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0 Introduction

Consider a compact Riemannian manifold X. It is common to introduce new structures on it and study
them to get information about the underlying manifold X. In this paper, we consider the anti-self-dual
(ASD) connections on a principal bundle over a 4-manifold X, i.e., connections which satisfy the ASD
equation. However, the space of all such objects may be too big, infinite-dimensional. Hence, we quo-
tient it by the gauge group, which is the group of symmetries of the bundle. The obtained moduli space
turns out to carry a natural geometric and topological structure, except for maybe some singular points
corresponding to so-called irreducible connections.

We start with section 1, by going through the basic definitions and facts, assuming the familiarity of
the reader with notions such as differentiable manifolds, Riemannian structures, vector bundles, Hodge
Theory, etc. Knowing the theory of Banach, Sobolev spaces, elliptic theory is recommended, but not
required. We will use the results listed in the Appendix, the proofs of which can be found in the corre-
sponding sources.

In Section 2 we study the ASD connections in the presence of a holomorphic sctructure on the manifold
X. Tt turns out that part of the conditions for being ASD can be rewritten as an integrablity condition.



Section 3 establishes a local “sequential-compactness” result for moduli spaces. This leads to the process
of compactification and the Removable Singularities Theorem which states that connections with finite
action have no point singularities. We will not cover these two topics, although an interested reader can
see the original papers by K. Uhlenbeck [11] and [10], along with the book by S. K. Donaldson and P.
B. Kroheimer [2] for more information.

We finish with section 4, by showing that locally moduli spaces are smooth manifolds, under a series of
nice assumptions, using the Fredholm Theory.

This naturally leads to the Donaldson Theory, whose goal is to distinguish smooth 4-manifolds which
have the same classical invariants, by introducing new ones using the ASD moduli spaces. It turns out
that these new invariants depend not only on the topology of X, but on its smooth structure. One of
the results of Donaldson Theory is the existence of exotic smooth structures on R*. One can see [2] and
[4] if interested.

1 Connections and curvature

Definition 1.1. Let G be a Lie group. A principal G-bundle P over a smooth manifold X is a manifold
with a smooth (right) G action P x G — P, which we write as (p,g) — pg = R,yp, and orbit space
P/G = X. Also, this action is locally equivalent to the obvious action on U x G, where U is an open set
in X. Hence, we obtain a fibration 7 : P — X. We say P has structure group G. A

Remark 1.2. We write gg for the bundle of Lie algebras associated to the adjoint represenation ad,,
i.e. g is a real subbundle of End £ = F ® E*.

Definition 1.3. A connection on a principal G-bundle P over X can be defined in any of the following
equivalent ways:

e As a field of horizontal subspaces H C T'P transverse to the fibres of 7. This means, for each point
p € P, we have TP, = H, & T(r~!(x)), where m(p) = x. This field of subspaces is required to be
preserved by the action of G on P, i.e., (Ry)+H, = Hyg, for g € G.

e As a l-form A on P with values in the Lie algebra g of G, i.e. a section of the bundle TP ® g over
P. Again, we require this to be invariant under G, i.e., (Ry)*A = ad,-1 0 A, for g € G.

A

Remark 1.4. Note that a connection on the frame bundle can be defined by a covariant derivative on
E, which is a linear map V : I'(E) — I'(T* X ® E) that satisfies the Leibnitz rule. Observe that V is a
local operator. Then we say that a local section o of the frame bundle (i.e. a collection of local sections
S1,...8p of E, where n = rank(F)) is horizontal at z in X if all the Vs; vanish at z. Finally, we define
H,, to be the tangent space to a horizontal section ¢ through p, regarded as a submanifold of P. This
construction can easily be inverted, giving us the desired equivalence. We will write V 4 for a covariant
derivative, using A to denote a connection.

Definition 1.5. We quickly recall the concept of holonomy. This will not be needed until Section 4,
where it will be used to get rid of connections which cause problems. Assume we have a principal G-
bundle P over a manifold X, and a connection A. For p,q € P, we write p ~ ¢ if there exists a piece-wise
smooth horizontal curve in P joining p to q. Clearly, ~ is an equivalence relation. Fix p € P and and
define the holonomy group of (P, A) based at p to be Hol,(P, A) = {g € G : p ~ gp}. Then the holonomy
group Hol,,(P, A) depends on the base point p € P only up to conjugation in G. Thus, we can regard it
as an equivalence class of subgroups of G under conjugation, which is independent of p, and is written
as Hol(P, D). See Chapter 2 of [6] for more details. A



Remark 1.6. The space of connections A(F) on a vector bundle E can be described as the affine space
{A + ala € Q'(End E)}, where A is any connection on E. This can easily be obtained by a direct
calculation that the difference of two connections is linear over C*°(X).

Definition 1.7. Let E be a vector bundle. Let V4 denote a covariant derivative on E. The gauge
group G is the group of all automorphisms w : £ — FE. It acts on the set of connections by the rule
Vuays = uVa(uls). A

Remark 1.8. If we regard u as a section of the vector bundle End E, then we can write V,4) as
Va— (Vau)u™t, so we get u(A) = A — (Vau)u>.

Now, let’s look at how u acts on trivializations 7. We get that w7 is a new trivialization, and A*" =
uATu"t — (du)u~!. Hence, suppressing the superscript 7, we get the action A — uAu=! — (du)u=?.

Definition 1.9. Let Q% (E) = T(A’T*X ® E).
We have exterior covariant derivatives da : Q% (E) — Q’)’(H(E) which are uniquely determined by the
properties:

e dys =V on Qg((E)
o da(wAB) = (dw)ANb+ (—1)Pw A (dab), for w € Q5,0 € Q% (E).

Remark 1.10. The operator d4 extends on a € QP(End E) in the following way:
dgaa=da+ANa—(-1)PanNA=da+[A,d

Proof. First, note that we identify End F with E® E*. So, we need to find what the induced d4 on the
dual space E* and on the tensor product is locally.

For the dual space E*, the exterior covariant derivative d4 : T'(E*) — Q!(E*) is determined by the
following formula: d(t)(s) = da(t(s)) —t(da(s)), where t is a section of E* and s is a section of E. This
map can easily be shown to satisfy the Leibniz rule. ‘

We can rewrite this as da(t(s)) = da(t)(s) + t(da(s)). Assume that locally d4(e’) = B! ® €', where
€1, ..., en is the basis of TX and e', ..., e" is its dual basis. So, after applying the above equation to t = e/,
s = e;, we get:

0 =da(¢(ei) = (B, ® ") (es) + ¢/ (A} @ ex)
= Blow + Aldj
=Bl + 4
Hence, we get that d(e?) = —A? @ ¢ locally, and so da(sie’) = (ds; — 5;A7) @ €.
Next, the operators d4 on E and E* naturally induce d4 on EQ E* by da(s®t) = da(s)@t+s®dal(t),

for ¢ a section of £* and s a section of F.
Now, we are ready to compute what this d4 is locally. Using the second bullet point of Definition 1.9,



for a € QP, we have:

dA(a§®ei®ej):da§®ei®ej (-1)
=dai®@e;@el + (—1)Pal A (A @er el — Al ®e; @)
=dai®e;®el + (—1)Pal NAF @ ep @ el + (—1)PT el AN AL @ e; @ €
=da} ®e; ® e 4+ (—1)P(-1 )pAf/\aj@)ek@ej—(— )P aj/\Ai®ei®ek
=dadi®e; @/ + A Naf @e; @€l — (—1)Paj N AT @ e; @€
= (daj + [A,a];) @ e; @ €’

1 pa Ada(e;®e?)

