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Abstract

In this paper we demonstrate how the Legendre transform connects the statements of
Noether’s theorem in Hamiltonian and Lagrangian mechanics. We give precise definitions of
symmetries and conserved quantities in both the Hamiltonian and Lagrangian frameworks and
discuss why these notions in the Hamiltonian framework are somewhat less rigid. We explore
conditions which, when put on these definitions, allow the Legendre transform to set up a one-
to-one correspondence between them. We also discuss how to preserve this correspondence when
the definitions of symmetries and conserved quantities are less restrictive.
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1 Introduction

This paper studies the theorem that Emmy Noether published in 1918, which provides a mathe-
matical way to see connections between ‘symmetries’ and ‘conserved quantities’. As we shall see,
Noether’s theorem can be stated in both the Lagrangian and Hamiltonian frameworks. In Section
6 we demonstrate how the Legendre transform relates these statements and furthermore how, un-
der specific requirements, it gives a one-to-one correspondence between the respective notions of

symmetry and conserved quantity.

Section 2 is dedicated to introducing the tools needed from symplectic geometry to formulate
Hamiltonian mechanics. In Section 1.6 we will see how geodesic flow on a Riemannian manifold
arises as a symplectomorphism generated by a specific diffeomorphism. In Section 5.3 we apply
the Legendre transform to this setup and recover an equivalent way to define geodesic flow in the

Hamiltonian framework.

Section 3 gives an introduction to Lagrangian mechanics. In particular, we derive the Euler-
Lagrange equations using tools from the calculus of variations. A Lagrangian is just a smooth
function on the tangent bundle and we will see that when this function is a ‘natural Lagrangian,’
the Euler-Lagrange equations are equivalent to Newton’s second law. We also demonstrate how
the Euler-Lagrange equations are a generalization of Newton’s second law; in particular, the Euler-
Lagrange equations hold in non-inertial reference frames. We give many examples of Lagrangian

systems and then translate these systems to the Hamiltonian framework in Section 5.

In Section 4 we use the tools introduced in Section 2 to study some basic notions in Hamiltonian
mechanics. As mentioned above, the main object of study in Lagrangian systems is the Lagrangian,
which is just a smooth function on the tangent bundle T'M. In Hamiltonian mechanics the main
object is the Hamiltonian, which is just a smooth function on the cotangent bundle T*M. In
Section 2.4 we show how the cotangent bundle always has a canonical symplectic structure and so
we see that an advantage of Hamiltonian mechanics is that it incorporates the use of tools from

symplectic geometry.

After introducing Lagrangian and Hamiltonian mechanics, Section 5 demonstrates how the two
formulations are equivalent under the Legendre transform. Given a Lagrangian L € C*°(TM)
we get an induced map called the Legendre transform, which we denote by ®r, from TM to
T*M. Similarily, given a Hamiltonian H € C*(T*M) we get the induced Legendre transform
Sy : T*M — TM. Under certain conditions, which we discuss, the Legendre transform is a
diffeomorphism. We use the Legendre transform to translate examples given in Section 3 and
Sections 4 into the opposing frameworks. In particular, we will see how the Legendre transform

takes motions in one framework to motions in the other.

In Section 6 we study Noether’s theorem in both the Lagrangian and Hamiltonian frameworks.

We give physical examples in both settings to demonstrate the power of this theorem. We then show



how the statements of NGether’s theorem can be translated, under the Legendre transform, from
one framework to the other. We give examples of how the Legendre transform takes symmetries
to symmetries and conserved quantities to conserved quantities. With the definitions given, we
use the Laplace-Runge-Lenz vector to show how the notions of symmetry and conserved quantity
are not in one-to-one correspondence. However, we fix this problem by putting restrictions on
the symmetries and conserved quantities. Lastly, we discuss the problem of how to make the

correspondence one-to-one when the definitions are more general.

Throughout this paper we will use the Einstein summation convention.



2 Symplectic Geometry

We discuss here the concepts in symplectic geometry which will be needed to formulate Hamiltonian
mechanics in Section 4. In Riemannian geometry, manifolds are equipped with a non-degenerate
symmetric quadratic form, whereas in symplectic geometry the non-degenerate quadratic form
is required to be skew-symmetric. Although there are some similarities between symplectic and

Riemannian geometry, as we shall see there are also some vast differences.

2.1 Symplectic Vector Spaces

Let V be an m dimensional real vector space and €2 : V x V' — R a skew-symmetric bilinear map.
Let U ={u eV ; Qu,v) =0 for all v € V}. Suppose that dimU = k and that {uy,...,ux} is a

basis. Recall the standard form theorem for skew-symmetric bilinear maps:

Theorem 2.1. (Standard Form for Skew-Symmetric Bilinear Maps) With U,V and Q as

above, we can find n € N and a basis u1,...,ug,€1,...€n, f1..., fr of V such that
Qug,v) =0 for all 7 and for allv € V
e, e5) =0=Q(f;, f;) foralli,j
Qles, fj) = & for all 7, j
Proof. This is a fairly straightforward induction proof. See [1], page 3 for details. O

It follows that, with respect to this basis, the matrix representation of €2 is

0 0 O
0 0 Id
0 -Id 0

Definition 2.2. The bilinear map €2 is said to be symplectic (or non-degenerate) if U = {0}. If
this is the case then the pair (V, ) is called a symplectic vector space and {e1,...,en, fi,..., fn}

is called the corresponding symplectic basis.

It follows from the theorem that any symplectic vector space is necessarily even dimensional

and the corresponding skew-symmetric bilinear map is of the form

0 Id
[—Id O]
Example 2.3. (Symplectic Vector Space Prototype)
The simplest example of a symplectic vector space is (R?", Q) where € is defined such that
er = (1,0,...,0),...,e, = (0,...,0,1,0...,0) together with f; = (0,...,0,1,0...,0),..., f, =
(0,...,0,1) form a symplectic basis. The reason this symplectic vector space is referred to as a

prototype is given by the Darboux theorem, which is stated in section 2.2.



Definition 2.4. Let (V1,$) and (V5,Q2) be symplectic vector spaces. A linear isomorphism
@ : V1 — Vs is called a symplectomorphism if ¢*(2y = Q;. Here ¢* is the pullback of ¢ meaning
that (" Qa)(u, v) = Qa(p(u), p(v))-

In the same way that a Riemannian metric induces the musical isomorphism between 7'M and
T*M, where M is some Riemannian manifold, so the skew-symmetric bilinear form €2 induces a

natural isomorphism between V and V*.

Proposition 2.5. Given a symplectic vector space (V,Q), the non-degenerate bilinear form )

induces an isomorphism between V and V* through the map
V-V v Qv, )

Proof. The non-degeneracy of 2 shows this map is injective, while we know that dim V' = dim V'*.

Hence this is indeed an isomorphism. O

Definition 2.6. Let (V, ) be a finite dimensional symplectic vector space and Y C V' a subspace.
The symplectic complement of Y is defined to be the subspace

Ye:={veV; Qu,u)=0forallucY}.
For a subspace Y C V, consider the map
o:V-Y" v Qv )|y

It’s clear that ker ® = Y. The surjectivity of ® follows by combining Proposition 2.5 together
with the fact that any element of @ € Y* can be extended to an element of & € V* such that
aly = a. It follows, by the first isomorphism theorem, V/ Y? = Y* Since dimY = dimY™*, we
have that dimV = dimY + dim Y. Moreover, by definition, Q|y xy is non-degenerate if and only
if Y NY® = 0. That is Qly xy is non-degenerate if and only if V=Y @ Y. This leads to the

following definition.

Definition 2.7. If Q|yxy = 0 then Y is called an isotropic subspace of V. If Y is isotropic and
dimY = %dimV then Y is called a Lagrangian subspace of V.

The above remarks give us

Proposition 2.8. A subspace Y C V is Lagrangian if and only if Y = Y.

2.2 Symplectic Manifolds

Let M be a manifold and let w € Q?(M) be a 2-form. By definition, for each p € M we have that

w(p) := wp is a skew-symmetric bilinear map wy, : T,M x T,M — R.



Definition 2.9. A 2-form w € Q?(M) is said to be symplectic if it is closed and if wp is symplectic
(non-degenerate) for each p € M. In such a case, the pair (M, w) is called a symplectic manifold.

By the standard form theorem, a symplectic manifold is necessarily even dimensional.

Definition 2.10. Given a 1-form p € T* M, the unique vector field V,, in T*M such that w(V},,-) =
p is called the symplectic dual of p. That is, for each p € M we set V,(p) to be the pre-image
of u(p) under the map defined in Proposition 2.5. In other words, V,, is the unique vector field
satisfying

Vidw=p

Example 2.11. (Prototype of a Symplectic Manifold)

Let M = R?" with standard coordinates z',...,2™, y1,...,yn. The form wg := dz’ A dy;

0 0 } so that

is symplectic, and T,M = R? has symplectic basis %‘p ses B | Byr

i B
P Yrlp

(R2", wy) is a symplectic manifold.

The Darboux theorem shows why the manifold above can be thought of as the prototype of sym-
plectic manifolds. The theorem locally classifies symplectic manifolds up to symplecteomorphism.

That is, locally every symplectic manifold is symplectomorphic to (R?",wp).

Theorem 2.12. (Darboux) Let (M,w) be a symplectic manifold. For any p € M there exists a

coordinate chart (U, z',...2", y1,...,yn) centred at p such that
n
wly = Z dz' A dy;
i=1
The coordinates giving this local expression of w are called Darboux coordinates.

Proof. The proof is just an application of the Frobenius theorem together with a characterization
of Darboux coordinates. See [4], page 349 for the details. O

In the same way we defined Lagrangian subspaces of a vector space, we can define Lagrangian

submanifolds.

Definition 2.13. Given a symplectic manifold (M,w), a submanifold (N,:) of M is called a
Lagrangian submanifold if at each p € N, T,N is a Lagrangian subspace of T,,M. That is, N
is Lagrangian if and only if t*w = w|TpN><TpN =0and dim N = %dim M.

We finish this subsection with a simple yet important proposition.

Proposition 2.14. Let (M;,w1) and (Ma,ws) be symplectic manifolds. If (L,t) is a Lagrangian
submanifold of (M1, w1) and f : (M,w1) — (Ma,ws) is a symplectomorphism, then (f(L), f o) is
a Lagrangian submanifold of (Ma,ws).



Proof. By definition, we have that f*ws = w;. Hence
(for)'wy=1"fws=1"w; =0

since (L, ) is a Lagrangian submanifold of (X1, w;). O

Using the results from this section we can answer the question of when a diffeomorphism between

two symplectic manifolds is a symplectomorphism.

2.3 When is a Diffeomorphism a Symplectomorphism?

Let ¢ : (M1,w1) — (Ma2,w2) be a diffeomorphism of two symplectic manifolds. We will see that
the answer to the posed question of this subsection is “if and only the graph of ¢ is a Lagrangian
submanifold of the ‘twisted” symplectic manifold (M; x My,w).” We first formalize the definitions

in this statement.

Given the two symplectic manifolds (Mj,w;) and (Ms,we) as above, consider their Cartesian
product M; x My. Let m and me denote the projection maps onto the first and second factors
respectively. For any a,b € R\{0}, consider the 2-form

w = a(mjwy) + b(mows)

Since the exterior derivative commutes with the pull-back, it follows w is closed. Moreover, to
see that w is symplectic, let (p,q) € M; x My be arbitrary and consider non-zero (V,, W,) €
T, M1 x Ty M. Without loss of generality, suppose that V), is nonzero. By the non-degeneracy of wy
there exists X, € T, M such that (w1),(Vp, Xp) # 0 so that w((p,V}), (q,04)) = a-wi,(Vp, Xp) # 0.

Definition 2.15. In particular, taking a = 1 and b = —1 we obtain the twisted product sym-
plectic form & € Q2(M; x My):

W= Tjw] — Towy

Let T'y, = {(p,¢(p)); p € M} denote the graph of . It’s clear the the function

f:My =Ty pr(pe(p)
is an embedding. Since I'j, is the image of M; under f, it follows that I', is a submanifold of
My x My of dimension 4n — 2n = 2n.

Hence I', always satisfies ‘half’ of the requirements of being Lagrangian. We can now prove the

statement posed at the beginning of this section.

Proposition 2.16. The diffeomorphism ¢ is a symplectomorphism <= T', is a Lagrangian
submanifold of (M1 x Ms,).



Proof. We already know that (I'y,¢) is a submanifold of (M; x My, &), where ¢ : I'y : My x My is

the inclusion map. Let f be as above. We have that

I'y is Lagrangian <= ("w =0
— f"fo=0 since f is a diffeomorphism

— (Lo f)'w=0

But
(bo 1B = (Lo f)F o n])wn — (1o ) o m5)wa = (m 0 1o f)wr — (myo 0 f)ws = wy — @™

Hence

I', is Lagrangian <= ¢ ws = w;
O

Remark 2.17. It is crucial in the above proof that the 2-form on M7 x My is the twisted product

form, otherwise this would not work.

2.4 Canonical Symplectic Structure of Cotangent Bundles

Given an arbitrary manifold M, the total space of the cotangent bundle 7% M can always be turned

into a symplectic manifold. This subsection describes how.

Let M be an arbitrary n-dimensional manifold and 7% M the cotangent bundle. To turn T*M
into a symplectic manifold we need to find a closed symplectic 2-form w € Q2?(T*M). Consider first
the 1-form o € QY (T*M) defined by

) (Vingy) = & (me(Vipg,)))

where (p,&p) € TyM and Vi,¢ ) € T(pe,)(T"M) are arbitrary and . is the differential of the
projection map 7w : T*M — M. Define w := —da. By definition, both a and w are global forms on
T*M. After the computation of o and w in local coordinates, shown below, it is straightforward
to verify that w is symplectic. It is clear that w is closed, since it is exact. Hence (T*M,w) is a

symplectic manifold.

Definition 2.18. The 1-form a € QY(T*M) is called the tautological 1-form and the 2-form

w € Q*(T*M) is called the canonical symplectic 2-form.

