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Abstract

I will present the mean curvature flow in Euclidean spaces and the
Lagrangian mean curvature flow. We will first study the mean curva-
ture evolution of submanifolds in Euclidean spaces, with an emphasis
on the case of hypersurfaces. Along the way we will demonstrate the
basic techniques in the study of geometric flows in general (for exam-
ple, various maximum principles and the treatment of singularities).
After that we will move on to the study of Lagrangian mean curvature
flows. We will make the relevant definitions and prove the fundamen-
tal result that the Lagrangian condition is preserved along the mean
curvature flow in Kéhler-Einstein manifolds, which started the exten-
sive, and still ongoing, research on Lagrangian mean curvature flows.
We will also define special Lagrangian submanifolds as calibrated sub-
manifolds in Calabi-Yau manifolds.

Finally, we will study the mean curvature flow of conormal bundles
as submanifolds of C". Using some tools developed recently, we will
show that if a surface has strictly negative curvatures, then away from
the zero section, the Lagrangian mean curvature flow starting from a

conormal bundle does not develop Type I singularities.
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1 Basic Settings

In this thesis, all manifolds will be smooth. Let M be an m-dimensional
manifold. A submanifold N in M is a subset of M that admits adapted
coordinates: for every point p € N there exists a coordinate neighborhood
U of p in M such that in the local coordinates (z;) corresponding to U,
the intersection N N U corresponds to x,+1 = ... = x,, = 0. This n is
independent of the point or the choice of chart chosen. In this case, we say
N is an embedded n-dimensional submanifold of M and the codimension of
N is m—n. In the case where the codimension is 1 we call N a hypersurface of

M. Tt can be proved that with the subspace topology, /N is an n-dimensional



manifold itself and the inclusion map is an embedding. That is, it is a smooth
topological embedding that is an immersion (the differential at each point
assumes full rank).

Alternatively, we can consider a wider class of submanifolds, the immersed
submanifolds. Let N be an abstract manifold, and M as above. If there exists
an immersion i : N +— M, then we say i(/N) is an immersed submanifold of M.
In what follows, we will identify N with its image i(/V), and the immersion i
in this case would become the inclusion. Note that an important difference
between an immersed submanifold and an embedded submanifold is that an
immersed submanifold with the subspace topology need not be a manifold
itself. An example illustrating this point is the figure-eight, which can be
thought of as R immersed in R?, but with the subspace topology, the subset
fails to be a manifold precisely at the centre.

The tangent space at a point p of the submanifold N (embedded or immersed)
can be thought of as a subspace of the tangent space at p of the ambient
manifold M, via the push-forward of the inclusion. That i, is injective follows
from our very definition of submanifolds, hence this identification is justified.
Most of our results will be true for both types of submanifolds, although for
simplicity we may just state the proof for the embedded ones.

Now in what follows, we assume that M is equipped with a metric g, which
is a smoothly varying inner product on the tangent spaces.

The metric ¢ on M naturally induces a metric ¢ on N via the pull-back

of the inclusion. More specifically, if U,V € T,N, we define ¢'(U,V) =



9(i.(U),i.(V)). Another equivalent way to say this is to define ¢’ such that
with respect to ¢’ and g, the inclusion is an isometry.

Let V be the Levi-Civita connection on M with respect to ¢, and X, Y be
local vector fields on N, and p a point in the intersection of their domains
of definition. We can always extend X and Y to local vector fields X, ¥
in M, such that X and Y agree with X and Y respectively on N. Define
V%(Y) to be the tangential part of V¢ (Y) to N, i.e. its projection onto the
tangent space of N. It is easy to prove that V7 is well-defined, and defines
the Levi-Civita connection of N with respect to the induced metric.

The normal part of V¢ (Y), namely V£ (V) = V¢ (YV)—(Vg(Y))", is denoted
B(X,Y). This B is called the second fundamental form of N and it is well-
defined and symmetric in X, Y (see [2], chapter 6). From the fact that Vx(Y)
is tensorial in X', symmetry of B also means that B(X,Y") is tensorial in both
X and Y.

Note that B : T,N x T,N + (T,N)* is symmetric, hence for a normal
vector field 7, the bilinear map S5, (X,Y) = ¢(B(X,Y),n) = (B(X,Y),n) is
also symmetric. So there exists a self-adjoint map S, : T,N — T,N such
that ¢(5,(X),Y) =S5,(X,Y) = g(B(X,Y),n). It can be easily proved that
Sp(X) = —(Vxn)T. Any of these maps may be called the second fundamental
form, depending on convention.

Hence, now we have two pieces of information. The first is the intrinsic
information on N, here expressed by the tangential component of V; the

second one, given by the second fundamental form, is extrinsic and depends



on the way N is embedded in M.

Thus, in addition to the intrinsic curvature of N defined by the metric, B
measures the way N sits in M, and this defines other notions of curvature as
a measurement of this. In particular, the mean curvature will be of interest
to us.

To formulate this, at any point p € N we take an orthonormal basis {e;} of
T,N. Let n be a normal vector field. The mean curvature H, with respect to
n at p is defined to be H, = Y7 | Sp(ei,e;) = >, g(B(es, €;),n), namely, the
metric trace of S,. Let 01,172, ..., Nm—pn be a local orthonormal basis of normal
vector fields. The mean curvature vector H is then defined to be >, H, ;.
Depending on the convention, there may be a factor of 1/n.

For later use, we need two important equations, the Gauss and Codazzi
equations, relating the curvature information of the submanifold N and the
ambient manifold M.

The first one compares the difference between the two curvatures. Let R be

the curvature of M, defined by

R(X,Y,Z,W) =g(VxVyZ —VyVxZ — Vixy1Z,W),

where V is the Levi-Civita connection of the ambient manifold M. Equiva-

lently, we can define

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ.



Similarly, let R be the curvature of N with respect to the induced metric.

Then the Gauss equation states that if X,Y,Z, W € TN,

R(X,)Y, ZW)-R(X,Y,Z, W) =(B(Y,W),B(X,Z))—(B(X,W),B(Y, Z)) .
(1.1)

Hence the difference between the curvatures is precisely given by the second

fundamental form.

The Codazzi equation is about switching indices of the covariant derivative

of the second fundamental form. Briefly, it states that switching index cor-

responds to a curvature term, which is a common phenomenon in geometric

analysis. More precisely, for X,Y, Z € T,N and 7 a normal vector field,

<R(X7Y)Zan>:(?YB)(szan)_(?XBXKZ?n)' (1'2)

Notationally, we will denote A;; = B(e;, ;) at p € N, and A, = (A, v).



2 Minimal submanifolds and the volume func-
tional

Definition 2.1. Let N be an n-dimensional submanifold of M, as in the last

section. Then N is said to be minimal in M if the mean curvature vector

H=0.

A classical interpretation of this condition is as follows: let IV, be a small
variation of N, with t € (—e, €). Each N, is an n-dimensional submanifold of
M, varying smoothly with ¢, and Ny = N. The metric on M induces metrics
on each Ny, and it is natural to ask what condition guarantees that N has
the smallest or largest volume with respect to all its small variations.

An equivalent mathematical way of formulating this problem is to consider
the volume functional. Let f; : N — M be a smooth family of immersions.
The collection f = {f;} corresponds to the smooth variations of N we con-
sidered above.

Let I(t) = I;(t) = [y d(f/g), where g is the metric on M, and t € (—¢,€).
We use d(f;g) to denote the volume form on N with respect to the metric

fig. Differentiating with respect to ¢,

d d ..
G0 = [ Sdszo)

Denote g, = fg. Let p € M, and consider a coordinate system (z;) of N

around p. Let e; be the i-th coordinate vector field, and ¢;;; = g:(e;, €;).



Then it is well-known that dg, = \/det(g;;)dz" A ... A dz™ where dg; is the

volume element with respect to g; (see [10]). From this, it follows that

dgy = (\/det<gt,z‘j)/\/det<90,ij))dgo-

Hence it suffices to compute 2 (+/det(g:i;)/+/det(go,i;))-
By considering a normal coordinate system at p, we can assume that at p,

9o,ij = 0i;. We have

0 10
= (\/det(gea5)/y/det(go.) o = 55 (det(geis))i—o.
On the other hand,
9 (detlgeay))] | Z )
8t € gt,zj t=0 — gt g |t= 0 8tgt €i, €;)|t=0-

Now for simplicity we denote V; = V 2 and V; = V,,(recall that V is the
t
Levi-Civita connection on the ambient submanifold M). We can interchange

the time derivative and space derivative and see that

0 _ - 0
agt(ei, i) =29:(Vie;, e;) = QQt(Viafn e,

which, evaluated at (p,0) is 2go(V;V, €;)|,, where V is the variational field of

ft, evaluated by taking the derivative with respect to ¢ at 0. This V is the



direction in which the submanifold Ny moves under f;. We can decompose

V =VT 4+ V4, where V7T is tangential to N and V* is normal to N. Then

D 200(ViVie) = > (200(ViVT,€0) +290(ViV ", e1)) = 2divy (VT) = 2H

7

where Hy . is the mean curvature with respect to the V+ direction and the

metric go. Integrating on N and dividing by 2, we get

0
9 1)y = / divy (VT) — / Hyw.
Now we assume N is closed (compact without boundary), then, by Stokes’

Theorem, this is equal to — [\, Hy1 = — [, go(H, V).

This leads to the following theorem:

Theorem 2.2. The closed submanifold N is a critical point of the volume
functional if and only if the mean curvature vector vanishes, i.e. N is mini-

mal.

One direction is immediate. The other direction follows from choosing
the variation V' to be H.
It also follows that deformation in the direction of mean curvature, i.e. choos-
ing V' = H, decreases the volume.
This theorem also shows that the term “minimal” can be misleading; it can

be a local maximum, minimum or saddle point of the volume functional of



its variations. There are other conditions to guarantee a submanifold to be
volume minimizing in its homology class. One such is the condition of being
calibrated, i.e. there is a closed n-form 1 on M that has value less than or
equal to 1 on any orthonormal n-frame in T,M, but is 1 on T, N, for any
q € N. The proof is just a simple application of Stokes’ Theorem. More

details of this can be found in [4].