And hence, using matrix notation we get the desired dpa = da + [A4, a]. O

Definition 1.11. The curvature of the connection is Fs = d% € Q2% (gg). One can easily show that it
transforms in the following way under bundle automorphisms: F,4) = uF' au~!. We call a connection
flat if its curvature is zero. A

Remark 1.12. For a smooth manifold X, consider the trivial bundle R® = R" x X or C" = C" x X.
Then this bundle admits a product connection whose covariant derivative is just ordinary differentiation
of vector-valued functions, i.e. V4 = d. Clearly this connection is flat.

Proposition 1.13. Given a connection A and a € Q*(End E), we have that Fay o = Fa +daa+aAa.

Proof. We will use the fact that Fy = dA + A A A. So,

Faro=d(A+a)+(A+a)N(A+a)
=dA+ANA+ (da+[Aa)+aNna
=Fjp+dga+alNa

Proposition 1.14. The Bianchi identity: daFa = 0.

Proof.

da(Fa) = d(Fa) + [A, F4]
= d(dA+ AN A) +[A, Fa)
= d?A+d(ANA)+[A, Fal
=dANA—ANdA+ A, F4]
= (Fa—AY)ANA— AN(Fy — A?) + [A, Fa)
=FANA—A> —ANFy+ A3+ [A, F4
=FANA—ANF4+[A Fa
=0

O

Definition 1.15. Using the Hodge star *, we define the L? inner product (a,b)r> = fX tr(a A *b)dpu,
for a,b € QP(gg). Then the induced operator d4 on QP(g) has a formal adjoint d*% characterized by the
equation (daa,b)r2 = (a,d%b) . A



Definition 1.16. From now on, we let X be a 4-dimensional, oriented and Riemannian manifold. Then
we have the orthogonal decomposition of the 2-forms on X into the self-dual part, which is the +1
eigenspace of the Hodge star *, and the anti-self-dual part, the —1 eigenspace:

0% =0l 2Oy

This splitting extends to bundle-valued 2-forms and in particular to the curvature tensor F4 of a con-
nection on a bundle E over X as

Fa=FieF; €Q(or)® Qx(ox)

where 0% (gg) = T'(A% @ gg). We say a connection is anti-self-dual (ASD) if F{ = 0 and is self-dual if
Fy =0. A

Proposition 1.17. The differential operator d’ + dj QL = Q0@ Q™ s elliptic. See section 5.2 of the
Appendiz for the definition of ellipticity.

Proof. Let a € Q1. Then (d% + d})(a) = (da,dja) = (— * da * a, 2a0txdaa),

In order to check for ellipticity, we need to calculate the symbol, which is obtainded by replacing all the
occurences of d4 by (A, where ( is a non-zero 1-form.

So, we obtain a function a — (— * (¢ A xa), W%(CM)) = (—(%.q, CM%W) Now we need to prove
it is invertible. Note that the dimensions of the domain and the codomain are both equal to 4, so it is
enough to show injectivity, i.e. if C#J(I, =0and (Aa+*(C Aa) =0, then a = 0. So, assume this is the
case. Then:

0="CRa(CAa++(CAa))
= <#J(< Aa— C#J *a))
=c*a(Cna) = ¢Fa(ctaxa)

= () na—CA(Ctia) -0
=[¢Pa=¢ A0
= |¢|%a

So, since ¢ is non-zero, we obtain a = 0, as required.
Similarly, one can show that the operator d* + d : @, Q%! — @, Q% is also elliptic. O

Definition 1.18. The Yang-Mills functional on the space of all connections on E is defined to be:

|Fall? = /X |Fa 2y = /X \F 2y + /X F Py,

for a connection A. A
Proposition 1.19. The critical points of the Yang-Mills functional satisfy d% Fa = 0.

Proof. We know that the space of connections can be described as {A +a : a € Q'(End E)} and that
Faro=Fp+daa+aAa.

Suppose A is a critical point of the Yang-Mills functional. Consider a one-parameter family of connections
on E given by A. = A + ea, with € € (—tg, o), for some small t5 and a € Q' (End E). Then,

Fyiea = Fa+da(ea) + (ea) A (ea) = Fa + edga + eaNa

and



”‘FA+“‘||%2 = (FAJrem FA+ea)L2
= (Fa+edaa+€aNa,Fa+edpa+eana)g
= (Fa,Fa)r2 +2e(Fa,daa)2 + €(---)

Hence,

d .
ZeUIFPaveallZ)le=o = 2(Fa, daa) 2 = 2(a, dyFa) 2.

Since A is a critical point, 0 = 2(a,d’ Fa) 2, for any a. Thus, d%F4 = 0. O
Corollary 1.20. Combining with the Bianchi dentity daFa = 0, we get that the critical points of the
Yang-Mills functional are solutions to the Yang-Mills equations:

daFa =0
A4\ Fs=0

Remark 1.21. Here, we will use some facts about Chern classes, which can be found in [8].

Let L be a Hermitian line bundle over a manifold X. The curvature of a connection A on L is a purely
imaginary 2-form which we write as —2mi¢, where ¢ is a real 2-form, which is closed by the Bianchi
identity. It therefore defines a de Rham cohomology class [¢] € H%(X;R). Consider a second connection
A'= A+a. Then F' = F+da, as aAa = 0 for rank 1. Thus, [¢'] = [¢]. Hence, we obtain a cohomology
class which is independent of the choice of connection, and thus depends only on the bundle L. This class
is called the first Chern class ¢; (L) which classifies L. More generally, for any complex vector bundle F,
with a connection A, the first Chern class ¢, (E) is represented by ;=7r(Fa). See the appendix of [8] for
more details.

Now, consider the 4-form T'r(F3) definded by a connection on a Hermitian bundle E. Again, this is a
closed form whose de Rham cohomology class depends only on F, not on the particular choice of the
connection.

In fact, for a complex vector bundle we have [g25Tr(F3)] = c2(E) —
Chern classes.

When bundles have the structure group SU(2), then Tr(F4) = ¢1(E) = 0. In this case, for a compact,
oriented manifold, we identify H* with integers and write c2(E) = g5 [ Tr(F3) € Z.