For future use we compute here o and w in local coordinates. Let (U, z',...,2") be an arbitrary
coordinate chart in M and (T*U, z',..., 2", &1, ..., &,) the induced chart on T* M. The first thing to

show is how m, : T(T*M) — T'M works. For arbitrary (p,0,) € Ty M and W, , y = W* a(zi

(p,op)



i 0

Wi é% o) € Tip,o,)(T*M) there exists a' € R such that 7. (W) = a' 2% o 1t follows
ai = (ﬂ*(W(p,ap)))(dxi‘p)
= W(ppp)(:(}i ] ﬂ')
:Wjaaj (xi0ﬂ)+wj;) (z' o)
ey Sl
=W

That is,

)

Since « is an element of I'(T*(T*M)) we have functions a1,...,a,,b',...,b0" € C®(x~1(U))
such that a = a;dz’ + b'd¢;. By definition, for arbitrary (p,o,) € T, » M

- vp *\ 9.4 —°p i
(p7‘7p) ax (Pv"p) 81‘
=0y | —
(p.v) 0%

We have shown that in local coordinates

e (Wipoy)) = (P» W'

0
ai(p,op) = X(p,op) Ot

) = 0i(p) = &i(p, op)

and

i 0
b (pa Up) = a(p,ap) (65

)) = op(p,0p) =0 =0(p,0p).
(on'p)

a = &da'

and it follows
w = —da = dz' A d§;

Given another 1-form p € Q'(M) we now show that the graph of j, considered as a function
M — T*M, is a Lagrangian submanifold of T*M if and only if u is closed. To avoid confusion, let
5, denote the map s, : M — T*M given by p +— (p, y1p) and let I's, denote the image of p in T M

su(M):=Ts, ={(p,pp) ; p€ M}

That is, the image of y as a map is the same thing as the graph of s,. Let 7 : T"M — M denote

the projection mapping. It’s clear that mo s, = id.

Proposition 2.19. Let a be the tautological 1-form on T*M. Then s;a = p.



Proof. Fix arbitrary (p,p,) € T's,. By definition, o, (V) = pp(mV). Hence for arbitrary
VeTl,M,

5,0(V) = al($)V) = ({504 V) = (7 0 8,).V) = 1 id(V)) = (V).

Using this we get
Proposition 2.20. T's, is a Lagrangian submanifold of T*M <= p is closed.

Proof. Let 7: M — I's, be the same map as s, but with range restricted to I's,. It follows that 7

is a diffeomorphism and s, = ¢ o 7. Hence

Iy, is Lagrangian <= "'w =0

Uda =0

T da =0 because 7 is a diffeomorphism
(toT)*da=0

(sp)*da=0

d(sp)*a=0

du=0

[ A A

1 is closed

2.5 Lifting a Diffeomorphism

Definition 2.21. Given a diffeomorphism f : M; — My between two manifolds M; and Ms, there
is an induced symplectomorphism fy : T*M; — T*Mj called the lift of f which is constructed as

follows.

Since f is a diffeomorphism we have that f*: T*M — T*M is an isomorphism. For arbitrary
(p1,&p) € Ty, My we define f; by

Fe(p1,&p) = (£ (1), (F) 71 (Ep))-

Since f is a diffeomorphism we get that both f; and fﬁ_1 are bijective and smooth. Moreover, we



have the following commutative diagram.

fi
T*Ml — T*Mg

1 T2

M1—>M2
/ (1)

Proposition 2.22. Let a1 and ao denote the tautological forms on T* My and T*Ms respectively.
Then

fg(ocg) =qj.

Proof. Let (p1,&p,) € T,; My and (p2,&p,) € 1), M2 be such that ps = f(p1) and &, = f*§),

1

It needs to be shown that (f;)*(a2)(py.¢,,) = (1) (p, ¢,,) By definition, (f3)*(@2)(p,.¢,,) € T(Zl,ipl)(T*Ml)
so let n € Ty, ¢, )(T"My) be arbitrary. Then

15 ((02) s ) ) (1) 1= (@2) ) (((F)uIm)
= & 0 (m2). (/i)
= &py ((m2 0 f3)um)
=&, ((F o)) by 1
= &a (fu(mam))
= [*&p, (T14m)
= &p, (T147m)
= <a1)(p17£p1)77

O]

Corollary 2.23. In the setup of Proposition 2.22, if we take My = My = M and let f: M — M
be a diffeomorphism, then the lift of f preserves w. That is, fg‘(w) = w.

Proof. This follows immediately from the fact that the pull back commutes with the exterior

derivative. O
The following Lemma and Theorem will be needed in section 6 to study Noether’s theorem.

Lemma 2.24. Let M be a manifold. Fix X € I'(T'M) and let 6; denote its flow. There exists a
unique vector field X; on the cotangent bundle (i.e. Xy € I'(T'(T*M))) such that the flow of Xy, say
Wy, is the lift of 6;. That is, ¥; = 0, 3. Note that by Corollary 2.23, each ¥, is a symplectomorphism.

Proof. Let 0; denote the flow of X € I'(T'M). We have that 6; is a diffecomorphism 6, : M — M so
its lift 0; 4 is a symplectomorphism 6,y : T*M — T*M. Proposition 2.22 shows that 6;; preserves

10



a. Just let Xy be the infinitesimal generator of 6;;. Here the integral curves are of the form
Oép’g) R—=T*M | t— 0,4(p,&), and so ;4 is a local flow of Xj. O

Theorem 2.25. (Lifting to the Cotangent Bundle)

Let M be a manifold. Let o € T'(T*(T*M)) denote the tautological 1-form on 7*M and consider
the symplectic manifold (T*M,w = —da). If g : T*M — T*M is a symplectomorphism preserving
a (ie. g*a = «) then there exists a diffeomorphism f : M — M such that g = f;.

Proof. The proof of this theorem is done by combining the following claims. For what is below we

let V' denote the symplectic dual of a. That is, w(V, ) = V_iw = «a.

Claim 2.26. If g*a = o then g commutes with the flow of V', or equivalently g,V = V.

Proof. Let 6, denote the flow of V. It needs to be shown that g o §; = 8, o g, or equivalently, that
gofog ! =0, By definition, for each p € M, we have that %) is the unique curve satisfying
6®)(0) = p and % =0 9(r) = V,. Since 6 is the identity, we have that gofyog~1(p) = p. Hence, by
uniqueness, it suffices to show that % } ro9obio g~1(p) = V,, which happens, by the non-degeneracy

qa
dt

of w, if and only if

go€tog_1(p)>_1wp:‘/;7_twp:ap (2.1)
t=0

By the chain rule

d

pr AL 9N D) = Gug-1(p) (i(ﬂ(gl(p))))

t=0

= 991 (Vo1 ()
Fix an arbitrary Y, € I'(T, M) and plug it into both sides of (2.1). The right hand side is
Vpdwp(Yp) = ap(Yp)

while the left hand side becomes

q
dt

gobio gfl(P)J Wp) () =wp (9*,9—1(p)(vg‘1(p))’ Yp)
t=0

= wp (9,910 Vo1 () 9.9-1) © 92 p (V)
= (9"W)g-1(p) (ng(p),g;}%(}/},))

= wg-1(p) (Vgm1(p), 9p(¥p))

= g1 (95 (V)

= (7" )p((g4p) ' (¥))

= ap(Yp)

11



Notice that this claim had nothing to do with the fact the symplectic manifold was a cotangent
bundle. This result holds for any symplectic manifold (X,w) for which w = —da for some 1-form

a and g*a = a.

Claim 2.27. The integral curves, v : R — T* M, of V are of the form

A 0) = (poe)
where (p,o) € T*M is arbitrary.
Proof. In local coordinates we know that a = &dz® and w = da’ Ad§;. Let V = ai% + bié%- where
a’,b; € C°(T*U). By definition
a=V_iw=ddé — bda
and so a' = 0 and b; = —¢;. Let (p, o) € T*M be arbitrary and suppose v : R — T*M is an integral
curve of V starting at (p,o). We can write v(t) = (q(t),r(t)) and it follows

P P
+ (ri(t)) ==
~(®) 9 | (1)

It follows that for all t € R, (¢;(t)) = 0 and (r;(t))’ = —&(7(t)) = —ri(t). That is, ¢*(¢) is a constant
function while 7;(t) = r;(0)e~!. By assumption v(0) = (p, o) and so it follows () = (p,oe™?)
O

It immediately follows that 6, is fibre preserving. That is, 6,(T;M) = T M. Also, it implies
that if g(p,&) = (¢,n) then for all A > 0, g(p,\§) = g(q,An). This is because the flow of V' is

complete and e~! is surjective onto (0,00). Also, by the continuity of g and 6; we have that

9(p,0p) = g(p, lim 6,(€)) = lim g(0(p, €)) = lim 6:(g(p,€)) = 9(a, 0g)

Hence
9, &) = (g;m) = g(p, A) = (¢, An) for all A >0

Supposing that g(p,§) = (¢,7n) consider another arbitrary element (p, o) of Ty M. Suppose that
g(p,op) = (¢, pz)- Then by applying the above it follows g(p, Aop) = (¢, Ap) for A = 0. That is,
9(p,0) = (q,0). But g(p,0) = (¢,0) and so it must be that ¢ = q. Hence g maps fibres to fibres.

We are now ready to construct f: M — M such that f; = g. Indeed, define f by

f:M—M p— mog(p,0p).

12



Claim 2.27 shows that f is well defined, while it readily follows that
fomr=mog. (2.2)

To prove f; = g, we will show H := go fﬁ_1 is the identity map. By definition, H is a map
from T*M to T*M. Let (p,0,) € T*M be arbitrary and suppose that H(p,o,) = (¢,74). Let

Vv(p,O’;;)
that f also preserves a. Hence H preserves . That is,

€ I'(T{p,5,)(T*M)) be arbitrary. By hypothesis, g preserves a while Proposition 2.22 shows

(H (g,)) Vip,o,)) = (H ) (p,0,) Vip,o,))
= a(pzop) (‘/(p’ap))
= Up(ﬂ-* (V(p,ap)))

On the other hand,

(H (q.5)) Vip,o)) = Qgme) He(Vip,o,

q )))
= Ng(T(Hs(Vip,o,))))
=ng((mogo fi )eVipo,))
=ng((fomo fi)e(Vipoy)) by (2.2)
= 1g(m«(Vip,o,))) by

But if op(m(Vipo,)) = Mg(m(Vipo,))) for all Vi, .y € Tipo,)(T*M) then it must be that
(p,op) = (¢,mq) = H(p,0p). That is, H is the identity map. O
2.6 Constructing Symplectomorphisms

Given two manifolds M7 and Ms, we demonstrated in Section 2.4 that their cotangent bundles
have a canonical symplectic structure. Let a1 and ao denote the tautological 1-forms on T*M; and
T* M, respectively. Let w; = —da and wo = —das denote the canonical 2-forms on T* M7 and T* M,

respectively. A straightforward calculation shows that the tautological 1-form on T*M; x T*Ms is
a = miag + .

implying that the canonical symplectic form on (T*M; x T*Ms) = T*(M; x Ma) is
w = mwy + THws.

By Proposition 2.16 we know that if the graph of a diffeomorphism ¢ : (T*M;,w1) — (T Ma,ws)
is a Lagrangian submanifold of the ‘twisted product’ (T*M; x T*Ms,w), then ¢ is a symplecto-
morphism. While by Proposition 2.20 we know that the graph of a 1-form p € Q'(M; x M) is a

Lagrangian submanifold of T*(Mj x Ms) if the 1-form is closed. Hence, in particular, we have that
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Iy is a Lagrangian submanifold of (1M, wi) x (T*Ma,ws) = (T*(M; x M3),w) for any smooth
function f € C°°(M; x Ms). Also, by Proposition 2.14 we know that symplectomorphisms take
Lagrangian submanifolds to Lagrangian submanifolds. With this in mind, we first find a symplecto-
morphism from (7% (M; x M), w) to (T™*(M; x Ms),w) so that we can find Lagrangian submanifolds
of the later. After doing this, we ‘construct’ a symplectomorphism between T*M; and T*Ms by
finding a diffeomorphism 7 : T*M; — T* My whose graph, which is a subset of T*(M; x Ms), equals
the graph of df. We will see that the existence of such a diffeomorphism is governed by the implicit

function theorem.

Consider the functions
g2 . T*MZ — T*M2 ) (pag) = (pa *5)

and
o:=1id x o9 . T*Ml X T*Mz — T*Ml X T*Mg

Proposition 2.28. The map o : (T*My x T* My, w) — (T*M; x T* M, w) is a symplectomorphism.

That is, 0% = w

Proof. First note that o is involutive and so bijective. Moreover in local coordinates . ..., 2" &1, ..., &,

on T™* My we have
oy = 03 (&ida’) = (& 0 02)(d(a" 0 09)) = —&ida' = —ay
and so
o*w =o"(mjwy) + 0" (mows) = (w1 00) wy + (T2 0 0)*we = Tjwy — Tows = W
O

Definition 2.29. If Y is a Lagrangian submanifold of (T*M; x T*Ms,w) we define the twist of
Y, denoted Y to be the image of Y under o. That is, Y7 := o(Y).

Proposition 2.30. IfY is a Lagrangian submanifold of (T* My x T* My, w) then the twist of Y is
a Lagrangian submanifold of (T* My x T* M, w)

Proof. Since o : (T*M; x T*My,w) — (T*M; x T*Ms, ) is a symplectomorphism, this result is a
corollary of Proposition 2.14. O

As mentioned at the beginning of this section, we now want to find a diffeomorphism whose
graph equals the graph of the closed 1-form df, where f € C°°(M; x Ms). We call the graph of df the
‘Lagrangian submanifold generated by f’. Before stating this formally, we introduce some notation
so that we can write this submanifold in a way that will allow us to find conditions on when it is
the graph of a diffeomorphism ¢. By definition, we have that (df)(,.) = 71 ((d1f)z) + 75((d2f)y)
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where 2!, ..., 2™ and y', ..., y"™ are local coordinates on M; and My respectively, 71 and 7o are the
natural projections on T*My; X T*Ms and dy f = ggi dz' and dof = gji dy’.

Definition 2.31. The Lagrangian submanifold generated by f is the Lagrangian submanifold
of My x My defined by

Yf = {((l‘,y), (df)(a:,y)) ) (:Uay) € M x MZ} - {((x,y), ((dlf)mv <d2f)y)) ) (x,y) € M x M2}

Definition 2.32. If there exists a diffeomorphism ¢ : T*M; — T* My such that Yfa = I'y, then,
by Proposition 2.16, ¢ is a symplectomorphism. If such a symplectomorphism exists we call it the

symplectomorphism generated by f. Recall that here Yf" is the twist of Y.

We are trying to find a diffeomorphism ¢ : T* My — T™ M3 such that 'y, = Y7. But notice that

Ly =Y7 = {((z,€),(y,n) : o(,8) = (y,n)} = {((z, (d1f)z), (y, —(d2f)y)) }
= §=(dif)z and n = —(daf)y

9 0
@)Eiza—j(:ﬂ,y) (x) and m:_af

(z,y) (o)

Yi

That is, writing (2, §) = (p1(2,§), p2(z,§)), for I'y to equal Y7 all we need is that ¢o(z, ) =
—(daf)y, for then it automatically follows ¢i(z,§) = y. Given any (z,£) the implicit function
theorem says (locally) when a solution to (x) exists. That is, it tells us when one can write y as a
function of both x and &. If (z!,... 2™, y', ... y") are local coordinates on M; x Mo the implicit

function theorem says that we can write y as a function of x and £ locally if and only if

o [ of
w5 (22)] oo

Also, note that if we have a solution to (%) say, y = ¢1(z, &) then we can plug this solution into

(#x) and thus completely determine the map ¢ satisfying I', = Yf". We give some examples of this

process in the next section.

