi], ..., [, fin] 18 & local orthonormal frame of S).

Proof. We have that so,, is generated by the elementary transformations x A y,x,y € R",
given by (z Ay)(v) := (z,v)y — (y,v)x.

Denote the induced map on Lie algebras by subscript *. By Corollary [5.11] we have that
oz Ay) = 1[z,y] (that is, left multiplication by 1[z,y] € Cl,). Also recall that from the
discussion after Definition [6.3} we have that on Spin,, cl(p,) = Ad. Hence, by Corollary
B.11]

clpn)(x ANy) =Adu(z ANy) = adip, .-
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That is,

Ad*(ﬂf A y)(@) = ;l[[xvy]v 30]'

Let 7 # j. Since e;e; = —eje;, we have that by taking x = e;,y = e;,

Adu(ei A e3) () = sleies, o]

Thus by pulling back the Pso(M) connection 1-form @ = jwje; A e; to a connection 1-
form on Pgy, (M) via €, we get the iwjieiej (since on each fibre, the map between these two
principal bundles is the adjoint representation, and since connection 1-forms are forms with
values in the Lie algebra, we can pullback connection 1-forms via the associated Lie algebra
homomorphism). We then view Ps,;,, (M) as a subbundle of Pso(S), then we have that for

sections of Pso(S) of the form [a, f], 3, f], the desired formula holds:
1
Vo = —wj; ® e;ejo. O

4

Corollary 6.9. Let Q be the curvature 2-form on Pso(M), and let S be any spinor bundle
associated to M. Then the curvature R of S induced by the above connection is given locally

by
1
Ro = ZQTL & €i€;0,
where ey, ...,e, is a local orthonormal frame of TM. In particular, for any two tangent
vectors V and W at p, the curvature transformation Ryw : S, — S, s given by

1
Rywo = Z<RV7W62-, €;)ei€;0.

Remark 6.10. The formulas in Corollary work for any section o € I'(S), since the curva-
ture operator is a tensor.
7. SOME CALCULATIONS ON SPINOR VALUED FORMS

In the case of a spinor bundle, the curvature term in the general Bochner identity can be
greatly simplified:

Theorem 7.1. (Lichnerowicz, [3|). Let M be a spin manifold and S be a spinor bundle.
Let k denote the scalar curvature of M. Then,

1
D2 = V*V + Z/i.

Proof. The general Bochner identity mentioned in Remark states D? = V*V + R, where

1
R zﬁeiejRij
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by the second formula in Corollary [6.9}

1
:gRijkleiejekel
1 1
=3 Z(g Z(Rijkl + Ryiiji + Rjkir)eiejer + Z Rijueieje; + Z Rijqeiejer)er.
! ik ij ij
distinct

The first big term is zero by the Bianchi identity, and we can rearrange the last two terms
and change some indices around to get

1 1_. 1
:ZRij“ejel = —ZR1C<€j, eeje = 1 O
We can attempt to obtain an analogous formula starting from the fourth identity of Propo-

sition [4.3k

Proposition 7.2. Let M be a spin manifold and S be a spinor bundle. Let k denote the
scalar curvature, and Ric denote the Ricci transformation extended to AT'M as a derivation.
Then,

1 3
Apla®o)=Ary(a®o)+ Zm(a ® o) — Ric(a) ® 0 + ZRija ® e;ej0.

Proof. The curvature term in the fourth identity of Proposition is explicitly:
1 1
§Rij06 X 67;6]'0' —+ 50[ &® 6i€jRijO- -+ €; A (Gj_JRijOé) ® o+ €; A (6]‘_1()() &® RijO'.

4

The second term is 1k(a ® o), by the calculation in the proof of Theorem .
The fourth term: by the second formula in Corollary [6.9]

1 1
e; N (ejoa) ® Rijo = ZRijklei A (eju0) ® exeo = ZRMQ ® ereo,

which together with the first term, add up to

ZRZ’]’OZ ® e;e;0.

The third term: since R;; is a derivation, we just need to check that for 1-forms «, that
—Ric(a) = e; A (ej0R;;a).
Note that e; R;jo = (R;;c, e;). By the symmetry of the Riemann curvature tensor,
(Rijo, €5) = (Re;alej), €5).
So,
e; N (ejuRija) = (Re, o(e)), €i)e; = Re, o(e;) = —Ric(a). O

It is unknown to the author what applications this formula has.
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