1c1(E)? € H*(X), where ¢y, ¢y are

Remark 1.22. For the Lie algebra u(n) of skew adjoint matrices Tr(¢?) = —|¢|*.

Also, we have that for any 2-form 3, 8 = B4 + B_, and so 2 = 82 + 264 A B_ + B2 = B2 + B2,
since ASD and SD spaces are orthogonal. Next, using the fact that S+ = % * B4, we get that 5% =
By AxBy — B— AxB_ = |B+|?du — |B-|?du, where dp is the Riemannian volume form. Hence, Tr(F3%) =
—(|F{? = |Fy|?)dp. Thus, a connection is ASD if and only if Tr(F3) = |F [*dp.

Also,

stea(B) = [ Tr(Fidn = [ |FiPan- [ |FiPan
X X X

while for the Yang-Mills functional

| Fall? = /X |Fa 2y = /X \Fy Pdp+ /X \F Pdu.

So,
IFalP = $x*ca(E) +2 [ | P
X
Thus, when c¢s is nonnegative we get that A is ASD = A is an absolute minimizer for the Yang-Mills

functional.
Clearly, in this case, A is ASD iff ||[F4]|? = 872ca(E).



Similarly, if co(E) is nonpositive, we obtain that A is SD = A is an absolute minimizer, and A is SD
iff [|[Fa]|? = —87%ca(E).

Definition 1.23. The standard 4-dimensional characteristic class for a real O(n) bundle is the Pon-
tryagin class p1(V) = —co(V ® C) € H*X,Z). Such a bundle also has a Stiefel-Whitney class
we(V) € H%(X,Zsy) such that wo(V)? = p1(V) mod 4. See [9] for more details. A

Definition 1.24. We make the following convention for vector bundles over a compact oriented 4-
manifold:

k(E) = c2(E), for SU(2) bundles E,

=c(E) — %cl(E)Q, for U(r) bundles E,

= _%pl(V), for SO(r) bundles V.

We then have the Chern-Weil formula (E) = gtz [, Tr(F3) . A

Proposition 1.25. If a bundle E over a compact, oriented Riemannian 4-manifold admits an ASD
connection, then k(E) > 0, and if k(E) = 0, any ASD connection is flat.

Proof. This follows from Remark 1.22. O

2 Holomorphic bundles

When the base space X admits a complex structure, we can rewrite the ASD condition in two pieces,
one of which has a simple geometric interpretation as an integrability condition.

For simplicity, consider the base to be the Euclidean space R?, with connection matrices A;. Then the
ASD condition FZ = 0 can be represented as a system of partial differential equations:

Fio+ F3,=0
Fig+Fs=0
Fizg+Fp=0

where Fj; = [V;,V;] = 8;? - % — [Ai, Al

Now, when you think about the base space as C? equipped with the flat Euclidean metric, these conditions
can be rewritten as:

[Vl +1iVsy, V3 + iV4]

= 0 (the integrability condition)
[V1,Va] 4 [Vs, V4] = 0 (the condition that F)y = 0, from Proposition 2.11)

Definition 2.1. Let Z be a complex manifold. A holomorphic vector bundle £ over Z is a complex
manifold with a holomorphic projection map 7 : £ — Z and a complex vector space structure on each
fibre £, = 7~ !(2), such that the data is locally holomorphically equivalent to the standard product
bundle. A

Definition 2.2. The complexified de Rham complex (},d) splits into a double complex (27,9, ),
with d =94 0, and 0 : Q7 — QPTLA and J : QP9 — QP+l

Now, for any complex vector bundle E over Z, we write Q29(E) for E-valued (p, ¢)-forms.

Given a holomorphic structure £ on E, there is a linear operator dg : Q%4(E) — Q%7 (E) uniquely
determined by:



o Je(fs) = (9f)s + f(Des),
e Ogs vanishes on an open subset U C Z if and only if s is holomorphic (9s = 0) over U.

A

Remark 2.3. The operators Og satisfy 02 = 0, hence we obtain the Dolbeault cohomology groups
H*(g) = kerﬁg/imag.

Theorem 2.4. On a C*° complex vector bundle E over a complex manifold Z, a partial connection
O, i.e. an operator Q% (E) — Q%’l(E) which satisfies the Leibniz rule, is integrable, meaning that local
holomorphic trivializations exist, if and only if 0% € Q%Q(End E) is zero.

Proof. See page 282 of [5] for a proof. O

Corollary 2.5. Decompose Fy = FZ’O—FFi’l —&—Fg’z, Then Fg’z = 0%, where D4 is the partial connection
induced by A. Then the connection is compatible with a holomorphic structure, i.e. 0o = Og, if and only
if F9% = 0.

Proof. Tf 84 is the @ operator for some holomorphic structure, then clearly F3* = 8% = 0.
For the converse, we just apply Theorem 2.4. O

Definition 2.6. A connection A on a complex vector bundle F over Z with a Hermitian metric is called
unitary if d(s,t) = (das,t) + (s, dat), for any two sections s,t of E.

Note that a unitary connection has a skew-Hermitian matrix of coeflicients in any unitary local trivial-
ization, i.e., AT = —(A")*, where A" is a matrix of 1-forms s.t. V4 =d+ A7.

This is because if e; forms a local orthonormal frame for E, then §,; = (e;, e;). So, after differentiating,
we get:

0= (daei, ;) + (e, daej)
= (Airer.ej) + (ei, Ajrer)
= AirOrj + Ajdin
= Aij + Aji

A

Lemma 2.7. If E is a complex vector bundle over Z with a Hermitian metric on the fibres, then for
each partial connection 0, on E there is a unique unitary connection A such that 04 = 0, .

Proof. Consider local unitary trivializations, where the partial connection 0, is represented by a7, a
matrix of (0,1)-forms. Then A7 is uniquely determined as a™ — (a”)*, because it satisfies the unitary
condition AT = —(A7)* and the compatability connection (A7)%! = a7, as (a™)* is a matrix of (1,0)-
forms. O

Proposition 2.8. A unitary connection on a Hermitian complex vector bundle over Z is compatible
with a holomorphic structure if and only if it has curvature of type (1,1), and in this case the connection
is uniquely determined by the metric and holomorphic structure.