2.7 Applications to Geodesic Flow

Recall the definition of geodesic flow.

Definition 2.33. Let (M, g) be a Riemannian manifold. The geodesic flow of M is the local
R-action on T'M defined by

©:RxTM —TM , (to,Vp)l—)i

@l )

t=to
where 7y, is the unique geodesic starting at p € M with initial velocity V).
Recall that a Riemannian manifold is called geodesically complete if every geodesic is defined

for all t € R and is called geodesically convex if for any two points in the manifold there exists
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a minimizing geodesic connecting them. For the rest of this section, unless stated otherwise,
all manifolds are assumed to be compact. Since compact metric spaces are complete, it follows
from the Hopf-Rinow theorem that all of our Riemannian manifolds are geodesically complete and

geodesically convex.

Example 2.34. (Free Translational Motion)

Let M; = R™ = My with coordinate charts (R?, z!,...,2") and (R",y!,...,y") respectively. En-
dow M; and M, with the standard metric. We have the respective induced coordinate charts
(T*R™, 2t ..., 2™, &, ..., &) and (T*R™, y', ...,y n1,...,0,). Let f € C(My x M>) be given by

n

1 1 , 4
f(xay) = _id(xuy)z = _5 Z(xz - yZ)Q'
i=1
Since the metric is assumed to be the standard one it follows that d(z,y) is the usual Euclidean

distance. By definition,

o __ 8f z_af % n
Yy —{<a,b (a,b)dx’, 8yi(a,b)dy> | a,beR }

D
We would like to find the symplectomorphism genereated by f. That is, we would like to find a

map ¢ : R" — R such that Y equals I'y. In this case (x) is & = OF (a,b) = b’ — a' and () is

oxt
n; = —g;i = b — a'. Since 2L = y' — ' we have that

Ozt
O (9N s
ayi \aai )], = %

so that the implicit function theorem guarantees a solution to (x). We have shown that

Y7 = {(a,b,b—a,b—a) |a,becR"}.

For fixed a € R", the implicit function theorem has shown the existence of a function ¢; : R® — R"
where for every b € R™ there exists £ € R™ such that b = ¢i(a,&). In this case, it is obvious that
every element & € T/R™ = R" is of the form b — a for some b € R™. We set

e1(a,§) = pi(a,b—a) =b

and
_of
oyt

n= @2(%‘5) = (a7 b) =<

so that ¢(a,§) = (b,n) = ({ +a,§) and 'y, = Y. That is, ¢ is the symplectomorphism generated
by f. Identifying T)R"™ with T,,R" = {vectors emanating from p} we see that ¢ is free translational

motion.

The above example is a special case of the following.
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Example 2.35. (Geodesic Flow)

Let (M, g) be an arbitrary compact Riemannian manifold. As in the previous example, let
d: M x M — R denote the Riemann distance function and f € C®°(M x M) be given by
f= —%d(a, b)2. To find the sympelctomorphism generated by f we need to solve

(x) &G =dof and (xx) 7= —dpf.
Using the musical isomorphism we can identify T*M with T'M. That is, for a € M, we have
b T, M = TiM Vs V2= g(V, ).

Let V and W in TM be the unique vector fields such that V> = ¢ and W” = 5. Then the above

equations become

() g(V,-) =daf() and (&%) g(W.:) = =dpf().

We now show that under this identification the symplectomorphism generated by f is the geodesic

flow. First we need the following Lemma.

Lemma 2.36. Let U,V € T,M. Then

d 1

—| = 5d((exp)a(U), (exp)a(tV))? =< V.U >.

dt|,_, 2

Proof. First notice that for s € R small enough so that (exp),(sU) is contained in a geodesic ball
centred at (exp),(U), we have that d((exp)a(U), (exp)a(sU)) = |1 — s||U|. Indeed, let v: R — M
be the unique geodesic starting at a with initial velocity U. Since geodesics have constant speed it

follows that the length of 4 over [s, 1], denoted L (v [871]), is

1
L (Vs1) —/S 1/ (t)] dt

1
:\U]/ dt

= [U|[1 - 5|

Since the radial geodesic from (exp),(U) to (exp)q(sU) is the unique minimizing curve from
(exp)a(U) to (exp)q(sU) (for a proof of this see [10], Proposition 6.10) it follows that

d((exp)a(U), (exp)a(sU)) = |1 = s||U|.
Next, fix (exp)q,(U) € M and consider the function, also denoted f, defined by
feM =R b f((exp)a(U),b).
Notice that given V- € T,M with V+ L U the Gauss Lemma shows that there exists a curve
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B : R — M starting at a with initial velocity V- such that d(3(t),b) is constant. That is,
f(B(t)) = c implying that f.(5'(0)) = 0. Observe that we can write V = V+ 4+ AU for some \ € R.
Letting G denote the function G : R — M given by t — (exp)q(tV') it follows that

G|, 5. e)V) = 5 (6(0)

= (f+)c0)G'(0)

= (f)a(V)

AL

22 L ae)a(s0), (exp)al))?
ds|,_g 2

Y- - S sPiop?

U2

=< V,U >

O]

With this lemma we now reconsider (x). Evaluating the left hand side at V we get |[V|>. By
geodesic convexity, there exists some U € T'M such that (exp),(U) = b. Using Lemma 2.36, the
right hand side is

da f(V) = (f)a(V)

d
G| eP).y)

d
i, AEP)a(tV). (exp)a(1)

=< V.U >

Now take any vector V' € TM such that V' L V. Plugging V' into (%) the left hand side becomes
0 and the right hand side is < V/,U >. Hence, < V,U >=< V.,V > and < V', U >=0=<V, V' >
for any V/ L V. It follows that U = V and so b = (exp)q(V).

We now need to solve (xx). We will see the solution is given by W = 44,(1) = & ‘t:l (exp)q(tV).
Indeed, let W = %! —1 (exp)a(tV)Nand fix any W' L W. Again, by the Gauss Lemma, we have
that dpf(W’') = 0 and so W = kW for some k € R. But since geodesics have constant speed it
follows that |V|? = |W|2 Therefore the left hand side of (xx) is

<W,W>:k<V[N/,W>
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= k|W|?
= k|V|?

while the right hand side is

—(dbf)(w) = _(f*)b(W)
(% _ %d(a, (exp)a((1+5)(V)))?
4L L xp)alOV), explal(L + V)

Hence k = 1 showing that W = %‘t:l (exp)q (V).
In summary, for I', to equal Yf" it needs to be that V is the unique vector field such that
b = (exp)q(V) (so that b is a function of a and V') and further that W = %|t:1 (exp)q(tV). That

is, the map ¢ is given by

(a,V) <(exp)a(V),

In the section on Hamiltonian mechanics, we will return to the concept of geodesic flow and
give some insight as to why it arose as the symplectomorphism generated by the Riemann distance

function.
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3 Lagrangian Mechanics

Recall that Newton’s second law states that in an inertial reference frame the motion of a particle,

with position 7(t), is given by the solution to the ODE

where F' is the net force acting on the particle and p(t) = m(t)v(t) is the particle’s momentum.
Lagrangian mechanics is a reformulation of Newtonian mechanics in which motions are given by
solutions to the Euler-Lagrange equations. In any situation where Newton’s second law can be
applied, so can the Euler-Lagrange equations. We will see that, in any such system, the Euler-
Lagrange equations are equivalent to Newton’s second law. However, the equations also hold in
settings in which Newton’s second law does not hold. For example, Newton’s second law only
holds in an inertial reference frame, while the Euler-Lagrange equations are valid in any coordinate
system. Another advantage in using the Euler-Lagrange equations comes with the way in which
they allow constraint forces on a mechanical system to be ignored. For example, if studying the
motion of a bead on a wire, in the Lagrangian setting we do not need to worry about the forces

keeping the bead constrained to the wire.

For the rest of this paper all forces are assumed to be conservative, and so we first recall this

definition.

3.1 Conservative and Central Forces

Consider R™ equipped with standard coordinates z',...,z". Let g be a metric on R” and let
', ..., xz™ v'.. . v" denote the induced coordinates on TR"™ = R?". Recall the kinetic energy is
defined by

K:R*™ 3R (z,v) — %mg(v,v) = %mgijvivj = %m|v\2

where m is some positive constant, called the mass of the particle. Fix two points 71,79 € R™ and
consider a curve 7 : [a,b] — R™ such that vy(a) = r; and y(b) = 2. Then the work done by a force

F on a particle moving along ~ is defined to be the integral of F' over the curve -y

b
W(ry —re,y) = /F ~ds = / F(y(t)) -~/ (t)dt
¥ a

Theorem 3.1. (Work-Kinetic Energy Theorem)

Given a system of k particles of masses m; with position r;, the change in kinetic energy of the

system is equal to the sum of the work done on each particle.

Proof. Let F; denote the force acting on the i-th particle and W; the work done by F; on the i-th
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particle. By Newton’s second law we have that

n

K=Y (mrf(t))-ri(t) = Y Fi(ri(t)) - 7' (2).

(1) i=1 i=1

dt

It follows that

K(tQ)—K(tl)z/t2Mdt Z/tQF rldt = ZW

t1

O]

As the next example shows, given two paths o, : [a,b] — R"™ with a(a) = r; = S(a) and
a(b) = ry = B(b), it may be that W(ry — ro, ) # W(r1 — ra, 5).

Example 3.2. (A Non-Conservative Force)

Consider a particle moving around the unit circle under the following force field.

This vector field (force) has integral curve v(t) = (cost,sint). It follows that F(x,y) = (—y, ).
Fix the points (1,0) and (—1,0). Consider the curve « : [0, 7] — R? given by ¢ +— (cost,sint) and
B :[0,7] — R? given by t + (cost,—sint). Then a and 3 are both curves starting at (1,0) and
ending at (—1,0); however,

W((1,0) — (=1,0),a) = / F.ds= / (—sint,cost) - (—sint,cost)dt =7
a 0

while

W((1,0) = (—1,0),5) = /BF ~ds = /Oﬂ(sint,cost) - (—sint,—cost) = —7

Contrary to this example, for certain forces (such as the gravitational and electrostatic forces)
it is the case that W does not depend on the path traversed by the particle. This leads to the

following definition.

Definition 3.3. A force is called conservative if the work done is path independent. Letting

r1,72 € R be arbitrary, this means that for any two curves o, 5 : [a,b] — R" with a(a) = = f(a)
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and a(b) = ry = 5(b),
W(ry = ro, @) —/F~ds—/F~ds—W(r1 — 72, )
o B
In this case the work done by F' is justifiably denoted W (r; — r3). A mechanical system is called

conservative if the net force is conservative.

Recall that the gradient of a function U : R®™ — R" is defined to be

LOUN

where # : T*R" — TR" is the musical isomorphism and ¢’* = [g_l]ji. With the standard metric,

the above definition reduces to the standard notion of the gradient.

Theorem 3.4. A force F is conservative if and only if there exists a continuously differentiable
function U : R" — R such that FF = —VU.

Proof. First suppose that the work done by F' is conservative. Fix a point rg € R and define
U:R" =R 7’b—>—/F~ds
gl

where 7 : [a,b] — R™ is an arbitrary curve with vy(a) = ro and (b) = r. By hypothesis this function

is well defined. By the fundamental theorem of line integrals it follows
/VU-ds— U(r)—=U(rg) = —/F~ds—U(r0).
v v

In particular, taking - to be the curve « : [0,¢] — R"™ given by t — (1 — t)rg + tr, it follows that

/ YV (8)(r — ro)dt = — / F(v())(r — ro)dt — Ulro).
0 0

But since U(rg) is a constant, it follows from the fundamental theorem of calculus that F' = —VU.
Conversely, suppose that there exists U : R™ — R such that ' = —VU. Then for arbitrary

as above,

_AF.dS—AVU~ds—U(T)—U(To)

That is, W(rg — r,7v) = U(r) — U(rp) and so only depends on the end points rg and r. Hence, the

work done is path independent showing F' is conservative. ]

Definition 3.5. For a conservative force F, the scalar function U : R™ — R such that ' = —VU

is called the potential energy .

The reason that a force with this property is called conservative comes from Theorem 3.7 below.
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Definition 3.6. The total energy of a conservative system is defined to be
E=T+U,

the kinetic energy plus the potential energy.

Theorem 3.7. (Conservation of Total Energy) In a conservative mechanical system, the total

energy is conserved. That is, %E = 0.

Proof. Suppose that F' = —VU. For arbitrary t1,t5 € R, by the Work-Kinetic Energy Theorem
K(1(t2)) = KG(0) = Wrlt) > (t) = [ Frds= [ VU-ds =U0) - Ul (t2)
Y Y

Hence (K + U)(y(t2)) = (K + U)(7(t1)) and so E := K 4+ U is independent of t. O

In section 6 we will do some interesting computations with the Laplace-Runge-Lenze vector and

so we recall here the two-body central force problem.

Definition 3.8. A central force on a particle with position vector 7 is a conservative force for

which the corresponding potential energy is only a function of ||7]|.
The classical example of a central force is one given by a potential of the form

_k
171

where k is some constant. Given a system of two particles, (say 71 and 7) in a closed system,

U(F) =

by fixing one of the particles and considering the relative position vector ©¥ = '} — 75 we can give
explicit formulas for the potential energy corresponding to the gravitational and Coulomb force.

The gravitational potential is given by

U(’F) _ Gm1m2
17
and the Coulomb by
L, I qig
(M) =

 dmeg |7
where g1 and g3 are the charges of the two particles. Here G and ¢ are two constants whose explicit

values depend on the units being used.

Proposition 3.9. Consider a closed system of two particles moving in R® with the standard metric.
If the particles are subject to a central force field then the force is always parallel to the relative
position of the two particles.

Proof. By definition, U is a function of only [|7]|. That is U = U(]|7]|). In spherical coordinates we

o
T

__ 00U 9 o . . L
have that VU = B o where 3, 1s associated with the vector 7 = G

O
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Definition 3.10. If 7 is the position vector of a particle, then its angular momentum is defined
to be

and the torque is

Using Newton’s second law, it immediately follows that torque is the time derivative of angular

momentum.

Proposition 3.11. If two particles are subject to a central force field then the angular momentum

of their relative position vector is constant.

Proof. By proposition 3.9 the force is parallel to 7. Hence %I_; = m(f’ X F) +(Fx F)=0. O

Remark 3.12. By definition, the angular momentum is always orthogonal to the momentum and
position vector. In the two-body central force problem, Proposition 3.11 showed that the angular
momentum vector is constant. Hence it must be that the plane determined by the momentum and
position of the relative position vector is constant. That is, the movement of the two particles is
always restricted to a plane. Under translation and rotation, it is no loss of generality to assume

that the particles motion is restricted to the xy-plane.

3.2 The Calculus of Variations and the Euler-Lagrange Equations

The calculus of variations studies functionals on a given space X. In this section X will be the set of
smooth curves v : [a,b] — M, where M is some manifold. The Euler-Lagrange equations will arise
as the extreme points of a specific function, called the action. After deriving the Euler-Lagrange

equations we will see how they are a generalization of Newton’s second law.