3 The Mean Curvature Flow in Euclidean space

Let N be an n-dimensional submanifold of an m-dimensional Riemannian
manifold M, as in the last section.

Due to the technicalities, for now we will only restrict ourselves to studying
the case M = R™.

A motion by mean curvature flow of N is defined to be a smooth family of
embeddings F; : N — M, for t € (—¢,¢) with Fj the original embedding of

N into M (or inclusion), such that at each point p € N,

0

aFt(p) = Hi(p)

in the domain of definition of ¢, where H¢(p) denotes the mean curvature
vector of N; at Fy(p). We shall drop the subscript ¢ when there is no confu-

sion.

3.1 Short-time Existence and Uniqueness

In R™, the Levi-Civita connection is the flat one. The mean curvature vector,

defined for an orthonormal frame {e;} to be Y1 (V,,e;)*, is easily seen to be

the metric trace of the second fundamental form. Hence for a general coordi-

ij O°F )J_

nate frame (instead of an orthonormal frame), we can write H = (¢" 555

Y

where g;; is the metric on N.

10



The equation 2 Fy(p) = He(p) can then be written as

) PR 2R 2F  OF OF
Trhp) = (i -L =i T [ O 9T e
ol W =" 5 =9 geiaw < Rk axk>Rm 9
In components,
0 L OPF e OPFP QFP QF
L) = g1 L _ jiigh o .
ol W) =9 g — 97 ;8.75’&%] Dk Ol

By computing the symbol, it can be shown that this equation is not strictly
parabolic (i.e. the right side is not strictly elliptic). Hence the standard the-
ory of existence and uniqueness theorems of parabolic differential equations
does not apply here.

Yet another way of writing the mean curvature flow equation is as follows:

ij _O0°F ij(_0%*F 0’°F : :
H = (9" 3%55)" = §7 (3557 — (55557)")- Notice that the last term is the
Levi-Civita connection on N (which we denote by V without a bar), we have
H = g9 (% -V or %). Consider now F' as a vector-valued function, so
component-wise it makes sense to talk about its Laplacian. Recall that for

a function h on N (see [7]),
Viyh=VxVyh—Vy,yh.
Hence we have established
H, = g/Vr or F = Dy F,

8zt dad

11



where in the last equation, the metric g(t) = g; is the induced metric on N
by the immersion at time t. The above equation means that each compo-
nent of H is the Laplacian on (N, g;) of the corresponding component of F'.
The introduction of the subscript ¢ again is to emphasize the fact that this
Laplacian depends on the metric ¢(t) as it evolves - for this reason it is not
strictly parabolic as it may seem.

To prove the short-time existence and uniqueness, we will use deTurck’s trick,

which is to fix a connection through a diffeomorphism.

Theorem 3.1. If N is compact, then there is a unique short-time solution

to the mean curvature flow equation of N.

Proof. Suppose for some choice of vector field v, the equation

oF - -
o = Do F + Vi F (3.1)

with initial value Fj is uniquely solvable for a short time (here we denote
V. F = % for simplicity). We show that this means that same holds for the
mean curvature flow of Fj.

Indeed, consider a family of time-dependent diffeomorphisms ¢; : Nx[0,7") —
N of N. Let Fy(p) = Fy(¢i(p)) :== F(p¢(p),t) (and similarly, to emphasize

time dependence we may write a time-dependent function A,(p) as A(p,t)).

12



By the chain rule, (3.1) is transformed to

~ B k
i) = 2Pt + Vb (aup). ) 220
= Dy Fleup), ) + ViF(0:(p), 1) (0" + 8903(;) )
k
= Dy F(p.0)+ Vil (o) (0 + 2200

So to obtain the mean curvature flow equation it suffices to find ¢; such that

% = —v, Yo = id.
This is a system of ODE, and ¢, exists for compact initial data.
Hence the problem is to choose a suitable vector field v such that the first
system is short-time uniquely solvable.
Now choose a fixed connection V on N. Choose the vector field v such that
vF = g (T} — ffj), where ffj are the Christoffel symbols for V. Then (3.1)

becomes

PF -, OF

— Y Tk
0xt0xI Y Ok

Then since we have changed I'}; to ffj, which is independent of ¢, this right
side expression is strictly elliptic. Hence the theory of parabolic equations

applies to show that the equation, hence the mean curvature flow of Fp, has

13



a unique short-time solution (see [12]). O

3.2 Evolution of geometry

In this section, we will study how geometric quantities evolve under the mean

curvature flow.

Theorem 3.2. Under the mean curvature flow, the metric and the volume

form evolve as follows:

0

5% = 2 (H, Ayj) (3.2)
% det g = —|H|*/det g. (3.3)

Proof. As above, F': M — R™ is the immersion, and e; is %F.

Interchanging the time and space derivatives, we compute:

b0y _ 0 [0 OF
ot Ot \ou ow

OF OF oF oF
= <V% %> * <%V%>
oF oF
- (ot )+ (5 )

= —(H,Vie;) — (H, Vje;)

= — <H,Al]> — <H7A]7,> =-2 <H7AZJ>

by symmetry of the second fundamental form.

The second equation is essentially proved in the first variation formula. [J

From (3.3), we can see that as long as |[H|? is bounded, say |[H|? < C

14



throughout, then %\/detg > —(Cy/det g as long as the flow exists. Then

€t along the flow, hence it stays positive

this means y/det g(t) > +/det goe™
since y/det go is positive. This means that under the mean curvature flow, F'
remains an immersion as long as the flow exists and the second fundamental
form is bounded throughout.

There is also an unexpected connection of the Mean Curvature Flow with
the Ricci flow. Suppose {e;} is an orthonormal basis of 7, N. Then the Ricci

tensor is defined to be (in components) R;; = >, (R(e;, e1)e;, ej). From the

Gauss equation (1.1) in the first section,

n n n

Ri] Z <AZ]7A”> Z <Alj7Ail> zga Z Al]a zl
=1

=1 =1

Hence the evolution of the metric becomes %gij = —2R;; — >y (A, Au)
which is the Ricci flow with a correction term.

The above are only the evolution of intrinsic geometry on the submanifold
N. We are also interested in how the extrinsic geometry -the way N is
embedded- evolves. For simplicity, we will assume that the codimension is
one. We will also point out at the end how we can generalize the formulas
to higher codimensions.

Before we start to investigate the evolution of the second fundamental form,
we need Simons’s identities, which tell us about the Laplacian of the second
fundamental form.

Since we are in codimension one, we have only one direction (up to sign) for

15



the normal vector. We shall fix one choice v, and denote H = H” := (H, v).
To distinguish from the general situation, we shall denote h;; = AY;, and h

to be the second fundamental form tensor h(X,Y) = (B(X,Y), ).

Lemma 3.3. The following two identities hold:

1
5A|h|2 = (hij, Vi H) + |Vh|* + H Tr(h*) — |h|* (3.5)

where h?; = hig"™hm;, and b3, = hurg" hig" himy. To avoid confusion, hy;
squared will be denoted by (h;;)?, while h?j will denote tensor components
of the tensor A2, and similarly for %. The norm |h| = (g” g"hiphj)*/? is the

norm of the tensor h with respect to the metric g.

Proof. At a point p, assume the coordinate system we chose is normal, namely
with vanishing Christoffel symbols at p.

Then we have (Ah);; = >, ViVihi; (Ah is a tensor whose definition can
be found in [11]). From the Codazzi equation (1.2), since the ambient
space is flat and we are using a normal coordinate system, >, VyVih;; =
> i ViVihy;. Switching the first two indices ¢ and k results in curvature
terms: >, ViVihy, = ViVihgj + Rikjohar + Rikkghs; (we omit the sum-

mation when it is obvious). Now the Gauss equation (1.1), and again the

16



Codazzi equation (1.2) give:

Ahy; = ViVihg; + (hiohi; — hijhia)Pak + (highi, — hachig) ha;
= V.,V hpi + hichijhar — hijhiahor + highiiphg; — hizhighg;
= V,V,;H + hioh5, — hij|h|* + HhZ; — hah,

= V.V;H — |h|*hi; + thj
as desired. Next, we compute:

1 1
§A!h!2 =3 A(izj(hij)Q) = §V;Nk(hij)2 = Vi(hi; Vihij)
= (Vihij)? + hi; ViV ihi

= |Vh|*+(hy,Vi;H) + HTr(h?) — |n[*.

We now derive the evolution of extrinsic geometric quantities.

Theorem 3.4. (Evolution of extrinsic geometry) The extrinsic geometric

quantities evolve under the flow as follows:

9 OH OF .

= — — AU

ot” = ox, 0z, (3:6)
9 2

hij = Ahi; — 2HhZ, + |h|*hy; (3.7)

J

ot

17



%)
GiH =OH+ \h|*H (3.8)

0
§|h|2 = Alh]* — 2|Vh]* + 2|h* (3.9)

Proof. Denote u; = %. Since u;’s are a basis, we have:
K

9, _ iil9, .\,
ot T 9\t

= —g” <1/, auz> u; = —g" (v, V,;H) u;

—97V; (v, Hv) u; = —g" (V;H)u; (since (Vv,v) =0).

Similarly, we have:

hij (Viuj,v)

ot

g Sl

ivj<HV>7 V> + <vin, _guv(qu)U’v>

Vi((ViH)v — Hglkhjzuk); V> - g“”FfjnguH

I
~

J
(ViV;H)v — Hg"hy Vi, v) —TEVH  ((Viv,v) = (ug, v) = 0)

J

Il
~

= V,V;H — Hg"hjhy, — TV H
= V;,H — Hg"hjhy

= Ah; — 2Hglkhjlhik + thzj

where we have used Lemma 3.3 in the last line.

18



To derive the evolution of the mean curvature, we note that by (3.2)

o .. .0 ) ) . -
ag” = —gll—ag]lfkgk] = 2Hgllhlkgk] = 2Hh7'].