Proof. Note that the curvature of a unitary connection is skew-adjoint, hence F*? = —(F%2)*. Thus,
having a curvature of type (1,1) is equivalent to F®2? = 0. So, we can just apply Corollary 2.5 and
Lemma 2.7. O



Definition 2.9. Let Z be a complex manifold of complex dimension 2 with a Hermitian metric on its
tangent bundle. Then it is also an oriented Riemannian 4-manifold. We have two orthogonal decompo-
sitions of the complexified 2-forms on Z:

QZ — QQ,O P Ql,l e QO,Q
P =0ta0"
The complex structure and metric together define a (1, 1)-form w by the rule w(¢,n) = (¢,in). Hence,

Qb =0l ¢ 00w, where Q! is forms pointwise orthogonal to w. A

Lemma 2.10. The complezified self-dual 2-forms over Z are
Ot =0*" 3 Qe
and the complexified anti-self-dual forms are

Q- =Lt

Proof. 1t is enough to prove this result in C?, with complex coordinates z; = x1 + 9,20 = X3 + i24.
For the standard Hermitian metric, where dz1, dzs, drs, dz,4 is the orthonormal basis, we know that:

Q" = span{dz; A dry + dx3 A dxy,dzy A dvs — dre A dvg, dovy A dzy + dog A dzs)}

O~ = span{dxy A dzy — dxs A dxy,dzy A dxs + dzg A dxy,dzy A day — deg A dxs}

Now, 0% and Q%2 are spanned by dz; A dzs and dZ; A dZ, respectively, i.e., Q%0 @ Q%2 is spanned by
real and imaginary parts of

dz1 Ndzy = d(x1 4 ix) AN d(zg + ixy) = (doy Adrs — das Aday) +i(day Adey + das A das)

Since w = dx1 A dzo + dxs A dzs, we get that QT = Q20 @ Q%w @ Q02
Note that to finish the proof, it is enough to show Q= C QL1

We have:
(w,dxy Adxes — das Adxy) =(dxy A dag + des A day, dey A deg — des A dxy)
:(d.’L‘l ANdzs,dry A dl‘g) - (dl‘l Adxo,dxs N dl‘4)
+ (dzs A dxg,dzy A dzs) — (des A dzg, dzs A dzy)
=1-0+0-1
=0
The other two calculations are similar. O

Proposition 2.11. If A is an ASD connection on a complex vector bundle E over the Hermitian complex
surface Z, then the operator O defines a holomorphic structure on E. Conversely if € is a holomorphic
structure on E, and A is a compatible unitary connection, then A is ASD if and only if Fa = (Fa,w) = 0.

Proof. Assume A is ASD, i.e., FX = 0. Then by Lemma 2.10, F%2 = 0, so we just apply Corollary 2.5.
For the second part, if A is ASD, then (F4,w) = (Fi{ + Fy,w) = (Fy,w) = 0, because Q= = QL.
Conversely, since A is a compatible unitary connection, its curvature has type (1,1), meaning that the
(0,2) and (2,0) parts are 0. So, Fu = F4 + FY, where F§ is the QL' part, and FY is the Q% part.
Since, 0 = (Fa,w) = (F§ + FY{,w) = (F{,w), we get that F{ = 0, implying that F* = 0. O



3 Uhlenbeck theorem

One can easily show that a flat connection can be locally represented by a zero connection matrix in
a suitable gauge. Therefore, it is natural to ask whether a connection with small curvature can be
represented by another small connection matrix in some gauge. This leads to the concept of “gauge
fixing”, which gives us the optimal connection matrix. The main result of this section is Corollary 3.8
which is a “sequential compactness” results of ASD connections, modulo gauge transformations, on a
small ball.

3.1 Main Theorems

Remark 3.1. We will work in the framework of Sobolev spaces. See section 5.1 of the Appendix for
more information.

Definition 3.2. Suppose Ay is a connection on a unitary bundle F — X over a Riemannian manifold
X, and consider the gauge equivalence class of another connection A on E:

H={u(l)|ueg}cCA
We say that a point B in #H is in Coulomb gauge relative to Ag if %y (B — Ag) = 0. A

Remark 3.3. The definition of Coulomb gauge relative to Ay is motivated by the desire to minimize
the L? norm of B — Ag over the equivalence class H.

For example, consider a one-parameter family of gauge transformations exp(ty), denoted as e‘X, where
x € Q%gg) has compact support. Then:

d

d _ -
Sl (B) = Aol?|_ = Tl Be™ — de)et — Aol?| _

0 0

Note that for a fucntion H(t), we have 4| H(t)|[> = £ (H(t), H(t)) = 2(H(t), H'(t)). So, using also
Remark 1.8, we get:

%HetX(B) — Ao)? = 2(e'XBe™™X — d(eX)e™ X — Ay, %(etXBe*tX —d(eX)e™™ — Ay))

t=0

B = g, (xe"* Be™ = X Bye ™) — (d{xe™)e ™ + d(e™) (~xe™))|
B — Ao, (xB — Bx) — dx)

B - A07 [X?B] - dX)

t=0

= —2(dp(B — 4o),X)

Proposition 3.4. Let X be a compact Riemannian 4-manifold and A be a connection on a unitary
bundle E over X. There is a constant c(A) such that if B is another connection on E and ifa= B — A
satisfies |V aV aal|®> + |lal|* < ¢(A), then there is a gauge transformation u such that u(B) is in Coulomb
gauge relative to A.

10



Proof. We have:

w(B) =u(A+a)
=A+a— (dayou)u”
:A+a—(dAu+[a ul)u~t
= A+a— (dau)u"' — (au —ua)u™!

= A— (dpu)u™" +uau™!

We need u such that d% (A —u(B)) =0, i.e. d%((daw)u™! —uau=1) = 0 We will look for u of the form
exp(x), where x € I'(gg), which we will denote by eX. To do this, we will apply the Implicit function
theorem to the function

G(a,x) = dx((daeX)e™™ — eXae™X)

First, we will think of G as a function on 1-forms a in L3 and sections x in LZ. Also, note that G now
has values in L?. Next, we need to calculate the derivative at a = 0, x = 0:

DG(0,0)(b,¢) = ‘ Gltc. 1h)
- %‘t:odj‘((d‘qetg)eitc — efSthe 1)
= d3((da€’)(=¢e™™) + (da(Ge)e™) = (¢ be™ +1(..))) t=0
= d(da¢ —b)

In order to use the Implicit function theorem (Theorem 5.8 from the Appendix), we need the map
¢ — DG(0,0)(0,¢) = d%da( to be surjective. This follows from the fact that the image of the Laplace
operator d*d4 is the image of d%, see [12] for this Hodge-theoretic fact. Also, note that |V AV aal® +
lla|/* is a norm on L2, so the Implicit function theorem gives us a small solution x if a is small, i.e.
[V aVaal® + |lal? < ¢(A), for some constant ¢(A). O

Definition 3.5. Let B* be the unit ball in R* and m : R* — S* be the standard stereographic projection
map, which is a conformal diffeomorphism from R* to S* minus a point.
A

Now, we state two main theorems of this section along with their corollary. Their proofs will come in

section 3.2 after proving some preliminary results.