Definition 3.13. Let M be an n-dimensional manifold with tangent bundle TM. Given L €
C>°(TM) the pair (M, L) is called a Lagrangian system and L is called the Lagrangian.

Definition 3.14. A Riemannian manifold (M, g) with Lagrangian L = K — U is called a natural

Lagrangian system.

At first, it may seem that the Lagrangian defined in a natural system is random; however, we
will see that in these systems the Euler-Lagrange equations are equivalent to Newton’s second law.
The Euler-Lagrange equations have proven to be more effective than Newton’s second law in many

different natural Lagrangian systems.

Definition 3.15. Given a smooth curve 7 : [a,b] — M we get an induced curve 7, called the lift
of 7, into the tangent bundle defined by

y:la,b) = TM t— (v(t),7' (1))
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Definition 3.16. Let C = {~ : [a,b] — M ; ~ is smooth}. Consider the function A : C — R defined
by

b b
A=Ay = [ L@t = [ L. )t
The function A : C — R is called the action of the Lagrangian system.

The goal of this section is to find curves 7 : [a,b] — M which are critical points for A. Just as
minimum and maximum points are extreme points in elementary calculus, we seek to find curves
for which the “derivative” of the action vanishes. Intuitively, for a curve « : [a,b] — M to be a
minimum we need the value of A to be no greater on -y than on curves ‘close’ to -y, say ‘within &’,

as pictured below.

More precisely, fix a coordinate chart (U, z',...,2") in M and consider (TU, z",..., 2" vl ... v"),
the induced chart on TM. Let v : [a,b] — U be a curve. Given e € R, pick arbitrary c!,... c" €
C>([a,b]) with c(a) = 0 = ci(b). Define y.(t) := (v'(t) + ect(t),...,7"(t) + ec™(t)). Note that
we can choose € small enough so that . is contained in U. We have that v9 = v and so if v is a

minimum of A then

d
de

A% =0
e=0

On the other hand, the chain rule, product rule and fundamental theorem of calculus give that

4 =2 [ ot
N /ab ((gf ) <8” ~<t>> iai(i)) “
- /ab ((gf ) ((SUL <t>> Ci(t)) K (g“L w>> Ci(w) )
L ((a o (], ) (3, ) ).
- /ab ((gf ) g (85 ﬁ(t)) Ci(t)) "




[ [(2) -2, )]
a [\0%l50/) dt \ OV l50

But since this expression is equal to zero for all c!(t),...,c"(t) with c'(a) = c¢*(b) = 0, the

Fundamental Lemma of Calculus of Variations (see [2] page 57) implies

_d<%
3(t) dt \ ov

These n second order ODE’s are called the Euler-Lagrange equations. Hence we have shown that

oL
ozt

)-0 foralli=1,---,n
3(®)

a necessary condition for a curve to minimize the action is that it needs to satisfy the Euler-Lagrange

equations.

Remark 3.17. If the Lagrangian is strictly convex, meaning for fixed x € M, arbitrary v,w € T, M
and 0 < t < 1 we have L(z,tw + (1 —t)v) < tL(z,w) + (1 — t)L(z,v), then the converse is locally
true. That is, if a curve ~ : [a,b] — M satisfies the Euler-Lagrange equations, then there exists a
subinterval [a1,b1] C [a,b] such that 7|, »,] minimizes the action. See [1] page 117 for a proof of
this.

Remark 3.18. In the above derivation of the Euler-Lagrange equations, it was assumed that the
Lagrangian was time independent. However, there are many situations in which the Lagrangian
does depend on time, some of which we will see in subsequent sections. But notice that even if the
Lagrangian were of the form L(z!,..., 2" vl ... v" t) the above calculation would be exactly the

same and the Euler-Lagrange equations derived above would not change.

3.3 Examples of Lagrangian Systems

Example 3.19. The Action as the Length Functional

In the case that we are working in a natural system for which the net force is zero, our Lagrangian
reduces to )
L=K:TM SR (5V,) s ymgp(V )

In this case A(7y) is just a constant times the length of 7. That is,
1 / /
Aly) = om Gy (Y (1), 7/ (1)) dt.
gl

A standard result from Riemannian geometry is that the critical points of the length functional are
geodesics. Hence any geodesic is a critical point of A. In particular, if the Riemannian manifold
is R™ with the standard metric, and the net force is zero, then we get that the solutions of the
FEuler-Lagrange equations are straight lines. That is, the shortest path between two points is a
straight line. Using this mechanical system we will give, in the section on Hamiltonian mechanics,

another interpretation of geodesic flow.
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Example 3.20. (Natural System with Standard Coordinates)

Consider a natural Lagrangian system in R? with the standard metric. Let 2!, 2% denote
the standard coordinates and let z', 22, v', v? be the induced coordinates on TR? = R*. In this
coordinate system we have that g = (dz')? + (dz?)2. Suppose that a particle of mass m is moving
in R? under a conservative force field F = —VU. By definition the Lagrangian L : R* — R is
defined by

L(z', 2%, 0! 0?) = K (2!, 2%, 01, 0?) — U(z!, 2%, v, 0?)
1 1
= gm(v1)2 + §m(v2)2 —U(zt, z?).

The elements of the Euler-Lagrange equations are

SLG) = g 00) © 5 G) = 55 ((0)

and

d (0L d

% (;ﬁﬁ(ﬂ)) = % (mo' (7)) = mA'(¢) & <6v2(7(t))> == (mu2(3(8))) = m2(0).

Hence, in this setting, the Euler-Lagrange equations are equivalent to Newton’s second law.
This equivalence easily extends to conservative force fields on R™. The same result also holds for
k particles moving in R™. To see this, just take the manifold to be R*™ so that the motion of the

k-particles can be described by the motion of one particle.

Example 3.21. (Natural System with Polar Coordinates)

Consider the setup of the previous example, but with polar coordinates (r,6). Let T,Q,?,g
denote the induced coordinates on TR? = R*. By the chain rule we have % = cos 9% + sin 9%

and % = —rsin 98%1 + rcos 98%2. It follows that in polar coordinates

1 0 1 0
= and ¢ =
o)

In these coordinates, the velocity of v(t) = (r(t),6(t)) is given by 7‘% + 9@. Therefore the kinetic

energy of the particle at time ¢ is
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Since L = K — U it follows that

oL _ oL _ 9U
87’_m or 00 06

while

dt

d B )
— ) — (mr20) = mr?0 + 2mrif
3(t)

are

P2 o _F-Z 10U
F’I’_ ‘@‘ ——W and F@ ‘8 ——;%

o
Combining these equalities the first Euler Lagrange equation gives that
E, =m(i — T92)

which is the r-component of Newtons second law, while the second equation says

ou d

rf=—% =@

<mr29> = mr?0 + 2mrid
which is precisely the statement that the torque, rFy, is the derivative of angular momentum, mr20.

Remark 3.22. In the above examples we showed that a motion is determined by solving the Euler-
Lagrange equations. However, we do not know if this solution is a maximum or a minimum. To
prove that a solution is a maximium or a minimum usually requires some extra work. However, the
above examples do demonstrate Hamilton’s Principle which is that the path a particle follows

is a critical point of the action A.
These examples lead to the following definition.

Definition 3.23. In a Lagrangian system (M, L), a curve 7 : [a,b] — M is called a motion if ()

satisfies the Fuler-Lagrange equations.

Since the Euler-Lagrange equations were derived from a statement about curves, independent
of the coordinate system chosen, this means that if the equation holds in one coordinate system,

they hold in any other. However, we can also prove this rigorously.

Proposition 3.24. Let (M, L) be a Lagrangian system. If the Euler-Lagrange equations hold in

one coordinate chart then they hold in all coordinate charts.

Proof. Let (U,z!,...,2") and (V 71,...,2") denote two arbitrary coordinate charts on M with

non-trivial intersection and let z',..., 2", v',...,v" and Z',...,2",0",...,0" denote the induced
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coordinates on TU and TV respectively. Suppose that « is a motion in (M, L). That is

The chain rule shows that %

o
ozt

_d <6L

_ o 9
— Ox' OxI

ov  oF ;  0F

7(t)>

implying that o¢ = . Using these expressions we get

ol 0 = ol (3.1)
and
ov' o*rt
— = ——7, 2
arl ~ 9zidal’ (3:2)
It follows that
| (o orom)
oL ov/ 0L 9*30
(65] dvi | 9 92lox )‘ ) by (3.1) and (3.2)
_(oLow 0L 0% di i bstituting (t)
=\ 2780 T 75 oo @ - since we are substituting (¢).
We also have that
d (aL ) _d (m )
dt 8UZ %(t) dt 8?)7 81)7' :?(t)
d ( OL 077 )
dt ( 81)] a:l; %(t))
d { OL 0x) 0L ( 0%z dxl>
=— | = -+ o= VYT by the product rule
dt (81}3 5(?5)) Oz’ O |5 Oxloxt dt
d { OL ovl 0L < 0%z dml>
= — | = -t = A by (3.1).
dt ((%J W(t)> ot OV |5y Oxlox’ dt
By combining these two calculations it follows that
oL _d(aL ) _ <6L _d<8L )) 0w
O

To make a comparison between Lagrangian and Hamiltonian mechanics, we compute here the

Euler-Lagrange equations for the simple pendulum and revisit the calculation in the next section.
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Example 3.25. The Simple Pendulum

The simple pendulum is illustrated below.

We have a mass m attached to a weightless rod of length [. That is, we are working in the
1-dimensional submanifold (S*,6) of (R? r,6) which we endow with the standard metric. By

Newton’s second law we know that the equation of motion for the mass is

§=—9sing
l
Let 0,5 denote the induced coordinates on T*S' = S! x R. As in example 3.21 we have that
K = %le(g)Q. A standard calculation gives that the net force F' = —%Z sin 6 is conservative with
potential energy U = mgl(1 —cosf). With the natural Lagrangian L = K — U, let a(t) be a motion
in the Lagrangian system (S', L). That is, suppose a(t) = (a(t), o/ (t)) satisfies the Euler-Lagrange

equations, i.e.

d

a\ 25 am) = —myglsin(a(t)) = 7 ( l20/(t)) = ml2a’ (t)

oL| d <8L

This is precisely the statement that the torque exerted by gravity on the pendulum, —mgl sin a(t),

is the product of the moment of inertia, mi?, and angular acceleration, o’ (t).

Remark 3.26. In the above example we found the equations of motion without computing the
tension of the rope, the constraint force. Although this example is simple enough to solve using
Newton’s second law, it gives a glimpse into how the Euler-Lagrange equations can be used to

simplify other complicated systems with constraint forces.
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4 Hamiltonian Mechanics

The next level of formality in studying mechanics is done using Hamilton’s formulation. This
approach is done through the framework of symplectic geometry, which was introduced in section
2. In section 2.4 we saw how the cotangent bundle has a canonical symplectic structure. Where
Lagrangian mechanics studies curves living in 7'M, Hamilton’s approach instead studies curves in
the symplectic manifold T* M. We will see that the outcomes predicted in Hamiltonian mechanics

agree with those from Lagrangian mechanics in situations where both can be applied.

4.1 Hamiltonian Vector Fields

Definition 4.1. A triple (X,w, H) where (X, w) is a symplectic manifold and H € C*°(X) is called

a Hamiltonian system and H is called the associated Hamiltonian function.

Fix a Hamiltonian system (X,w, H). We have that dH € I'(T*X) and by Proposition 2.5 there
exists a corresponding vector field Vi € T'(TX), the symplectic dual of dH. Notice that any
G € C*(X) induces a vector field Vi in this way.

Definition 4.2. Given G € C*(X), the vector field Vg is called the Hamiltonian vector field

associated to G.
We will need the following propositions in section 6.
Proposition 4.3. The flow 0; of Vi preserves w (i.e. 0w = w).

Proof. By Cartan’s magic formula together with the closedness of w it follows that
Ly,w=dVglw)+ Vygidw=d(Vgiw) =d(dH) =0

O
Proposition 4.4. The Hamiltonian function of a Hamiltonian vector field is constant on its flows.
That is, H o 8 = H on the domain of 0.

Proof. By the antisymmetry of the interior product

,CVHH = VHH = VH_I dH = VH_I (VH_I w) =0

The following is an illustration of this result.
Example 4.5. (Height Function on S?)

The sphere S? is a symplectic manifold when equipped with the local 2-form df A dh, where
6 is a local coordinate for S! and h is the x3-coordinate of R3. Let H(0,h) = h. It’s clear that
dH = dh and since w(Vy,-) = (d8 A dh)(Vy,-) = dh it must be that Vg = %. The vector field
Vi = % has flow p; : S? — S? given by (0,h) — (6 +t,h), which is clearly constant under the
height function. That is, H o p, = H.
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By the closedness of w we have Lyyw = d(W_1w) for any W € I'(T'X). We see that the flow of
an arbitrary W € T'(T' X)) preserves w if W_w is closed. This motivates the following definition.

Definition 4.6. A vector field W € I'(T'X) is said to be Hamiltonian if W_ w is exact and is

said to be symplectic if W_ w is closed.
By definition all Hamiltonian vector fields are symplectic. However, the converse is not true.

Example 4.7. (Symplectic Vector Field that is not Hamiltonian)
The 2-torus T? is a symplectic manifold when equipped with local 2-form df A dip, where 6

and ¢ are two different local coordinates for S'. The vector field % on T? is symplectic but not
Hamiltonian since %_} (df A dp) = dyp is closed but not exact. The 1-form dy is locally exact, but
not globally exact since ¢ is only defined on a proper open subset of S!. The same can be said

about the vector field %.

Remark 4.8. The Lie bracket [-,:] turns the subspace of Hamiltonian vector fields into a Lie
algebra. In fact a stronger result holds; the Lie bracket of any two symplectic vector fields is

Hamiltonian. Indeed, if X,Y are symplectic then, using the identity
[Lx,w] =1yxy) = [1x, Ly]
it follows that

(X Y]aw =x yw
=Lxwyw —1yLxw
=d(X1Y_Jw)+ X 1d(Yw) =Y 1d(XJw)
= d(w(Y, X))

Just as the Euler-Lagrange equations determine the motions a Lagrangian system must satisfy,
curves satisfying the Hamilton equations give the motions in a Hamiltonian system. We will see

why this is below.

4.2 Hamilton’s Equations

By Darboux’s theorem we can find local coordinates (¢',...,q" p1,...,pn) in X such that w =

dg’ A dp;. We have that Vg = Al 821- + Bia%- for some A%, B; € C°°(X). It follows that Vy_w =
Aldp; — B;dq*. Since dH = ggdqi + g—gdpi, it must be that A* = g—g and B; = —gg. Hence any
integral curve y(t) = («(t), 5(t)) of Vi must satisfy

Fai(t) = (:3:H) (4(1)

E6:1) = — (& H) (1)
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These are the Hamilton equations, a system of 2n first order ODE’s. That is, a curve v : R — X

is an integral curve for Vi if and only if () satisfies Hamilton equations. We have shown that

_9H 0 0H 0
T 0p; 0 dq' dp;

Definition 4.9. An integral curve v : R — X of Vz is called a motion of the Hamiltonian system

(X,w, H). That is, 7 is a motion if and only if v satisfies Hamilton’s equations.