Then we see:

0 g, .. o .. )
—H = —(¢"h;;) = (=—g")h;; .
= 2Hh"h;; + g (Ahij — 2H g% hjihg, + |h|*hij)

= ¢9Ahi; + g”|h*h;; = AH + |h|*H.

Finally, we compute:

SR = (g™ Rk
= 2Hh* ¢ hijhig + g™ QHW ) hijhig + g% ¢ (Ahij — 2HR, + B hij) hig
+g"* @ hij (Ahgy — 2HEZ, 4 |h|*hiy)
= 4Hh* g hijhi + 29" g7 hyy (Ahiy — 2Hg" hiyhj, + |R|*hi)
= 4Hg" by + 29" ¢ hig Ahiy — 4™ ¢ i H g hauhijo + 29" ¢ b | A i

= 2(h, AR) + 2|h|".
Since 2 (h, Ah) = A|h|? — 2|Vh|?, this last equation is equal to

%W = A|h|? = 2|Vh|* 4 2|n)*

19



as desired. 0

In the case of higher codimensions, many of the quantities above become
tensors. For example, the second fundamental form A7; will depend on the
choice of the unit normal vector field v. If, in addition, the ambient space
is not R™, then our method above will not work anymore because these are
only computations in local coordinates, and the same method may not hold
when the ambient space is not flat. A more detailed account, and the parallel

computations in higher codimensions, can be found in [18].

3.3 Maximum principles of Elliptic and Parabolic PDEs

One sees from the above evolution equations that many of the geometric
quantities evolve by their own Laplacians. This is a general phenomenon that
happens with geometric flows. In general, we cannot solve for the quantities
directly. Thus there is a need to study the qualitative behaviours of these
quantities without knowing the exact solutions.

The following theorem can be found in [20].

Theorem 3.5. For t € [0,T], let g(t) be a smooth family of metrics on
M. Let X(t) a smooth family of vector fields, and K(z,t) a function on

M x [0,T]. Suppose a smooth function uw on M x [0,T] satisfies

)
a—;‘ < Ay + (X (1), Vu) + K (u, t).

20



Let ¢ : [0,T] — R be a function such that %g@ = K(p(t),t) and ¢(0) = a.
If u(z,0) < « for all z, then u(x,t) < @(t) for all t € [0,T].

Proof. Consider . where dtﬁf = K(p(t),t) + e and p. = a + . It is easy

to see that such . exists for all € > 0 by classical ODE theory, and that
we — ¢ uniformly as ¢ — 0. Then it suffices to prove that u < ¢, for all
e>0.

Suppose this is false, so for some ¢y, ty and x € M we have u(z,ty) >
©e(to). If ¢y is the first such time, then %(u — @) > 0 at (x,ty). Without

loss of generality x is a maximum of u at ty, so Au < 0 and Vu = 0.

Hence the original equation becomes %u(x, ty) < K(x,tg) < 88“25, which is a

contradiction. O

Remark 3.6. Clearly the above theorem is still true with > replaced by <,

and € by —e everywhere.

In the following, we will denote the second order partial derivatives with

respect to x; and x; by D};.

Theorem 3.7. Let Lu =Y, a” DYu+ (X (t), Vu) + c(x, t)u — Fu on Q =
Q' x[0,T] where Q' is some bounded domain on which a is a positive definite
matriz, X (t) is a time-dependent vector field, and c(x,t) is a smooth function
on ). Assume that Lu < 0, and assume that u can be extended to Q. Then
if u starts off non-negative at t = 0 and on 9 x (0,T), then it remains so

throughout.
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Proof. For now we assume that Lu < 0 everywhere.
Let S = {(x,t) € Q : u(x,t) < 0}. This set is compact. There is a first
to > 0 for which there is (xg, t) such that u(zg,ty) < 0. By continuity, since
u(z,t) > 0 for t < ty, we have u(xg,ty) = 0 and that fixing the time slice
to, it is easy to see that x( is an interior local minimum with respect to the
x-component. This means that %u < 0 and Vu = 0 there. So by positive
definiteness of a”, Lu = Y. a’ DZu + (X (t), Vu) + c(z, t)u — Zu > 0 at
that point, contradicting Lu < 0.

In the case that Lu < 0, bound Q" by Q' C {||x1]|] < d}. Consider

U = u — e where a > 0 is to be chosen. It is easy to compute that

Lu. = Lu—ce(a®a"(z,t) + aXy(z,t) + c(x,t))e*

IN

—e(a?a'(z,t) + aXi(z,t) + c(z,t))e*™

IN

—e(a’a’ (2, 1) — ||| X1l — [le(@, 1)[|o)e™".

Choose a > 0 sufficiently large, this is less than 0 (recall a'' > 0 by positive
definiteness), hence we can apply the result in the first case (that Lu < 0)

to show that u. > 0 for € > 0. Letting ¢ — 0 we get the result. O

Remark 3.8. The same is true if we replace non-negativity by positivity: if

u starts positive, then it remains so throughout.

Corollary 3.9. If in the above notation, Lu < 0 and Lv > 0, then if u > v

on the boundary, we have that uw > v throughout.
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Proof. Apply Theorem 3.7 to u — v. O

Corollary 3.10. If the mean curvature is non-negative at time t = 0 on
a compact hypersurface M, then along the mean curvature flow, the non-

negativity 1s preserved.
Proof. Apply the above corollary to the evolution equation (3.8) for H:

0
—H=AH+|h’H

and compare with the zero function. In fact, the positivity would also be

preserved, using the strong maximum principle (see [12]). H

Let u be a function defined on some domain €2 in R", which is of the form
Useo,r)€2(t) x {t}, where each Q(t) is some domain not necessarily open in
R"!. For a function a(X,u, Du) of the point X € €, the function v and its
derivative Du, the operator Pu = —%% + a* (X, u, Du)DZu + a(X, u, Du) is
parabolic on S C © x R x R" if the matrix a* (X, z,p) is positive definite
for all (X, z,p) € S.

The following comparison principle is derived in [12].

Theorem 3.11. Suppose a” is independent of z, and there is a constant
k(L) (that increases with L) such that a(X, z,p) — k(L)z is an increasing
function of z on Q x [—L, L] x R™ for L > 0. Suppose u(z,t) and v(z,t) are

functions such that Pu > Pv in the interior of Q and u < v on the boundary
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of Q, and that P is parabolic with respect to w or v. Then u < v throughout
Q.

Proof. Let L = max{sup |u|,sup|v|}, and w = (u — v)eM, where \ is a
constant to be determined. At a positive interior maximum X = (xo, to) of

w, we have

(Du — Dv)e™ = 0= Du = Dv

Du—D}v <0

t_ a _
(u—v) + Au —v))eM = 5= 0.

Denote R = (X, u(Xo), Du(Xp)), and S = (Xo,v(Xo), Dv(Xp)). At this
point, Du(Xy) = Dv(Xj), and by the assumption that a” is independent of
z, a¥(R) = a”(S). Now we have

o
IN

Pu(Xy) — Pv(Xy) = a”’(R)D;ju — a” (S)Dijv + [a(R) — a(S)] — (u — v);

IN

a’(R)D},(u—v) + [a(R) — a(S)] + Au — v]

IN

a(R) = a($) + Au -] (D%(u—0v) <0)

IN

E(L)(u—v)+ AMu—wv) = (k(L) + X\)(u—v).

Now we could have chosen A < —k(L), which would mean (k(L)+\)(u—v) <

0, a contradiction. Hence no interior positive maximum is possible. O
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3.4 Some explicit examples

We now discuss some explicit examples of mean curvature flow.

Example 3.12. (Graphs)

Let v : R™ — R be smooth. Then the graph of w is {(x,u(x)) : x € R"}.
The characterization of a hypersurface M being a graph is that there exists a
constant unit vector w for which (v,w) > 0 for a choice of nowhere vanishing
normal vector field v of M. To study the evolution of graphs, we first prove
that under the mean curvature flow, a graph remains a graph.

Let v be a unit normal vector field on M, and H = Hv. Then from our

evolution equation, we have 21, = _gi %gij = —VH by (3.6), where
—VH is the coordinate free way of writing this equation (VH = (V.,H)e;
for an orthonormal tangent frame {e;} of M).
Denote r; = (1, w), where w is a constant unit vector such that on M,
(v,w) > 0. It suffices to prove that r, > 0 for all ¢. Indeed, under the mean
curvature flow,

0

5t (VH,w) .

On the other hand, let e; be a system of normal coordinates at a point p of
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the hypersurface, so (e;,e;) = d;; and VLe; = 0 at p. Then we have

Ar =ei(e(r)) = e((Verv,w)) = e (—hye, w)
= —(ei(ha)er, w) — hy (Vee,w)
= —(ei(hy)e, w) — hy (hyv,w) (Codazzi equation (1.2))

= —(VH,w) — |h*r.

This shows that the evolution of r; satisfies

%r = Ar+ |h|?r.

Hence r remains positive along the mean curvature flow by the remark fol-
lowing Theorem 3.7. It is easy to see that the normal vector v remains a

normal vector to the evolving hypersurface:

o (vye5) = —((ViH)ei, e5) + (v, Viej)
= —ij —+ <V, VJH> = —ij + <Va VJ<HV)>

= —VjH+ VJH+ H <V7 VjV> = 0

Hence we have proven:
Proposition 3.13. Graphs remain graphs along the mean curvature flow.

Now we will write down the evolution equation for uw,. The graph of

uis {(z,u(x)) : € R"}. Hence the normal vector field v is, up to sign,
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1 (_ . . .
\/m( Vu,1). Note that the mean curvature in the direction of a normal
vector field v is —divyr, where divy is the tangential divergence.

. . VU
Hence the mean curvature is dlv—\/m.

Writing the immersion as
F:R" =R F(p,t) = (a(p.t), ulz(p. 1), 1),

we want 2 = Hy. So from v = ———(—Vu, 1), we see that
ot \/m y L)

oF ox ox ou 1
- GG e

ox Vu

-z "
ot V1+|Vul|?

ou 1
= — = (14 |Vu) )H——— = H\/1 + |Vu/|?