—4
Theorem 3.6. There are constants €1, M > 0 such that any connection on the trivial bundle over B

(it means it is smooth up to the boundary) with ||Fal| 2 < € is gauge equivalent to a connection A over
B* with

d*A=0
14Nz < M[Fzle
Proof. Given in Section 3.2. O
Theorem 3.7. There is a constant e; > 0 such that if A is any ASD connection on the trivial bundle

over B* which satisfies the Coulomb gauge condition d*A =0 and ||A||L4 < €3, then for any interior
domain D C B* (i.e. D C B*) and any l > 1 we have

11



[AllL2(py < Mip | Fallp2(pa)

for a constant M; p depending only on | and D.
Proof. Given in Section 3.2. O

Corollary 3.8. There exists a constant € > 0, such that for any sequence of ASD connections Ay, over
B* with ||F(Aa)l| 2 < € there is a subsequence o and gauge equivalent connections A, which converge
i C* on the open ball. Note that this is a “sequential compactness” property for ASD connections
modulo gauge transformations and restricted to a small ball.

Proof. Let € = min(e1, #%;), where C' is the Sobolev constant from the Sobolev inequality 5.2 ||A][zs <
CllAl 2

Then, if A, is a sequence of ASD connections over B*, with ||F(Ay)||2 < € < €1, we can apply
Theorem 3.6 to get a gauge equivalent sequence Ea, with all the conditions for A,’s from that theorem.

Then, note that for all «, [|[Aallps < CllAallLz < CM||Fgllz: < CM &3 = €2. Thus, we can now

apply Theorem 3.7 for each of the ga’s. We obtain a uniformly bounded sequence, which we call again
as A, with uniformly bounded derivatives. Therefore, we can use Arzela—Ascoli theorem to extract a
subsequence which converges uniformly in C* on the open ball. O

3.2 Proofs of Theorems 3.6 and 3.7

Lemma 3.9. Let B be a connection on the trivial bundle over S* in Coulomb gauge relative to the
product connection (i.e. with d*B = 0). There are constants N,n > 0 such that if |B||;« < 1 then
IBllL: < NI[FsllL:-

Proof. Since H'(S*) = 0 and d*B = 0, we can use Remark 5.2 to get an inequality:
IBllz < c1lldBl| 2

for some ¢; > 0.
Next,
IBA B2 < ||B|74

Using Proposition 5.2 from the Appendix, we get
[Bllzs < callBllrz

for some ¢y > 0.
Hence, since dB = Fg — B A\ B, we get that

1Bz < eilldBllLz < ex([|[FBll2 + ol BllLal| Bllz)

and thus,
[Bllz2(1 = crc2]|B[2+) < erl| F| 2
So, take n = 52—. We get that if ||Bl/ps < ﬁ, then [|B|2(1 — clcgﬁ) < ¢1]|FB||r2 and so,

2cic
[BllLz < 201||FB]]|22. Therefore, the required N = 2¢;.
O

Lemma 3.10. There is a constant 7’ > 0 such that if the connection B of Lemma 3.9 has ||B|| . <
n' then for each Il > 1, a bound HB||Ll2+1 < fil@Qi(B)) holds, for a universal continuous function fi,

independent of B, with f,(0) =0, where Q;(B) = |Fp|r~ + Zlizl ||Vg)FB||L2, for Vg) =Vg---Vg.
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Proof. The proof is quite technical, it uses mostly elliptic theory, Sobolev and Holder inequalities. We
therefore choose to omit it. It can be found at p. 61 of [2]. O

Proof of Theorem 3.7. Let A be an ASD connection on the trivial bundle over B* such that d*A = 0.
Consider the differential operator § = d* + dt. Similarly to Proposition 1.17, it can be shown to be
elliptic. Since A is ASD, we have that (dA+ AA A)T =0, ie.,, d"A+ (AN A)T = 0. Combining with
the fact that d*A = 0, we get that 6A + (A A A)t = (dt +d*)A+ (AN A)t = 0.

Assume that the base manifold is S*. Also, let B* be contained in S* using the stereographic map.
Note that the flat metric on B* is conformal to the round metric on S* and the L? norm on 2-forms in
4-dimensions is conformally invariant.

For any interior domain D of B*, let ¢ be the map with support in B* and 1 on D. Then, extending by
0, we get another connection matrix o = ¢A defined on all of S*. Now,

5(¢A) = d*(pA) + d*(¢4)
= (d(@A))" — xd x ($4)
= (dp A A+ ¢pdA)T — xd(¢ x A)
= (do A A)T + ¢d (A) — x(do A +A + ¢d(xA))
= (dp A AT — (AN AT — x(dp A <A) + ¢pd* A
=(doAA)T = (anA)t — (do)¢.A

Now, we apply the estimates for §. Referring to Remark 5.2, we have ||a|[z < const||da| 2.
From the calculations above, we get [|dc[zz < [[dp A EHL% + e A g||L§ + H(d¢>#JK||L?.
Now, we evaluate a part of ||a A XHL%:

IV(pA@ A)|> = |V(¢A) ® A+ pA@ VA >

= |V(pA) @ A+ A® ¢V A|| 2

=[[V(pA) ® A+ A® V(¢pA) — A0 Vo @ Al 2
< V(¢4 ® Az + [A® V(@A) |12 + | A® Vo © A 12
< const(|[V(¢A)| 14| All s + | Al 74)

for some constant depending only on ¢.

Next, ||d¢5/\g\|L§ is bounded by some constant, again depending on ¢, times ||ﬁ||L§ Same for || (dqﬁ)#JﬁHL%.
So, combining all the inequalities, and the Sobolev embedding theorem, we get

lol g < constlléallpe < const(l|Al 2l + 1Allez + [ Al1Z2)-

This, can be rearranged to get an upper bound on [|af[zz in terms of ||E||L§, if ||g||L§ is small enough.

Then, when ¢ =1, a = g, so we went from an L? bound over B to an L bound over D. This argument
can be iterated to get estimates on all the higher derivatives over domains containing D.

O

Proposition 3.11. If A;, B; are sequences of connections on a unitary bundle over a manifold X, all of
whose derivatives are bounded, and if A; is gauge equivalent to B; for each i, then there are subsequences
converging to limiting connections A, Bso, such that A is gauge equivalent to Boy.
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Proof. Since all derivatives of A;, B;’s are bounded, by using Ascoli-Arzela theorem, by possibly passing
to a sunsequence, we can assume that these sequences converge.
Now, let B; = u;(4;), for all i, for some wu;’s. Then we have

B; =u;(4;) = uiAiufl — dum;l

and hence
dui = (uzAzu;l — Bl)u, = ’U,iAi — Bzul

Now, both sequences A;, B; converge, hence all their derivatives are uniformly bounded. We will now
show using induction, that all the derivatives of u;’s are also uniformly bounded. Since U(n) is compact,
we have that u;’s are in C°. Now, assume that u; is bounded in C”, then by the formula above, du;
is bounded in C", hence u; is bounded in C™!. So, we can apply Ascoli-Arzela theorem to obtain a
subsequence which converges in C'*° to some limit u.,. Note that the gauge relation between A;’s and
B;’s is preserved in the limit, finishing the proof of the theorem.