A rather basic example of a Hamiltonian system is the simple pendulum. This was discussed

in the Lagrangian setting as Example 3.25

Example 4.10. (The Simple Pendulum)

Consider the 1-dimensional manifold S1. Let (V, ) be a chart in S'. We know that the cotangent
bundle (T*S',0,¢) is a symplectic manifold with symplectic 2-form w = df A d¢. Consider the
function K : R — R given by & — % and V : U — R given by 6 — gml(1 — cosf). Define the
Hamiltonian to be

H:T*S' >R 0,€) = K(&) +U(0).

At first this definition of the Hamiltonian may seem ad hoc; however, after introducing the Legendre
transform we will see where it comes from. In fact, the choice for naming the functions K and U
above is to indicate that the Hamiltonian is to be thought of, in this setting, as the total energy.

It follows that the Hamiltonian vector field is

OH 0 O0H 0 . 0 & 0
mglsinf— — ———

Vi = 5690~ 90 0 96 mi O

Hence if y(t) = (a(t), 5(t)), where a(t) = 6(y(t)) and S(t) = {(«(t)), is a motion in this Hamiltonian

system then ~(t) satisfies the Hamilton equations

d OH L

GO0 =G| = #0 =mglsin(a)
and d OH B(t)
a =], T O e

Combining these two equations it follows that
o'(t) = —% sin ¢

which is precisely the motion of the pendulum as prescribed by Newton’s second law. That is, the

integral curves of the Hamiltonian vector field give the motions of this mechanical system.
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4.3 The Poisson Bracket

Given a symplectic manifold (X, w), the Poisson bracket turns C°°(X) into a Lie algebra. Suppose
that the symplectic manifold also has a Hamiltonian H € C*°(X). In the same way the Lie
bracket measures commutativity of vector fields, the Poisson bracket measures the commutativity

of functions with the Hamiltonian vector field.

Definition 4.11. Given f,g € C*°(X) their Poisson bracket is defined to be

{f,9} =V, Vy).

By definition
{f,9} = w(Vy, V) = (Via w)(Vg) = df (V) = Vyf.

Using this calculation, is not hard to verify that {-, -} does indeed turn C*°(X) into a Lie algebra.

Moreover, there is a Leibniz rule;

{fsgh} = g{f,h} +{f, g}h.

A straightforward computation shows that C*°(X) 5 H — Vg € I'(TX) is a Lie algebra anti-

homomorphism.

Proposition 4.12. For f € C°(X) we have {f,H} =0 <= fo0, = f on the domain of 0,
where 0 is the flow of V. That is, {f, H} = 0 if and only if f is constant along the integral curves
of V.

Proof.

fobi=f < 6if=Ff

Ly, f=0

Vgf=0
(df)(Ve) =0
(Viaw)(Va) =0
w(Vu,Vy) =0
{H,f} =0={fH}

[

Definition 4.13. A function f such that {f, H} = 0 is called an integral of motion.

By definition, if two functions fi, fo commute (with respect to {-,-}) then w(Xy,Xy,) = 0,
showing that given a collection of commuting integrals of motion, they generate an isotropic sub-

space of T, M. But in the paragraph following Definition 2.6, we showed that given a subspace Y
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of a vector space V we have dimV = dimY + dim Y. If Y is isotropic then Y C Y% so that an
isotropic subspace has dimension at most half the dimension of M. A Hamiltonian system is called

(completely) integrable if there exists n Poisson commuting independent integrals of motion

f1:H>f27"'>fn-

Theorem 4.14. (Arnold-Lioville Theorem, [1])

Let (X,w, H) be a completely integrable Hamiltonian system of dimension 2n with integrals of
motion f1 = H, fa,..., fn. Consider the function f : TX — R” defined by f := (f1,..., fn). Let
c € R" be a regular value of f. That is, c is a point in R” such that for every point in f~1(c) the

differential of f is surjective. Then f~!(c) is a Lagrangian submanifold of X. Moreover we have

(a) If the flows of the Hamiltonian vector fields Xy,,..., Xy, starting at a point p € f~!(c) are
complete, then the connected component of f~!(c) containing p is a homogeneuous space for
R™. This connected component has local coordinates 1, ..., y,, called angle coordinates,

for which the flows of X ,..., X}, are linear.

(b) There exists coordinates 1, . .., ¥, called action coordinates, such that each 1); is an integral

of motion and also such that ¢1,..., 0, %1,...,¥, form Darboux coordinates.

Proof. This is Theorem 18.12 in [1]. A proof of part (a) can be found in [1], page 110. For a proof
of part (b) see [2], pages 271-274 and 279-281. O

There is a rather simple expression of the Poisson bracket in Darboux coordinates.

Proposition 4.15. Let (M,w) be a symplectic manifold and let (U,q',...,q", p1,--.,pn) be a

Darboux chart. Then for f,g € C°(M) we have {f,g} = gg_ g{{l - 881{1 gqgi.

Proof. In the above Darboux coordinates we have that w = dg’ A dp;. Hence

{19} = w(Vy, Vy)

= (dq’ A dp;) <

of & 0f & 99 & g O
Op; 0¢°  Oq' Op; ~ Op; 0t Oq* Ip;

__6f 0g _(_Bgﬁi)
~ Opi O¢ op; ¢’
_ 09 0f Of 9y

" 9pidg' Op; Aq'
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5 The Legendre Transform

We have seen the definition of motions in a Lagrangian system (M, L). These are just curves
whose derivatives are solutions to the Euler-Lagrange equations. We have also seen how motions
are defined in a Hamiltonian system (X,w, H). These are just curves that satisfy the Hamilton
equations. But given a Lagrangian system (M, L) we can always consider the cotangent bundle to
get a symplectic manifold (T*M,w). The Legendre transform provides the link between Lagrangian
mechanics in (M, L) and Hamiltonian mechanics in (T*M,w = —da, H), where H € C*(T*M)
will be defined below. Conversely, given a Hamiltonian system on a manifold which is a cotangent
bundle, (T%M,w = —do, H) we can consider, under the Legendre transform, motions in an induced
Lagrangian system (M, L). In section 6 we will see how the Legendre transform relates the two

statements of Noether’s theorem.

5.1 The Legendre Transform on a Vector Space

Let V denote an n-dimensional vector space with ordered basis {ej,...,e,} and let {v!, ... v"}
denote the coordinate functions. Fix L € C*°(V).

Definition 5.1. The Legendre transform associated to L is the map

oL
OV > VF —
L P 5-(p)
where —g’; (p) is the co-vector (—ngl ()., —gﬁ (p) e,V =V*

In other words, ®1(p) is the Jacobian of L evaluated at p.
Definition 5.2. The dual function associated to L is the function L* : V* — R defined by
L*:V* >R a—sup{a-p—L(p), peV}

Notice that if V* has coordinates {&1,...,&,} with respect to the dual basis {e!,...,e"} then

we can take the Legendre transform of L* which is just ®1«(p) = Jac(L")[, = [%’Z (p)]

Suppose now that V' = R". For the rest of this section, let (z!,...,z") denote the standard
coordinates on R” and let (z!,...,2" vt ..., v") and (2!,... 2™ &1, ..., &) be the induced coor-
dinates on TR™ and T*R"™ respectively.. Fix a smooth function L € C*®°(TR") = C>®(R?"). For
what is to follow, let x = (x!,...,2"), v = (v},...,v"), a = (a1,...,a,) and & = (&,...,&,) € R?

be arbitrary. For each x € R™ the map L gives an induced map

L,:R" >R, v~ L(z,v)
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Recall that the Hessian of L, is the map Hess(L,) : R™ — L(R",R") defined by

Hess(Ly) i= [ O Lo ]

vtovi
Remark 5.3. For fixed x € R” the Legendre transform is a function from R” to R™

oL
o R" —R" =

and so by definition of the Hessian it follows that

0%L,
Ovtvd

Hess(L;) = [ ] = Jac(®yr,)
Definition 5.4. A function L € C*°(TR") is called strongly convex if for each p € R" the sym-
metric matrix Hess(L,(p)) satisfies u” Hess(L,(p))u > 0 for all non-zero v € R™ (i.e. Hess(L;(p))

is a positive definite matrix).
Proposition 5.5. If L € C*°(TR") is strongly convex then L is strictly convez.

Proof. Let x € R™ be arbitrary. We need to show that L, : R® — R is strictly convex. For
arbitrary, p,q € R" with ¢ # 0 let (L;)p 4 denote the function

(Lg)pg :R—=R, t— Ly(p+tq).

Notice that L, is strictly convex if and only if (L), is strictly convex for all p,¢g € R". But
a standard calculation shows that (qT -Hess(Lgz)p,q - q) = (Ls)p 4 By assumption, it follows that
(Lz)pg(t) > 0 for all t € R and p,q € R". Thus, from basic calculus, it follows that (L), is
strictly convex for all p,q € R™. O

Proposition 5.6. Fizx € R"™ and suppose that L, : R™ — R is strongly convex. Then the following

are equivalent

1. L, has a critical point (i.e. there exists vg € R™ such that %ﬁf (vo) =0 foralli=1,...,n).

2. L, has a local minimum
3. L, has a unique global minimum

Proof. (1) = (2) Suppose that v is a critical point L,. By hypothesis Hess(L)|,, is positive
definite and so has only positive eigenvalues. Thus by the second derivative test (see [14], Theorem
6.37) L has a local minimum at p.

(2) = (3) Suppose that vy is a local minimum of L. Then by definition there exists a neigh-
bourhood U C R" such that vg € U and L(vg) < L(u) for all u € U. Suppose that vy is not a global

minimum. Then there exists w € R™ such that L(w) < L(vp). But then for arbitrary 6 € (0, 1), by
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Proposition 5.5, we have that L((1 — 0)vg + 6w) < L(vg) — L(vo) + 0L(w) < L(vg). But this is a
contradiction since we can choose 6 sufficiently small so that (1 — 6)vg + 6w € U.

(3) = (1) This is known from basic calculus. O

Proposition 5.7. Fiz an arbitrary x € R™. If L, € C®(T,R") = C*°(R") is strongly convex then
O; T,R" — & (T,R") is a diffeomorphism.

s (yy) € T}R™ = R™. By

is positive definite so in

Proof. By definition, for arbitrary vy € T,R™ =2 R" we have ®_(vg) =
assumption, the Jacobian of ®, is positive definite. That is, Hess (L)l

vo
particular
det |:88’qu)Lz (UU):| = det [aawaavzl/x(vo)} >0
Thus, by the inverse function theorem, ®_ is a local diffeomorphism. Since a bijective local
diffeomorphism is a diffeomorphism, it suffices to show that & : T,R" = R" — & (R") is
injective. So suppose that p,q € R = T,R" are such that p # ¢q. Let w = ¢ — p so that w # 0.
Since L, is smooth, we have that L, is smooth on the line segment {p + tw ; 0 <t < 1}. By the
chain rule
jt(I)LI (p+tw) = (Jac(®r,)(p + tw)) w = Hess(Ly(p + tw))w

We also have that ¢, (q) — @1, (p fo gt‘I)Lz (p + tw)dt. Putting this together yields

(@) - 01 ) — T / oo+ g
=w! ( / Hess(L.(p + tw))wdt>

0
1
= / w? Hess(Ly(p + tw))w dt
0
However, Hess(L,) is positive definite on R™ and so this last expression is positive. Thus it can’t
be that ®;_(p) = @1, (q). Hence &, = a%L;B is injective. O

Proposition 5.8. If L, is strongly convex then for all £ € @1 (R™) we have

L&) =& 71(8) — Lo(®1(9))

z

Proof. Fix £ € &1, (R") C T;R™ = R". Consider the function g : R” — R defined by g(v) =
§-v— Ly(v). It’s clear that g is smooth. We have that

aavg(v) =¢— ;}Lx(v) =&§—p,(v)

and so
Hess(g)|, = —Hess (L)

v
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Hence, by hypothesis, it follows Hess(g(v)) is negative definite. Also, by Proposition 5.7 there
exists a unique g € R™ such that &1 (q) = %(q) = £. That is, %g(q) = 0. But since Hess(g) is
negative definite, by Proposition 5.6, it follows ¢ is a global maximum for g. Hence g(a) < g(q) for
all ¢ € R™. But then

L (&) =sup{€a — f(a) , a € R"}
=sup{g(a) , a € R"}
=9(q)
= (27} (€) — La(®L(9))

O
Theorem 5.9. If L, is strongly convexr then ®r: = CI)Zi
Proof. By definition, the Legendre transform of L* is
Orx TR = T,R", {— o
Proposition 5.8 showed that for all £ € &, (U)
L3(€) = & @1 1(€) — La(21)(€)
Thus
oL}
Pr:(§) = ¢ (3
0 0Ly . 0P, —1 .
= (I)Zi(f) +¢& ((%CI)Z;(@) - ( BN (q)Li(ﬁ)) < gz (5))) by the chain rule
=o,! 0 gt Oy (01 0T, by definiti
— 0@+ (o) - (n o) (e v definition
o 9 o1 0%y,
2O +e (o) -6 ( - (5))
=L, (¢)
O

Remark 5.10. Let L € C*°(R") be a strongly convex function. We say that L has quadratic
growth at infinity if there exists a positive definite quadratic form () on R™ and a constant K such
that L(p) > Q(p) — K for all p € R™. If L has quadratic growth at infinity, then &1 (R") = (R")*.
That is, if L is strongly convex and has quadratic growth at infinity, then @y : TR™ — T*R" is a
diffeomorphism. This is exercise 54 in [1]. We do not give a proof of this result as we do not need

it for what is to follow.
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Using the above theorems we can show that the dual function of a strongly convex Lagrangian

is strongly convex.

Proposition 5.11. If L € C®(TR") is strongly convex, then H = L* € C*°(T*R") is strongly

CONvVeT.

Proof. Suppose that L € C*°(R") is strongly convex. We need to show that H = L* € C*°((R")*)
is strongly convex. That is, for fixed x € R", we need to show that for all £ € R" we have
Hess(H,(&)) is positive definite. We showed in the proof of Theorem 5.9 that aa%(f) = @Zi(f) We

also have that
O, (D71(9) = 1, (Pm,(€) = &

Differentiating this equality with respect to &, the chain rule gives that

(@) (o ©) =1.

Since ¢, = BE)LUI and &y, = 68% = aang this equation is the same as

(Gepton©) (Gape) =1

That is we have shown that

Hess(H, (€)) = Hess(L, (¥, (€))) .