= 1+ ‘VUPdiVL.
V1+|Vul?

This is a quasi-linear parabolic system for u. Indeed, direct expansion gives

ou
— =6 Dy — ———
ot~ v T T [ Dup

DZ‘UD]'U

2 —
DijuDiuDju = (613 - m

2
)D;u.

Let a¥(X, z,p) = 6;; — fj:f;j'z. In the notation of Theorem 3.11, we also have

a = 0, and from our definition a* does not depend on z. The equation is

parabolic because if p = 0, the matrix a” is the identity, and for p # 0, for
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a vector z with |z| =1,

(z,p)

— >0
L+ |pf?

asiaij(X, z,p)r; =1

by the Cauchy-Schwarz inequality. Thus Theorem 3.11 applies to this setting.

In particular, one consequence will be the following

Theorem 3.14. (Avoidance principle) Let My and Ny be hypersurfaces with-
out boundary that do not intersect. Under the mean curvature flow, M; and

N; remain disjoint.

Proof. Suppose M; and N, intersect at a point p at the first time ¢y, then
it can be shown that they share the same tangent plane, hence the normal
vectors coincide possibly up to a sign.

Using this normal vector, we can form graphical coordinates for M;, and N,
near p. Then they can be represented as graphs of two functions u;, and
vy, respectively. Shortly before ¢y, there is € > 0 such that u; — e — v, > 0.
Run the mean curvature flow from there, then both u — ¢ and v solve the
quasi-linear parabolic system. We have proved that Theorem 3.11 applies,

hence at time t;, we see a contradiction to the maximum principle. O]

This is a property of mean curvature flow that happens only in the case
of codimension one. In general this does not hold for higher codimensions.
For example, one can easily see that two intertwining embedded circles in R3

would touch each other some time during the flow. Essentially, this avoidance
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principle works in codimension one because in this case, we can essentially

reduce the flow to a scalar PDE.

The above theorem also has the following consequence.

Theorem 3.15. (Containment principle) If My and Ny are hypersurfaces of
R" and My is contained in the region bounded by Ny, then along the mean
curvature flow, as long as the flow exists we have that M, is contained in Ny

for all t.

Example 3.16. (Sphere) As a sphere and its mean curvature vector H are
rotationally symmetric, the symmetry is preserved under the mean curvature
flow. It suffices to calculate how the radius r(¢) transforms along the flow.
Let € S" C R"*! be a position vector. Then 4 (r(t)z) = H = Hz, where
H is the mean curvature with respect to the position vector z itself.

To compute the mean curvature, we shall use the spherical coordinates to
parametrize R"™1. For notational simplicity, we will only do the case n = 2.
The general situation is done in exactly the same way.

The parametrization is given by (7,0, ¢) — (r cos0sin o, rsin 0 sin ¢, 7 cos ).

Then the coordinate vectors are given by

E, = % = (cos @ sin p, sin f sin p, cos )
r
0
EQZ% = (—rsinfsinp,rcosfsinp,0)
0
E3:8_ = (rcosfcosp,rsinfcosp, —rsinp)
¥
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It is then clear that these vectors are mutually orthogonal, and %, % have

length 7 sin ¢ and r respectively. Now we use the formula
1
Pfj ) Z 9" (Bigji + 0,91 — Digij)-
l

It is then clear that '3, = —rcos? ¢ and T's; = —r. So the mean curvature is
given by g?(—rcos? ) + ¢g*(—r) = —2, by the standard formula for mean
curvature of a surface in R3 (see for example [2]).

In general, for S* C R™™, where r is the radius, the mean curvature with
respect to the outward normal is —7.

Going back to our evolution of r(t), plugging the mean curvature back in the

equation 2 (r(t)z) = H = Hz we find

P

dr n
r

Solving this ODE we have

Hence spheres remain spheres along the mean curvature flow, and shrink to

a point at time t = %
In particular, this implies the following:

Proposition 3.17. Compact hypersurfaces develop singularity in finite time
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under the mean curvature flow.

Proof. Let My be a compact hypersurface. Choose a large sphere Sy such
that M is strictly contained in the region bounded by it. Let M; be the
solution of the mean curvature flow of M at time ¢, and similarly for S;. The
containment principle means that M, is contained in the region bounded by
S;. But S; shrinks to a point, and develops singularity at a finite time ¢;. So
either M; develops a singularity before ty, at which the flow will not continue,
or it shrinks to a point at ¢y, where singularity occurs. This completes the

proof. O]

3.5 A few words on singularities

It can be shown that at the singularity, what will happen is that the norm
of the second fundamental form will blow up somewhere. It was shown in
6] that if towards the singularity, the norm of the second fundamental form
|A|? = g% gM A; Aj remains bounded, then in fact one can uniformly bound
all the derivatives of the second fundamental form, and that the metric also
converges to a positive definite tensor.

It also follows from the inequality |F'(z,t) — F(z,s)| < fst |H| and the bound
on |H| that the F'(-,¢) converges to some pointwise limit, and by the above
and an application of the Arzela-Ascoli theorem we can conclude that the
limiting surface is a smoothly immersed submanifold, with bounded second

fundamental form. Hence the flow will continue by local existence.
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Therefore, singularities occur precisely when the second fundamental form
blows up. Hence it is natural to study the rate at which it grows.

Proposition 3.18. Let U(t) = maxyy, |A|]?>, where My is a solution to the

mean curvature flow with first singularity time T. Then U(t) > ﬁ

Proof. Recall the evolution equation for |A*:
9\ 42 2 2 1
EM' = A|A]? = 2|VAJ]® + 2|A|*.

At the maximum point, AJA[* < 0. So 2U < 2U(t)%.

1

This means iG]

< 2t 4+ C, for some constant C'. Since the second funda-
mental form blows up at t = T', we have ﬁ — 0 as t — T, which means

C = —2T. These combine to give

]

Definition 3.19. The singularity is said to be of type I if there exists a
constant C' such that the blow-up rate satisfies U(t) < ﬁ, namely, the
slowest possible blow-up rate asymptotically.

A lot of research has been done to understand type I singularities. To
study what happens at a type I singularity, we will often do a scaling so

that we obtain a modified flow in which the second fundamental form re-

mains bounded. More precisely, let s = —1log(T — ¢) and F(p,s) = (2(T —
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t))~Y2F(p,t). The mean curvature flow transforms to

%ﬁ(p, s) = Hp,s)+ F(p,s).

Denote o = (2(T — t))"*/2. It can be easily seen with this scaling that

Gij = &*gij, ¥ = a~%g" and ]:Lij = ahy;. Hence
|A|2 — gijgklﬁz‘kﬁjl _ OZ_QQijgklhik;hjl _ (2(T o t))|A|2

Assuming type I singularity, the second fundamental form of the modified
flow remains bounded, so we can see more clearly what happens there before
it blows up to a singularity. Also, s goes to oo as t — T, so we study the
convergence properties as § — 00.

To give a sense of what happens there, we shall need a well-known formula by
Huisken, which is one of the most important tools in studying mean curvature
flow.

|z —=q|?

Denote ®(zg,T)(x,t) = W(f =0 . We have the following:

Theorem 3.20. (Huisken’s monotonicity formula) If My are closed subman-
ifolds of R™ satisfying the mean curvature flow for t < T, and assuming all

quantities are finite, then

d

il (x — o) dp

(20, T)(w,t)dpy = — /M o, T)w OIH + 57—

where dy; is the volume element of M;, and (X — o)t is the projection of
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X — x9 onto the normal plane.

Proof. Denote p = ®(x0,T"). We shall prove the following:

0 B 1 12
(o) = (D5 = plFL+ 5 = ) )

where 7 =T — t. We know that 2du, = —|H|[*dy, by (3.3), and

x—19)? (H,x—2z
Op=1y o nl LX)y
ot 2T 47 2T

From [H + 5-(x — 20)[* = [H* + £ (H,x — 20) + 755]x — 2o/, we get

0 _n x — x> (H,x — ) 2
o) = (o= P - B HP)di, (3.10)
n 1 1
= (g + 5 (x— w0, H) = [H+ —(x = 20) ") pdp- (3.11)
T T 2T

Let {e;} be a basis of vector fields induced from normal coordinates. Now

we compute grad(p) = p(—5= (X — 2o, €;))e; = F2(x — x0)".
For a vector field Y, not necessarily tangential to M = M,;, we have

the formula divy Y = (VY e;) = <VZ-YT +V, YN, ei> = divy, YT — (Y, H).

Hence letting Y = p(x;f‘)), using the product rule, divy Y = 22+5- (x — 2, gradp) =

2 — £ |(x — 20)"|?, and so we have have

T (x — 1, H) = == + - |(x — o) " |* + divy Y.
T

But divy, YT = —divyegrad(p) = —Ap. Plugging the above into (3.2), we
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have

Gipdm) = (=0 = plF+ (¢ = a0)* 5 1x = 20)" P
T 4t

= (=Ap—pH+ %(x — z0) ) dps.

Integrating, using the closedness of M and Stokes’ theorem to eliminate the
Laplacian we get the desired conclusion. In fact, the above theorem is true
for more general submanifolds on which p decays fast enough for us to apply

Stokes’ theorem. O

For the rescaled flow, define p(x) = ez, By the same argument as in

the above theorem, the formula is tranformed to

0 L CFr el (2
a_/~ pdfis = —/~ pIH + x|,
S J v, M
At a type I singularity, |42 < =<~ so |H| < —"°__  Towards the

2(T-t)’ Q(T—t)H1/2"

singularity, the rescaled submanifolds remain bounded:

[F(p,t)] = (2(T—t))1/2!F(p,t)!§(2(T—t))l/2/t [H(p,7)[dr

T
VnC(2(T — t))l/z/ M;dT = constant.
t

— )2

IN

In fact, it can be proved in this case that the rescaled flow converges
to some limiting submanifold. The monotonicity formula, taking the limit

as s — 0o, means that at this limiting submanifold we have H + %+ = 0
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(this is because at the steady state limit, % ) a1, PAfLs = 0). Suppose now a

submanifold satisfies Hy + xg = 0. The deformation
x(t) = (2T~ ))"*xo

satisfies that (%)L = H, = H,. This means that up to deformation

BEEIRE
in the tangential direction, this flow is self-similar (namely, a scaling of the
original submanifold). Hence at any type I singularity, the mean curvature
flow is asymptotically self similar.