O

Proposition 3.12. There is a constant ( > 0 such that if B; (t € [0,1]) is a one-parameter family of
connections on the trivial bundle over S* with £, |2 < ¢ for allt, and with B, the product connection,

then for each t there exists a gauge transformation u; such that ut(B;) = B, satisfies
d*B;y =0
Bl 2 < 2N||Fp, |2

where N is the constant of Lemma 3.9.

Proof. We will use the continuity method. Consider the set .S C [0, 1] for which such a gauge transfor-
mation u; exists. We will show that S is open and closed. Combining with the obvious fact that 0 € S,
we then obtain that S = [0, 1].

First, we show that S is closed. We consider a sequence s; in S with a limit s and we need to show that
seS.

Note that for each t = s;, || Bt|[zs < C||Bt| 12 < 2CN | Fp,||. < 2CN(. So, pick ¢ such that 20N( <
n,n’ from Lemmas 3.9 and 3.10.
Lemma 3.9 gives us that HBtHL% < N||Fp,|l;2- Lemma 3.10 gives us that ||Bt||Ll2+l < fi(Q(By)), for

all [ > 1, for some continuous functions f;. So since all the derivatives of VS;BFB,, are bounded, and
covariant derivatives of curvature are gauge invariant, we obtain bounds on all the derivatives of By.

Now, from Proposition 3.11, we can note that if we have two sequences all of whose derivatives are
bounded, then by possibly passing to a subsequence, we can assume that the sequences are convergent.
So consider two sequences By, and B;, and apply Proposition 3.11 to get subsequences which converge in
C™ to gauge equivalent limits B, and B respectively. Note that we will have d*B, = 0 and || Bs]| L2 <

2N ||FBSHL§~ Thus, s € S, so S is closed.

Next, we show that S is open. Consider any point {5 € S. We will prove that there exists an interval
around to contained in . WLOG assume By, = B; and call this connection B. Let B] .5 = B + bs.
We want to show that for small bs there exists a required gauge transformation ;.

As in the proof of Proposition 3.4, we will look for solutions of the form eX? and will try to solve the
equation H(xs,bs) = 0, where H(x,b) = d*(eX(B + b)e X — d(eX)e™X).

So, we can think of H, as of a function on L? sections of g and L? ; 1-forms with values in gg. Also,
H has values in L? , sections of gg. In order to use the Implicit function theorem, we need the map
(D1H)o : T'(gr) — T'(gr) to be surjective. Then, we will have a small solution x to H(x,b) =0, if b is
also small, implying that there will be interval around ¢y which is in S.

So, assume for contradiction that it is not surjective. Similarly as before, (D1H)ox = d*dpyx. Then
there exists a non-zero smooth 7 such that (d*dgy,n)r2 =0, for all .
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Choose x = 1. Then 0 = (d*dpn,n)r> = (dpn,dn) 2 = (dn+ [B,n],dn)r> = ||dn||7. + ([B,n],dn)L>.
Now,

lldnll3> <|[([B,n],dn)||rz
<[[B; nlllz21ldn| z»
<const||B||p+||nl|z+|dn]| 2

We know from Hodge Theory that QF = ker(Aqgr) @ im(d*) @ im(d). In our case, for k = 0, since
im(d) N QY = {0}, we have that Q° = ker(Agqo) @ im(d*), where this decomposition is L2-orthogonal.

For X compact, connected we also have that ker(Aqo) is the constant functions and hence im(d*)
is functions orthogonal to constants. Note that these functions have integral zero: [ (d*a)vol =

— ’ 2 2 w2 2
+ [y d(a#wol) = 0, by Stokes’ theorem. Thus, || AgonHLiQ = ||d77||Ll271 +||d 77||L1271 = ||dn||L1271

Consider Theorem 5.5 from the Appendix. Since n L ker(Ago) by assumption, we get an elliptic
inequality: [[n|[z2 < const|| Aqon||z2 = const||dnl|pz_ . Hence, |[n|[z2 < const||dn]|r-.

Next, recall the Sobolev inequality 5.2 and use it twice on B and n to get ||B||fs+ < const||B| 2 and
[nllzs < const||n|| 2. Hence, we obtain: ||dn|7. < const||Bl|z||dn[|7. and therefore, const < ||B||pz, for
some constant.

However, we can choose ¢ > 0, from the statement of the proposition, small enough to have the L? norm
of B; as small as we want, for all ¢t € S. So, we obtain a contradiction, which concludes the proof.

O

Proof of Theorem 3.6. First, we observe that there exists a path from connection A on the trivial bundle
over the ball to the product connection. Consider &; : R* — R* x + ta, for t € (0,1). For such t’s, let
A = 67 (A) be a connection matrix over B*. Note that 49 = 0 and 4; = A. Now,

[ e [ irans [ e

which follows from the conformal invariance of the L? norm of the curvature in 4-dimensions.

Identify B* with a hemisphere of S*. Let r : S* — S* be the reflection map, which is equal to the identity
on the equatorial S sphere and flips the two hemispheres. Also, let p : S* — B* be the projection map,
which is the identity on B* and r on the other hemisphere. Note that p is not differentiable on the
equator, but it is not really an issue. For the clean way to deal with this problem, see page 68 of [2].
Let a be a connection matrix on B%. Set 8 = p*(«a), Fg = p*(F,). These are well-defined L> 1-form
and 2-form over S* correspondingly. Then [, [|Fs|*dp =2 [, || Foll?dp.

So, if we have a connection A over §4, we can use the construction above to make a path to 0 without
increasing the L2 norm. Let B; = p*(4;), i.e., we have a path of connections over S* with the curvatures
being /2 times bigger than the ones of A,. Pick €; so that v/2¢; < ¢ from Proposition 3.12 and apply
it. We get a sequence of gauge equivalent connections B; with d*(Bj) = 0 and ||B£||L% < 2N||Fp;|[z-

Then our desired A is B restricted to B*.
O

4 ASD moduli spaces

As before, let E be a bundle over a compact, Riemannian 4-manifold. In this section we define the
moduli space Mg to be the set of ASD connections on F modulo gauge transformations. This set carries
a natural quotient topology induced from the one on the space on connections A. Although the space A
may be infinite-dimensional, M is finite dimensional. Also, we will see that it has a structure of a real
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analytic space. In the case of SU(2) or SO(3) bundles over some simple manifolds, such as, for example,
54, CP?, or 52 x S2, the ASD equations can be solved, giving us explicit examples of moduli spaces. See
pp. 126-129 of [2] for more information.

4.1 Basic theory

Remark 4.1. The definition of the moduli space is the solutions to the ASD equation, divided by the
gauge group. However, we will consider this problem in the reverse order. First, we consider the set of
all connections modulo the gauge group and then we describe the moduli space inside it.