Since the inverse of a positive definite matrix is positive definite, the result follows. O

Corollary 5.12. (Involutivity of the Legendre Transform and Dual Function )
Let L € C*°(R™) be strongly convex. If H = L*, then H* = L. In particular, this means that
Oy« =D = Py

Proof. Let L € C*°(R") be strongly convex. From Proposition 5.11 we have that H = L* is strongly

convex. Hence

H*(z,v)=wv- (I);Ii (v) — Hm(@_i(v)) by Proposition 5.8 and 5.11
=05 (v) - (25 () - (271 (25 (v))) = La (211 (®5 (v)))) by Proposition 5.8
= (I);Ii (v) — ((@I_{i(v)) v — Lg(v)) since @Zi =&y,
= L(x,v)

O
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5.2 The Legendre Transform on Manifolds

The Legendre transform can be extended naturally to act on manifolds since, at every point, the

tangent and cotangent spaces are vector spaces.

Let M be a n-dimensional manifold and (U, z',...,2") an arbitrary coordinate chart. By
definition, U is diffeomorphic to an open subset of R™. We have the induced coordinate charts
(TU, 2%, ..., 2" v ..., 0" and (T*U, 2!, ... 2", &, ..., &) on TM and T*M respectively, and we
know that TU = U x R™ = T*U. Suppose that L € C*°(TU) is strongly convex. We define the

Legendre transform associated to L to be the map

O :TU — ®1(TU) (:c,v)r—>gi(

x,v).

For a fixed x € M, we have that L, € C°°(T,U) is strongly convex with respect to v!,...,v™. The

Legendre transform induces the map

Ly
O U S TU  Waes &p (W,) = 88 (W)
v
That is, %(WI) is the n-tuple (%(Wx), e ,%(Wx)). For each x € M the dual function

associated to L is again defined to be the map
L, :T;U—R & sup{éy - Wy — L,(W,) 5 W, € T,U}
All of the results from the previous section still hold. That is, for each z € M, we have

e [, has a critical point <= L, has a local minimum <= L, has a unique global minimum.

o &; T, U — & (T,U) is a diffeomorphism.

For all &, € @1, (T,U) we have L}(&,) = & - (&) — Lo (P (&)

_ &1
Op. = 0p .

If L € C*°(TU) is strongly convex then H = L* € C®°(®.(TU)) is strongly convex.

If L € C®(TU) is strongly convex and H = L* € C*°(®1(TU)) then H* = L. That is, the

dual function and Legendre transform are involutive.

5.3 The Legendre Transform Relates Lagrangian and Hamiltonian Mechanics

Let (M, L) be an arbitrary Lagrangian system, where L € C°°(T'M) is strongly convex. In the
previous section we defined L* € C°(T*M), the dual function of L. Moreover, we know that
T*M is a symplectic manifold when equipped with the canonical 2-form w. Hence, we see that
the Hamiltonian system (T*M,w, H = L*) arises naturally from the Lagrangian system (M, L).

Similarly, given a Hamiltonian system of the form (T*M,w, H) for some strongly convex H €
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C>®(T*M), we can define the dual function H* € C*(T'M). This gives the Lagrangian system
(M,L = H*). Since the Legendre transform and the dual function are involutive, we see that
these induced systems are well defined and ‘inverse’ to each other. This motivates the following

definition.

Definition 5.13. Given a Lagrangian system (M, L) the induced Hamiltonian system is the
triple (T*M,w, H := L*) where w is the canonical 2-form and 7*M. Similarly, given a Hamiltonian

system of the form (T*M,w, H), the induced Lagrangian system is the pair (M, L := H*).

Remark 5.14. Let (U,z',...,2") be a coordinate chart in a manifold M. We have the induced
coordinate charts (TU,x',... 2" o', ... o") and (T*U, 2%, ... 2" &,...,&) on TM and T*M
respectively. Proposition 5.7 showed that ® : TU — &1 (TU) is a diffeomorphism, while Theo-
rem 5.9 showed that <I>Zl = ®;«. Hence, in the induced Hamiltonian system (T*M,w,H = L*)
we have the coordinate chart (®p(TU),x!,... 2" &1, ...,&,) where each & satisfies & = ngi-
We also have that <I>Zl = ®py. Similarly, if we are given a Hamiltonian system of the form
(T*M,w, H), then the Legendre transform ®y : T*U — @y (T*U) gives an induced coordinate

chart (®y(T*U),zt, ..., 2", v!, ... v") where each v’ = g—g. Also, we have that <I>[_{1 =®;.

Given a natural Lagrangian system, the Hamiltonian function in the induced Hamiltonian

system is always the total energy.

Proposition 5.15. Let (M, g) be a Riemannian manifold with Lagrangian L = K—U € C*(T*M).
Then H =L*=F=K+U.

Proof. By definition, L = $mg;;v'v) — U. For (z,v) € TM, let (z,£) = ®1(z,v) € [(T*M). That

is,

oL
&k = BTJZ
= 9 1m vtod since U is independent of v* "
5ok \ 3™MYis pendent of v~ ..., v
1 j i 1 i J
= imv 905 + imv 9i50%, by the product rule
= mgikvi

Letting g% = [g71];; it follows that

1
v = Egzkgkr

Since ®;*(z,£) = ®; (@1 (2,v)) = (z,v), by Proposition 5.8 it follows that

H(z,§) = L*(z,§)
=&t — L(z,v)
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1 o
= mg;jv’v" — imgl-jvzv] + U(x)
1 o
= §mgijvlv] +U(x)

=K+U

O]

Remark 5.16. Notice that if the metric is the standard one and the manifold is R™, then in
TM = R?" motions are described by their position and velocity coordinates. However, in the
induced Hamiltonian system we have & = mo’ and so motions in here are described at each time

by specifying position and momentum coordinates.

A simple calculation, which we show now, demonstrates that if the natural Lagrangian is time
independent then the total energy is conserved. In section 6 we will see that time independence of
the natural Lagrangian can be thought of as a ‘symmetry’ and so conservation of energy can also

be seen as a consequence of Noether’s theorem.

Proposition 5.17. In a natural Lagrangian system, if the Lagrangian is independent of time then

energy is conserved. That is, if L(x',... 2" v ... 0™ t) is such that %—f =0 then %H = 0.

Proof. Let v(t) be a motion in (M, L). That is, suppose ¥(t) = (y(t),~'(t)) satisfies the Euler

Lagrange equations. We have that

d oL oL oL
SLOMA N =g ADFGe  AO+
TG, UlEm. F(0).)
d 0L oL oL
= = i v (t) + Dol 7' (t) + o by the Euler-Lagrange equations
RICIOR) RRIGIOR) GF(0).0)
L L
= di (g - V’(t)) + 68 by the product rule
EX 9% lGw. Hla.
d _ i~ oL .
== (&A@ (A(®))) + En by definition
(F(®),t)
That is J oL
— (L(ac,v,t) — §ivi) = — .
dt OG0
However, by proposition 5.8 we have that L(z,v,t) — ' = —L* := —H. Hence if % = 0 then
%H = 0. By Proposition 5.15 this means that the total energy is conserved. O

The first example we give that demonstrates how the Legendre transform relates Hamiltonian
mechanics and Lagrangian mechanics is by showing how it translates motions in one formulation

to motions in the other. To see this we first need the following lemma.
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Lemma 5.18. Assume that L € C°°(T'M) is strongly convex. As above, if (TU,z!,... 2" v!, ... o")

is a coordinate chart on TM we get the induced chart (®,(TU),xz',... 2" &,...,&,) on T*U,

where by definition (z,&) = ®p(z,v). Let H = L* € C>®°(T*U). The claim is that %(m,v) =
OH

Proof. By Proposition 5.8, H,(£) = L3(€) = £(®,1(€)) — L(®, ' (€)). However, ®,!(6) = 71 (¢) =

@Zml(CDLI (v)) = v and so

H(z,6) =¢-v— L(z,v) = &v' — L(x,v) (5.1)

We know that g;ji =0 for all 1 <14, < n; however, by definition £ is dependent on x and v. Hence,

taking the total derivative of H(z,¢) with respect to 2%, the left hand side of (5.1) is

OH OH ¢,

while the total derivative of the right hand side is
. ) L
TR =)

However, by hypothesis we have that g—g(x, €)= (@Zl(q)L(x, v)))Z = v' and so combining these

equalities finishes the proof. O

This result gives us the following two theorems.

Theorem 5.19. If a curve v : R — U satisfies the Fuler-Lagrange equations on some chart U C M,
then ®1, 07 : [a,b] = T*M ‘s an integral curve of the Hamiltonian vector field Vi.

Proof. Let (U, x1,...,2,) C M be an arbitrary chart. We have the induced charts (TU, z!,... 2", v!, ...

and (@, (TU),zt, ..., 2" &1, ..., &) on TM and T* M respectively. By hypothesis, 3(t) = (v(¢),v(t))

satisfies the Fuler-Lagrange equations. That is

o) = 5 ()

Let U(t) = @(7(t)) = 2L(v(1),7'(#)) = (v(t), P, (¥/(1))). It needs to be shown that ¥(t)

satisfies Hamilton’s equations. That is, it needs to be shown that

4ty = FE(u())
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This is precisely the first line of Hamilton’s equations. The second line also holds since

O @y (0 ()i = 2 2 (1) by definition
= gj@ (1)) by the Euler-Lagrange equations
- —gg (y(t), L, (' () by the Lemma
= — gi{ ((t)) by definition

A stronger version of the converse is also true:

Theorem 5.20. Given a Lagrangian system (M, L), where L € C*°(TM) is strongly convez, let
(T*M,w,H = L*) be the induced Hamiltonian system. If ¥ : R — T*M is an integral curve for
Vi then W = ®p o~ for some motion 7 in (M, L).

Proof. Let U(t) = (a(t), B(t)) € T*M be an integral curve for Viy. Then W(t) satisfies the Hamilton

equations

doi(t) = ZE(w(r)
4p,(t) = S (w())

Here v is a curve a : R — M. It follows that

S (¥(@®)) = (a(t), @n,,, (B(1)))

so that
DL((1)) = (a(1), Br,, Br, (5(1)) = (a(8), B(0)) = (1)

It suffices to show that &(t) satisfies the Euler-Lagrange equations. Indeed

OL  _ ) — OLaw) , d

oL _ a finit;
9 (a(t)) D (dta(t)) by definition
0H,
= —W@)(B(t)) by the Lemma 5.17
OH
= —%(\P(t)) by definition
d
= %(B (1)) by Hamilton’s equations
d . -
= @ P ((I)Hau) (ﬁ(t») since @1+ = @'
d 0H o
= £@Lam (8—£(q/(t))) by definition
d d o .
= %QLQ(” (i(a(t))) by Hamliton’s equation
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d oL, "
= %%(a(t)) by definition

Example 5.21. (Geodesic Flow in Hamiltonian Mechanics)

We can now show how the Legendre transform relates the concept of geodesic flow in Lagrangian
and Hamiltonian mechanics. Let (M, g, L) be a natural Lagrangian system, where L € C*°(T'M) is
strongly convex. Recall that in section 2.7 we derived the geodesic flow as the symplectomorphism

generated by the Riemann distance function. In other words, we set our Lagrangian to be

1
L:TM =R (z,Vy) — §gx(Vx, V).

As demonstrated in Example 3.19 if the net force on the mechanical system is 0, then the solutions
to the Euler-Lagrange equations are geodesics. Consider what happens if we translate this system

into the Hamiltonian setting. Using the argument in the proof of Proposition 5.15 we have that

By definition our Hamiltonian vector field is

v O0H O 0H 9
B 0¢ 021~ 0x' 08

The integral curves, v(t) = (z(t),£(t)), of Vi must satisfy Hamilton’s equations:

d xk(t) — OH

dt 3%
L&) = —24
We have that
OH 1 ;. 1, .
a6, — 29706 + 59760 = g7 (52)
and
oH 1 0g%

TOgk T T2 ggFu (5:3)

To make the notation clearer, we will denote the time derivative using dot notation. If ()
satisfies Hamilton’s equations then by equation (5.2) we have that & = g.14®. Plugging this into

the second line of Hamilton’s equations and using (5.3) we get that

. OYak ., . . 1 agij .a
& = a—;qacaa:q + Gard® = —§wgmgjpx“xp (5.4)
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We can simplify this expression using the following claim.

Claim 5.22. We have that —Mgngp = %

rk

Proof. We know that ga,g?’ = 8. Differentiating this with respect to z* we get that

agap . 8gpj

Oxk 9" + ap ok 0
Multiplying both sides by gj; and summing over j gives

OGap 8ng

Oxk o =- gk I dii

Using this claim, equation (5.4) becomes

ca _ 109ap a.p
2 Oxk

Rearranging, we get that if «(¢) satisfies Hamilton’s equations then

i‘b _ gkb <1 agapg,c%p B 8gak {/'Ca.i'Cq> _ _} kb <8gak GaqP 1 8gpk OGP _ 8gap¢ai,p>

2 Oxk Oz 2g OxP Oxa ozk

This is precisely the geodesic equation. Hence, a curve satisfying the Hamilton equations is a
geodesic. Conversely, let v(t) = (x1(t),...,2"(t)) be a geodesic in M. Then if we set & = gard?,
applying the above argument to ¥(t) = (z'(t),...,2"(t),&1(t), .. ., &n(t)) shows that ¢ is an integral

curve of V.

Remark 5.23. As in the previous example, consider a Lagrangian of the form L = K. Then, as

in the proof of Proposition 5.15, we have for fixed x € M

(®L(x,v)); = gjiv’

That is, for W, = W* 8(;

. € T.M we have that
(I)L;C (Wx) = gjiWidl‘j.
Hence in this case the Legendre transform is just the musical isomorphism

Oy ToM —TM W g(W,).

In section 2.7 we showed that the symplectomorphism generated by the Riemann distance

function was the geodesic flow
¢:TM —=TM V= (yw(1),7w(1)).
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But in order to find this symplectomorphism we identified 7% M with T M via the musical isomor-
phism. In fact, now we can see that all we were doing in that section was solving the Hamilton
equations. We were trying to find V' and W such that g(V,-) = d,L and g(W,-) = —dpL. We
took geodesics (motions in (M, L)) and mapped them under the Legendre transform to motions in

(T*M,w, H). It follows that an equivalent way to define the geodesic flow is as follows.

Definition 5.24. Consider the smooth function
H:T°"M — R (z,8) = 59](90)&59'

and its Hamiltonian vector field

v . OH O 0H 9
H=0¢ 021~ 0x' 98

The flow generated by Vi is called the geodesic flow.