It has been proved in [5] that if a hypersurface of dimension at least 2 is

compact with nonnegative mean curvature, then if it also satisfies H+x* = 0,

it has to be a sphere.
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4 Lagrangian Mean Curvature Flow

The following is a brief introduction to the relevant terminology in symplectic
geometry and complex geometry. For a more detailed explanation of the

concepts, see [13].

4.1 Definitions

Definition 4.1. Let V be a vector space. A skew-symmetric bilinear map
a: V xV — R is called non-degenerate if the induced map o* : V. — V*
has trivial kernel. If V' is equipped with such a structure then we say V is a

symplectic vector space.

It can be proved by an analogue of the Gram-Schmidt process that every
symplectic vector space with symplectic structure w admits a basis {e;, f;}
such that w = Y, e’ A f'. Such basis is called a symplectic basis.

Therefore, not every vector space can have a symplectic structure, only the

even dimensional ones can.

Definition 4.2. A manifold M is called symplectic if there is a closed 2-form

w on M such that it is a symplectic form on each of its tangent spaces.

The closedness of w is to relate the algebraic structure of the symplectic
form to the differential geometry of M.
A fundamental theorem in symplectic geometry is that locally there is always

a coordinate chart such that the coordinate vector fields induce a symplectic
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basis at every point in the domain. Hence essentially, there is no local ge-
ometry on a symplectic manifold, because any symplectic form on M can be
induced by a coordinate chart. More often we are concerned with the global
behaviour, and hence also the topology, of symplectic manifolds when there

is only the symplectic structure.

Definition 4.3. Let (M,w) be symplectic. A half dimensional submanifold
N of M is said to be a Lagrangian submanifold of M if at every point of N,

the form w restricts to zero.

Definition 4.4. Let (M, g) be a Riemannian manifold with an almost com-
plex structure J (a smoothly varying endomorphism of tangent spaces of M
satisfying J? = —1). Then we say M is almost Hermitian if g(JX, JY) =
g(X,Y) for all X, Y.

It is clear that J is diagonalizable with eigenvalues +:. At p € M, we
denote the i-eigenspace of J (in the complexified tangent space) to be Tpl’OM :
A tangent vector in T°M is said to be of type (1,0). Similarly, we define
the (—i)-eigenspace of J at p to be T;“M. Its elements are said to be of type
(0,1).

If M is a complex manifold, we can choose J to be the canonical complex

structure defined by

0 0 0 0

A complex almost Hermitian manifold is called a Hermitian manifold.
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Now suppose M is Hermitian. Define w(X,Y) = ¢g(JX,Y). Suppose w is
closed. Then M is automatically symplectic, with symplectic form w. In this
case, we call M a Kéhler manifold, and w the Kahler form. Another more
geometric condition for a Hermitian manifold M to be Kahler is that the
almost complex structure is parallel: V.J = 0. This is also equivalent to the
condition that parallel transport preserves the types of complexified tangent

vectors.

Definition 4.5. A Kahler manifold is said to be Calabi-Yau if its Riemannian

metric is Ricci-flat, namely, the Ricci curvature is zero.

The following theorem is useful for our purpose, but we will not state the

proof. A proof can be found in, for example, [8].

Theorem 4.6. If M?" is Calabi- Yau, then there exists a global non-vanishing

holomorphic (n,0)-form that is parallel.

A form of type (n,0) is an n-form such that whenever it takes any vector
field of type (0, 1) as one of the n input arguments, it will vanish.

It is possible to study Lagrangian submanifolds in the setting of a sym-
plectic manifold. But with additional structures, we can say much more.
For example, suppose M is Kahler-Einstein, namely p = kw where k£ is a con-
stant depending only on the metric of M, and p is the Ricci form on M, given
by p(X,Y) = Ric(JX,Y). Define a 1-form on a Lagrangian submanifold N

by og = H_w, called the mean curvature 1-form. Using the Codazzi equation
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(1.2), it is easy to compute that dog = p|n. Since N is Lagrangian, by Car-
tan’s magic formula we have Lgw = dog + Hu(dw) = p|x + 0 = kw|y = 0.
This means that H is a symplectic vector field (i.e. its corresponding 1-

parameter family of diffeomorphisms preserve w).

4.2 Lagrangian submanifolds in Calabi-Yau Manifolds

Let M?" be Calabi-Yau. Then we can find a global non-vanishing holomor-
phic parallel (n, 0)-form, which we will denote by 2. Let N™ be a submanifold
of M.

Since (2 is parallel, it has constant length. Moreover, it is clear that Q|y is
a top form on N. Hence #x(Q|y) is a function on N, and after normalizing
by its length, *x(Q|y) = €? for some §. We call N special Lagrangian with
phase € if 6 is a constant.

Since we have normalized (2, it has length 1 everywhere, namely, for F; or-
thonormal, Q(FE4, ..., E,) < 1 with 1 attainable. It is easy to see that 2 is
closed because it is a holomorphic (n,0) form, or we can see it from the fact
that it is parallel. That means a = Re (2 is a calibration (see [4] for discussion
on calibrations). We could have chosen 8 = Im (2, or more generally, an S*
family of all such choices (given by the real part of Q rotated by an angle)
and get the same conclusion. For this a;, we can see the following immediate

conclusion.

Proposition 4.7. In the above notation, N™ of M*" is calibrated with respect
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to a if and only if € =1, or equivalently, # = 0 mod 27.
To justify the term special “Lagrangian”, we have

Proposition 4.8. If N is special Lagrangian with a phase, then it is auto-

matically Lagrangian.

Proof. 1t is easy to see that being special Lagrangian with a phase is equiva-
lent to being calibrated with respect to Re(e~%€) for some constant 6, and in
particular, at any point p, |Q2(IT)| = 1, where I = TpCN =q@A@A...\q,, for
an orthonormal frame {¢;} that spans T.CN. Using the formula | det AJ* =
detr A, this means |IT A JII| = |Q(IT)|? = 1 hence by Hadamard’s inequality
this implies that II is orthogonal to JII. That is, w(u,v) = g(u, Jv) = 0 for

all u,v € T,N. So N is Lagrangian with respect to w. O]

We also have the following more explicit relationship between 6 and the
mean curvature vector, whose elegant proof is due to Richard Schoen and

can be found in [21].

Theorem 4.9. For a Lagrangian submanifold N in a Calabi- Yau manifold

M, we have

H=JV6o
on N.

Proof. 1t is equivalent to proving V8 = —JH and hence that for every vector
field X on N, we have X0 = (V0, X) = — (JH, X). We can choose a local
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basis e; of T'N induced by normal coordinates such that {e;} is orthonormal
at p and since N is Lagrangian, {e;, Je;} span TM around p. Let f* be the
dual basis of e; and ¢/ = —f7 o J be dual to Je;. In this basis, since (2 is
holomorphic, Q = e®(eX +ifY) A ... A (e® +if™).

Since (2 is parallel, we have

eV =0 = iVxO(f' +igH) A A(f"+ig")

D (P +igh) A AV X igh) A A (7 +igh).
k

By the fact that (f* 4 ig¥)(9=L%) = §,;,, we have
2

i(Vx0)(ft +ig") A A (" +ig™)

= (g A AV (gt AL A (T + g

=D Hig) A A b (T igN)) A A (T ig"),

where b, = (Vx (f* +1ig¥))(==22e). Since (f"+ig") A (f' +ig") = 0if i =1,

we get

i(Vx0)(f' +ig" ) A A (f™ +ig™)

= (i TN i) A (i)
k
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—_

- Z ((f* +ig") (Vx(er —iJen))(fF +ig") Ao A (f" +ig™)

N

—Z (fF(Vx(=iJer)) +ig"(Vxe))(f* +ig") Ao A (™ +ig™)
k

\)

(we have chosen {ex} to be induced by normal coordinates, and so V xey is
normal and V x Je;, is tangent, whereas f* is tangent and ¢* is normal). Now

this sum is equal to

i(Vx0)(f' +ig") A A(f™ +ig™)

- %Z(—ifk(JVXek) +ig"(Vxer))(f' +ig") Ao A(f" +ig")
B

due to the fact that VJ = 0, so that V., (JX) = JV,, X. On the other hand,
—(JH,X) =—=> . (JVei, X) =—> . (e, JVX). Now by the formula

VsT — VS = [8,1]

we have that V., X — Vxe; = [e;, X] which is tangent to N. So J[e;, X] is

normal since N is Lagrangian. Hence

—(JH, X) = <Z(Veiei)L, JX> = (Ve JX) ==Y (e, IV X)

— —Z (e;, JVxe; + Jlei, X]) = —Z (€, JVxe;) .

%
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So it suffices to prove that

—Z —iff(JVxer) +ig"(Vxer)) :—ZZ ei, JVxe;) .

Now ¢"(Vxer) = —fi(JVxer) (recall that g8 = —f* o J), hence the left
hand side is >, (—if*(JVxer)) = —i Y., {ex, JVxey), as desired. O

Corollary 4.10. If L is a Lagrangian submanifold of a Calabi- Yau manifold

M, then L is minimal iof and only if L is special Lagrangian with some phase.

Proof. By Theorem 4.9, H = JV#. So H = 0 if and only if 6 is constant,

since J is invertible. OJ

Of course, we have seen that a special Lagrangian submanifold has to be
area-minimizing hence minimal, because it is calibrated.
We remark that the concept of special Lagrangian submanifolds can be de-
fined on an almost Calabi-Yau manifold, which is a 2n-dimensional Kahler
manifold with a global non-vanishing holomorphic (n,0) form ¢. In this case
we can conformally deform the Kahler form so that ¢ has constant length,

and this is all we need in the preceding discussion. For details, see [3].