Definition 4.2. We continue to work in the framework of Sobolev spaces LZQ. We will stay in the range
I > 2 because the Sobolev embedding theorem in 4-dimensions tells that for any such [, the space le
consists of continuous functions. So, for any [ > 2, we define A to be the space of L? | connections on a
bundle E, G to be the group of L} gauge transformations.

Hence, set B = A/G with the quotient topology. We write [A] for the equivalence class of a connection
Ain B.

The moduli space Mg is the set of gauge equivalence classes of ASD connections on E.

In fact, the description of the moduli spaces we will get, is independent of the choice of [. This follows
from the fact that the natural inclusion of M(l + 1) in M(l) is a homeomorphism, where M(l) is L?
ASD connections modulo L? gauge transformations. A

Proposition 4.3. The function d on B x B, defined by

d([A], [B]) = Inf |4 —g(B)]

1
is a metric, where ||A — B|| = (fx |A — B\Qdu) * is the L2 metric on A.

Proof. The properties that d([A], [B]) = d([B], [4)]), d([4], [B]) < d([A], [C])+d([C], |B]), and d([A4], [4]) =
0 follow immediately. So, it is only left to show that d([A], [B]) = 0 implies [A] = [B].

Hence, assume d([A],[B]) = 0. Then we have a sequence g, such that g, (B) converges to A. We need
to show that B and A are gauge equivalent. Let B, = ¢go(B). Then we have dgg, = (B — Ba)ga-

Note that since G is compact, g,’s are uniformly bounded and hence dpg,’s are also bounded in L2.
Thus, we can take a subsequence, which we continue to call g,, with a limit g, so that we have weak
convergence in L?, and strong convergence in L2

Then, dgg = (B — A)g.

Now, if ¢ is any smooth section of End F, as g,’s, we have:

(ngv ¢) = hm(ngou (b) = hm((B - Ba)gouphi) = ((B - A)gv ¢)

because B,g, converges to Ag in L.
Thus, we have an elliptic equation for g with coefficients in L? | and so from elliptic regularity (Propo-
sition 5.7 of the Appendix), g is in L?.

In particular, B is Hausdorff in the quotient Ll{l topology. O

Definition 4.4. For A € A and € > 0, we set Ty = {a € Q' (gg) : dya =0, lallpz_, < e}. We will see
that a neighbourhood of [A] in B can be described as a quotient of T4 . for small e. A

Definition 4.5. A connection A on a G-bundle F is reducible if for each point x € X the holonomy maps
T, of all loops v based at x lie in some proper subgroup of the automorphisms group Aut £, = G. A
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Definition 4.6. The isotropy group I'4 of a connection A in the gauge group G is
'y ={ueglu(d) = A}
A

Remark 4.7. Note that if the base manifold X is connected, then I'4 is isomorphic to the centralizer
of the holonomy group H4 in G. Also, I'4, as a closed subgroup of G, is also a Lie group. Its elements
are the covariant constant sections of the bundle Aut E, and hence the Lie algebra of I'4 is kernel of the
covariant derivative d4 in Q% (gg). The group I'4 acts on Q4 (gg) and on The.

Proposition 4.8. For small € the projection map from A to B induces a homeomorphism h from the
quotient Ta /T 4 to a neighbourhood of [A] in B. For a in T4 ., the isotropy group of a in T 4 is naturally
isomorphic to that of h(a) in G.

Proof. This is a common argument in differential geometry, however, the proof is highly non-trivial. For
a similar statement and its proof, one can consult [3]. O

Definition 4.9. Let A* = {A € A4 = C(G)}, where C(Q) is the centre of G. Note that C(G) is
the smallest isotropy group that can be, because the elements of C'(G) correspond to the constant gauge
transformations u, and so u(A) = uAu~! — (du)u~! = A. Now, let B* in B be the quotient of A*. A

Remark 4.10. For simplicity, we only consider the irreducible connections, i.e., when the stabilizer
I'4 is trivial. Proposition 4.8 says that B* is modelled locally on the balls T4 . in the Hilbert spaces
kerd% C L? |(Q'(ggr)). However, the description of B\ B* is more complicated. For example, when
working with SU(2) connections, there is a result saying that a connection is reducible if there is a
decomposition E = L @ L', where L is a complex line bundle over X. This, in turn is equivalent to the
condition c3(E) = —c1(L). See pp. 132-134 of [2] for more information. Thus, we always make sure to
stay in the irreducible case.

Remark 4.11. We obtain local models for M within the local models for the orbit B space. Let A be
an ASD connection and define: v : Ty . — QF (gp), ¥(a) = FH(A+a) =dla+ (aNa)t.

Let Z(¢) € T4 . be the zero set of ¢. The map h from 4.8 induces a homeomorphism from the quotient
Z(¢)/T 4 to a neighbourhood of [A] in M.

4.2 Fredholm theory

Definition 4.12. A bounded linear map L : U — V between Banach spaces is Fredholm if it has finite-
dimensional kernel, cokernel and closed image. The last condition is actually redundant.

Hence, the kernel and the image of L are closed and admit topological complements, so we can write
U=Uyd F,V =Vy® G, where F and G are finite-dimensional and L is a linear isomorphism from
Uy to Vo. The index of L is the difference of the dimensions: ind(L) = dim(ker L) — dim(coker L) =
dim(F) — dim(G). A

Definition 4.13. Let N be a connected open neighbourhood of 0 in the Banach space U. A smooth
map ¢ : N — V is called Fredholm if for each point z in N the derivative (D¢), : U — V is a linear
Fredholm operator. In this case the index of (D¢), is independent of  and is referred to as the index
of ¢. A

Remark 4.14. Let ¢ be such a Fredholm operator with index r and ¢(0) = 0. For the purposes of
this section, we regard such two maps being equal if they are equal on an arbitrary small neighbourhood
of 0. Suppose that L = (D¢)g is surjective, so the index is the dimension of the kernel of L. The
implicit function theorem in Banach spaces the says that there is then a diffeomorphism f from one
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neighbourhood of 0 in U to another, such that ¢ o f = L. We will just say that ¢ is right equivalent to
the map L if they agree under composition on the right with a local diffeomorphism.

Proposition 4.15. A Fredholm map ¢ from a neighbourhood of 0 is locally right equivalent to a map of
the form ¢ : Uy x F — Vo x G, ¢(¢,n) = (L(C),a((,n)), where L is a linear isomorphism from Uy to Vp,
F and G are finite-dimensional, dim(F) — dim(G) = ind(¢), and the derivative of a vanishes at 0.

Proof. Let ¢ = pry, o¢ : N — V. Then the derivative of ¢’ at 0 is surjective by construction. So, using
the previous remark, we can apply a diffeomorphism f between some small neighbourhoods of 0, to get
the required map ¢. O

Corollary 4.16. We obtain o finite dimensional model for neighbourhood of 0 in the zero set Z(¢).
Under a diffeomorphism of U this is taken to the zero set of the smooth map: f : F — G between
finite-dimensional vector spaces given by f(y) = «(0,y).