Example 5.25. (The Simple Pendulum Under the Legendre Transform)

Recall that in Example 3.25 we found the Euler-Lagrange equations for the simple pendulum.
We also saw in Example 4.10 how it was described in the Hamiltonian formulation. Noticing that
the pendulum was constrained to S, we worked in a coordinate chart (U, #) of S and considered
(TS*,0,0). With the metric on S induced from R2, ie. g = gop = 12(df)?, we saw that the
kinetic energy was K = %ml2(5)2 and the potential energy was U = mgl(1 — cos#). Recall that
in the Hamiltonian setting, we didn’t change the potential, but we set the kinetic energy to be
K= % To see why we did this, we apply the Legendre transform to the Lagrangian set up. Let
(®L(TU),0,&) be a chart in the induced Hamiltonian system so that £ = % = a%(%mﬂgg) = ml24.
It follows that 6 = # Thus,

2 2
K= %mlzmiﬂ - 2fnz2'

Since in the induced Hamiltonian system the first coordinate is the same as in the Lagrangian

setting, the potential energy remains unchanged.
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6 Noether’s Theorem

Noether’s theorem provides a relationship between symmetries and constants of motion. Before
going into the details we first need the formal definitions. In this section we will always assume

that our manifolds are geodesically complete.

6.1 Noether’s Theorem in Lagrangian Mechanics

First recall the different notions we have of ‘lifting” maps. Let M be a manifold and f: M — M a
diffeomorphism. In section 2.5 we defined the lift of f to the cotangent bundle to be the map

forT"M - TM  (2,€) = (f(2), (f)71(€)-

Note that we can also lift f to a map on the tangent bundle by taking the differential of f. To
avoid confusion, we will denote the lift of f to T M by

fiTM =TM  (p,V) = (f(p), fep(V))-
Lastly, we defined in section 3.2 the lift of a curve v : R — M to the tangent bundle by
y:R—TM t (v(t),7 (t)).

Definition 6.1. In a Lagrangian system (M, L) a continuous symmetry is a one parameter
family of diffeomorphisms {6 : M — M ;s € R} such that for each s € R we have (6,)*L = L.

That is, the family of maps is a continuous symmetry if for all s € R we have that L o 53 = L.

A continuous symmetry can be thought of as a symmetry of motion. The standard notion of
symmetry is invariance under some sort of mapping, i.e. an object is called symmetric if there is
a map that preserves it. But here the objects being acted on are motions and so this definition is
referring to the preservation of solutions to the Euler-Lagrange equations. Some obvious examples
that we observe in homogeneous space are the invariance of the laws of motion under space and
time translations. Noether’s theorem says that both these families of continuous symmetries (space
and time translations) have corresponding conserved quantities. We will see below that they are

conservation of momentum and conservation of energy respectively.

Definition 6.2. In a Lagrangian system (M, L) a conserved quantity (or constant of the
motion) is a smooth function G € C°°(T'M) with the property that for any motion v: R — M in
(M, L), the total time derivative of G vanishes on the image of 7. That is for all t € R

d

SGO(1) =0

All of the conservation laws in physics correspond to a conserved quantity.
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Theorem 6.3. (Noether) Let (M, L) be a Lagrangian system and v : R — M a motion. Let

1 ...,v") the induced local coordinates

(x',...,2") be local coordinates for M and (z!,...,z",v
on TM. For any continuous symmetry {05 : M — M , s € R} in (M, L) there exists a conserved

quantity. The conserved quantity is given by the formula

d d .
(WL> : (ds oesﬂ) € C®(TM).

Proof. By hypothesis, for any s € R, L((6s o y)(t)) = L(7(t)). That is,

a —_~—

0= %L((es oy)(t))

By hypothesis we have 05 o v satisfies the Euler-Lagrange equations:

gl (Eonm) = 5 (et (Eonw) )

Plugging in the left hand side of this equation into the above gives

0= % <8?}iL ((93 o 'y)(t))> (;8(93 ° v)i(t)> + 3(?,¢L ((9/3\0/7)“)) (ci’ (i(es ° 7>i(t>>>
= (e (6590)) (Lo 6oy

That is, ( a?;i L) . (% o 92*) is a conserved quantity. ]

Remark 6.4. By noticing that gULZ- is nothing but the Legendre transform of L, we can give a

coordinate free description of the resulting conserved quantity. That is, setting

o= () (0

we have that for arbitrary (p,v) € TM
s:0>) '

Example 6.5. (SO(3) gives Continuous Symmetries under a Central Force)

G(p,v) = (1, (v)) - <9’(‘p) <js

Let F be a central force acting on a particle in R?® with metric ¢ and natural Lagrangian

L =K —U. Let v be the motion of the particle. A one-parameter subgroup of SO(3) is a collection
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of maps {0s € SO(3)}, where s € R, with the property that 65, = 05 o 6;. By definition, for every
x € R? we have that ||0s(x)|| = ||z|| and hence for each 1 < i < 3 we have that U (0(y(t))) = U(y(t)).

Since each 6 is a linear operator on R3 each map has a matrix representation, say [fs]. Note that

P

V(B 7)) (B o )(0) = (8 07(1)) - (6, 04(1)))

= ([(’Yi)l(t)]T[es]T) . ([95][(’)’1)/@)}) since 0, is linear
v (F(1)v! (3(t)) since [f4] is orthogonal

It follows that K((é_gfy)(t)) = K(7(t)). Hence L((H/S_;/”y)(t)) = L(~(t)) showing that each one
parameter subgroup of SO(3) is a continuous symmetry on natural Lagrangian systems under a
central force. This statement easily generalizes to R™. It also generalizes to a system of k particles
in R™ by considering the manifold R™ so that the motion of the k particles is described by one

curve.

Remark 6.6. In a natural Lagrangian system for which the potential energy is zero, every element
of the Gallilean group SGal(3) corresponds to a continuous symmetry. In the cases where the
Euler-Lagrange equations reduce to Newton’s second law, saying that the elements of SGal(3) are
continuous symmetries is equivalent to the statement that Newton’s laws are invariant under the

action of elements of SGal(3).

Example 6.7. (Rotational Invariance Gives Conservation of Angular Momentum)

Example 6.5 showed that, under a central force, each one parameter subgroup of SO(3) is a
continuous symmetry. Hence by Noether’s theorem, each has a corresponding conserved quantity.
For example consider rotation about the z3-axis. That is, consider the one parameter family given
by

coss —sins 0
fs = | sins coss O
0 0 1

Noether’s theorem shows that for any ¢ € R the corresponding conserved quantity is

(o) (4 (] L))

Computing, we get that the conserved quantity is

[m(y!) (), m(y*) (), m() O] - | | 10 0] | ()
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This last value is precisely the angular momentum in the 22 direction. That is, rotational symme-
try about the z3-axis has angular momentum in the 23 direction as its corresponding conserved

quantity.

Example 6.8. (Translational Invariance Gives Conservation of Momentum)

Consider a closed system in (R3, K — U) subject to a conservative force whose potential is
independent of the z'-coordinate. Notice that translation in the z'-direction is given by the one
parameter family {0; : R — R3, (2!, 22, 2%) — (2! + 5,22,2)}. For a motion v, it’s clear that
405 07(t)) =+'(t) and so

(b5 07)(t) = (V' (1) + 5,72(1), 2> (1), (1) (), (V) (1), () (1)).

—_~—

By our hypothesis we have that U(0s((t))) = U(y(t)). Hence L((6s0~)(t)) = L(5(t)). By

Noether’s theorem we have that

(SEw@=nm)- (&

is a conserved quantity. But this is equal to

[m(y') (), m(y*)' (), m(*) @®)] - | 0| =m(") ().

That is, momentum in the z'-direction is the resulting conserved quantity of translation in the
x!-direction. This example easily generalizes to R”. Note also that in a system with k particles in
R”™ interacting through conservative forces, we can replace our base space with R™ and study the

motion of 1 particle.

Example 6.9. (Time Invariances Gives Conservation of Energy)

We showed in proposition 5.17 that if the Lagrangian was time independent then the total
energy was conserved. However, it is not obvious how to view time translation as a continuous
symmetry. To see how this can be done, suppose first that in a Lagrangian system (M, L) the
Lagrangian is time dependent. That is, suppose L € C*°(T(M x R)). Consider the Lagrangian
system (M x R, L) where L; € C°°(T(M x R)) is defined as follows. If (z!,... 2", v!,... v") are
the induced coordinates on TM and (¢,u) are the induced coordinates on TR then define Ly by

Li:T(M xR)—R (t,z,u,v) — L(t,z, B)u.
u
Notice that if we have a motion v : R — M, then the curve

Yi=a:R—>RxM e (g,7(e))
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is a motion in (R x M, Ly). This is because a(e) = (e,7v(¢),1,7/(¢)) and

Li(e,7(e),1,7'(¢)) = L(g,7(),7'(¢))-

Hence it is justified to call v : R — M a motion in (M, L) if 4 = « is a motion in (R x M, Ly).
Suppose that {05 : R x M — R x M} is a continuous symmetry in (R x M, L1). Then by Noether’s

theorem we have that the following is a conserved quantity in (R x M, Ly);

9L d o 0L d
%(tﬂﬁa“ﬂ’) : %95 + WL(tvx,u,v) . %98
which is » ,
v d ”Ul L v d L v d )
L(t,m, —) 60 — = 2= (1, =) 00 4 ——(t, 2, — ) ~—b".
(7x7u)ds S ua/UZ(7:I:’u)dS s+8vl(’x’u)d8 s

If the Lagrangian is time dependent we define conserved quantities as follows. Given a motion ~
in (M, L) we get the motion & = % in (R x M, L) defined above. We observed that a continuous
symmetry / conserved quantity in (R x M, L;) is also a continuous symmetries / conserved quantity
in (M, L) since Ly = L when we set u = 1. By Noether’s theorem, a continuous symmetry {6;} in
(R x M, Ly) gives a conserved quantity in (R x M, Ly) which in turn gives a conserved quantity,
G, in (M, L) by setting u = 1. That is we have that {6} is a continuous symmetry in (M, L) with
corresponding conserved quantity G. We can now view time translation as a continuous symmetry
and compute its corresponding conserved quantity. It’s clear that the continuous symmetry of
(R x M,Ly) given by {s : Rx M — R x M | (t,x,u,v) — (t + s,z,u,v)} is representing time
translation. Now suppose that v : R — M is a motion in (M, L) and L is time independent.
Consider the induced motion ¥y = a : R — R x M. We have that

P

Lyi((0s 0 a)(t) = Li(e + 5,7(¢), 1,7'(¢))
= L(e +5,7(c),7(¢)))

= L(g,v(),7'(¢)) since L is time independent
= Li(e,7(),1,7(¢))
= Li(a)

But we have that %02 =0 for all i > 1. As well, %92 = 1 and so the conserved quantity is just
L(t,z,7) — COL (4 g, 2). By setting u = 1, it follows that the conserved quantity in (M, L) is

u Qv
L(t,z,v) — v gﬁ (t,z,v) = —L*. But in a natural Lagrangian system, Proposition 5.15 showed that

L* is the total energy.

6.2 Noether’s Theorem in Hamiltonian Mechanics

Fix a Hamiltonian system (X,w,H). We first define the notions of continuous symmetry and

conserved quantity in the symplectic setting.
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Definition 6.10. A continuous symmetry is a vector field W € I'(T'X) such that
Lyww=0 and LwH=0

Definition 6.11. A conserved quantity (or constant of motion) is a function f € C*(X)

that Poisson commutes with H. By the antisymmetry of the Poisson bracket, this means that

{f,H} =0={H, [}

Since {H, f} = w(Vi,Vy) = (Vuaw)(Vy) = (dH)(Vy) = VyH = Ly, H, we have that f Poisson

commutes with H if and only if
Lyv,H=ViH=0=Vyf=_Ly,[

Theorem 6.12. (Noether) If W € I'(T'X) is a continuous symmetry, then W is locally Hamilto-
nian and its Hamiltonian function is a constant of the motion. Conversely, given a constant of the

motion f € C*°(X), its Hamiltonian vector field, V/, is a continuous symmetry.

Proof. Let W be a continuous symmetry. By hypothesis,
0=Lyw=dWiw)+Widw=dW_iw)

Hence, by Poincare’s lemma, around every point there exists a neighbourhood U and a function
f € C*°(U) such that W_w = df. That is, locally W = V} so that W is locally Hamiltonian. By
hypothesis, LiwH = 0 = Ly, H so that {f,H} = 0 = {H, f}. Conversely, let f € C>°(X) be a
conserved quantity so that {f,H} = 0 = {H, f}. Consider the corresponding vector field V. It
was just shown that Ly, H = 0 while

ﬁvfw =d(Viaw) + Viadw =d(Viow) =d(df) =0

Example 6.13. (Symmetries on the 2-Torus)
Consider the 2-torus T? with local coordinate chart (U, 0, ). Here U = A x B, where (A4,6)

and (B, ) are two different local coordinate charts on S'. Consider the Hamiltonian system
(Uyw =dO Ndp, H) where H € C*(TU) is defined by H (0, ¢) := 6. It follows dH = df and so the
Hamiltonian vector field is Vg = —%. Consider the vector field W = % € I'(TU). The flow of W
is

0s:U—=U, (0,0) — (6,p+5).

By Cartan’s magic formula, we have that

0
E%w:d(d@—{—%_tdw:o
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and 50
LwH=—=0.
w a(p
That is, W is a continuous symmetry in this Hamiltonian system. Since W_ w = d#f it follows that
on U we have W = V; where f: U =R, (0,¢) — 6. That is, f = H and hence {f, H} = 0. That
is, f is the corresponding conserved quantity. Notice that f = H is not a global function on T?

and so we can only say that W is locally Hamiltonian.

Noether’s theorem in the Hamiltonian setting says that each continuous symmetry on a sym-
plectic manifold is locally Hamiltonian. That is, if W € I'(T'X) is a continuous symmetry, then
for each p € X there exists an open set U, and f, € C>°(Up) (the conserved quantity) such that
W = Vy, on U, However, when the symplectic manifold is a cotangent bundle, the following

proposition gives a condition on when the conserved quantity is global.

Proposition 6.14. Given a manifold M, we know that the cotangent bundle (T*M,w = —da)
18 a symplectic manifold, where w is the tautological 2-form. Fiz a Hamiltonian function H €
C®(T*M). Let W e I'(T'(T*M)) be a continuous symmetry in the Hamiltonian system (T*M,w, H)
which preserves that tautological 1-form a. Then the corresponding conserved quantity (Hamilto-
nian function) is a(W'). Note that this conserved quantity is globally defined. In other words, if
W e T(T(T*M)) is a continuous symmetry which preserves «, then

Proof. Suppose that W € I'(T(T*M)) is a continuous symmetry such that Lyya = 0. By Cartan’s

magic formula this means that

dWia)=-W_iaida=W_w.

6.3 Noether’s Theorem Under the Legendre Transform

This subsection gives another example of how the Legendre transform translates statements between
Lagrangian and Hamiltonian mechanics. That is, we show how the Legendre transform translates

the statements of Noether’s theorem.