4.3 Lagrangian condition preserved along the Mean

Curvature Flow

This section will be based on Smoczyk’s paper [19].

Let Ny be a Lagrangian submanifold in a Kéhler Einstein manifold (M, J, g, w)

44



(i.e. there exists a constant k with Ric = kg, where Ric is the Ricci curva-
ture tensor of M), so that w is zero on Ny. To show that the Lagrangian
condition is preserved along the Mean Curvature Flow, we shall prove that
w restricted to V; is zero as long as the flow exists. To do this we will derive
the evolution equation for |w|?, and use the maximum principle.

Note that while the general strategy is similar to our techniques in tackling
hypersurfaces, the situation is more complicated in that there is more than
one normal vector. Hence we will need to derive new evolution equations for
quantities like the second fundamental form.

Let ' : L™ — M?" be an immersion, not necessarily Lagrangian, and let ¥V
and V be the connections on M and L respectively . Define a new tensor
(generalizing our second fundamental form in hypersurfaces) by h(u, v, w) =
(N(u), Vyw) = = (V,N(u),w) where u,v,w € T,L, N(u) = (Ju)™.

If L was Lagrangian, then N(u) = J(u) because J maps T),L to its orthogo-
nal complement in M. We shall assume that, for now, N is an isomorphism
along the flow. This assumption will not hurt our arguments to follow, by
the following arguments:

First we start with a Lagrangian submanifold L and run the mean curvature
flow, and at the beginning N(u) = J(u) since L is Lagrangian, which means
that N is an isomorphism at the start. So in any compact neighborhood of
p € N, at least for a short time N will remain an isomorphism, by continuity.
Suppose now we have proved that L; remains Lagrangian as long as N is an

isomorphism, but along the mean curvature flow there is some time ¢y such
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that NV fails to be an isomorphism on L;,. Without loss of generality ¢, is
the first such time. Then by continuity w will restrict to zero on L;, because
L, are Lagrangian for ¢ < ¢y (because we have proved the theorem for the
case that N is an isomorphism), and this means that L, is Lagrangian. So
N = J at time ¢y, which is an isomorphism.

Let e; = g—i, 1 =1,2,...,n be a basis of coordinate vector fields in T'L near
some point p € L. Denote hy;; = h(eg,e;, e;). One immediate consequence
is that hy;; = hyj. Using this notation, the mean curvature vector is clearly
H = n*HyN(e;), where n* = (N(er), N(e;)) and Hy = g“hy;;, the mean
curvature with respect to N(ey). In this setting, the mean curvature 1-form
og, defined by op(X) = w(H, X), can be written as oy = —H;e'.

We have the following evolution equations:

Lemma 4.11. Under the mean curvature flow,

2(J.J = dO’H

ot

Proof. In what follows, we will sum from 1 to 2n the indices «a, 3,7, and 1
to n the indices i, j, k and so on. Assuming {é,} is a basis of tangent vector

fields to the ambient manifold M, we have

0 0 OF OF

awij = E(W(%7@))

0 OF*  QFF8 _ 0 OF* OFP

E(W(Wea’ Weﬁ)) = E(”aﬁﬁw>

0 OF“ OF”? 0 OF* OFF OF® 9 OFP
(5% 5 azr T 98 51 ) s T 5 07\ g
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_ L O OF°9F i(aFa)8F5+ oFe 9 (aFﬂ)
= YT Br 0w P ot 0w P on 0 ot

Since dw = 0, we have wag .y + Wgy,a + Wya,z = 0. Hence

0 OFY OF« OF# OFY OF« OF"f
T A K valy il e O b vy we e
o (IO 2 0O
Borit ot ' oxi P gt Oxi ' Ot
0 OFY OF? OFY O*FP
= T o) T Y ot awion
0 OF7Y OF* OF7 O?F«

Oz (o dt Ozt )+ “’WW 0xI 0zt
0 OF"Y OF”? 0 OF" OF«

= W ) T g W g o)

8
Now w, g 229 = (98, 08 = w(H, ¢;) = on(e;). Hence, Zw;; = e;(onle;))—

e;(ou(e;)) = (don)(e;, €5), because e;, e; have zero bracket (since they are co-

ordinate vector fields). On the other hand,

Dipene) = Liatene) - w( Do) —wlene)
9
= i wlene)) —w(Vil, ¢;) — wlei, V;H)
B %(W(%eg‘)) —9(JViH,¢;) —g(Je;, V;H).
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Now using the fact that J is parallel, we can simplify this to

0
(w(es ej)) +g(JH, Vie;) — g(Vje;, JH)

%
= %(w(ei&j)) +g(JH, Vie; — Vjeai)
= EW(Q“%)) + g(JH, [ej, e:]) = a(w(eiyej))

since {e;} is a coordinates basis ( [e;, e;] = 0). Therefore,

0 0
(aw)(%@j) = a(w(ei,ea‘)) = (dom)(ei, €5),

which proves that %w = doy. O
Next we have a technical lemma on switching indices:

Lemma 4.12. (index switching)

hkij = hikj - ijik (4-1>

Vihiri — Vihay = Rij — 0" w00 (hoijhski — hingghsi) (4.2)
—0""W;* (R Ponts — PmijPnks)
Vihii; — Vihi; = szkl — V,;Viwy, + WiSstkl + wi” Rt (4.3)
+wi’ Reijie — 0™ wy* (hmijhski — ki hsii)

where an index with a hat means the corresponding component is the image
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by N, for example R, ;,; = (R(e;, €;)ex, N(er)).

The proof mainly uses the Gauss equation (1.1) which is the reason why
there are curvature terms. The proof is in the same flavour as all the tensor
computations we did before, hence we will omit it, so as to focus on the
geometric content. The detailed computations can be found in [19]. The
following will be the main part in the proof of our main theorem, that the

Lagrangian condition is preserved by the mean curvature flow.

Proposition 4.13. For each compact interval [0, T], there exists a constant
¢ such that

0
E\MQ < Alwl? + c|wl?.
Here w is restricted to L, and |w| is the norm of w|p.

Proof. We begin by computing:

0 o _ 0 yu 99" ik Owik

—|w|* = = (979" wirwji) = 2——g  wirw + 29" ¢" ——wji.

(‘%' | at(g 9" wirwj1) o kit 299" —5 Wi
Using the formula ag;zj = —g“‘% g% and our evolution equations, we get

0 . ) .
§|w|2 = —29”(—277m"Hmhnuv)gwgklwikwﬂ + 2g”gkl(—VZ-Hk + Vi H;)wji

where the term —V,; Hj, + V, H; is from the fact that o = —H;e'. Using our
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index switching lemma 4.12, since Hp = ¢""hgmn and everything is tensorial,

_vsz + VkHz - gmn(Rﬁlnzk - anmwki + wmsRsmk + wisRsmkn

+wksRsmni - nuvwvs(h’uknhsim - huznhskm))

Plugging it back, we have

0 . 4
@‘WP — _QQW(_2nmnHmhnuv)gU]gklwikwjl

+2wjlgijgklgmn(Rﬁ’mik - vnvmwkz + wmsRsnik + wisRsmkn

+wksRsmm' - nuvwvs(huknhfsim - hmnhskm))

To simplify this, note that A|w|?* = ¢"™V,, V(97 gMwirw;i) = g"™ g% g*w iV, Vo (wir )+
2|Vw|? = —¢g" g g"w; iV, Vi (wii) + 2|Vw|?. Therefore, we have

0

a\w\z = A" H,p B

+20w* RsP i + A|w|® — 2| Vw]? + 20w, Ry ™k + 20" w;® Remp™

+2wikasRsppi - 2wik77uvwvs(hukmhsim - huzmhskm)

IN

A|W|2 + 2wikRﬁpik + 4nmnHmhnukulwvl
+-20% W, R ™ i + 2w w;® Rg™
+2wikasRsppi - 2wiknuvwvs(hukmhsim - hulmhskm)

Now we try to bound the absolute value of the terms other than Alw|? by

c|wl|?, for some constant ¢ (which may depend on T in [0,7]). Observe that
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all of these terms, except for 2wikRﬁpik, depend quadratically on w, and they
are essentially of the form 2w*w™as,, for some tensor a,,, which depends on
n, h, and curvature. We bound them as follows (assume that we are working
in normal coordinates which would not affect the bound because both sides
are independent of coordinates). By repeated applications of the Cauchy-

Schwarz inequality:

2w8lwmlasm = 2 Z Wl Wil Asm < ’w’2 + Z(Z wmlasm)z
m

sim sl
< |wP+n ) (W) < (1+nla)|wl.
s,l,m

To bound the remaining term QwikRﬁpik, assume that we have chosen a nor-
mal coordinates system for the submanifold L such that e; diagonalizes n;;,
and a corresponding coordinate system for M given by e;, N(e;). Then clearly
(€i,€j) = 6,5, (€j, N(e;)) =0 and (N(e;), N(e;)) = 0 for i # j because e; was
chosen to diagonalize 1. Finally, (N(e;), N(e;)) = (Je; — wyey, Je; — wikex)
(recall that N (u) = (J(u))*). Hence (N(e;), N(e;)) =1—>,wd — >, wi +

> wi =1—a; where
=3 (4.4
I=1

We have assumed that N is an isomorphism throughout, hence 1 — a; # 0,
and it is bounded by some constant depending on 7.
Since the manifold is K&hler-Einstein, there is a constant k such that kg(X,Y)

Ric(X,Y), where Ric is the Ricci tensor. Expressing this equation in the
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aforementioned basis, and by the fact that

RX\)Y',Z W' =R(JX",JY' Z/ W) = R(X",Y', JZ',JW')

for vector fields X', Y, Z', W' on M (see for example chapter 6 in [14]), we

have

L R(X,N(e;),N(e;),Y)

1—CL7;

Fg(X,Y) = Rie(X,Y)=> R(X,ee;,Y)+ Y

_ 1 =
= ZR(X7 €Z',J€7;, JY) +Z 1 — aR(X,N(ez);JN(e’L>7‘]Y)

= ZR(X, ei, Jei, JY ) + ZR(X,N(&), JN(ei), JY)

+— Y R(X,N(e;), IN(e;), JY).