Proof. We use the previous Proposition 4.15 to get the right equivalent map 5 So, we need to find the
zero set of ¢(¢,n) = (L({),a(¢,n)). Since L is an isomorphism, ¢ has to be equal zero. So, the zero set
of ¢ can be identified with the zero set of the function F' — G : n+— «(0,7n), which we call f. O

4.3 Local models for the moduli space

Proposition 4.17. If A is an ASD connection over X, a neighbourhood of [A] in M is modelled on a
quotient f=1(0)/T 4, where f : ker(64) — coker(d}) is a I a-equivariant map.

Proof. We have the map 1 : T4 . C ker(d%) — Q% (9g),a— dia+ (ana)T.
Hence,

(Dv)o(b) = % tzo(dj(tb) + (tb A tb)T) = d (b).

We already know that the operator 64 = d% + dj Q= Q%@ Q7 is elliptic. This is equivalent to saying
that d : ker(d*) — Q% (gg) is elliptic, which (because X is compact) implies that it is Fredholm.
Consider the the following sequence of operators:

di

da

0 QO Ot ot 0

Note that since A is ASD, it is a complex. So, take the associated symbol complex:

CA o TN
0 R VS AR(V) —— 0

where ¢ # 0 and 7 is the projection on the self-dual part. It can be easily shown that this complex
is exact, and so the original complex is elliptic. Hence, the standard elliptic theory tells us that in the
original complex the images of the operators are closed subspaces and that the cohomology groups are
finite dimensional. For more information on this argument, see Lemma 5.2.5 on p. 97 of [4].

So, in particular, d4(2°) = im(d4) is closed in Q', which implies that Q! = ker(d*) @ im(d4). Thus, we
have:

im(64) = 0 (d4],,, ) = dh (ker(dh)) = di(ker(dy) & im(da)) = d5 (1) = im(d)
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where the equality d;(ker(d*)) = d¥(ker(d’) @ im(da)) follows from the fact that d(im(d4)) = 0, as
A is ASD. Hence, coker(84) = coker(d}).

Thus, apply Corollary 4.16 to get that Z(¢) is modelled as the zero set of some smooth map
f i ker(64) — coker(d4) = coker(d¥)

and combined with Remark 4.11, we get the desired result.

Note that in the complex above, ker(d4) is the cohomology group at Qg and coker(d¥) is the cohomology
at djg, which, as mentioned before, are finite dimensional. Therefore, we can summarize this proposition
as the following theorem: O

Theorem 4.18. Locally, the moduli space is the zero set of a smooth map f : F — G, for some finite

dimensional spaces F,G. Hence, if G =0, it is smooth. This is why G is called the “obstruction space”
and when G =0, we say that the moduli space is “unobstructed”.
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5 Appendix

5.1 Sobolev spaces

Definition 5.1. Consider a compact manifold X with a vector bundle V. After choosing a metric on X,
a fibre metric and compatible connection A on V', we define the Sobolev space L% to be the completion
of smooth sections of V' with respect to the norm

k 1
Isllg = (3 [ 19 stpavor)”
1=0

For more information on Sobolev spaces and the proof of the following theorem, one can consult [1].

A

Proposition 5.2. Sobolev embedding theorem: There exists a constant C > 0 such that for any connec-

tion A, we have:
[Alls < Cll Al

5.2 Elliptic inequalities

Definition 5.3. Let E, F be two vector bundles over a compact manifold X and P : I'(E) — I'(F) be
a linear differential operator of order k. That means that we can write P in index notation as

Py =AY, o4+ By, o g4+ KUV v+ Ly

for a section v of E, where A% Bi-ik-1 are tensors taking values in E* ® F.
Now, for each point z € X, and each ¢ € T (X), define o¢(P,z) = A% ...¢,. Then o¢(P,z) i
a linear map from E, to F,. Let o(P) : T*(X) x E — F be the bundle map defined by o(P)((,v
oc(P,x)v € F,, whenever z € X, ( € T)(X) and v € E,. Then o(P) is called the symbol of P and
o(P)(¢,v) is homogeneus of degree k in ¢ and linear in v.

»n

>

Definition 5.4. Let P : T'(E) — I'(F) be as before. We say P is an elliptic operator if for each z € X
and each nonzero ¢ € T)(X), the linear map o¢(P,z) : E, — F, is invertible. A

Theorem 5.5. Let P : I'(E) — I'(F) be a smooth linear elliptic operator of order k, for E, F wvector
bundles over a compact Riemannian manifold X. Let 1 > 0 and p > 1 be integers. Then there exists a
constant D such that if v € L} (E) and v L ker(P), then ”U”LiH < D[|Pv| rr.

Proof. See Proposition 1.5.2 on page 17 of [6]. O

Remark 5.6. Consider the operator
d+d: Pt - Pox
i i

Similarly to Proposition 1.17 it can be shown to be elliptic.

If we suppose H'(X) = 0, all the 1-forms are orthogonal to the kernel. For example, in 4-dimensions, if
is any odd degree mixed form in the kernel of d+d*, it is in the kernel of (d+d*)? = d*>+d*d+dd*+(d*)? =
d*d + dd*, which is the Laplacian. So, both the 1-form and 3-form parts are harmonic. However, since
HY(X) = H3(X) = 0, by the Hodge theorem, there are no nonzero harmonic 1-forms or 3-form. So, we
get that a = 0, and so the kernel of d + d* is zero.

Hence, Theorem 5.5 gives the inequality

[Allzz < c(ld™Allzz_, + [1dAllzz )

—1
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for some ¢ > 0.
In particular, if we suppose d*A = 0, we obtain:

1All2 < elldAll;

Similarly,
S=d*+d": Q% - Q% @ QF

is an elliptic operator, which has kernel zero on Q% if H'(X) = 0.
So we can obtain
ez < 'l|6ar]| s

for some ¢’ > 0.
Proposition 5.7. Elliptic reqularity: Suppose that P : T'(E) — T'(F) is as in the setting of Theorem 5.5.

Let p > 1,1 > 0 be integers. Assume P(v) = w holds weakly with v € LY(V), w € LY(W). Then if

w e LY(W), we have v € L] (V).

Proof. This is Theorem 1.4.1 on page 13 of [6]. O

5.3 Implicit function theorem

Theorem 5.8. Suppose E1, Es and F are Banach spaces and f : Ey X E5 — F is a smooth map. Write
(D1)f, (D2)f for the partial derivatives. Then if (D2)f : Eo — F is surjective and admits a bounded right
inverse, then for all m1 near (1, there exists a unique solution ng to the equation f(n1,n2) = f(C1,C2).

Proof. See Theorem 6.2.1 of [7]. O
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