Theorem 6.15. Let (M,L) be a Lagrangian system where L € C°(T'M) is strongly convez.
Suppose that {05 : M — M,s € R} is a continuous symmetry so that the corresponding conserved
%L) (% ) (027*)) This continuous symmetry generates a vector field W &
L(TM). The claim is that the vector field Wy € T'(T(T*M)), as defined in Lemma 2.24, is a

continuous symmetry in the induced Hamiltonian system (T*M,w, H = L*) and the corresponding

quantity is F = (

conserved quantity is F' o CIDZl = Fody.
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Conversely, given an arbitrary manifold M, consider the Hamiltonian system (T*M,w = —da, H)
for some arbitrary strongly convexr Hamiltonian H € C>(T*M). Suppose that W € I'(T'(T*M)) is
a continuous symmetry which preserves a. Let G denote the corresponding conserved quantity. If
{s : T*M — T*M, s € R} is the flow of W then by Theorem 2.25 there exists a family of diffeomor-
phisms {05 : M — MY} such that 6% = 1p,. The claim is that {65 : M — M, s € R} is a continuous
symmetry in (M, L := H*) and that the corresponding conserved quantity is G o (1)1}1 =Gody.

Proof. Given a continuous symmetry {6s: M — M , s€ R} in (M, L), let F' = (gULZ) (d% 0f.,) be
the corresponding conserved quantity. Let W be the infinitesimal generator of {,} and W} denote
its lift. We are trying to show that Wj is a continuous symmetry in (7*M,w, H). By Proposition
2.22 it follows

Lyw,a=0 and Lw,w=0

It remains to show that Lw,H = 0. By Theorem 6.14 we know that Wy = V,w,). However,
Wiia =Fo @Zl = F o &y since for arbitrary (p,&,) € T*M by definition

)

Fod,'(p,&) = (2@ (&) (95}3) (ci

= 51) (Wp)
=& (m((We) pe,))
= Q(Wﬁ)(p, gp)

Thus, showing that Ly, H = 0 is equivalent to showing, by Proposition 4.12, that for any integral
curve ¥ of Vi we have %(F o ®;1)(¥(t)) = 0. But by Theorem 5.17, any integral curve of Vy; is

of the form (®r, o a)(t) for some motion «(t) in (M, L). But then

d _1 d

SF o0 @y (a(r) = L F(a(t) =0

since F' is a conserved quantity. All of this shows that W; is a conserved quantity in (77 M, w, L*)
with globally defined conserved quantity F o ®yy.

Conversely, consider a Hamiltonian system of the form (T*M,w = —da, H) for some strongly
convex H € C®(T*M). Let W € I'(T'(T*M)) be a continuous symmetry whose flow preserves
«. Then by Theorem 6.14 we have that the corresponding conserved quantity is G = W _a.
Furthermore, by Theorem 2.25 | if {¥, : T*M — T*M, s € R} is the flow of W then there exists
a family {05 : M — M, s € R} such that U, = 92;. That is, each W, is defined by

U T*M - T*M  (p,€) = (0s(p), (05) ().

We want to show that the family {6s : M — M, s € R} is a continuous symmetry in the induced
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Lagrangian setting (M, L = H*). Consider the vector field

Y = fai & I(T(T* M),

which is negative the symplectic dual of a. By Claim 2.26 we have that

while by hypothesis

By definition

L(z,v) = H*(x,v)
0H
= 52.87& — H(z,§)
=Y(H) - H(z,8).

Hence

(VL) (z,v) = W(Y(H)) — We(H (x,£))

S

= Vi(Y(H)) - H(z,¢)

S

Thus it suffices to show that U¥(Y(H)) = Y (H). Indeed, for arbitrary p € M we have that

\I’s(p)((\IIS,*Y)p) since ¥, .Y =Y

dH),(Yy) since ViH = H

But by hypothesis, ¥ is the inverse of the pullback of 8s. Thus we have shown that (65)*L = L
for all s € R. That is, {#s : M — M, s € R} is a continuous symmetry in the Lagrangian
system (M,L). Noether’s theorem shows that the corresponding conserved quantity is F =

(gUL,-) (% 00.,). As in the proof of the converse, we have that F o ®y = a(X). That is

F=a(X)od,.
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Remark 6.16. In summary we have shown that, given a continuous symmetry in (M, L) with
corresponding conserved quantity F', there is a corresponding continuous symmetry in the Hamil-
tonian system (T*M,w, H = L*) which preserves « and has conserved quantity F'o®y. Conversely,
given a continuous symmetry in a Hamiltonian system of the form (7™M, w, H) which preserves «
and has corresponding conserved quantity G, there is a a corresponding continuous symmetry in
(M,L = H*) with conserved quantity G o ®7. In subsection 6.5 we will consider what happens

when we relax the definitions of continuous symmetry and conserved quantities.

Example 6.17. (Translational Invariance and Conservation of Momentum)

In example 6.8 we considered the natural Lagrangian system (R3, K —U), where U was assumed

to be independent of x!, with the continuous symmetry
{6, :R3 5 R?, (21,22, 2%) — (2! + 5,22 2%)}.

We saw that as a consequence of this symmetry we got conservation of momentum. We can also

see this by using Theorem 6.15, and converting to the Hamiltonian setting. Indeed our continuous

symmetry generates the vector field 821 € I'(TR3). Since the Jacobian of §; is the identity matrix

, 1s just % € I(T(T*R3)). By Theorem 6.15,, it follows that (%)ﬁ is a

continuous symmetry with conserved quantity « <(%)ﬁ) = &. But & is just mo', which when

we have that (a%l)

applied to a motion is the momentum in the z'-direction.

6.4 The Converse of Noether’s Theorem in the Lagrangian Setting

In subsection 6.1 we showed that given a Lagrangian system (M, L) and a continuous symmetry

{0s: M — M, s € R}, Noether’s theorem gave the corresponding conserved quantity

oL d -
)| —o06" ).
(81}1) (ds S’*>

With the results from the previous subsection we can now show that given a conserved quantity

of this form, the corresponding family {6s : M — M, s € R} is a continuous symmetry in (M, L).
Indeed, suppose that we have a family of diffeomorphisms {fs : M — M, s € R} such that

d (9L d i\ _
a ((W) | (ds”&*)) =0

This family of diffeomorphisms generates a vector field Y € I'(T'M). In Theorem 6.15, we showed
that the vector field Yy € I'(T(T*M)) is a continuous symmetry in (T*M,w, H = L*) which
preserves v and has conserved quantity o(Y}). However, by Lemma 2.24 the flow of Y} is 6,4. It

follows from the proof of Theorem 6.15 that {0; : M — M, s € R} is a continuous symmetry
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in (M,H*) = (M,L). Hence, we have the following diagram, where within each brace we are

considering the induced Hamiltonian or Lagrangian system:

Families of diffeomorphisms X el(T(T*M))
{0s: M - M, scR} such that
such that (gs)*L =L 0=Lxw=Lxa=LxH

Conserved quantities f e C®(T* M) with f = a(W)
of the form (2%) (L o¢i ) " o
v s » — for some W S F(T(T*M))

for some family of maps
such that Lyya =0and {f,H} =0
{6s: M — M}

This diagram proves the converse of Noether’s theorem in the Lagrangian setting when the
continuous symmetries are restricted to be of the above form. Using this diagram we can exhibit
a conserved quantity in a Lagrangian system which does not arise via Néether’s theorem from a

continuous symimetry.

Example 6.18. (The Laplace-Runge-Lenz Vector)

Consider a particle of mass m moving under a central force field in R3. Let #* denote the position
vector of this particle. For simplicity, endow R?® with the standard metric and let (2!, 22, 23) denote
the standard coordinates on R?® and (z', 22,23, v',0v%,v%) and (z!, 22,23, &1, £, &3) the induced
coordinates on TR? and T*R? respectively. Let L = K — U be the natural Lagrangian. As is
the case for the gravitational and electrostatic forces, we assume our potential energy is of the
form U = —% where k is some constant. As in the proof of Proposition 5.14 we have that locally
& = mv', the momentum in the ith direction of the particle. That is, & = p; as functions on
RS = T*R3 = TR3. In these coordinates we have that the tautological one form is a = p;da’. The

Laplace-Runge-Lenz vector is defined to be

where p'is the particle’s momentum and L is the particle’s angular momentum. By Proposition
3.11 we have that the %I_j = 0. Identifying the vector field % with H%:H we have that

ouo k.

ma:mr:F:—VU:—Ear——Wr.
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It follows that

aA . . L d [ mk
X LApxL— = (o
g T PrEE dt(W)
. - d [ mk
=—pxX L — — | —7
AN
mk . d (mk
= " 'FX('FX F) —<_,T'_’
||7"H3< ) dt \ |||
mk . . d [ mk
— iz (7= 1) - 5 (77)
||7“H3< ) dt \ [|7|
_ R (L e e ) - L (T
PP \2dt dt \ |7
B mk (1d , o o 125 d (mk_
=~ (5 O 7= 1%) = 2 (7)
= () e ) - S (T
IGE dt dt \ [|7]]
o Gl _d(mF>
|7l |7|? dt \ |||
_d <mkf) _d <m’ff)
dt \ ||7| dt \ ||7|
Hence the first component of A', which is
1 L o1 mka! 273 3p2  mka!
A =(@PxL) — === —p°L7 —
(17| Ikl

is a conserved quantity. That is, A! € C°°(R") is such that %Al = 0 on motions in the Hamiltonian
system. It follows, from Theorem 6.15 that A' o ®; is a conserved quantity in the Lagrangian
system (R3, K —U). In order to show that this conserved quantity does not arise from a continuous
symmetry, by the above diagram we need to show that the induced continuous symmetry in the

Hamiltonian system (T*R3, K + U) corresponding to the conserved quantity A' o & 0 dy = A!

has flow which is not the lift of curves on the base manifold.

By definition, our Hamiltonian system is (T*R3,dz’ A dp;, L*), where by the argument in the

proof of Proposition 5.15 we have that

k

2m Il

2
K+U—H 112
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Note that by definition

oA 9 0A' O

X = — - — -
Al Op; Ox' ox* Op;
1

_pp 0 g2 0 mk 0 mbkx Or 9
82~ 98 T Op1 | |FI” 0 O
0 0 mk 0 mk 0 mk 0

=0 — - L’ — + —=(—(2?)? — ()% =— + o —— + rlad —
o7 Lo T @) T @) g Y R o TR O

A straightforward calculation shows that X 1 H = 0 so that A' is a conserved quantity in the
induced Hamiltonian setting.
To find the flow, or integral curves v(t) = (x(t),&(t)), of the continuous symmetry X 41 we need

to solve the Hamilton equations:

(@) =0

((L’Z), — LS

(1’3), _ _L2

(n) = ||’7Z|’|“3< (#2)? — (%))
) = e’

o) = e’

All we are trying to show is that the flow of X 41 is not the lift of a one parameter family of
diffeomorphisms on M. But by definition, given a continuous symmetry 65 : M — M, the lift 6
is equal to (67)~!, which is a linear function on each fibre of the cotangent bundle . In particular
then, if the flow of X 41 came from lifting curves on M it would be that each (pg)’, for k = 1,2, 3,
were a linear function of p1, p2 and p3. However, we can see immediately from the form of the above
ODE’s that this is not the case. Thus the flow of X 41 is not the lift of a continuous symmetry on
R3. We thus have shown that Alo® is a conserved quantity in the Lagrangian system (R3, K —U)

which does not come from a continuous symmetry.

Remark 6.19. An equivalent way to see this would be to show that Lx ,a # 0. This can be done
explicitly, but the calculation is quite lengthy. Note that although Lx ,« # 0, we showed that
X 41 is a continuous symmetry in (T*R3,w, K + U) so that EXAlw = 0. That is, not all continuous
symmetries in Hamiltonian systems of the form (7%M,w, H) need to preserve the tautological

1-form.

6.5 Relaxing the Definitions of Symmetries and Conserved Quantities

With the Laplace-Runge-Lenz vector in mind, it is an interesting question to consider what would

happen if we relaxed the definitions of continuous symmetry and conserved quantity. In particular,
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is there a way to make the following diagram traceable both clockwise and counterclockwise?

Continuous symmetries in a Continuous symmetries in a
Lagrangian setting Hamiltonian setting
Conserved quantities in a Conserved quantities in a
Lagrangian system Hamiltonian system

We can see right away that with our definitions this is impossible. Indeed, any continuous symme-
try in a Lagrangian system (M, L) gives a continuous symmetry in (7*M,w, L) which preserves a.
However, we showed above that the Laplace-Runge-Lenz vector is a continuous symmetry which

does not preserve a.

Recall that the original definition of a continuous symmetry in the Hamiltonian setting does
not include the requirement of preserving the tautological 1-form. However, even without this
requirement we saw that, in the Hamiltonian setting, continuous symmetries and locally defined
conserved quantities are in one-to-one correspondence. If we return to the Lagrangian setting with
the original definitions of symmetries and conserved quantity, we see that the two notions are not in

one-to-one correspondence. Indeed, we showed in the previous subsection that the Laplace-Runge-

Lenz vector is a conserved quantity, not of the form (gUL,) (%9:‘;,*), which does not come from a

continuous symmetry.

However, notice that the one-to-one correspondence of conserved quantities in the Lagrangian
and Hamiltonian setting still holds. This is because if F' € C°°(T'M) is constant on the motions in
(M, L) then we have, by Theorem 5.19, that

d
S Fo®m)(¥(t) =0
for all motions ¥ : R — T*M. That is, by Proposition 4.12, F o &y is a conserved quantity in
(T*M,w,H = L*). Conversely, if G € C*°(T*M) is such that {G, H} = 0 then % (G(¥(t)) =0
for all integral curves ¥ of Xy, then by Theorem 5.20 it follows that

4 (@ o @ (3(1) =0
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for all motions 7 : R — M in (M, L). That is we have the one-to-one correspondence

Lagrangian setting

Conserved quantities in a Conserved quantities in a
Hamiltonian setting '

However, in order to reconcile the one-to-one correspondence between symmetries one needs to
study the notion of ‘generalized symmetries’. A thorough treatment of this topic can be found in
chapter 5 of [9]. Roughly speaking, these are a one-parameter family of ‘Lagrangian preserving’
maps in a Lagrangian system (M, L) which do not necessarily arise from lifting curves on M. That
is, a generalized symmetry can be thought of as a one-parameter family {Ys: TM — TM , s € R}
such that YL = L. Notice that with this new definition, Noether’s theorem still holds as stated
in the Lagrangian setting. The proof of Theorem 6.3 did not use the fact that we were lifting each
05 to the tangent bundle. If one replaces 53 with T, the proof of Theorem 6.3 is unchanged. It is
likely that with the notion of generalized symmetries, one can show that all arrows in the following

diagram go both ways. We have filled in the correspondences discussed in this paper.

Families of diffeomorphisms X el(T(T*M))
{Ys:TM - TM , scR} such that
such that (Ys)*L =L Lxw=0=LxH
Conserved quantities feC>®(T*M)
FeC>®(TM) such that
such that %F =0 locally {f,H} =0
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