]_—CLZ'

Now we use the equation Je; = N(e;) + wye; and get

kg(X,Y)
= ZR(X, €, JGZ‘, JY) + ZR(X, N(ei); JN(ez)a JY)

a; —

R(X,N(e;), JN(e;), JY)

+1—CL7;

= Y R(X,e;,N(e;) +waer, JY) + > R(X, N(e,), —e; + waJey, JY)
i,

il

a; —
3 RGN (), IN(e:), V)

= Y (waR(X,ei,e1,JY) + waR(X,N(e;), Jer, JY))

il
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+Z iia R(X, N(e)), IN(e:), JY)

+Z R(X,e;, N(e;), JY) — R(X,N(e;), ei, JY)).
Now we use the Bianchi identity to get
R(X,e;, N(e;), JY) — R(X, N(e;),e;, JY) = —R(e;, N(e;), X, JY).
Hence,

ZR e, N(e:), X, JY) = > (waR(X, e e, JY) +waR(X, N(e;), Jer, JY))

il

+ Z . iiaiR(X, N(e:), JN(e;), JY) — kg(X,Y).

Choosing X = e, and Y = —Je, recall that the index with a hat is the

image of that index element by NV:

R = kwim + Z(WilRmilk + wiR(em, N (&), Jer, ex))
il

T R(em, N(e;), JN(e;), ex).

Multiplying by 2wg,, and summing over k, m,

2w Ry = 26w, + D (2 Whmwit Ronitke + 20pmwir R(em, N(e:), Jey, ex))

i,l,k,m

Py 2 R, N(e0). IN(e0). r).

zkm
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Using the previous argument we can bound every term but the last on the
right hand side by some c3|w|? because they depend quadratically on w. To

bound the last term on the right hand side, we proceed as follows:

2 3

zkm

< Zl—a —1—2 Zwkm ems N(e:), JN (&), ex))?.

)

wkm em7 N(ei)7 ']N(el)7 ek)

The second term depends quadratically on w, hence can be bounded by a
constant multiple of |w|?. Now, recall that |{=— | is bounded by a constant

C} > 0 depending on T because NN is an isomorphism, hence

a;

1
| [=l-g—I<1+C

1—(IZ'

On the other hand, ", a; = |w|* using (4.4), so we have

a; a; )
DTS04 T S (GG Y e = (14 )Gl

This provides a bound for the term >, %";’iwka(em, N(e;), JN(e;), ex),
and since we are working in normal coordinates, we have bounded QwikRﬁpik
by a constant multiple of |w|?, which was what we needed to complete the

argument. OJ

Theorem 4.14. If Ly is Lagrangian in a Kahler-Einstein manifold M, then

the Lagrangian condition is preserved under the mean curvature flow.
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Proof. By the previous proposition, for each compact interval we can find a

constant ¢ depending on 7" such that
9 lw|? < Alw]? + c|wl]?
ot~ ‘

Using Theorem 3.5, we compare |w|? with the zero function and find that

|w|> <0 on L;. Since |w]* > 0 also we get the result. O

If M is in addition Calabi-Yau, then we can talk about special Lagrangian
submanifolds. Constructing new special Lagrangian submanifolds is an im-
portant problem and a lot of research has been done on this. In particular,
one approach is to study the behaviour of Lagrangian submanifolds under
the mean curvature flow and investigate when it will converge to a special
Lagrangian (after rescaling near a singularity). In [21], Thomas and Yau
made an important conjecture which says that if, in a Calabi-Yau manifold,
a compact embedded Lagrangian submanifold has zero Maslov class (namely,
the integral cohomology class of the mean curvature 1-form oy is zero), then
the mean curvature flow has long time existence and converges to a special
Lagrangian submanifold in the same Hamiltonion deformation class (it can
be proved that in this case, the mean curvature flow preserves the Hamilto-
nian deformation class).

Schoen and Wolfson in [17] constructed examples that show this is not true if
we do not assume the Lagrangian submanifold has zero Maslov class. It is not

known whether the examples they constructed have zero Maslov class, and if
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they did, they will be counterexamples. Incidentally, non-compact examples

that develop finite time singularities have also been found (see [15]).
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5 Conormal Bundles

In this section, we shall study the mean curvature deformation of a particular

class of Lagrangian submanifolds in C".

5.1 Bundle Construction of Lagrangian Submanifolds

Let MP? be a submanifold of R". Consider the bundle T*R", which can be

locally described by

(21,20, .o, T, 1, oy oy tn) > (21, Toy ooy Ty, trdat 4 toda® + ..+ t,da™).

Clearly this can be identified with C", with the complex structure given by

J(2-) = a% = dx'. We can define the conormal bundle N*M of M to be
N*M = {(z,v) e T"R" : v(E) =0 for any E € T,M}.

Let x € M and ey, ...,e, be a local frame of tangent vectors which are or-
thonormal at z. Let e',..., e be their dual coframe. Similarly, let vy, ..., v,
be a local frame of normal vectors orthonormal at x and let v',...,uv" P be
their dual coframe. They can be chosen to be induced by local coordinates.
Notice that T*R"™ is symplectic, with symplectic structure explained below.
Now for a 1-form p on M, we define the submanifold X,, = N*M + p to
be locally {(z,v + p.) : (x,v) € N*M}. Namely, it is the conormal bundle

translated by u, at every x. In what follows, we shall adopt the notations
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e; = (e;,0) and &' = (0,¢"), and €', &; are their duals. The same convention

of notations apply similarly to v’s.

Proposition 5.1. In the notation above, X, is Lagrangian in T*R"™ if and

only if p is closed.

Proof. Let a be the tautological 1-form on T*R", defined by |, g = 70,
where 7 is the projection onto the base manifold R™. The symplectic form
w is given by da, and in a local coordinate system at x described above, it
has the representation w = >, e* Aéx+ >, 7' A7y At a point (x, &+ p,) the
tautological 1-form « is then given by 7*({ + u) = 7*p when restricted to
T'M since £ is in the conormal bundle. Hence da = 0 if and only if dn*p =0
if and only if 7*dp = 0 if and only if du = 0 on M. O

In fact, it was proved in [1] that in the case of a surface, i.e. p =2, X,
is special Lagrangian with a phase that depends only on the codimension if
and only if M is a minimal surface, and p is harmonic (see also [9]). Note

that C" is automatically Calabi-Yau.

5.2 The Mean Curvature

With the natural Euclidean metric on C", we can compute the mean curva-
ture vector of X,.

Without loss of generality, by parallel transport we can assume that the
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coordinates we have chosen at the beginning satisfy

(Vez‘ej)g =0 and (?ei’/j)w =0

at some fixed point x (here V is the Levi-Civita connection on C"). Denote
Al = A7 = A% Now V,e; has no tangential component at z, by our
assumption. Hence Ve; = Y77 (Veej,vp) v = Y op_, Af.vy,, where we
denote ¢ = n — p. Similarly, ?eil/j =>r <?ei1/j,ek> e = — Y n_y Agkek.
From these two formulas it follows immediately that Vel = >1_ Afjuk
and V07 = —SP_ Al e,

Let the embedding of M into R™ be F. In a local coordinate system, let
O (at, 2?2l bty ty) = (B2t 2P), tivt + o+t + )

be a local coordinate system of X,,. The tangent space to X, at x is spanned

by the vectors

0
E; = (I)*<8xi) = (ei, Ve, (1" + .. + L7 + 1))
0 .
() = j
FJ q)*(at]) (071/ )7

59



where i =1,2,...,p,and j = 1,2, ..., q. Since we know that, at this particular

point z, Vi = =P _ Al ek at  we have
P
_ v <k .
E,=¢é — E ALe” + V..,
k=1

where we denote v = t;1/".

The above is just coordinate vectors at the point x. Since we will be taking
second derivatives, we have to know also the coordinate vectors around x. In
fact, the above argument goes through, except that V.,2# may have conormal
components (since we assumed a normal coordinate system at x, this has no
conormal components at x). Therefore, we write V¢, 17/ = —Y 7 _, Al ek +
B;?, where B;(x) = 0. The actual expression for B; is not important for our

purpose, as will be obvious in what follows (it will be automatically cancelled

out). The tangent space to X, is then spanned by the vectors

Ei = (eivﬁeilj‘{' ?eiﬂ'_‘_ ZBJV])

J

p
& — Y AL+ Bl + Ve i,
k=1 J

where B;(z) =0 (here i =1, ...,p), and

Fj = (O,I/j) = I)j,
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where j =1,...,q.

The metric at z is then given by
hij(@) = (B, Ej) = 0+ Y AGAY =" ALV — Y A4V,
l ! !

<E1,F}> = (0 and <E,F}> = 5@]

The Levi-Civita connection V on C” is just the flat one. Hence it is clear
that Vg F; = 0, and VR, E; = 0. Since (E;, F}) = 0, to compute the mean
curvature vector we need only consider Vg, F;.

A frame of normal vector fields are given by

=D (Ah— Ve +&,  1=1,..p,

= vj, l=p+1,...n.

Denote u;; = (7;,7;). The mean curvature vector at z is then found to be

H = uo‘ﬁ<hij?EiEj,7a>75

p
_ uaﬁ <hij@8i€j B hij Z ?EZ(AJVkék) + hij Z ?éi(Bka) + hij?éi?eﬂlv 7a> 8-
k

k=1
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Using our assumption that Bi(x) = 0, and that Vg ¢F has no tangential

components,

p
H = u <hijvéiéj — Y Z véi( ;/lc)ék + hijvéivej:m '7a> 8-
k=1

From here we observe that when v = 0 and ¢ = 0, h;; = w;; = d;5. So in
the case of a conormal bundle without twisting, the mean curvature vector
at the zero section is the mean curvature vector of the original submanifold
M.

Suppose now we have chosen the coordinate vectors such that they diagonal-

ize AV at x, with A, = ;. In this case,
hij(x) = 6i5(1+ A7) = XV — NV,

(@) = 0y (1 + A7) + Z ViuiVipg = NVt — NiVig;.
l

Further away from the zero section, say changing v — Av, the product of
these metric terms scale at least quadratically. Hence the mean curvature

vector is zero asymptotically.

Now run the mean curvature flow on conormal bundles. The key result

we want to prove is

Theorem 5.2. Suppose p is even, and the Gauss-Kronecker curvatures sat-

isfy det A < 0 if p=2 mod 4 and det A > 0 if p =0 mod 4. Then there
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exists a cut function o : M — RT such that the submanifold of X,, locally
gwen by S, = {(z,v+p) € X, : |v| > a(x)} does not develop any type I

singularity under the mean curvature flow.

As a very special case, the result holds for surfaces with negative curva-
tures.
Since the mean curvature vector goes to zero asymptotically, it is natural to
think of X, as being “almost” minimal, or in this context, “almost” calibrated
in some sense. This is a major observation that motivates the theorem. To
prove the theorem, we need the concept of almost calibrated submanifolds,

which we discuss next.

5.3 Almost Calibrated Submanifolds and Type I Sin-

gularities

To see things more clearly, we will go back to the more general case of a
Calabi-Yau ambient manifold. Now we restrict our setting to a Lagrangian
submanifold L™ in a Calabi Yau manifold (M?", J, g,w) which has unit par-
allel holomorphic (n, 0) form €. We have seen that on L, 1 = € for some
6 which may be a multi-valued function on L. Then L is calibrated with

respect to Re () if Re{) =1 on L. More generally, we have the following

Definition 5.3. A Lagrangian submanifold L is said to be almost calibrated

by € if there exists a constant € > 0 such that Rex;Q > ¢ on L.

First we derive the evolution equation of a = % 2.
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Proposition 5.4.

9 2
5= Ao+ H| « (5.1)

Proof. Choose a local basis e; of T'L induced by normal coordinates such that
{e;} is orthonormal at p and {e;, Je;} span T'M around p, which is possible
because L is Lagrangian. Let f? be the dual basis of e; and ¢/ = —f7 o J be
dual to Je;. In this basis, Q = e (e! +if!) A ... A (e +if").

In the proof of the identity H = JV6 (Theorem 4.9), we have seen that

— 1
ZVXG = 52( Zf (JVXEk) + Zg Vxek = —ZZ <JVX6k,€k>

k

Since a = €%, choosing X = £ we have
0 = iaVab=—ia 3 (JV
50 = Vgl= —zan:< %ek,ek>

= —ia Y (JVH,e).
k

On the other hand, we have proved that H = JV#, so V6 = —JH, which

means Va = —iaJH. Since we are working in normal coordinates,

Na = Z VZVZCY = ZVZ <—i@JHa 6i>
= —ZZ<V04 )JH + aV;(JH) el ZZ aJH Vlel>
= —zZ(((—mJH,ei))JH, e;) —zZa<JViH, ei) — 0

% %
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where we have used the fact that J is parallel, and that JH is in T'L while
V,e; has only normal components (because we are working with normal co-

ordinates on L). Plugging in what we got for 2 5,0, we have

Na = —Za(JH,ei>2+ —a

because Je;, i = 1,2,...,n span N L. This proves the proposition. O

Writing Re #,Q = cos 6, we see that & cos# = A cosf+|H|? cos§. Hence

by the parabolic maximum principle (Theorem 3.7), we have

Corollary 5.5. If L is almost calibrated, then it remains so under the mean

curvature flow.

An important result on singularities of mean curvature flow of almost

calibrated submanifolds is as follows.

Theorem 5.6. If L is almost calibrated, then it does not develop any type I

singularity along the mean curvature flow.

Since many technicalities which are beyond the topics we have discussed
will be used in the proof, we will only provide a sketch of the proof. The
reader may find a complete proof in [22]. The major technical tools used to

understand singularities, including what follows, can also be found in [16].
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_ lz—=g|

Denote ®(xq, T)(z,t) = 1 =0 . First we need the following

an(T—8)"72 ¢

variant of Huisken’s monotonicity formula (cf. Theorem 3.20):

Lemma 5.7. If f, are smooth functions on L;, where L; are boundaryless

solutions to the mean curvature flow, then

1

da fté(xo,T):/L(%—Aft)@(xo,T)— ft|H+(X_”“"0) 20 (0, T)

dt Jy, ot L 2(T — to)
where the integration is with respect to the metric on L.

Proof. Denote p = ®(x¢,T). We have seen in Huisken’s monotonicity for-

mula that

0 B 1 112
E(Pdﬂt) = (=Lp—pH+ Z(X — o) |")dpu

where dy; is the volume element of L;, and 7 =T — t. Thus we have

0 0 1
o epdie) = (5 fo)pdpe + fo(=Dp = pH + o~ (x zo) " |*)dpu.

Now we integrate both sides, and use the Green’s identities to get

9 Y 1 »
Lta(ftpdﬂt) = /Lt(aft)ﬂdutﬂL Ltft( Ap p]H+§(x xo) |7 dp

0
N /Lt(&ft)pd,ut - /Lt<Aft)Pd/vbt + . fe(=pH + %(X — x0)" [*)dpu

0 1
B /Lt(gft = Dfo)pdp — /Lt pfilH + Z(X — o) Pdys

as desired. O
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We shall need the following regularity theorem, which is a fundamental
tool in the study of regularity of mean curvature flows. The Gaussian density
ratio is defined to be 6:(xo,1) = [,, ®(wo,l)(x,0) where M; is a smooth

solution to the mean curvature flow of a k-dimensional submanifold of RY.

Theorem 5.8. (White’s regularity theorem) There exist constants (N, k)
and C(n, k) such that if OM; N Bag is empty, and 0;(x,1) < 1+ g for all
[ < R? and x € Ryg, andt < R?, then the C**-norm of M, in Bp is bounded

by Ct='/2 for all t < R2.
The motivation and the proof can be found in [23].

Proof. (sketch of proof of Theorem 5.6)
Using the modified monotonicity formula and the evolution equation (5.1)
for cos @ we obtain
0
5% [z, ®(x0, T)(1 — cos 0)dp; = — [ (o, T)|H|? cos Odp
— [ ®(zo, T)H + ﬁ(m — x0) 1 2(1 — cos 0)dpy.

Now we do a rescaling to study the type I singularity. Take \; — oo,
let s; = —A}(T —t), and rescale the immersions F)(x) = X (Fy(x) — yo)
where (yo,T') is the point where the singularity occurs. This is to enlarge the
behaviour at the singularity time 7' by letting A; — oo, and by doing this
we also have that the second fundamental forms of the rescaled submanifolds

are uniformly bounded. It can be proved that the above equations continue
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to hold after rescaling, with 2(T" — t) replaced by —s.

Hence a type I singularity means there exists a subsequence of rescaled sub-
manifolds with smooth limit satisfying [H|?* = [H — 5-(x — 20)*|* = 0, and
one checks easily that this must be flat. Since the Gaussian density ratio is
1 for a plane, White’s theorem can be used to show that (yo,T) is in fact a
smooth point and the flow can be continued.

A more detailed proof can be found in [22], in which Wang proves this result
on symplectic surfaces in four dimensional Kéahler-Einstein manifolds, but

the same argument applies to show the result for almost calibrated subman-

ifolds. O]

5.4 Proof of Theorem 5.2

Our aim is to prove that there exists an « for which S, is almost calibrated,
with respect to some i79€2.

Let Q = (e* +ié1) A ... A(eP +ié,) A (0 +1in) A ... A (P9 +iy,). Once again,
by a rotation if necessary, we can assume that the e;’s diagonalize A” at x,

with A”(e) = Axer. Then we have
(&7 +i&;)(E;) = §j; — i\idji + iV, u(ej)
(&7 +i¢;)(F) = 0 = (77 + i) (E))
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Hence Q(E, ..., E,, Fi, ..., F,) = i%det(d;; — iN\dj; + iV, u(e;)) = i9det(] +
i(—D + H)) where D is the diagonal matrix consisting of the eigenvalues
A1, ...y Ap and H is the matrix H;; = V., u(e;).

It suffices to prove that we can choose a so that on S, there exists € such
that Re(:79Q) > Im(:9Q2). Since p is even, the real part is a polynomial
in the \’s with highest degree term being the p-th power ?A; Xo...\,. All the
terms in the imaginary part have degree less than p.

Suppose that we change v — v, then the homogenous polynomials of degree
d in the \;’s scale by £?. From this it can be seen that with the assumption on
the Gauss-Kronecker curvatures, i?A; ;...\, > 0 always. Hence there exists
C, such that if £ > (), then the real part can be made arbitrarily greater
than the imaginary part.

Now we vary v. By compactness of the unit sphere, it is easy to see that
there exists a maximum over all the choices of C},. We choose a(x) to be this

maximum. This completes the proof.

From the proof of the theorem, we see that as the £ goes to infinity,

Re(i—9Q)
|

@ can be arbitrarily close to 1, hence it is “close” to being calibrated

(the calibration has to be normlized). This confirms with our computation
of the mean curvature vector, where it becomes zero asymptotically.

Also, this could be close to the best we can say about this analysis, namely
we cannot include also the zero section and expect the entire X, to develop

no type I singularity. This is because the mean curvature vector at the zero
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section is exactly the one of the submanifold, hence by local uniqueness, at
least in short time the flow of that piece would be the mean curvature flow

of the submanifold itself, and this can develop singularities of any type.

Remark 5.9. It can be shown that in the case of a minimal surface M
with curvature bounded above by a strictly negative constant, and if Vu is

bounded, then this o can be chosen to be a constant function on M.
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